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FOREWORD
-CLUSTERING : AN UBIQUITOUS PHENOMENON-
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FOREWORD

- HOW DO NUCLEONS SELF-ORGANIZE IN NUCLEI -
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FOREWORD
-NUCLEAR CLUSTERING-

 Clustering = nucleons clumping together into sub-groups within the nucleus  

Energy

A
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OUTLINE

❶ Qualitative description of nuclear clustering

❷ Microscopic description of nuclear clustering
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❶ QUALITATIVE DESCRIPTION  OF NUCLEAR CLUSTERING
-SUPERFLUIDITY … OR RATHER SUPERFLUIDITIES-

 Nucleus = 4-component Fermi system proton

neutron

What about 4-component Fermi systems ?
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❶ QUALITATIVE DESCRIPTION  OF NUCLEAR CLUSTERING
-SUPERFLUIDITY … OR RATHER SUPERFLUIDITIES-

 Nucleus = 4-component Fermi system proton

neutron

 Start with some Hamiltonian                                         with

 Correlated pair operators
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❶ QUALITATIVE DESCRIPTION  OF NUCLEAR CLUSTERING
-SUPERFLUIDITY … OR RATHER SUPERFLUIDITIES-

 One-to-one correspondence with spin-3/2 fermion system with Hamiltonian 

Singlet (S=0) pairing operator Quintet (S=2) pairing operator

with
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❶ QUALITATIVE DESCRIPTION  OF NUCLEAR CLUSTERING
-SUPERFLUIDITY … OR RATHER SUPERFLUIDITIES-

 Sp(4) ∼ SO(5) symmetry without fine tuning the coupling constants 

 Generators of

 Bilinears classified according to their behavior under SO(5)  (scalar, vector, 
tensor,… ) 

Particle-hole channel Particle-particle channel

C. Wu PRL 95 266404 (2005)
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 ℤ2 remaining unbroken ⇒ strong quantum fluctuations in the spin channel 
suppressing Cooper pairing (2 fermions can’t form a ℤ2  singlet ) ⇒ leading 
superfluid instability = quartetting

10

❶ QUALITATIVE DESCRIPTION  OF NUCLEAR CLUSTERING
-SUPERFLUIDITY … OR RATHER SUPERFLUIDITIES-

 If                           , singlet and quintet pairing states are degenerate and can be 
recasted into a sextet pairing state  ⇒ SU(4) symmetry

 Competing superfluid orders :

 Sp(4)-singlet BCS pairing phase         

 SU(4) molecular superfluid phase formed from bound states of 4 fermions  (a)

 Competition manifested by a ℤ2 discrete symmetry (coset between the center 
of SU(4) and the center of Sp(4) )

 ℤ2 needs to be spontaneously broken to stabilize the BCS quasi-long range 
order. 

P. Lecheminant et al  Nucl Phys B 798 443 (2008)
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❶ QUALITATIVE DESCRIPTION  OF NUCLEAR CLUSTERING
-SUPERFLUIDITY … OR RATHER SUPERFLUIDITIES-

 Nucleus = 4-component Fermi system proton

neutron

Competition between pairing & quartetting orders

Courtesy of R.D. Lasseri

 Interplay isoscalar/isovector pairing ?

 Size of the pairs ?

 Links a-quartet & a-particle ?
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❶ QUALITATIVE DESCRIPTION  OF NUCLEAR CLUSTERING
-CLUSTERING CONDITIONS-

 When can we expect cluster structures ?

 For a quantum-mechanical system, strength of correlations measured by the non-

ideality parameter : 
depth of the confining 

potential

nucleon mass

mean density

Ebran, Khan, Niksic & Vretenar Nature 487, 341-344 (2012) 

Ebran, Khan, Niksic & Vretenar PRC 87, 044307 (2013)    
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❶ QUALITATIVE DESCRIPTION  OF NUCLEAR CLUSTERING
-CLUSTERING CONDITIONS-

 When can we expect cluster structures ?

