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What is ‘Ab initio’ … ?
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Nuclear observables

QCD
(Quantum chromodynamics)

Effective field theory

Interaction model

RG transformation

Many-body solution

Basis convergence

Regularisation

Approxim
atio

ns

Ab initio (‘From scratch’)

Solve the nuclear many-body problem in 


a systematically improvable way

Use of controlled expansions

≙
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… and other things!
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… what it was …
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Ab initio in the mid 2000s:
~ 50 nuclei from large-scale diagonalization

(factorial growth of matrix size: not scalable to heavier nuclei)
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100Sn: towards heavy nuclei
Morris et al., PRL 120, 152503 (2018)

138Xe: exploratory study
Arthuis et al., PRL 125, 182501 (2020)

electric dipole polarisability in 48Ca
Birkhan et al., PRL 118, 252501 (2017)

β-decay studies
Gysbers et al., Nat. Phys. 15, 428 (2019)

global mass predictions of 700 nuclei
Stroberg et al., PRL 126, 022501 (2021)

… and where we are now!
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Controlled expansions

• Leading-order approximation:  simple to obtain but poor accuracy
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Taylor expansion of Gauss function
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• Higher-order corrections: refinement of description but evaluation more complex

• Choice of reference point sets range of validity of the expansion

• Symmetries of exact solution can be inherited by the approximation scheme
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Overview

6

Nuclear interactions 

Emerging frontiers
Part III

Many-body theory
Part II

Part I

‘From brute-force diagonalization to scalable expansion schemes’

‘From effective field theories to uncertainty quantification’

‘A (personal) perspective on computational challenges’



Part I
Nuclear interactions

From effective field theories to uncertainty quantification
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9. Quantum chromodynamics 155

are based on (at least) full NNLO QCD predictions, and are published
in peer-reviewed journals at the time of completing this Review.
These pre-averages are then combined to the final world average value
of αs(M2

Z), using the χ2 averaging method and error treatment as
described above. From these, we determine the new world average
value of

αs(M
2
Z) = 0.1181 ± 0.0011 , (9.23)

with an uncertainty of 0.9 %.∗∗∗ This world average value is in
reasonable agreement with that from the 2013 version of this Review,
which was αs(M2

Z) = 0.1185 ± 0.0006, however at a somewhat
decreased central value and with an overall uncertainty that has
almost doubled. These changes are mainly due to the following
developments:

- the uncertainty of the combined lattice result, now using the
same averaging procedure as applied to the other sub-fields, is
more conservative than that used in our previous Review, leading
to a larger final uncertainty of the new world average, and to a
reduced fixing power towards the central average value;

- the relatively low value of αs from hadron collider results, which
currently consists of only one measurement of the tt cross section
at

√
s = 7 TeV [370] that is likely to be a fluctuation to the low

side.

For convenience, we also provide the values for ΛMS which
correspond to the new world average:

Λ
(6)

MS
= (89 ± 6) MeV, (9.24a)

Λ
(5)

MS
= (210 ± 14) MeV, (9.24b)

Λ
(4)

MS
= (292 ± 16) MeV, (9.24c)

Λ
(3)

MS
= (332 ± 17) MeV, (9.24d)

for nf = 6, 5, 4 and 3 quark flavors, which are determined using the
4-loop expression for the running of αs according to Eq. (9.5) and
3-loop matching at the charm-, bottom- and top-quark pole masses
of 1.3, 4.2 and 173 GeV/c2, respectively. Note that for scales below a
few GeV, Eq. (9.5) starts to differ significantly from the exact solution
of the renormalization group equation Eq. (9.3) and the latter is then
to be preferred.

In order to further test and verify the sensitivity of the new
average value of αs(M2

Z) to the different pre-averages and fields of αs

determinations, we give each of the averages obtained when leaving
out one of the six input values, as well as the respective, initial value
of χ2 :

αs(M
2
Z) = 0.1179± 0.0011 (w/o τ results;

χ2
0/d.o.f. = 3.3/4), (9.25a)

αs(M
2
Z) = 0.1174± 0.0016 (w/o lattice results;

χ2
0/d.o.f. = 2.9/4), (9.25b)

αs(M
2
Z) = 0.1185± 0.0013 (w/o DIS results;

χ2
0/d.o.f. = 2.0/4), (9.25c)

αs(M
2
Z) = 0.1182± 0.0010 (w/o e+e− results;

χ2
0/d.o.f. = 3.5/4), (9.25d)

αs(M
2
Z) = 0.1184± 0.0012 (w/o hadron collider;

χ2
0/d.o.f. = 2.4/4) and (9.25e)

αs(M
2
Z) = 0.1180± 0.0010 (w/o e.w. precision fit;

χ2
0/d.o.f. = 3.4/4). (9.25f)

They are well within the uncertainty of the overall world average
quoted above. Note, however, that the average excluding the lattice
result is no longer as close to the value obtained from lattice alone as

∗∗∗ The weighted average, treating all inputs as uncorrelated mea-
surements with Gaussian uncertainties, results in αs(M2

Z) = 0.11810±
0.00078 with χ2/d.o.f. = 3.7/5. Requiring χ2/d.o.f. to reach unity
calls for an overall correlation factor of 0.28, which increases the over-
all uncertainty to ±0.00114.

was the case in the 2013 Review, but is now smaller by almost one
standard deviation of its assigned uncertainty.

Notwithstanding the many open issues still present within each
of the sub-fields summarised in this Review, the wealth of available
results provides a rather precise and reasonably stable world average
value of αs(M2

Z), as well as a clear signature and proof of the energy
dependence of αs, in full agreement with the QCD prediction of
Asymptotic Freedom. This is demonstrated in Fig. 9.3, where results
of αs(Q2) obtained at discrete energy scales Q, now also including
those based just on NLO QCD, are summarized. Thanks to the results
from the Tevatron and from the LHC, the energy scales at which αs is
determined now extend up to more than 1 TeV♦.

