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Lattice seems like a competitive tool, now

ICHEP 2022Gavin Salam

gμ-2: largest theory uncertainty is “HVP”

4

Photon Hadronic Vacuum Polarization (HVP) from Lattice QCD

Talk based on ETM Collaboration, C. Alexandrou et al. arXiv:2206.15084 (June 30)
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Hadronic Vacuum 
Polarisation (HVP) 

fig. from 
Frezzotti

BMWc, 2002.12347 
(adapted)
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Figure 3: Comparison of recent results for the leading-order, hadronic vacuum polarization contribution
to the anomalous magnetic moment of the muon. See [7] for a recent review. Green squares are lattice
results: this work’s result, denoted by BMWc’20 and represented by a filled symbol at the top of the figure,
is followed by Mainz’19 [32], FHM’19 [33], ETM’19 [34], RBC’18 [19] and our earlier work BMWc’17
[14]. Errorbars are s.e.m. Compared to BMWc’17, the present work has increased the accuracy of the
scale-setting from the per-cent to the per-mill level; has decreased the statistical error from 7.5 to 2.3;
has computed all isospin-breaking contributions as opposed to estimating it, the corresponding error is
1.4 down from 5.1; has made a dedicated finite-size study to decrease the finite-size error from 13.5 to
2.5; has decreased the continuum extrapolation error from 8.0 to 4.1 by having much more statistics on
our finest lattice and applying taste improvement. Red circles were obtained using the R-ratio method
by DHMZ’19 [3], KNT’19 [4] and CHHKS’19 [5, 6]; these results use the same experimental data as
input. The blue shaded region is the value that aLO�HVP

µ
would have to have to explain the experimental

measurement of (gµ � 2), assuming no new physics.
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[other less precise lattice determinations edited out for clarity]

Gavin Salam ICHEP 2022

intermediate window: 2 new lattice results (ETMC-22 & CLS/Mainz-22)

➤ Highest precision lattice results mutually 
consistent (more to come soon) 

➤ Difference in this window alone (~7) not 
enough to explain gμ-2 (~25), but 
enhances credibility of full BMWc-20 
result 

➤ Tension between lattice & e+e– data 
clearly needs to be understood
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Backup: average of lattice aW
µ -results & tension with exp. data
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• our average (grey band): based on results with the dominating contributions evaluated using

i) at least 3 lattice spacings (for the limit a ! 0), ii) some ensembles with physical pion mass.

This excludes RBC/UKQCD-18 (due to i)) and ETMC-21 (due to ii), superseded by ETMC-22).

• strong tension with aW
µ (HVP-LO) results driven by experimental e+e� data :

at ⇠ 4.2�combined if WP-proc.(’22) (2205.12963, Colangelo et al.), see light-red band, is used

at ⇠ 5.8�combined if KNT(’19-’22) (1911.00367 + private comm. ), see dashed lines, is used
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Slides from G. Salam @ ICHEP2022

Should we trust the lattice? 
Any problem, or limitations?
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Lattice QCD
We believe it’s the right way to go, because …

Firm theoretical framework = Quantum Field Theory

‣ Well-defined theory

- QCD Lagrangian + path integral quantization

‣ Universality

- Renormalizable, the unique continuum theory = QCD

- Lattice is merely a regularization (irrelevant after 
taking a→0)
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Lattice QCD
Limitations need to be understood

‣ Systematic errors

- Discretization, finite volume, etc. : main subject of research for 
some easy quantities.

‣ Intrinsic limitations

- (exponentially growing) Noise. 

- Euclidean lattice: no on-shell particles, nor energy conservation. Put 
severe limits on quantities that can be computed.
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This talk
not a comprehensive review

• Resources:

- PDG review: SH and S. Sharpe (2022 edition)

- FLAG (Flavour Lattice Averaging Group):  
http://flag.unibe.ch/2021/

- World averages (quark masses, decay constants, 
form factors, etc.)

- Quality control with well-defined criteria

- Lattice review talks

- Kaneko’s @ Lattice 2022
5



This talk
not a comprehensive review

• Snowmass reports:

- “Lattice QCD and particle physics,” arXiv:2207.07641

- “A lattice QCD perspective on weak decays of b and c 
quarks,” arXiv:2205.15373

- “Hadron spectroscopy with lattice QCD,” arXiv:2203.03230

- “Lattice QCD calculations of parton physics,” 
arXiv:2202.07193

- “Lattice QCD and the computational frontier,” 
arXiv:2204.00039

Submitted to the Proceedings of the US Community Study
on the Future of Particle Physics (Snowmass 2021)
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This talk
not a comprehensive review

‣ Nice reviews, averages may be found as above.

- Look for your favorite quantities, or ask me (but for limited 
knowledge)

‣ Rather, my talk focuses on the limitations

- How do we understand the systematic errors?

- What can be easily computed?  What is (much) more challenging?  
And, why?
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Systematic errors



Discretization effects
Fine if taking the continuum limit … trivial?