 For a quantum-mechanical system, strength of correlations measured by the non-

ideality parameter : 
depth of the confining 

potential

nucleon mass

mean density

⇒ Clustering favored  i) for low A; ii) for deeper U; iii) for low density 

 Formation/dissolution of bound states : Mott parameter

⇒

Ebran, Khan, Niksic & Vretenar Nature 487, 341-344 (2012) 

Ebran, Khan, Niksic & Vretenar PRC 87, 044307 (2013)    
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❶ QUALITATIVE DESCRIPTION  OF NUCLEAR CLUSTERING
-CLUSTERING CONDITIONS-

 How to treat the correlations driving the clustering phenomenon  ?

Ecole PhyNuBE 6-10  Dec 2021

 Explicit treatment of collective correlations :  hard to do 

 Quartet condensation model

Sandulescu et. al. ; R.D. Lasseri, PhD Thesis (2018)   

 Hope that correlations causing a-clustering can be captured via the fluctuation of 

a collective field ⇒ PGCM language (EDF and ab initio)
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❶ QUALITATIVE DESCRIPTION  OF NUCLEAR CLUSTERING
-CLUSTERING CONDITIONS-

 Role of deformation
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Nazarewicz et. al., AIP Conf. Proc. 259, 30 (1992)
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OUTLINE

❶ Qualitative description of nuclear clustering

❷ Microscopic description of nuclear clustering
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❷ MICROSCOPIC DESCRIPTION OF NUCLEAR CLUSTERING

-MICROSCOPIC DESCRIPTION OF NUCLEI-

 Nucleus = collection of interacting point-like nucleons

 Challenge : Extract observables of interest from the nuclear Hamiltonian

Ecole PhyNuBE 6-10  Dec 2021

 Dynamical correlations : in all nuclei

 Static correlations : ignite in open-shell nuclei
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❷ MICROSCOPIC DESCRIPTION OF NUCLEAR CLUSTERING

-MICROSCOPIC DESCRIPTION OF NUCLEI-

 Nucleus = collection of interacting point-like nucleons

 Challenge : Extract observables of interest from the nuclear Hamiltonian

 Strategy : split the total Hamiltonian into unperturbed and residual parts 

Ecole PhyNuBE 6-10  Dec 2021

𝐻 = 𝐻0 + 𝐻1

solvable
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❷ MICROSCOPIC DESCRIPTION OF NUCLEAR CLUSTERING

-MICROSCOPIC DESCRIPTION OF NUCLEI-

Ecole PhyNuBE 6-10  Dec 2021

Ab initio PGCM-PT workflow EDF workflow
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Projected Generator Coordinate method in a nutshell

𝒒

𝐴𝑟𝑔(𝒒)

(0,
0 )

⦿ 
Physics accounted for through  spontaneous symmetry breaking 

+ fluctuations of the order parameter

Z,N,J
p

𝐸

𝐸𝐺𝑆

𝐸𝑅𝐻𝐹

𝐸𝑈𝐻𝐹

(q0,
j0 )

(q0,j1 ) (q1,
j0 )

⦿   broken symmetries

⦿ 
Collective excitations

Initial wave function

Optimized wave 

function with {q(1)}

∫ (|q|, arg(q))=       dq f(q)

Non-orthogonal linear combination of product states

❷ MICROSCOPIC DESCRIPTION OF NUCLEAR CLUSTERING

-MICROSCOPIC DESCRIPTION OF NUCLEI-
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 Can the correlations causing a-clustering can be recasted in those associated 
to a fluctuation of a collective field ? 

Ecole PhyNuBE 6-10  Dec 2021

❷ MICROSCOPIC DESCRIPTION OF NUCLEAR CLUSTERING

-CLUSTERING AND DEFORMATION-
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❷ MICROSCOPIC DESCRIPTION OF NUCLEAR CLUSTERING

-CLUSTERING AND DEFORMATION-

 Inhomogeneous mass distribution at the mean field level

Ecole PhyNuBE 6-10  Dec 2021

EDF
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❷ MICROSCOPIC DESCRIPTION OF NUCLEAR CLUSTERING

-CLUSTERING AND DEFORMATION-

 How do I know these small lumps of matter are alphas ?

