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Factorisation of long 
and short range physics

Non-perturbative physics 
modelled in PDFs etc…

SCATTERING AMPLITUDES IN QFT

Scattering amplitudes are one of the main ingredients to extract physical predictions from QFT

HARD SCATTERING 

scattering amplitudes!
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SCATTERING AMPLITUDES IN QFT

Typically, scattering amplitudes can only be computed as perturbative series in the coupling 
constant(s), which involves expansion in number of loops and number of legs
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SCATTERING AMPLITUDES IN QFT
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SCATTERING AMPLITUDES IN QFT



INCREASING COMPLEXITY

Complexity increases (obviously) from many points of view  

1. combinatorial: number of objects to compute increases 
2. analytical: new mathematical structures appear and must be understood 
3. structure: splitting into different ingredients introduces spurious IR poles, whose 

cancellation in physical observables becomes more and more cumbersome… (see L. 
Magnea’s talk)
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Complexity increases (obviously) from many points of view  

1. combinatorial: number of objects to compute increases 
2. analytical: new mathematical structures appear and must be understood 
3. structure: splitting into different ingredients introduces spurious IR poles, whose 

cancellation in physical observables becomes more and more cumbersome… (see L. 
Magnea’s talk)

My focus here: 

how to organise calculation of 
multi-loop (virtual) scattering 

amplitudes
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MULTILOOP SCATTERING AMPLITUDES: THE STANDARD WAY

One way to go about it: standard approach (divide et impera)
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MULTILOOP SCATTERING AMPLITUDES: THE STANDARD WAY

One way to go about it: standard approach (divide et impera)

Standard steps: 

1) Obtain somehow the integrand (From Feynman diagrams, Unitarity, …?) 

2) Somehow reduce this integrand to a basis of integrals to compute (T. Peraro’s talk) 

3) Compute the integrals (for once I will NOT talk about that!)



First problem is “getting the integrand”: 

WHAT ABOUT THE INTEGRAND?

 ?= ∑ Feynman Diagrams →

Problems:

➤ Number of diagrams grows factorially 
(not a real problem though, at least for 
reasonable processes in QCD…) 

➤ More serious problem: “tensor 
decomposition”
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Problems:

➤ Number of diagrams grows factorially 
(not a real problem though, at least for 
reasonable processes in QCD…) 

➤ More serious problem(s): “tensor 
decomposition”

First problem is “getting the integrand”: 

WHAT ABOUT THE INTEGRAND?



TENSOR DECOMPOSITION
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Strip it of Lorentz and Dirac structures  
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Strip it of Lorentz and Dirac structures  

Scalar Feynman Integrals are 
what we know how to compute

=

I will talk about an ANCIENT method to do this: the projector - form factor method



THE PROJECTOR-FORM FACTOR METHOD

The idea is very simple:  

1. Use Lorentz invariance, gauge invariance (and any other allowed symmetries) to 
parametrise the scattering amplitude at any number of loops in terms of tensor 
structures and scalar form factors 

2. Define projector operators that extract these form factors from the corresponding 
Feynman diagrams (or anything else you like, really…)
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We find Pμν =
1
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Now at any number of loops, the form factor  can be obtained by generating 
Feynman diagrams and applying the projector  on each of them (or on clever 

combinations of them… or on any other representation you might have)
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THE PROJECTOR-FORM FACTOR METHOD

= (gμν −
pμpν

p2 ) F(p, m2) = Πμν

To extract  I define a projector operator F(p, m2) Pμν = C(d, p, m2)(gμν −
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p2 )
I can then determine the coefficient  by imposing  C(d, p, m2) PμνΠμν = F(p, m2)

This is true non-perturbatively!