QCD αs(Mz) = 0.1181 ± 0.0011

pp –> jets
e.w. precision fits (N3LO)  

0.1

0.2

0.3

αs (Q2)

1 10 100Q [GeV]

Heavy Quarkonia (NLO)
e+e–   jets & shapes (res. NNLO)

DIS jets (NLO)

April 2016

τ decays (N3LO)

1000

 (NLO
pp –> tt (NNLO)

)(–)

Figure 9.3: Summary of measurements of αs as a function of
the energy scale Q. The respective degree of QCD perturbation
theory used in the extraction of αs is indicated in brackets (NLO:
next-to-leading order; NNLO: next-to-next-to leading order; res.
NNLO: NNLO matched with resummed next-to-leading logs;
N3LO: next-to-NNLO).
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Kousouris, M. Lüscher, Y. Ma, M. d’Onofrio, A. Ramos, S. Sharpe,
R. Sommer, G. Sterman, D. Treille, N. Varelas, M. Wobisch, W.M.
Yao, C.P. Yuan, and G. Zanderighi for discussions, suggestions and
comments on this and earlier versions of this Review.

References:
1. R.K. Ellis, W.J. Stirling, and B.R. Webber, “QCD and collider

physics,” Camb. Monogr. Part. Phys. Nucl. Phys. Cosmol. 81
(1996).

2. C.A. Baker et al., Phys. Rev. Lett. 97, 131801 (2006).
3. H.-Y. Cheng, Phys. Reports 158, 1 (1988).
4. G. Dissertori, I.G. Knowles, and M. Schmelling, “High energy

experiments and theory,” Oxford, UK: Clarendon (2003).
5. R. Brock et al., [CTEQ Collab.], Rev. Mod. Phys. 67, 157

(1995), see also http://www.phys.psu.edu/~cteq/handbook/
v1.1/handbook.pdf.

6. A.S. Kronfeld and C. Quigg, Am. J. Phys. 78, 1081 (2010).
7. T. Plehn, Lect. Notes Phys. 844, 1 (2012).
8. J. Campbell, J. Huston, F. Krauss “The Black Book of

Quantum Chromodynamics, a Primer for the QCD Era,” Oxford
University Press, UK (2017).

♦ We note, however, that in many such studies, like those based on
exclusive states of jet multiplicities, the relevant energy scale of the
measurement is not uniquely defined. For instance, in studies of the
ratio of 3- to 2-jet cross sections at the LHC, the relevant scale was
taken to be the average of the transverse momenta of the two leading
jets [434], but could alternatively have been chosen to be the transverse
momentum of the 3rd jet.

Tanabashi et al. (Particle Data Group), 
Phys. Rev. D 98, 030001 (2018)

Running coupling of QCD

• Dynamics of quarks and gluons is fully encoded in the QCD Lagrangian

LQCD = q̄
Ä
���D� � M
ä
q �

1

4
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• Asymptotic freedom: quarks interact 
weakly and QCD is perturbative at 
high energies


O = O(0) + �sO(1) + �2
s O
(2) + ...
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perturbative QCD (pQCD)

• Confinement: quarks interact strongly 
and QCD is highly non-perturbative at 
low energies

Lattice QCD

The strong interaction
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From QCD to nuclear observables
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Lattice QCD

• discretized space-time lattice for quarks and gluons


• requires extensive computational resources …


• … hence (currently) restricted to few-nucleon systems


• insufficient accuracy for nuclear structure applications

Tanabashi et al. (Particle Data Group), 
Phys. Rev. D 98, 030001 (2018)

Nuclear observables

Quantum 
chromodynamics
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The role of resolution
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• High-energy probes resolve the nucleon substructure, i.e., quarks and gluons

�⌧ R
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R
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high energy/short wavelength

• Replace the fine details (quarks and gluons) by simpler objects

EFT
(effective field theory)

• Use degrees of freedom that are relevant in low-energy regime

• Low-energy probes do NOT resolve the nucleon substructure

low energy/long wavelength

�� R
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• Identify effective degrees of freedom in low-energy domain: nucleons and pions

d̄
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schematic picture of the pion multiplet

m�0 ⇡ 134.98MeV
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• Pions mediate the strong interaction at long distances
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mass gap

• High-energy physics captured by a few short-range couplings (LECs)

• Systematically improvable theory with prediction of higher-body operators 

Chiral effective field theory
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Figure 3

Top panel: Ground-state energies of oxygen isotopes measured from 16O, including experimental
values of the bound 16�24O. Figure taken from (42). Energies obtained from (a) phenomenological
forces SDPF-M (43) and USDB (44), (b) a G matrix and including Fujita-Miyazawa 3N forces due
to � excitations, and (c) from low-momentum interactions Vlow k and including N2LO 3N forces
as well as only due to � excitations. The changes due to 3N forces based on � excitations are
highlighted by the shaded areas. Bottom panels: Left: Ground-state energies of oxygen isotopes
relative to 16O based on valence-space Hamiltonians, compared to the atomic mass evaluation
(AME 2012) (45). The MBPT results are performed in an extended sdf7/2p3/2 valence space (37)
based on low-momentum NN+3N forces, while the IM-SRG (39) and CCEI (40) results are in the
sd shell from a SRG-evolved NN+3N-full Hamiltonian. Right: Ground-state energies obtained in
large many-body spaces: MR-IM-SRG (27), IT-NCSM (27), SCGF (29), CC (40), based on the
SRG-evolved NN+3N-full Hamiltonian, and Lattice EFT (34), based on NN+3N forces at N2LO.

approach, a similar decoupling for a given nucleus is achieved using a Lee-Suzuki similarity

transformation from the CC solution in the large basis space to the valence space (40, 41).