 Integrating the density over this region gives 2 protons and 2 neutrons

 Conditional probability
Reinhard et al, Phys. Rev. C 83, 034312 (2011)

0.5 : signals a nearly homogeneous Fermi gas

1 : localized a-like state (in N=Z systems)
16O

r

C

4He 20Ne
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❷ MICROSCOPIC DESCRIPTION OF NUCLEAR CLUSTERING

-CLUSTERING CONDITIONS … AGAIN-

 When can we expect cluster structures ?

 For a quantum-mechanical system, strength of correlations measured by the non-

ideality parameter : 
depth of the confining 

potential

nucleon mass

mean density

⇒ Clustering favored  i) for low A; ii) for deeper U; iii) at low density 

 Formation/dissolution of bound states : Mott parameter

⇒

Ebran, Khan, Niksic & Vretenar Nature 487, 341-344 (2012) 

Ebran, Khan, Niksic & Vretenar PRC 87, 044307 (2013)    
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❷ MICROSCOPIC DESCRIPTION OF NUCLEAR CLUSTERING

-CLUSTERING CONDITIONS … AGAIN-

Ebran, Khan, Niksic & Vretenar Nature 487, 341-344 (2012) 

Ebran, Khan, Niksic & Vretenar PRC 87, 044307 (2013)    

Ecole PhyNuBE 6-10  Dec 2021



DateCommissariat à l’énergie atomique et aux énergies alternatives 30

❷ MICROSCOPIC DESCRIPTION OF NUCLEAR CLUSTERING

-CLUSTERING CONDITIONS … AGAIN-

Deeper confining potential
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❷ MICROSCOPIC DESCRIPTION OF NUCLEAR CLUSTERING

-CLUSTERING CONDITIONS … AGAIN-

 When can we expect cluster structures ?

 For a quantum-mechanical system, strength of correlations measured by the non-

ideality parameter : 
depth of the confining 

potential

nucleon mass

mean density

⇒ Clustering favored  i) for low A; ii) for deeper U; iii) at low density 

 Formation/dissolution of bound states : Mott parameter

⇒

Ebran, Khan, Niksic & Vretenar Nature 487, 341-344 (2012) 

Ebran, Khan, Niksic & Vretenar PRC 87, 044307 (2013)    
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Effect of mean density

0.3

Ebran, Girod, Khan, Lasseri, Schuck, PRC 102, 014305 (2020)    

❷ MICROSCOPIC DESCRIPTION OF NUCLEAR CLUSTERING

-CLUSTERING CONDITIONS … AGAIN-
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❷ MICROSCOPIC DESCRIPTION OF NUCLEAR CLUSTERING

-CLUSTERING FOOTPRINTS IN SPECTROSCOPY-

Bijker (2016)

Marević, Ebran, Khan, Nikšić, and Vretenar PRC 99 034317 (2019)
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Frosini, Duguet, Ebran, Somà, submitted to EPJA

Marevic, Ebran, Khan, Niksic, Vretenar, PRC 97 (2018)

❷ MICROSCOPIC DESCRIPTION OF NUCLEAR CLUSTERING

-CLUSTERING FOOTPRINTS IN SPECTROSCOPY-

PGCM
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QRPA

Mercier, Bjelčić, Nikšić, Ebran, Khan,Vretenar PRC103, 024303 (2021)

❷ MICROSCOPIC DESCRIPTION OF NUCLEAR CLUSTERING

-CLUSTERING FOOTPRINTS IN SPECTROSCOPY-
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CONCLUSIONS
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 Localized/delocalized phase transition ⇒

 Clustering = nucleons organized in localized subunits rather 

than delocalized in the nuclear volume

 Clustering favored      i) for low A

ii) for deep confining potential

iii) at low density

 Specific spectroscopic patterns for clusterized nuclei

 Alpha/cluster preformation in radioactivities Clustering in neutron-rich nuclei

Mercier et. al.  PRL 127 012501 (2021)

Ebran Khan Lasseri JPG:NPP 48 025106 (2020)  

Mercier et. al.  PRC 102 011301 (2020)

Ebran Khan Niksic Vretenar PRC 90 054329 (2014)  
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