We find Pμν =
1
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All algebra has to be performed in d space-time dimensions to be able to use the 
method in CDR (Conventional Dimensional Regularisation)

μ ν



THE PROJECTOR-FORM FACTOR METHOD

Works in general, no restrictions of any kinds in principle: 

1. Pick your favourite process 

2. Use Lorentz + gauge + any symmetry (parity, Bose etc…) to find minimal set of 
tensor structures in d space-time dimensions 

3. Derive projectors operators to single out corresponding form factors 

4. Apply these projectors on your favourite representation for the scattering amplitude

𝒜 = ∑
j

Fj Tj → Mij = ∑
pol

Ti T†
j

𝒫j = ∑
k

(M−1)jk
T†

k → 𝒫j𝒜 = Fj



PROBLEMS WITH PROJECTORS

Pμν =
1

d − 1 (gμν −
pμpν

p2 )
Seems neat. Where are the issues? 

Let’s have a look at a less simple example: massless quark scattering 

Studied up to 2 loops first by N. Glover in hep-ph/0401119 

qq̄ → QQ̄

2. Notation

The processes that we wish to consider in detail are,

0 → qq̄QQ̄, (2.1)

0 → qq̄qq̄. (2.2)

Because the identical quark amplitudes are obtained from the non-identical quark amplitudes by the

exchange of the quark or antiquark momenta, we focus on the scattering of distinct quarks,

0 → q(p1,λ1) + q̄(p2,λ2) +Q(p3,λ3) + Q̄(p4,λ4), (2.3)

where the quarks q and Q are taken to be massless with momenta satisfying,

0 → pµ1 + pµ2 + pµ3 + pµ4 , p2i = 0. (2.4)

Physical processes are obtained by crossing particles into the initial state. The associated Mandelstam

variables are given by

s12 = (p1 + p2)
2, s23 = (p2 + p3)

2, s13 = (p1 + p3)
2, s12 + s23 + s13 = 0. (2.5)

We work in conventional dimensional regularisation and renormalise the ultraviolet divergences in

the MS scheme. The bare coupling α0 is related to the running coupling αs ≡ αs(µ2) at renormalisation

scale µ, by

α0µ
2ε
0 Sε = αs µ

2ε

[
1−

β0
ε

(αs

2π

)
+

(
β20
ε2

−
β1
2ε

) (αs

2π

)2
+O

(
α3
s

)]
, (2.6)

where

Sε = (4π)εe−εγ , γ = 0.5772 . . . = Euler constant (2.7)

is the typical phase-space volume factor in d = 4 − 2ε dimensions and µ2
0 is the mass parameter

introduced in dimensional regularisation [45, 46, 43, 44] to maintain a dimensionless coupling in the

bare QCD Lagrangian density.

The first two coefficients of the QCD beta function, β0 and β1, for NF (massless) quark flavours,

are

β0 =
11CA − 4TRNF

6
, β1 =

17C2
A − 10CATRNF − 6CFTRNF

6
, (2.8)

where N is the number of colours and

CF =
N2 − 1

2N
, CA = N, TR =

1

2
. (2.9)

2.1 The general tensor

The most general tensor structure for the amplitude, |M〉, for the scattering of distinct massless quarks

at up to two loops can be written as

|M〉 =
6∑

I=1

AI(s12, s23) DI + . . . (2.10)

– 3 –

http://arxiv.org/abs/hep-ph/0401119
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What is the most general d-dimensional tensor structure?

ū(p1)Γμ1,...,μn u(p2) ū(p3)Γμ1,...,μn
u(p4)

http://arxiv.org/abs/hep-ph/0401119
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What is the most general d-dimensional tensor structure?

Problem: -algebra is not closed in d-dimensions!  

In principle at arbitrary loops I can build arbitrary fermion lines with arbitrary 
numbers of  matrices and they will all be independent!