2.1. Location of the neutron dripline

The neutron drip line evolves regularly from light to medium-mass nuclei except for a strik-

ing anomaly in the oxygen isotopes, where the dripline is at a doubly magic nucleus 24O and

anomalously close to the stable nuclei. This anomaly is challenging to explain in microscopic

theories based only on NN forces that reproduce NN scattering (42). This is illustrated in

the top panel of Figure 3 with sd-shell calculations based on second-order MBPT [dashed

lines in panels (b) and (c)], where the ground-state energies decrease up to N = 20, leading

to an incorrect dripline at 28O. This is in contrast to phenomenological interactions ad-

www.annualreviews.org • Neutron-rich nuclei and neutron-rich matter 7
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to � excitations, and (c) from low-momentum interactions Vlow k and including N2LO 3N forces
as well as only due to � excitations. The changes due to 3N forces based on � excitations are
highlighted by the shaded areas. Bottom panels: Left: Ground-state energies of oxygen isotopes
relative to 16O based on valence-space Hamiltonians, compared to the atomic mass evaluation
(AME 2012) (45). The MBPT results are performed in an extended sdf7/2p3/2 valence space (37)
based on low-momentum NN+3N forces, while the IM-SRG (39) and CCEI (40) results are in the
sd shell from a SRG-evolved NN+3N-full Hamiltonian. Right: Ground-state energies obtained in
large many-body spaces: MR-IM-SRG (27), IT-NCSM (27), SCGF (29), CC (40), based on the
SRG-evolved NN+3N-full Hamiltonian, and Lattice EFT (34), based on NN+3N forces at N2LO.

approach, a similar decoupling for a given nucleus is achieved using a Lee-Suzuki similarity

transformation from the CC solution in the large basis space to the valence space (40, 41).

2.1. Location of the neutron dripline

The neutron drip line evolves regularly from light to medium-mass nuclei except for a strik-

ing anomaly in the oxygen isotopes, where the dripline is at a doubly magic nucleus 24O and

anomalously close to the stable nuclei. This anomaly is challenging to explain in microscopic

theories based only on NN forces that reproduce NN scattering (42). This is illustrated in

the top panel of Figure 3 with sd-shell calculations based on second-order MBPT [dashed

lines in panels (b) and (c)], where the ground-state energies decrease up to N = 20, leading

to an incorrect dripline at 28O. This is in contrast to phenomenological interactions ad-
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Otsuka et al., PRL 105, 032501 (2010)
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The nuclear potential

• Nuclear interaction consists of complicated operator structure

<latexit sha1_base64="M6VERmfcUGj5bWhgSTUaPzvwDRw="></latexit>

Vnucl. = Vcentral + Vspin-orbit + Vtensor + ...

Machleidt, Entem, 

Phys. Rept. 503 (2011) 1-75

<latexit sha1_base64="nOgw10d9/HQAbg8+iKs4IEqn/XM="></latexit>

� ~L · ~S

<latexit sha1_base64="OSD43usRtMEBQVenSCt+yD5Ft9w="></latexit>

3

~r2
(~�1 · ~r)(~�2 · ~r) � ~�1 · ~�2

• Example: simple central component from long-range pion exchange
<latexit sha1_base64="JEwkVGQEwKYLmjtrhzDs3fXJ/0E="></latexit>

VYukawa(r) =
e�mr

r

• Incorporate all operator structures consistent with symmetry principles
<latexit sha1_base64="lNwtLgLGKzB/a7+v4WUk8KiZr7A="></latexit>

{(~�1 · ~�2), (~�1 · ~�2), ...}

• Matrix elements in terms of momentum and angular-momentum eigenstates

<latexit sha1_base64="fIRB3upof4nDkDK5GMg4Hy9Vpko="></latexit>

hq0(L0S) J;TMT |VNN|q(LS) J;TMT i
(partial-wave decomposition)

angular momentum

L not conserved!
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Matrix elements

18

• before 2000s: ad hoc postulation of operator structure based on symmetries

16 Authors Suppressed Due to Excessive Length

3S1

3S1 � 3D1

Fig. 10.4 Repulsive core and tensor force of the Argonne V18 NN interaction [87] in the (S,T )= (1,0) channel.
In the left panel, the radial dependencies of the central (VC(r)) and tensor components (VT (r)) of Argonne V18
are shown, while the right panel shows its momentum space matrix elements in the deuteron partial waves.

10.2.4.2 SRG in the Two-Nucleon System

Let us now consider the operator flow of the NN interaction in the two-nucleon system,
Eq. (10.57). Since the nuclear Hamiltonian is invariant under translations and rotations, it
is most convenient to work in momentum and angular momentum eigenstates of the form

|q(LS)JMT MT i . (10.58)

Because of the rotational symmetry, the NN interaction conserves the total angular momen-
tum quantum number J, and it is easy to show that the total spin S of the nucleon pair is
a conserved quantity as well. The orbital angular momentum is indicated by the quantum
number L, and we remind our readers that L is not conserved, because the nuclear tensor
operator

Si j(r̂, r̂) =
3
r̂2 (ŝi · r̂)(ŝ j · r̂)� ŝi · ŝ j (10.59)

can couple states with DL = ±2. We assume that the interaction is charge-dependent in the
isospin channel T = 1, i.e., matrix elements will depend on the projection MT = �1,0,1, which
indicates the neutron-neutron, neutron-proton, and proton-proton components of the nuclear
Hamiltonian.

In Fig. 10.4 we show features of the central and tensor forces of the Argonne V18 (AV18)
interaction [87] in the (S,T ) = (1,0) channel, which has the quantum numbers of the deuteron.
This interaction belongs to a group of so-called realistic interactions that describe nucleon-
nucleon scattering data with high accuracy, but precede the modern chiral forces (see chapter
8, [6, 7]). AV18 is designed to be maximally local in order to be a suitable input for nuclear
Quantum Monte Carlo calculations [10,11,88]. Because of the required locality, AV18 has a
strong repulsive core in the central part of the interaction. Like all NN interactions, it also
has a strong tensor force that results from pion exchange. The radial dependencies of these
interaction components are shown in the left panel of Fig. 10.4.

10 In-Medium Similarity Renormalization Group Approach to the Nuclear Many-Body Problem 23
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Fig. 10.6 SRG evolution of the chiral N3LO nucleon-nucleon interaction by Entem and Machleidt, with initial
cutoff L = 500 MeV [7,98]. In the left column, we show the momentum-space matrix elements of the interaction
in the 3S1 partial wave for different values of the SRG resolution scale l . The top-most row shows the initial
interaction at s = 0 fm4 , i.e., “l = •”. In the right column, we show the S� and D�wave components of the
deuteron wave function that is obtained by solving the Schrödinger equation with the corresponding SRG-
evolved interaction.