‣ Typical size of the discretization effect:

- (a Λ)2 , with Λ the QCD scale

- (a M)2, when heavy quark of mass M is involved

- (a p)2, when external momenta are injected.

‣ Typical lattice spacing of the present simulations

- a-1 ~ 2 ~ 4 GeV;  so a rough idea of the error → extrapolation

9
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FIG. 2: Continuum extrapolation for the isovector quark contribution at the SU(3)f -symmetric point.
Left: using f⇡-rescaling. Right: with t0 to set the scale. The blue and green points correspond to the
two di↵erent sets of improvement coe�cients (see Section III). For clarity, the extrapolated results have
been shifted to the left.

where ↵ = (LL), (CL) stands for the discretization. Note that X
?
K = X

?
⇡ and XK = X⇡ in

view of the SU(3)f -symmetry. Throughout this procedure, correlations are preserved via the
Jackknife analysis.

In a second step, we extrapolate both discretizations of the correlation function to a common
continuum limit, using data at all six lattice spacings and assuming a polynomial in the lattice
spacing,
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The two data sets obtained using the two di↵erent sets of improvement coe�cients are fitted
independently. The results are displayed in Fig. 2 for two cases: either applying f⇡-rescaling
(left panel) or using t0 to set the scale (right panel). For Set 1 of improvement coe�cients,
we observe a remarkably linear behavior over the whole range of lattice spacings, whether f⇡-
rescaling is applied or not. The second set of improvement coe�cients (Set 2) leads to some
visible curvature, but the continuum limit is perfectly compatible provided that lattice artefacts
of order a3 are included in the fit.

We also tested the possibility of logarithmic corrections assuming the ansatz
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which is shown as the red symbol and red dashed curve in Fig. 2. The result is again compatible
with the naive a

2 scaling, albeit with larger error. We conclude that logarithmic corrections are
too small to be resolved in the data. We also remark that it is di�cult to judge the quality of
the continuum extrapolation based solely on the relative size of discretization e↵ects between
our coarsest and finest lattice spacing, as this measure strongly depends on the definition of the
improvement coe�cients.

We tested the modification of the continuum extrapolation via X
2
a ! (↵s(1/Xa))�̂X2

a as
proposed in Refs. [79, 84] for awin,I1

µ and a
win,I0
µ

,c/ in our preferred setup, using f⇡-rescaling and
set 1 of improvement coe�cients. The strong coupling constant ↵s has been obtained from the
three-flavor ⇤ parameter of Ref. [85]. Several choices of �̂ in the range from 0.76 to 3 were tested.
The curvature that is introduced by this modification, especially for larger values of �̂, would
lead to larger values of awin

µ in the continuum limit. However, such curvature is not supported

by the data, as indicated by a deterioration of the fit quality when �̂ is increased. Therefore,
only small weights would be assigned to such fits in our model averaging procedure, where the
modification has not been included.

D. Results for the isospin and flavor decompositions

Having studied the continuum limit at the SU(3)f -symmetric point, we are ready to present
the result of the extrapolation to the physical point. The charm quark contribution is not

Examples of the “continuum limit” :  HVP (window) for muon g-2

Mainz group, 2206.06582
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FIG. 14. The light-quark connected contribution to the intermediate window a
W
µ (`), given in Eq. (87), versus

the squared lattice spacing a
2 in physical units using both the “tm” (blue triangles) and “OS” (red squares)

local currents (36). The solid bands correspond to the results of the combined fitting procedure given in

Eq. (88) with D
OS
2 = D

tm
2 = 0 and nr = 0. The yellow triangles and squares correspond to our data

after subtraction of the FSEs and taking into account corrections due to the pion mass miss-tuning. The

extrapolated value, aWµ (`) = 205.10 (56) · 10�10, is shown at a2 = 0 where we also include our final result

given in Eq. (89).

and our results in the cases of the “tm” and “OS” regularizations for all the four ETMC ensembles

of Table I are shown in Fig. 14. They exhibit a good statistical precision of the order of 0.5%.

We find that, in contrast with the short-distance window, there are no discretization e↵ects of

the type a
2 log(a), thanks to the suppression of the modulating function ⇥W (t) at small values of

t ⇡ a (see Fig. 1). Therefore, we do not carry out any subtraction of the tree-level perturbative

vector correlator.

In analogy with Eq. (81), we carry out several combined fits of our data. We take into account

the slight mistuning of the simulated pion mass with respect to its physical value of M
phys
⇡ =

M
isoQCD
⇡ = 135.0 (2) MeV [20], as well as the possible impact of FSEs and logarithmic corrections

ETMC, 2206.15084

Lattice simulations at several values of a ;  then extrapolate.
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B meson decay constant:
   Is the disc. effect with heavy quarks under control?