γ

http://arxiv.org/abs/hep-ph/0401119
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Forget about n loops then. Let’s follow Glover @ 2 loops: 𝒜(2l)
qqQQ =

6

∑
j=1

Aj Dj
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where the coefficients AI are vectors in colour space and are functions of s12 and s23 (and implicitly

s13 = −s12 − s23) where sij = (pi + pj)2 and the six Dirac structures are

D1 = ū(p1)γµ1u(p2) ū(p3)γµ1u(p4),

D2 = ū(p1)/p3u(p2) ū(p3)/p1u(p4),

D3 = ū(p1)γµ1γµ2γµ3u(p2) ū(p3)γµ1γµ2γµ3u(p4),

D4 = ū(p1)γµ1/p3γµ3u(p2) ū(p3)γµ1/p1γµ3u(p4),

D5 = ū(p1)γµ1γµ2γµ3γµ4γµ5u(p2) ū(p3)γµ1γµ2γµ3γµ4γµ5u(p4),

D6 = ū(p1)γµ1γµ2/p3γµ4γµ5u(p2) ū(p3)γµ1γµ2/p1γµ4γµ5u(p4). (2.11)

This tensor structure is a priori d-dimensional since the Lorentz indices are d-dimensional and the

dimensionality (and helicity) of the external states has not yet been specified. One can in principle

relate the strings of gamma matrices appearing in D3 to D6 to a standard set involving only D1 and

D2 using four-dimensional tricks. However, because these are the structures that naturally arise in

the parity conserving interactions of QCD, we choose to use this extended set as a d-dimensional basis

that is valid at up to two-loops. We note that the Dirac algebra is infinite dimensional for non-integer

d and that the basis set will extend according to the order that |M〉 is computed. For example, at

tree level, only D1 appears, while D2, D3 and D4 first appear at one-loop. D5 and D6 appear for

the first time at two-loops while at three-loops, we will find terms (represented by + . . .) with seven

gamma matrices sandwiched between the quark spinors. These more complicated structures can also

be related to the simpler ones using four-dimensional tricks (which we choose not to do at the present

time).

When the quarks are identical, the general structure of the amplitude is modified,

|M〉 = |M〉 − δqQ|M〉, (2.12)

where

|M〉 = |M〉(p2 ↔ p4). (2.13)

The minus sign is due to the exchange of identical fermions, while the momentum swap corresponds

to exchanging s12 and s23 in the coefficents AI . All appropriate colour indices are also exchanged. In

general we will multiply these additional identical fermion terms with a δqQ which is unity when the

quarks are identical and zero otherwise.

2.2 Projectors for the tensor coefficients

The six coefficients AI may be easily extracted from a Feynman diagram calculation with two distinct

quark flavours using projectors that act on the general tensor of Eq. (2.10) such that

∑

spins

P(AI) |M〉 = AI(s12, s23). (2.14)

The explicit forms for the projectors in d space-time dimensions are,

P(A1) =
1

480s13s223s
2
12(d− 5)(d − 6)(d − 7)(d − 3)(d − 4)

×

(
(2.15)

– 4 –
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pol

Di D†
j
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Define the 6x6 matrix   ,  its inverse will provide us with the relevant projectorsMij = ∑

pol

Di D†
j

with growth of number of tensors, the inversion can become extremely expensive!

+ s13(−9240s223d
3 − 35040s13s23d

2 + 52160s213d− 61120s213 + 61620s223d
2

+164320s13s23d+ 202496s223 − 12720s213d
2 − 182480s223d+ 960s213d

3 − 259840s13s23

+525s223d
4 + 2520s13s23d

3)D†
1

− 10s13(24s
2
13d

2 − 952s13s23d+ 102s13s23d
2 − 1568s223 + 2344s13s23 − 264s223d

2

+21s223d
3 + 256s213 − 176s213d+ 1124s223d)D

†
3

− 15(d − 6)(35s223d
3 − 55s13s23d

3 + 1046s13s23d
2 − 1872s213d+ 2432s213 − 454s223d

2

−6040s13s23d− 2688s223 + 368s213d
2 + 1928s223d− 20s213d

3 + 11136s13s23)D
†
2

+ s13s23(−320s13 + 15s23d
2 − 110s23d+ 224s23 + 60s13d)D

†
5

− 5(−102s223d+ 15s223d
2 − 1048s13s23 + 168s223 + 88s213d− 128s213 − 27s13s23d

2

+326s13s23d− 12s213d
2)D†

6

+ 30(21s223d
3 − 37s13s23d

3 + 672s13s23d
2 − 1104s213d+ 1360s213 − 256s223d

2 − 3868s13s23d

−1344s223 + 244s213d
2 + 1036s223d− 16s213d

3 + 7328s13s23)D
†
4

)
,

P(A2) =
1

32s213s
2
23s

2
12(d− 5)(d − 7)(d − 3)(d − 4)