As we lower the resolution scale, the “correlation hole” in the wave function is filled in, and all
but eliminated once we reach l = 2.0 fm�1. The D�wave admixture is reduced significantly,
as well, because the evolution suppresses the matrix elements in the 3S1 � 3D1 wave, which
are responsible for this mixing [23]. Focusing just on the S�wave, the wave function is ex-
tremely simple and matches what we would expect for two almost independent, uncorrelated
nucleons. The Pauli principle does not affect the coordinate-space part of the wave function

phenomenological potential
(Argonne AV18)

modern EFT potential
(chiral effective field theory, EM500)

3S1 3S1

high-precision potentials but 
uncertainty quantification complicated

• since 2000s: emergence of operator structure from low-energy EFT expansion 

Hergert et al.,  arXiv: 1612.08315

S=1

L=0

L’=0

J=1

T=0


MT=0
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Uncertainty quantification

Tichai, Roth, Duguet, 
Front. Phys. 8:164 (2020)

• Error bands correspond to interaction uncertainty from EFT expansion

Interaction
Hüther et al., 


PLB 808, 135651 (2020)

3rd-order EFT (N2LO)

4th-order EFT (N3LO)
BMBPT(3)

• Higher orders in EFT expansion yield reduced uncertainties

EFT enables quantification 
of interaction uncertainties



Part II
Many-body theory

From brute-force diagonalization to scalable expansion schemes

Ab initio reach in nuclear physics

Drischler, Bogner
arXiv:2108.03771 (2021)

4 Christian Drischler, Scott K. Bogner
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Fig. 4 Progress in microscopic nuclear structure calcula-
tions over the past 25 years (see also Ref. [46]). Data taken
from Figure 1 in Ref. [18]. See also the main text for details.

energy couplings to experimental (or lattice) data, and
approximations applied in the computational frame-
work, e.g., to keep the numerical calculations tractable
(see also Section 4).

3 Ab initio nuclear structure calculations

Figure 4 summarizes the progress in microscopic nu-
clear structure calculations over the past 25 years. Un-
til about 2010, the (approximately) linear increase in
the highest mass number A reachable in those calcu-
lations was determined by Moore’s law and the expo-
nential scaling of exact many-body methods (orange
dots). Since 2010, approximate but systematically im-
provable many-body methods with polynomial scaling
in A (see Section 3) have pushed the frontier of state-of-
the-art microscopic calculations to significantly higher
mass numbers (blue dots) [18].

Why did it take so long for these polynomially scal-
ing methods to gain a foothold in nuclear many-body
theory? The primary reason is that prior to the intro-
duction of chiral EFT, phenomenological nuclear force
models were rather hard, utilizing ultraviolet cuto↵s or
resolution scales on the order of several GeV or higher.
Since these approximate many-body methods rely on
expanding various quantities (e.g., two-body matrix el-
ements of the NN potential) in a single-particle basis, it
is essential that basis expansions converge rapidly for
calculations to be tractable. For instance, the lowest
non-trivial truncations of CC and IMSRG scale roughly
as N6, where N is the number of included single-particle
orbitals. Demanding that the single-particle basis is suf-
ficiently extended in coordinate space to capture the
spatial extent of the nucleus, and su�ciently extended
in momentum space to capture relevant momentum modes
up to the resolution scale in the nuclear potentials, one

Fig. 5 Predictions for the ground-state energies of the
oxygen isotopes obtained using several many-body frame-
works (symbols). All calculations are based on the same low-
momentum NN and 3N interaction, apart from those obtained
in nuclear lattice EFT (NLEFT). For details see the discus-
sion of Figure 5 in Ref. [18], from which the data is taken.

can use semi-classical arguments to show that N scales
as ⇤3, with the resolution scale ⇤.

The bottom line is that even a modest reduction in
⇤, such as that in going from the hard phenomenolog-
ical nuclear force models to the softer chiral interac-
tions, can have a profound impact on the viability of
these approximate many-body methods. The impres-
sive progress shown in Figure 4 would not have been
possible without the computational simplifications af-
forded by soft (and even softer RG-evolved) chiral in-
teractions. That said, it is ironic that the softness that
has been so central to the many-body progress is a con-
sequence of inconsistencies in Weinberg power count-
ing that prevent one from taking the cuto↵ to larger
values—see the discussion in Ref. [47].

The advancement of ab initio theory well into the
medium-mass region is an impressive feat, but the physics
value lies in the fact that such calculations are becoming
increasingly precise. Figure 5 is one such illustration,
where a wide variety of many-body methods starting
from the same SRG-evolved chiral NN and 3N potential
are in good agreement with experiment and each other
for the oxygen isotopes. Note that “good agreement”
in the present context is somewhat ill-defined since the
calculations do not come with error bars reflecting the
uncertainties in the input chiral interactions and the
subsequent many-body approximations.

For the time being, we content ourselves with the
following comments. First, while the many-body trun-

https://arxiv.org/abs/2108.03771
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• Goal: solve the non-relativistic Schrödinger equation for given nuclear Hamiltonian

H|�ni = En|�ni

<latexit sha1_base64="skJsam8OiwJdEQ7sdGENbqn7s4M=">AAACOXicbVDLSgMxFM34rPVVdekmWATdlBkpqAuhIEKXFewD2mHIpLdtaCYzJJlCmfYb/BpXgn6HS3fi1pU7M21B23ogcO6553Jzjx9xprRtv1krq2vrG5uZrez2zu7efu7gsKbCWFKo0pCHsuETBZwJqGqmOTQiCSTwOdT9/m3arw9AKhaKBz2MwA1IV7AOo0Qbycudl/GoVVEMewK3JBFdDvgG35lqhFP9V/ZyebtgT4CXiTMjeTRDxct9t9ohjQMQmnKiVNOxI+0mRGpGOYyzrVhBRGifdKFpqCABKDeZnDTGp0Zp404ozRMaT9S/EwkJlBoGvnEGRPfUYi8V/+s1Y925chMmoliDoNNFnZhjHeI0H9xmEqjmQ0MIlcz8FdMekYRqk+L8FgmDuSuS1Ghs46zJyllMZpnULgpOsXB9X8yXirPUMugYnaAz5KBLVEJlVEFVRNEjekIv6NV6tt6tD+tzal2xZjNHaA7W1w+6U6yV</latexit>

chiral EFT input

many-body wave function
nuclear

 binding energy

• Brute-force solution: pick a matrix representation in A-body Hilbert space and diagonalize

