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Introduction
Standard time independent quantum scattering :[

T̂ + V̂
]
ψ(x) = Eψ(x)

• Can require extended grids ( low collision energy )
• Basis sets can get expensive to handle

( Curse of dimensionality )

Classical dynamics:

mẍ = −∇⃗V

• Much lower computational cost, scaling
• Neglects quantum effects

Can we do quantum dynamics
outside of the wave function representation?
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Quantum reactive scattering with trajectories
[
− ℏ2

2m
d2

dx2 + V (x)
]
ψ(x) = Eψ(x)

Re{ψ(x)}

Trajectories along probability flux:


ψ(x) ≜ R(x)eiS(x)/ℏ

J(x) ≜ R2(x) × ẋ = cte

mẍ = −dV

dx
− dQ

dx

Q(x) = ℏ2

2mR
dR

dx

Q(x)

[ D. Bohm, Phys. Rev. 85, 166 (1952) ]
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x ,
....
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[ B. Poirier, Chem. Phys. 370, 4 (2010) ]
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Hamiltonian formalism in extended phase space
Ostrogradski’s higher order construction:

H(x, p, r, s) = s(2p− s)
2m + V (x) − 2r2s4

ℏ2m

ẋ = ∂H

∂p
ṗ = −∂H

∂x︸ ︷︷ ︸
"Classical" variables

ṙ = ∂H

∂s
ṡ = −∂H

∂r︸ ︷︷ ︸
"Quantum" variables

• Classical limit: when r → 0 and s → p, H = p2

2m + V (x)

• Generally, p ̸= mẋ but s = mẋ and ẍ ∝ r

• p is Noether Momentum for space translation
−→ If V (x) = cte, then p = cte

• Initial conditions (x0, p0, r0, s0) specify the quantum state
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Boundary conditions

Transmitted

Incident

Reflected
ψ(x) ∝ 1√

kL
eikLx

+R 1√
kL
e−ikLx

ψ(x) ∝ 1√
kR
eikRx

In right asymptote, one plane wave → classical evolution

s = p = ℏkR =
√

2m(E − VR), r = 0
Start on the transmitted side and propagate backwards in time
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Computing the transmission probability

• No grid, no complex absorbing potential

• Only one trajectory is needed

• Transmission probability from

Noether momentum final value

|T (E)|2 = 2ℏkL

pL + ℏkL

kL=
√

2m(E−V (xL))

• Accurate and stable (15 digits)

[ Parlant et al., Comput Theoret. Chem. 3-17, 990 (2012) ]
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Application: Ultra-cold atom-molecule collision

Li+CaH (v=0,j=0) → LiH+Ca
First reaction step: Quantum capture forming long-lived complex

Rotationally adiabatic channel potentials Vl(x) obtained by diagonalizing Ĥ
at fixed R in a symmetry-adapted rigid rotor function basis

[ Tscherbul Buchachenko, New J. Phys. 17, 035010 (2015). ]

Attractive well plus
centrifugal barrier

Vl(x) ≈ −C6
R6 +ℏ2l(l + 1)

2µR2
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The capture model

Reflection back out of the well is neglected

Classical capture model:

P c
l (E) =

{
1 if E > V ∗

l

0 if E < V ∗
l

RDivergence of capture rate coefficient for T → 0

Quantum capture model:

P c
l (E) = |T (E)|2

Inside the well, the reaction should be over when E << Vl(x)
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Quantum capture probabilities

[Scribano et al., J. Chem. Phys. 149, 021101 (2018)]
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Ultra-low collision energies

Optical potential-based methods would require macroscopic grids!
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Quantum capture cross section

σc(E) = π

k(E)2

∞∑
l=0

(2l + 1)P c
l (E)
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Conclusion and perspectives

• No grid, no wavefunction basis set

• Quantum effects are accurately reproduced

• Characterisation of resonant deep tunneling is possible

• Allows to build an efficient multidimensional hybrid
quantum-classical trajectories approach
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Perspective: Quantum capture in sub-barrier nuclear fusion

• Adiabatic channel potentials: Vl(R) = VC(R) + VN (R) + ℏ2l(l+1)
2µR2

α + 44Ca l = 0

[ Maydanyuk et al. Nuclear Physics A, 940, 89-118, 2015 ]

• Barrier penetrability calculation highly sensitive to barrier shape

• Approximate ( WKB, Wong, Hill-Wheeler ) methods not
satisfactory

Quantum trajectories for capture model of nuclear fusion?
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Hybrid quantum-classical trajectories method

The tunneling coordinate x is treated as a quantum d.o.f. while the
N − 1 orthogonal modes y = (y1, ...yN−1) behave classically

• Quantum effects (tunneling...)

• No reference to the wavefunction

H
(
x, px, r, s,y,py

)
= s(2px − s)

2m − 2r2s4

ℏ2m
+ V0(x) +

N−1∑
i=1

p2
yi

2myi

+ Vy(x, y)

• Computationally efficient

• Channel quantization : initial sampling

[ Parlant et al., Comput Theoret. Chem. 3-17, 990 (2012) ]
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Hybrid trajectories: Quantum scattering
Computing the Cumulative Reaction Probability

N(E) =
∑

ν

Pν(E) =
∑

ν

1
N

N∑
i=1

|Ti(E)|2

• Partially-state-resolved reaction
probabilities Pν(E) ∈ [0 : 1]

ν ν ′

• Sampling: N independent trajectories per open channel

• Observables obtained from statistical average

• Linear scaling of computational cost with open channel count
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Application
Chemical reaction system model

−4
−2

0
2

4
x

−0.2

−0.1

0

0.1

0.2

y

V (x, y) = V0 e
−αx2 + 1

2

n∑
i=1

ki(x)y2
i

ki(x) = k0,i

(
1 + b

ny
e−αx2

) V0 4.6 ×10−3 a.u.
k0,i 6.4-9.1×10−2 a.u.
m 2000 a.u.
α 1.5 a.u.
b -0.1

Lucien Dupuy lucien.dupuy@umontpellier.fr
Hybrid quantum-classical trajectories method for multidimensional reactive scattering
13/13

13/13



Application

0

10

20

30

40

50

6000 7000 8000 9000

N
(E

)

E (cm−1)
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HQCT

Channel number

9D

• 100 trajectories per channel

• Memory usage: Trajectories - 40.7 MB, ABC-SR - 4.42 GB

• Excellent agreement on the whole energy domain
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Extension to position-dependent mass

• Kinetic effects of reaction path curvature

−2
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Q
2
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.u
.]

Q1 [a.u.]

Ketene isomerization
reaction path

Hcurv(x, s, p, r) = s(2p− s/G(x))
2 − 2r2s4

ℏ2G(x) + V (x)+v(x)
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Resonant deep tunneling in ketene isomerization
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• Presence of metastable states

• Resonances in transmission
probability
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• Induces extremal quantal time
delay
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