×

(

− s13(35s
2
23d

3 − 55s13s23d
3 + 1046s13s23d

2 − 1872s213d+ 2432s213 − 454s223d
2

−6040s13s23d− 2688s223 + 368s213d
2 + 1928s223d− 20s213d

3 + 11136s13s23)D
†
1

+ 2s13(−2s213d
2 − 9s13s23d

2 + 142s13s23d− 448s13s23 + 7s223d
2 + 136s223 − 48s213

+28s213d− 62s223d)D
†
3

+ (−340s213d
3 + 11008s213 − 740s13s23d

3 + 44032s13s23 − 260s223d
3 − 4144s223d+ 3712s223

+15s213d
4 + 2852s213d

2 − 28864s13s23d+ 1604s223d
2 + 6944s13s23d

2 − 9968s213d

+30s13s23d
4 + 15s223d

4)D†
2

− s13s23(12s13 + s23d− 4s23 − s13d)D
†
5

+ (−6s223d+ 24s213 + 2s13s23d
2 − 40s13s23d− 14s213d+ s213d

2 + 8s223 + s223d
2 + 192s13s23)D

†
6

− 2(5s213d
3 + 5s223d

3 + 10s13s23d
3 − 240s13s23d

2 − 100s213d
2 − 56s223d

2 + 580s213d

+1832s13s23d+ 196s223d− 208s223 − 800s213 − 4224s13s23)D
†
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,

P(A3) =
1

48s13s223s
2
12(d− 5)(d − 6)(d − 7)(d − 3)(d− 4)

×

(

− s13(24s
2
13d

2 − 952s13s23d+ 102s13s23d
2 − 1568s223 + 2344s13s23 − 264s223d
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+21s223d
3 + 256s213 − 176s213d+ 1124s223d)D
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2 + 142s13s23d− 448s13s23 + 7s223d
2 + 136s223

−48s213 + 28s213d− 62s223d)D
†
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− s13s23(s23d− 4s23 + 2s13)D
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5

+ (−20s223 − 7s13s23d+ 5s223d+ 4s213 − 2s213d+ 44s13s23)D
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− 6(−2s213d
2 − 8s13s23d
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– 5 –
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Artificial poles in  

They arise because the tensors we have 
chosen are actually NOT independent in 

d=4  

Matrix not invertible in d=4

d → 4

Define the 6x6 matrix   ,  its inverse will provide us with the relevant projectorsMij = ∑
pol

Di D†
j



𝒜(λ1, . . . , λE) =
n

∑
i=1

Fj Tj(λ1, . . . , λE) =
m<n

∑
j=1

F̄j Sj(λ1, . . . , λE)

HELICITY AMPLITUDES AND PHYSICAL PROJECTORS
What are we interested in are helicity amplitudes, in d=4 in ’t Hooft-Veltman scheme

𝒜 =
n

∑
i=1

Fj Tj



HELICITY AMPLITUDES AND PHYSICAL PROJECTORS
What are we interested in are helicity amplitudes, in d=4 in ’t Hooft-Veltman scheme

𝒜 =
n

∑
i=1

Fj Tj 𝒜(λ1, . . . , λE) =
n

∑
i=1

Fj Tj(λ1, . . . , λE) =
m<n

∑
j=1

F̄j Sj(λ1, . . . , λE)

Helicity amplitudes, spinor 
products, momentum 

twistors…

Combinations of 
original form 

factors

“By definition”, in ’t Hooft-Veltman scheme there cannot be more independent form factors 
than independent helicity amplitudes

Indeed for massless  there are 4 helicities, reduced to 2 by parity invariance!qq̄ → QQ̄



HELICITY AMPLITUDES AND PHYSICAL PROJECTORS

𝒜 =
n

∑
i=1

Fj Tj 𝒜(λ1, . . . , λE) =
n

∑
i=1

Fj Tj(λ1, . . . , λE) =
m<n

∑
j=1

F̄j Sj(λ1, . . . , λE)

Helicity amplitudes, spinor 
products, momentum 

twistors…

Combinations of 
original form 

factors

For , M is not invertible in d=4, but a 2x2 restriction of M is invertible!  