B ⌘ {|�1i, ..., |�Ni}
<latexit sha1_base64="KZOX3YC3cbD9xp5RSDH+B5jOi/k="></latexit>

H�J ⌘ h�� |H|�Ji
<latexit sha1_base64="CYqjAmbAZAa438TtUlRVsTukMa8="></latexit>

Slater
determinants

• Computational challenge: there are a lot of different many-body states contributing …

• Many-body states from filling single-particle states in an independent-particle model

…

occupied

virtual 
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|�1i
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|�2i
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Setting
Z protons 


N neutrons

B orbits

4He (N=2, Z=2) with B=70

dim(HA) ⇡ 5.8 · 106
<latexit sha1_base64="ATNZKfO7mxe/tho25HC90NgfXRc="></latexit>

40Ca (N=20, Z=20) with B=910
dim(HA) ⇡ 2.5 · 1081

<latexit sha1_base64="na/Li60TdqHe801TO4/xuMPUrCI="></latexit>

dim(HA) =
✓B
Z

◆
·
✓B
N

◆

<latexit sha1_base64="bTB9g8rYALF53Fcsu1L8gXF4M2I="></latexit>

‘Exponential wall’
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Towards medium-mass systems

• Crucial observation: the exact wave function is dominated by very few configurations

|�exacti =
X

�
c� |��i with

X

�
c2� = 1

<latexit sha1_base64="/kUc5wOtPy+2TwArI8p7/eTeaMk="></latexit>

• Reference state: identify the most important configuration and expand around it

closed-shell state

(shell either full or empty)

• Hierarchy of importance of many-body configurations in terms of excitation level

1p1h-excitation 2p2h-excitation 3p3h-excitation

most important less important

…
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Setting
Z protons 


N neutrons

B orbits

dim(HA) ⇡ 300.000

<latexit sha1_base64="UhBAxymOLiI+izkGvr8/RoqA14k=">AAACJnicbVDJTgJBEO1xRdxQj146EhP0QGaUuNwwXjhiImDCENLTFNixZ0l3DYFM5h/8DL/Aq36BN2O8efE/bJaDiC/p9Mt7Vamq50VSaLTtT2thcWl5ZTWzll3f2Nzazu3s1nUYKw41HspQ3XlMgxQB1FCghLtIAfM9CQ3v4XrkN/qgtAiDWxxG0PJZLxBdwRkaqZ07dhEGmHSEnxao6zO850wmlbR9dURdFkUqHNBT2y7att3O5ce/AZ0nzpTkyRTVdu7b7YQ89iFALpnWTceOsJUwhYJLSLNurCFi/IH1oGlowHzQrWR8U0oPjdKh3VCZFyAdq787EuZrPfQ9UznaWv/1RuJ/XjPG7kUrEUEUIwR8MqgbS4ohHQVEO0IBRzk0hHElzK6U3zPFOJoYZ6co6KeUmlycvynMk/pJ0SkVL29K+fLZNKEM2ScHpEAcck7KpEKqpEY4eSTP5IW8Wk/Wm/VufUxKF6xpzx6ZgfX1AwESpH0=</latexit>

dim(HA) ⇡ 5 · 109

<latexit sha1_base64="1A5Ege8JM7v+hsNdW/a9jRxsSYg="></latexit>

4He (N=2, Z=2) with B=70

40Ca (N=20, Z=20) with B=910

polynomial in system size!

reference state

1p1h-excitations 2p2h-excitations

dim(HA) = 1 + Nocc ·Nvirt + N2
occ ·N

2
virt

<latexit sha1_base64="UlstEnZvd94+6nSsOVohYO4ZaNs="></latexit>

stay tuned for more:
Talks by P. Demol, A. Porro and Z. Li
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‘Standard’ perturbation theory

• Divide the full many-body problem into an unperturbed part and a perturbation

H� = H0 + �H1 with H0|�i = E(0)|�i
<latexit sha1_base64="I3yqFpLSICZDjpUy7xJfaWrF7CM="></latexit>

• Rationale: standard perturbation theory is 
well under control in closed-shell systems

• Perturbative expansion: power-series ansatz

Eexact = E(0) + E(1) + E(2) + E(3) + ...
<latexit sha1_base64="6b0kb0b5A8AbjsOEXTX4E1HPEUo="></latexit>

• Evaluation of corrections supported by 
diagrammatic techniques (Feynman diagrams)
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4He

16O

24O

Convergence of the perturbation series

4He

16O

24O

rapid convergence 
to exact result

Tichai et al., 
PLB 756 283 (2016)

• Mean-field reference state (Hartree-Fock) 
captures bulk part of nuclear observable

defines the leading order!
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Closed-shell nuclei

1d5/2

1s1/2

1p3/2

1p1/2

2s1/2

1d3/2

orbitals

16O neutron states

occupied (i, j,…)

virtual  (a, b, …)

�E > 0
<latexit sha1_base64="/rZBM9OWtWdU2m+yMnKlhu8jsu8="></latexit>

8

2

20

shell gap in s.p. spectrum

Perturbation theory well-defined

Occupation numbers: 
)) or one (zero (

Non-degenerate with respect 

to particle-hole excitations 

<latexit sha1_base64="7Ikx6zWhQMvpDaIHwDt5f5WmA/o="></latexit>

E(2) =
1

4

X

�b�j

H�b�jH�j�b

�� + �j � �� + �b
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Open-shell nuclei

1d5/2

1s1/2

1p3/2

1p1/2

2s1/2

1d3/2

orbitals

18O neutron states

occupied (i, j,…)

virtual  (a, b, …)

8

2

20

vanishing shell gap

Perturbation theory degenerate

Appearance of fractional

occupation numbers in valence shell (1d5/2)

Degenerate with respect 

to particle-hole excitations 

�E = 0
<latexit sha1_base64="dWZHeC88x50wov+nPlJ2lH6JuT0="></latexit>

Division by zero!
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Open-shell nuclei

1d5/2

1s1/2

1p3/2

1p1/2

2s1/2

1d3/2

orbitals

18O neutron states

occupied (i, j,…)

virtual  (a, b, …)

8

2

20

vanishing shell gap

Appearance of fractional

occupation numbers in valence shell (1d5/2)

Degenerate with respect 

to particle-hole excitations 

�E = 0
<latexit sha1_base64="dWZHeC88x50wov+nPlJ2lH6JuT0="></latexit>
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Problem:
This is not an exotic case! 

