
Primordial Black Holes from Quantum 
Diffusion during Cosmological Inflation 

Vincent Vennin

17	February	2020



Outline

• Primordial black holes as a probe of the end of inflation 

• The quantum state of cosmological perturbations 

• The stochastic δN formalism 

• Primordial black holes & quantum diffusion
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• Inflation is a high-energy phase of accelerated expansion in the early Universe 

ds2 = �dt2 + a

2 (t) d~x2

• Quantum vacuum fluctuations are stretched to cosmological distances and seed 
the large-scale structure of our Universe
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Quantum mechanics on cosmological scales!

Cosmic Inflation: turning the primordial 
universe into a high-energy laboratory



Primordial Black Holes as a 
probe of the end of inflation
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Primordial Black Holes constraints

adapted from Tada and Yokoyama (1904.10298)

for a recent review of constraints, see e.g. Carr, Kuhnel and Sandstad (1607.06077)
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Primordial Black Holes as 
LIGO/VIRGO progenitors
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For arguments in favour of PBH 
DM, see e.g. García-Bellido 

and Clesse (1711.10458) 

Carr, Hawking 1974

1015 1020 1025 1030 103510-8

10-6

10-4

10-2

1 10-15 10-10 10-5 1

MPBH [g]

Ω
PB
H
/Ω

D
M

MPBH/M⊙

EG
γ

W
D

HSC

Kepler

EROS/MACHO

U
FD

C
M
B

10

EG
γ

W
D

HSC

Kepler

EROS/MACHO

U
FD

C
M
B



The quantum state of 
cosmological perturbations

• One scalar degree of freedom           (curvature perturbation)              v / ⇣ / �T/T

•                             with              

Two-mode squeezed state (Gaussian state)

• Wigner function
W (v

k

k

k

, p

k

k

k

) =

Z
dx

2⇡2
 ⇤(v

k

k

k

� x

2
) e�ipkkkx  (v

k

k

k

+
x

2
)

• Evolution equation
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The quantum state of 
cosmological perturbations

• Evolution equation
@

@t
W (v, p, t) = � {W (v, p, t) , H (v, p, t)}

Poisson Bracket

For quadratic Hamiltonians
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The quantum state of 
cosmological perturbations

• Quantum mean value and stochastic average

Lesgourgues, Polarski, Starobinsky (1997)

Martin, VV (2016)

• True for             andO (v̂) O (p̂)

• True for Hermitian & quadratic       O (v̂, p̂)

• True for proper               in the super-Hubble (large squeezing) limit       O (v̂, p̂)

Example: Ô = vkv
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kpkp
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e2(N�NHubble crossing)

• Wrong for improper operators, even in the large-squeezing limit
Revzen (2006), Martin, VV (2017)
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Bell inequality violation etc…



Stochastic Inflation
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Primordial black holes from  
inflation

Primordial density perturbations when modes 

re-enter the Hubble radius after inflation
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Stochastic-δN formalism
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Spatially flat slide
ψ = 0

uniform density slide
δρ = 0

⃗x = const ζ(t, x) = N (t, x) − N0(t) ≡ δN
Lifshitz, Khalatnikov (1960)


Starobinsky (1983)

Wands, Malik, Lyth, Liddle (2000)

The realised number of e-folds 

is a stochastic quantity:

ζcoarse grained = 𝒩 − ⟨𝒩⟩

ϕ

N
ϕend

N1 N2

VV, Starobinsky (2015), Fujita, Kawasaki, Tada, Takesako (2015)




Stochastic-δN formalism
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Stochastic-δN formalism
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expansion
v ≪ 1, |v2v′ �′ �/v′�2 | ≪ 1

Third moment and local non-Gaussianity

VV, Starobinsky (2015)
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Need for the full PDF

Pattison, VV, Assadullahi, Wands (2017)


Langevin equation
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Example v(ϕ) = v0 1 + ( ϕ
ϕ0 )
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Example v(ϕ) = v0 1 + ( ϕ
ϕ0 )
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Example
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classical criterion v2v′�′� ∼ v′�2
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classical criterion v2v′�′� ∼ v′�2
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classical criterion v2v′�′� ∼ v′�2
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Non-Gaussian Tails
Ezquiaga, Garcia Bellido, VV (2019)
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Inflection points overproduce PBHs 

… unless slow roll is violated!
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Non-Gaussian Tails
Ezquiaga, Garcia Bellido, VV (2019)
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Conclusions
• Primordial black holes can be seeded by large density perturbations that form 

during inflation


• When this happens, quantum diffusion, that is, the back-reaction of vacum 
quantum fluctuations on the background dynamics as they get amplified and 
stretched to large distances, may play an important role


• Regions of the potential dominated by stochastic diffusion can be identified with 
a simple criterion: v’2<v2v’’ 

• In stochastically-dominated regions, the system must spend less than one e-fold 
for PBHs not to be too abundantly produced


• Even in classically-dominated regions, the standard calculations may fail 
because of non-Gaussian tails, which can only be described with non-
perturbative techniques such as the stochastic-δN formalism


• Inflection-point potentials overproduce primordial black holes … unless they 
violate slow roll