I can choose any 2 independent tensors, any other (with any number of  matrices), will be 
linearly dependent in d=4!

qq̄ → QQ̄

γ

What are we interested in are helicity amplitudes, in d=4 in ’t Hooft-Veltman scheme
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Let then pick 2: Tj = Dj , j = 1,2

1.3 qq̄ ! QQ̄ scattering

As the last 2 ! 2 example, we consider the process

q(p1) + q̄(p2) +Q(p3) + Q̄(p4) ! 0 .

This example is particularly interesting because, as it is well known, the algebra of the �-matrices in d-
dimensions is not closed and, if one insisted in working in CDR, the number of independent tensor structures
would be dependent from the number of loops. Indeed, in CDR one finds up to two loops

T1 = ū(p2)�µ1u(p1) ū(p4)�
µ1u(p3) ,

T2 = ū(p2)/p3u(p1) ū(p4)/p1u(p3) ,

T3 = ū(p2)�µ1�µ2�µ3u(p1) ū(p4)�
µ1�µ2�µ3u(p3) ,

T4 = ū(p2)�µ1/p3�µ3u(p1) ū(p4)�
µ1/p1�

µ3u(p3) ,

T5 = ū(p2)�µ1�µ2�µ3�µ4�µ5u(p1) ū(p4)�
µ1�µ2�µ3�µ4�µ5u(p3) ,

T6 = ū(p2)�µ1�µ2/p3�µ4�µ5u(p1) ū(p4)�
µ1�µ2/p1�

µ4�µ5u(p3) ,

................. (19)

where the dots stand for further tensor structures needed at higher number of loops [].
Now here is it very clear that all of these structures cannot be independent in d = 4, where instead the

� algebra closes. Moreover, already the 6 structures presented above are known not to be independent in
d = 4, as they can be all related to the first two tensors T1 and T2 by use of Fiertz identities and similar
d = 4 tricks. Indeed, by defining the matrix

Mij = T †
i Tj

one finds that the matrix is not invertible in d = 4 and, instead, its 2⇥ 2 restriction is the largest invertible
matrix one can find. We define therefore the two independent tensors

T i = Ti , i = 1, 2

and the 2⇥ 2 matrix
M2⇥2

ij = T †
i Tj ,

which now has a smooth inverse in d = 4

�
M2⇥2

��1

ij
=

1

d� 3
Xij , Xij =

 
1

4s2
s+2u

4s2u(s+u)
s+2u

4s2u(s+u)
ds2�2s2+4su+4u2

4s2u2(s+u)2

!
. (20)

We define again the intermediate projectors

P i =
2X

j=1

⇣
M (2⇥2)

ij

⌘�1
T

†
j ,

and with these, the remaining 4 tensors (or more, depending on the number of loops) become

T i = Ti �
2X

j=1

�
P jTi

�
T j , for i = 3, 4, 5, 6, ...

Once more, one can verify that these 4 tensors are all zero in d = 4, for any combination of helicities of the
external particles.
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T1 = ū(p2)�µ1u(p1) ū(p4)�
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where the dots stand for further tensor structures needed at higher number of loops [].
Now here is it very clear that all of these structures cannot be independent in d = 4, where instead the

� algebra closes. Moreover, already the 6 structures presented above are known not to be independent in
d = 4, as they can be all related to the first two tensors T1 and T2 by use of Fiertz identities and similar
d = 4 tricks. Indeed, by defining the matrix

Mij = T †
i Tj

one finds that the matrix is not invertible in d = 4 and, instead, its 2⇥ 2 restriction is the largest invertible
matrix one can find. We define therefore the two independent tensors
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We define again the intermediate projectors

P i =
2X

j=1

⇣
M (2⇥2)

ij

⌘�1
T

†
j ,

and with these, the remaining 4 tensors (or more, depending on the number of loops) become