Vast majority of nuclei are open-shell 
systems.

Perturbation theory degenerate
<latexit sha1_base64="7Ikx6zWhQMvpDaIHwDt5f5WmA/o="></latexit>
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H�b�jH�j�b
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Division by zero!
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Bogoliubov many-body perturbation theory

pairing 
gap

Lifting of degeneracy

• Introduction of  Bogoliubov quasi-particles
<latexit sha1_base64="p4GjZViJc1fwJZNin7mCfKs6Nc4="></latexit>

�†k =
X

p
(Upkc†p + Vpkcp)

<latexit sha1_base64="av+0O3QM+xynG8H3GOO+C0hwCmM="></latexit>

�k =
X

p
(U?pkcp + V?pkc

†
p)

• Symmetry breaking: choose reference state with lower symmetry than Hamiltonian

Â|�i 6= A0|�i but h�|Â|�i = A0

<latexit sha1_base64="S6Xk/OfdLpf9aRDwT8FtyLa9VKA="></latexit>

• Pairing correlations included in reference state

|�i = C
Y

k
�k |0i

<latexit sha1_base64="NexwQrnpqJjR8bsgb/sXhH9alcQ="></latexit>

Hartree-Fock-
Bogoliubov solution

E(2) = �
1

4

X

�b�j

H�b�jH�j�b

�� + �b � �� � �j
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Ek1 + Ek2 + Ek3 + Ek4
<latexit sha1_base64="I4J+O6ZVUNqgjz9Bbs2fXgTNSbw="></latexit>

• Comparison of formalism: why does it help in practice?

‘Standard’ MBPT Bogoliubov MBPT

All Ek > 0
(no degeneracy possible!)
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Medium-mass results

• BMBPT is optimal for cheap survey calculations of next-generation chiral Hamiltonians

A. Tichai et al. / Physics Letters B 786 (2018) 195–200 199

Fig. 2. Absolute ground-state binding energies (top) and two-neutron separation energies (bottom) along O, Ca and Ni isotopic chains. Results are displayed for second-order 
BMBPT ( ), second-order NCSM-PT ( ), large-scale IT-NCSM ( ), GSCGF-ADC(2) ( ), MR-IMSRG(2) ( ) and CR-CC(2,3) ( ). Experimental value are shown as black bars [34].

MR-IMSRG and GSCGF calculations are systematically displayed. 
While the IMSRG flow is truncated at the two-body level, i.e., 
yielding the IMSRG(2) approximation [12,15,20], GSCGF includes 
skeleton self-energy diagrams up to second order, i.e., yielding 
the so-called ADC(2) approximation [17,43]. Finally, closed-shell 
CC calculations performed at the CR-CC(2,3) level [41] are added 
whenever available. Each of these many-body methods systemat-
ically incorporates large classes of perturbation theory diagrams 
beyond second-order BMBPT.

We find that second-order BMBPT ground-state energies are in 
very good agreement with the more sophisticated methods for 
all systems under consideration, i.e., the relative deviation does 
not exceed 2%. In particular all methods are similar and in good 
agreement with IT-NCSM in O isotopes. MR-IMSRG(2) and NCSM-
PT (when available) do provide a stronger binding compared to 
second-order BMBPT. On the other hand, GSCGF-ADC(2) results are 
very comparable to second-order BMBPT while being often slightly 
less bound. Of course, it will be of great interest to perform this 
comparison again once proper third-order and/or particle-number-
restored BMBPT are systematically available. The consistency of 
the absolute binding energies and two-neutron separation energies 
provided by all the many-body methods further confirms that dis-
crepancies with experimental data, e.g., the systematic overbinding 
in Ca and Ni isotopes or the incorrect behavior of S2N around 56Ni, 
reflect the shortcomings of the employed chiral Hamiltonian. CR-
CC(2,3) calculations further incorporates the effect of triple excita-
tions that are absent from MR-IMSRG(2), GSCGF-ADC(2) or second-
and third-order BMBPT. Corresponding results demonstrate that a 
highly-accurate description of mid-mass systems requires the in-
corporation of triples, i.e., six-quasi-particle excitations in the lan-
guage of BMBPT. The leading contributions of this type appear 
at fourth order in the BMBPT expansion. In addition, one should 
eventually consider the explicit inclusion of the 3N interaction 
without resorting to the NO2B approximation, as demonstrated in 
the CC context [44,45].

Fig. 3 provides the computational runtime in CPU hours of 
second- and third-order BMBPT calculations for several isotopic 
chains. The tin isotopic chain is included here for the record even 
though the corresponding results were not displayed in Figs. 1
and 2 due to the poor performance of the chiral Hamiltonian and 
to the lack of convergence of the calculation with respect to the 
E3max = 14 truncation in this mass region. BMBPT calculations 
were performed on an Intel Xeon X5650 computing node with 12 

Fig. 3. Computational runtime versus mass number from BMBPT(2) ( ), BMBPT(3∗) 
( ), MR-IMSRG(2) ( ) and ADC(2) calculations.

cores at 2.67 GHz. The runtime is essentially independent of the 
mass number of the system for fixed values of emax and E3max. 
A typical run requires only up to 15 CPUh for open-shell nuclei 
and as little as 6 CPUh in closed-shell nuclei. The reduction in the 
closed-shell case is achieved by exploiting that the Bogoliubov ma-
trix V (U ) becomes zero for particle (hole) states when the grand 
potential is normal ordered, i.e., one recovers the benefit of an ex-
plicit partition between particle and hole states. Since our code is 
designed to treat systems with pairing we do not make use of op-
timizations that are only valid in the limiting case of HF-MBPT. 
Therefore, the employed BMBPT code is a factor of 5–10 slower 
than a fully-optimized HF-MBPT code.

Most importantly, Fig. 3 demonstrates that third-order BMBPT 
calculations generate results similar to state-of-the-art medium-
mass approaches at a computational cost that is about two or-
ders of magnitude smaller, e.g., MR-IMSRG(2) requires roughly 
2000 CPUh per run when applied to an open-shell system. The 
computational advantage of low-order BMBPT calculations over 
non-perturbative approaches could make BMBPT a particularly 
useful tool to provide cheap systematic tests of newly generated 
chiral EFT Hamiltonians over a wide range of nuclei.

5. Conclusions

We presented the first full-fledged ab initio application of Bo-
goliubov many-body perturbation theory to finite nuclei. Expand-

Tichai et al., 
PLB 786 195 (2018)

Be careful:
Deviation from experiment

≠
Bad many-body solution 

• Excellent agreement of all methods with ‘exact’ results (IT-NCSM)

• Different many-body schemes yield consistent description of open-shell nuclei

Runtime 
(in CPU hours)

 NCSM:    20.000

 MCPT:      2.000

 IMSRG:     1.500

 ADC:           400

 BMBPT:    < 1
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New Hamiltonians!
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AO ACa

• Inconsistency with experimental data cured with more modern Hamiltonian

3rd-order EFT (N2LO)

4th-order EFT (N3LO)
BMBPT(3)

Tichai, Roth, Duguet, 
Front. Phys. 8:164 (2020)

Interaction
Hüther et al., 


PLB 808, 135651 (2020)

we used the same many-body formalism!



Part III
Emerging frontiers

A (personal) perspective on computational challenges
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FIG. 1: (color online) Memory required to store the T -
coefficients (!), as well as the three-body matrix elements in the
antisymmetrized-Jacobi (!), JT -coupled ("), and m-scheme (#)
representation as function of the maximum three-body energy quan-
tum number E3max. All quantities are assumed to be single-precision
floating point numbers.
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× a〈ãb̃c̃; JabJ; TabT |V |ã′b̃′c̃′; J′abJ; T ′abT 〉a
(16)

with all M and MT quantum numbers determined by sums of
the single-particle m and mt quantum numbers, e.g., Mab =

ma +mb. This decoupling is trivial and requires only Clebsch-
Gordan coefficients. Therefore, the decoupling can be easily
and efficiently done on the fly during the many-body calcula-
tion.

F. Computational strategy

After discussing the formal steps for the calculation of the
three-body matrix elements entering NCSM-type many-body
calculations, we would like to address a few computational
aspects, since they are crucial for practical applications and
set the limits for present ab initio calculations.

The calculation of three-body matrix elements is a prime
example for the ’recompute versus store’ paradigm. In many
NCSM applications including chiral 3N interactions [8, 30,
42], the complete set of m-scheme matrix elements (16) was
computed and stored before the actual many-body calcula-
tion. As mentioned earlier, the sheer number of three-body m-
scheme matrix elements sets a severe limit to the model-space
sizes that are accessible with this approach. This is illustrated
in Fig. 1 which shows the memory needed to store m-scheme
matrix elements of the 3N interaction exploiting all basic sym-
metries as function of the maximum total energy quantum

number E3 max of the three-body states. For a NCSM calcu-
lation of a mid p-shell nucleus in Nmax = 8, corresponding to
E3 max = 11, about 33 GB are needed to store the necessary
3N matrix elements in single precision exploiting all symme-
tries [29]. Moreover, disk-I/O and memory access is nontriv-
ial for these huge sets. In order to extend the NCSM model
space to Nmax = 12 or even 14 for mid p-shell nuclei, we
have made a first step towards a ’recompute instead of store’
strategy in Ref. [33]. Instead of precomputing m-scheme ma-
trix elements, we only precompute and store the JT -coupled
matrix elements defined by Eq. (14). All the computationally
demanding steps of the transformation are still done in the
precompute phase. However, as illustrated in Fig. 1, the stor-
age needed for the JT -coupled matrix elements is reduced by
up to three orders of magnitude. For an Nmax = 8 p-shell cal-
culation only 0.4 GB of storage is needed for the three-body
matrix elements in single precision.

The price to pay for this gain is the on-the-fly decou-
pling (16) of the three-body matrix elements during the many-
body calculation. We have optimized the storage scheme for
the JT -coupled matrix elements to facilitate a fast and cache-
optimized on-the-fly decoupling: we store the values of the
matrix elements in a one-dimensional vector. The order and
position of the matrix elements is defined via a fixed loop-
order for all quantum numbers of the JT -coupled matrix ele-
ments. The six outer loops are defined by the quantum num-
bers ã, b̃, c̃, ã′, b̃′, c̃′ of the single-particle orbitals, where we
exploit antisymmetry and hermeticity. The six inner loops are
defined by the coupled quantum numbers Jab, J′

ab
, J and Tab,

T ′ab, T in this specific order. The three innermost isospin loops
run over all 5 possible combinations of the isospin quantum
numbers and can be unrolled manually. We do not exploit
antisymmetry constraints for matrix elements with identical
single-particle orbitals to keep a fixed stride for this inner seg-
ment. The angular-momentum loops use the triangular con-
straints defined through the single-particle quantum numbers.
To evaluate a specific m-scheme matrix element we jump to
the position in the vector defined by the orbital quantum num-
bers and then evaluate the decoupling loops as a linear sweep
over a contiguous segment of the storage vector. Thus, the de-
coupling operation is very simple and highly cache efficient.
This simplicity and its moderate memory footprint makes the
decoupling routine an excellent candidate for porting to ac-
celerator cards and first developments along these lines have
been successful already [53]. The standard implementation of
the JT -coupled scheme has already been adopted in various
many-body methods [18, 21, 22, 29, 34–36].