T i = Ti �
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�
P jTi
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T j , for i = 3, 4, 5, 6, ...
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5

with

the matrix is smooth in d → 4

Xij =
1

4 s2
12

1
s12 + 2s23

s23(s12 + s23)

s12 + 2s23

s23(s12 + s23)
(d − 2)s2

12 + 4s23(s12 + s23)

s2
23(s12 + s23)2
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µ1�µ2�µ3�µ4�µ5u(p3) ,
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the matrix is smooth in d → 4

Define the 2 projectors
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Let then pick 2:
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µ1�µ2/p1�

µ4�µ5u(p3) ,

................. (19)

where the dots stand for further tensor structures needed at higher number of loops [].
Now here is it very clear that all of these structures cannot be independent in d = 4, where instead the

� algebra closes. Moreover, already the 6 structures presented above are known not to be independent in
d = 4, as they can be all related to the first two tensors T1 and T2 by use of Fiertz identities and similar
d = 4 tricks. Indeed, by defining the matrix

Mij = T †
i Tj

one finds that the matrix is not invertible in d = 4 and, instead, its 2⇥ 2 restriction is the largest invertible
matrix one can find. We define therefore the two independent tensors

T i = Ti , i = 1, 2

and the 2⇥ 2 matrix
M2⇥2

ij = T †
i Tj ,

which now has a smooth inverse in d = 4

�
M2⇥2

��1

ij
=

1

d� 3
Xij , Xij =

 
1

4s2
s+2u

4s2u(s+u)
s+2u

4s2u(s+u)
ds2�2s2+4su+4u2

4s2u2(s+u)2

!
. (20)

We define again the intermediate projectors

P i =
2X

j=1

⇣
M (2⇥2)

ij

⌘�1
T

†
j ,

and with these, the remaining 4 tensors (or more, depending on the number of loops) become

T i = Ti �
2X

j=1

�
P jTi

�
T j , for i = 3, 4, 5, 6, ...

Once more, one can verify that these 4 tensors are all zero in d = 4, for any combination of helicities of the
external particles.

5

1.3 qq̄ ! QQ̄ scattering

As the last 2 ! 2 example, we consider the process

q(p1) + q̄(p2) +Q(p3) + Q̄(p4) ! 0 .

This example is particularly interesting because, as it is well known, the algebra of the �-matrices in d-
dimensions is not closed and, if one insisted in working in CDR, the number of independent tensor structures
would be dependent from the number of loops. Indeed, in CDR one finds up to two loops
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µ1�µ2/p1�

µ4�µ5u(p3) ,

................. (19)

where the dots stand for further tensor structures needed at higher number of loops [].
Now here is it very clear that all of these structures cannot be independent in d = 4, where instead the

� algebra closes. Moreover, already the 6 structures presented above are known not to be independent in
d = 4, as they can be all related to the first two tensors T1 and T2 by use of Fiertz identities and similar
d = 4 tricks. Indeed, by defining the matrix

Mij = T †
i Tj

one finds that the matrix is not invertible in d = 4 and, instead, its 2⇥ 2 restriction is the largest invertible
matrix one can find. We define therefore the two independent tensors

T i = Ti , i = 1, 2

and the 2⇥ 2 matrix
M2⇥2

ij = T †
i Tj ,

which now has a smooth inverse in d = 4

�
M2⇥2

��1

ij
=

1

d� 3
Xij , Xij =

 
1

4s2
s+2u

4s2u(s+u)
s+2u

4s2u(s+u)
ds2�2s2+4su+4u2

4s2u2(s+u)2

!
. (20)

We define again the intermediate projectors

P i =
2X

j=1

⇣
M (2⇥2)

ij

⌘�1
T

†
j ,

and with these, the remaining 4 tensors (or more, depending on the number of loops) become

T i = Ti �
2X

j=1

�
P jTi

�
T j , for i = 3, 4, 5, 6, ...

Once more, one can verify that these 4 tensors are all zero in d = 4, for any combination of helicities of the
external particles.

5

with

1.3 qq̄ ! QQ̄ scattering

As the last 2 ! 2 example, we consider the process

q(p1) + q̄(p2) +Q(p3) + Q̄(p4) ! 0 .

This example is particularly interesting because, as it is well known, the algebra of the �-matrices in d-
dimensions is not closed and, if one insisted in working in CDR, the number of independent tensor structures
would be dependent from the number of loops. Indeed, in CDR one finds up to two loops
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T6 = ū(p2)�µ1�µ2/p3�µ4�µ5u(p1) ū(p4)�
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µ1/p1�

µ3u(p3) ,
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T6 = ū(p2)�µ1�µ2/p3�µ4�µ5u(p1) ū(p4)�
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!
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We define again the intermediate projectors

P i =
2X

j=1

⇣
M (2⇥2)

ij

⌘�1
T

†
j ,

and with these, the remaining 4 tensors (or more, depending on the number of loops) become

T i = Ti �
2X

j=1

�
P jTi

�
T j , for i = 3, 4, 5, 6, ...

Once more, one can verify that these 4 tensors are all zero in d = 4, for any combination of helicities of the
external particles.

5

The remaining tensors 

lim
d→4

T̄j(λ1, . . . , λE) = 0 , j = 3,4,5,6,...

are such that
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1.3 qq̄ ! QQ̄ scattering

As the last 2 ! 2 example, we consider the process

q(p1) + q̄(p2) +Q(p3) + Q̄(p4) ! 0 .

This example is particularly interesting because, as it is well known, the algebra of the �-matrices in d-
dimensions is not closed and, if one insisted in working in CDR, the number of independent tensor structures
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where the dots stand for further tensor structures needed at higher number of loops [].
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The remaining tensors 

lim
d→4

T̄j(λ1, . . . , λE) = 0 , j = 3,4,5,6,...

T̄3 = (−3d −
12s23

s12
− 4) T̄1 −

24
s12

T̄2 + T3

New tensors are smooth linear combinations of the old ones:

are such that



And the new 6x6 inverse matrix becomes block-diagonal       

 contains the complexity that we saw before, but actually NEVER need to even compute it!

(M̄ij)
−1

=

Xij

d − 3 0 . . . 0
0
⋮
0

Rij
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HELICITY AMPLITUDES AND PHYSICAL PROJECTORS
By construction, helicity amplitudes only receive contributions from two tensors! 

And the projectors that we need to apply on the Feynman diagrams are much simpler

P̄1 =
1

4s2
12(d − 3) (T†

1 +
s12 + 2s23

s23(s12 + s23)
T†

2 )

P̄2 =
1

4 s2
12(d − 3) ( s12 + 2s23

s23(s12 + s23)
T†

1 +
(d − 2)s2

12 + 4s23(s12 + s23)
s2
23(s12 + s23)2

T†
2 )
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By construction, helicity amplitudes only receive contributions from two tensors! 

And the projectors that we need to apply on the Feynman diagrams are much simpler

P̄1 =
1

4s2
12(d − 3) (T†
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s12 + 2s23
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T†

2 )

P̄2 =
1

4 s2
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12 + 4s23(s12 + s23)
s2
23(s12 + s23)2
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Notice that 

1. All manipulations are done in d dimensions, only use d=4 to get rid of some tensors!! 

2. No spurious poles in d=4 in the new projectors 

3. Number of tensors matches number of independent helicity amplitudes! Minimal 
complexity?



HELICITY AMPLITUDES AND PHYSICAL PROJECTORS

The construction is very generic. For a given problem, assume there are n tensors in d-
dimensions and that  tensors are independent in d=4:j = 1,...,m < n

𝒜 =
n

∑
i=1

Fj Tj

Such that by construction 

1.  