One could consider to push the boundary further towards
recompute in order to save even more memory. Presently we
compute and store the JT -coupled matrix elements via the
transformation (14) before the many-body calculation. The
T coefficients as well as the HOBs, 6 j and 9 j symbols that
enter Eq. (10) are cached for performance reasons. Both, the
storage of the resulting JT -coupled matrix elements and the
caching of the T coefficients requires similar and substantial
amounts of memory, as illustrated in Fig. 1. Therefore, an
on-the-fly evaluation of the transformation (14) using precom-
puted T coefficients will not reduce the storage needs as com-

33

Three-body matrix elements

• Computational limitations from storage requirements of three-body operators

Roth et al., PRC 90, 024325 (2014)

78Ni
208Pb?

typical HPC limit
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see also: Miyagi et al., 
arXiv:2104.04688 (2021)

Do we really need 
hundreds of billions of 

matrix elements?
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https://arxiv.org/abs/2104.04688
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Concepts of data compression

Original picture

(matrix with entries encoding grey value) 30 % 9 % 3 %

data compression

What is the size of the Eiffel tower?

lack of high-resolution details 

induce small controllable error on final quantity
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Matrix decompositions

• Low-rank interaction from singular-value decomposition (SVD)

<latexit sha1_base64="1e15kR3tb7cMU45YKQPZ+y0D5HQ=">AAACFHicbVC7SgNBFJ31GeMrammzGASrsBtELQM2lhHcJJAsYXZykwyZ2Vlm7gaWJd9gJ/ovdmJr769YOXkUJvHAwOGcezl3TpQIbtDzvp2Nza3tnd3CXnH/4PDouHRy2jAq1QwCpoTSrYgaEDyGADkKaCUaqIwENKPR/dRvjkEbruInzBIIJR3EvM8ZRSsFHdZT2C2VvYo3g7tO/AUpkwXq3dJPp6dYKiFGJqgxbd9LMMypRs4ETIqd1EBC2YgOoG1pTCWYMJ8dO3EvrdJz+0rbF6M7U/9u5FQak8nITkqKQ7PqTcX/vHaK/bsw53GSIsRsHtRPhYvKnf7c7XENDEVmCWWa21tdNqSaMrT9LKUMQElAnU2Ky+EaxhNblr9azTppVCv+TcV7vC7XqovaCuScXJAr4pNbUiMPpE4Cwggnz+SVvDkvzrvz4XzORzecxc4ZWYLz9Qv1CZ+f</latexit>· <latexit sha1_base64="1e15kR3tb7cMU45YKQPZ+y0D5HQ=">AAACFHicbVC7SgNBFJ31GeMrammzGASrsBtELQM2lhHcJJAsYXZykwyZ2Vlm7gaWJd9gJ/ovdmJr769YOXkUJvHAwOGcezl3TpQIbtDzvp2Nza3tnd3CXnH/4PDouHRy2jAq1QwCpoTSrYgaEDyGADkKaCUaqIwENKPR/dRvjkEbruInzBIIJR3EvM8ZRSsFHdZT2C2VvYo3g7tO/AUpkwXq3dJPp6dYKiFGJqgxbd9LMMypRs4ETIqd1EBC2YgOoG1pTCWYMJ8dO3EvrdJz+0rbF6M7U/9u5FQak8nITkqKQ7PqTcX/vHaK/bsw53GSIsRsHtRPhYvKnf7c7XENDEVmCWWa21tdNqSaMrT9LKUMQElAnU2Ky+EaxhNblr9azTppVCv+TcV7vC7XqovaCuScXJAr4pNbUiMPpE4Cwggnz+SVvDkvzrvz4XzORzecxc4ZWYLz9Qv1CZ+f</latexit>·

• Keep only few components in decomposition
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truncation

• Rapid suppression of singular values observed

… but what is the 
impact on observables?

• Exact results are recovered for infinite rank
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Fall-off of singular values
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Two-nucleon phase shifts

• Low-energy phase shifts from Lippmann-Schwinger equation (T matrix)
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Tichai et al.
PLB 821, 136623 (2021)

• Systematic improvement when including more components in the interactions

• Rank-5 approximation yields (virtually) perfect agreement with exact results

Full matrix dimension
<latexit sha1_base64="N4rBRqgMhAzGxtETl63mUMtl4dc=">AAACFXicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6kUIePEkEcwDkiXMTnqTIbMPZmYDYclHeBL0W7yJV89+ijdnkz2YxIaGoqqa7i4vFlxp2/621tY3Nre2CzvF3b39g8PS0XFTRYlk2GCRiGTbowoFD7GhuRbYjiXSwBPY8kZ3md4ao1Q8Cp/0JEY3oIOQ+5xRbajWA7kljm33SmW7Ys+KrAInB2XIq94r/XT7EUsCDDUTVKmOY8faTanUnAmcFruJwpiyER1gx8CQBqjcdHbulJwbpk/8SJoONZmxfydSGig1CTzjDKgeqmUtI//TOon2b9yUh3GiMWTzRX4iiI5I9jvpc4lMi4kBlElubiVsSCVl2iS0uEXieOGLNDMa27RosnKWk1kFzcuKc1WpPlbLtWqeWgFO4QwuwIFrqME91KEBDEbwDK/wZr1Y79aH9Tm3rln5zAkslPX1C1ivnoY=</latexit>

N = 100



A. Tichai 08.12.2021Aussois  Winter School 37

Many-body applications

• Systematic convergence of energy 
per particle with SVD rank

• Sub-percent accuracy at SVD-rank 
5 at IMSRG(2) truncation level

• Quality of low-rank SVD 
independent of mass number

Low-rank approximations (rank 1-5) vs. full potential (rank 100)

Low-rank SVD
Over 99 % accuracy 


with only 5% of information
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• Ab initio workhorse: non-
perturbative IMSRG scheme
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Where are the limits of
ab initio nuclear theory?

208Pb

Heavy mass frontier
Extend ab initio description to lead isotopes

Many-body frontiers 

Open-shell frontier
Drip-line location, shell evolution, 


island-of-inversion, …
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Summary & Outlook

• … provides systematic control over induced error from approximations

39

Ab initio nuclear theory

• … therefore has predictive power for (yet) unmeasured quantities/systems

• … enables rigorous quantification over uncertainties giving ‘theory error bars’

Future challenges

• … extend description to more exotic nuclei and heavier mass number

• … development of statistical toolbox to quantify many-body uncertainties

• … understand and exploit the true complexity of the quantum many-body problem
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