2. projectors are block-diagonal

lim
d→4

T̄j(λ1, . . . , λE) = 0 , j = m + 1,...n

𝒜 =
n

∑
i=1

F̄j T̄j

T̄j = Tj , j = 1,...,m

T̄j = Tj −
m

∑
k=1

P̄k Tj , j = m + 1,...,n{

T̄j = Tj , j = 1,...,m

Define m Projectors P̄j =
m

∑
k=1

CkT̄k and block-diagonalise the system of projectors:



APPLICATIONS TO 4-PARTICLE SCATTERING

1. Verified this construction for  

2. Verified that physical projectors reproduce the same helicity amplitudes at 2 loops

gg → gg and qq̄ → gg



APPLICATIONS TO 4-PARTICLE SCATTERING

1. Verified this construction for  

2. Verified that physical projectors reproduce the same helicity amplitudes at 2 loops

gg → gg and qq̄ → gg

Prelim
inary

gg → gg From 10 tensors in d-dimensions, to 8 in d=4 (8 indep. helicities)

qq̄ → gg From 5 tensors in d-dimensions, to 4 in d=4 (4 indep. helicities)

Projectors become substantially simpler, but one might argue improvement in 
number does not seem that impressive… 

It becomes much more interesting from  particle scattering !n ≥ 5



APPLICATION TO N-PARTICLE SCATTERING

For  the method becomes even simpler, because momenta provide complete set 
of 4 vectors in d=4 dimensions!

n ≥ 5

Take the prototypical case of 5-gluon scattering:

g(p1) + g(p2) + g(p3) + g(p4) + g(p5) → 0



APPLICATION TO N-PARTICLE SCATTERING

Standard d-dimensional approach: 

1. Rank-5 tensor out of  contains 1724 tensor structures! 

2. Imposing gauge invariance  reduced to 142 independent structures 

3. Projectors can (painfully!) be obtained inverting 142x142 matrix  ~ 1GB of text file!

gμν , pμ
i , i = 1,...,4

→

For  the method becomes even simpler, because momenta provide complete set 
of 4 vectors in d=4 dimensions!

n ≥ 5

Take the prototypical case of 5-gluon scattering:

g(p1) + g(p2) + g(p3) + g(p4) + g(p5) → 0



APPLICATION TO N-PARTICLE SCATTERING

g(p1) + g(p2) + g(p3) + g(p4) + g(p5) → 0

Tμ1μ2μ3μ4μ5 = pμ1
i pμ2

j pμ3
k pμ4

l pμ5
sTypical tensors will be like:

Tμ1μ2μ3μ4μ5 = pμ1
i pμ2

j pμ3
k gμ4μ5

Tμ1μ2μ3μ4μ5 = pμ1
i gμ2μ3gμ4μ5



But since  are complete set in d=4,  is not linear independent! 

I don’t even need the construction that I have made for 4-point, I can drop all of them!

pμ
1 , . . . , pμ

4 gμν
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APPLICATION TO N-PARTICLE SCATTERING

g(p1) + g(p2) + g(p3) + g(p4) + g(p5) → 0

Tμ1μ2μ3μ4μ5 = pμ1
i pμ2

j pμ3
k pμ4

l pμ5
sTypical tensors will be like:

These are (using gauge invariance)  independent tensors: 32 helicity amplitudes! 

New 32x32 matrix can be easily inverted: ~ 500kb against 1GB ! 

No spurious poles and no dependence on d!

25 = 32



APPLICATION TO N-PARTICLE SCATTERING

Similarly we can study: 

1. 5-point scattering with fermions (massless or massive, of course) 

2. n-point scattering with gluons shows even bigger simplifications:

6-gluons for example would entail tens of thousands of tensors in d dimensions 

With this method only  projectors are needed! It definitely scales much more nicely!26 = 64

Further examples

Massive external legs: H+4g, it requires 43 tensors in d-dimensions (1 scalar particle!) 

In d=4 they becomes  independent structures24 = 16



CONCLUSIONS

1. Projector - form factor method is ancient method to compute scattering 
amplitudes 

2. Strong point: very general 

3. Weak point: too general, it works in CDR! 

4. If we work in tHV (to compute helicity amplitudes) the method can be 
substantially simplified 

5. Decrease of orders of magnitude in complexity! 

6. Application to multi-loop and multi-leg processes not impossible 
anymore!