Under good control with the 
help of heavy quark scaling.
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Finite volume effects
Simple for one particle in a box

BMW (2011)

d 4k
(2π )4

1
k2 +m2∫ →

1
k2 +m2

k
∑

Dominant contribution from the lightest 
particle, i.e. pion. It’s loop effect can be 
estimated using chiral effective theory.

Effects of  ~  exp(−mπL)
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Finite volume effects
More involved with multiple particles

interaction interaction

Lüscher’s method: FVE behaves as 1/L3. Can be used to extract phase shift.

Phase shift due to interaction Shift the wavelength to satisfy the BC

Phase shift converted to the energy shift: a friend, rather than an enemy! 



Lüscher's method
Successfully applied for many two-
body scatterings. 

I = 1, ππ phase shif

Andersen et al. (2019)

Extension to the (non-leptonic) decay, 
such as K → ππ  (Lellouch-Lüscher 2001)

See, heroic contributions by RBC-UKQCD

over years (come back to this later)
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Combined effect?
So, sometimes tricky

With the staggered ferminon, disc effect distorts the pion spectrum, which may 
thus induce finite volume effects.
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Figure 3: Comparison of recent results for the leading-order, hadronic vacuum polarization contribution
to the anomalous magnetic moment of the muon. See [7] for a recent review. Green squares are lattice
results: this work’s result, denoted by BMWc’20 and represented by a filled symbol at the top of the figure,
is followed by Mainz’19 [32], FHM’19 [33], ETM’19 [34], RBC’18 [19] and our earlier work BMWc’17
[14]. Errorbars are s.e.m. Compared to BMWc’17, the present work has increased the accuracy of the
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[other less precise lattice determinations edited out for clarity]

Gavin Salam ICHEP 2022

intermediate window: 2 new lattice results (ETMC-22 & CLS/Mainz-22)

➤ Highest precision lattice results mutually 
consistent (more to come soon) 

➤ Difference in this window alone (~7) not 
enough to explain gμ-2 (~25), but 
enhances credibility of full BMWc-20 
result 

➤ Tension between lattice & e+e– data 
clearly needs to be understood
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- less disc. effect
- less finite volume effect
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result of the fit evaluated on this ensemble and mass with all lattice artefacts present. Sets 9 and 10 are the Hs ! ⌘s data
from sets 1 and 2 in [32], which were fitted simultaneously with sets 6 and 7 respectively.

�0.3 �0.2 �0.1 0.0 0.1
z

0.5 0.5

1.0 1.0

�
1

�
q2

M
2 H

� s

�
f +

(z
)

Set 1 m0.8605

Set 2 m0.643

Set 3 m0.433

Set 3 m0.683

Set 3 m0.8

Set 4 m0.888

Set 5 m0.664

Set 5 m0.8

Set 5 m0.9

Set 6 m0.449

Set 6 m0.566

Set 6 m0.683

Set 6 m0.8

Set 7 m0.274

Set 7 m0.45

Set 7 m0.6

Set 7 m0.8

Set 8 m0.194

Set 8 m0.45

Set 8 m0.6

Set 8 m0.8

Set 9 m0.449

Set 9 m0.566

Set 9 m0.683

Set 9 m0.8

Set 10 m0.274

Set 10 m0.45

Set 10 m0.6

Set 10 m0.8

FIG. 6.
⇣
1� q

2

M
2
H⇤

s

⌘
f+(z) data points and final result at the physical point (red band). Data points are labelled by heavy quark

mass, where e.g. m0.8 indicates amh = 0.8 on that ensemble. Lines between data points of a given heavy mass are the result of
the fit evaluated on this ensemble and mass with all lattice artefacts present. Sets 9 and 10 are the Hs ! ⌘s data from sets 1
and 2 in [32], which were fitted simultaneously with sets 6 and 7 respectively. At large |z| (large q

2), data obtained from both
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Another important quantity for NP search
Decay rate involving FCNC (B→Kll)
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FIG. 4. Di↵erential branching fraction for B0
! K0`+`�,

with our result in blue, compared with experimental re-
sults [16, 17, 19]. All experimental results take ` = µ. Hori-
zontal error bars indicate bin widths.

FIG. 5. Di↵erential branching fraction for B ! K`+`�, with
our result in blue, compared with experimental results [12,
14, 16]. CDF ’11 takes ` = µ, whilst Belle ’09 and Babar ’12
do not di↵erentiate e from µ. Horizontal error bars indicate
bin widths.

FIG. 6. Comparison of branching fractions with recent exper-
imental results [15, 19, 23] in low and high regions of q2 away
from the charmonium resonance region. Here we show the
ratio of the experimental branching fraction to our results,
compared to the black vertical line at the value 1. The error
bars are 5� long, with markers at 1, 3 and 5�. Note that the
� here are for the ratio, so not the same as those calculated
for the di↵erence in Table III. On the right, labels indicate
the colours of the q2 bins in units of GeV2. No uncertainty
from QED is included in this plot.

Experimental results for decays to electrons, muons or
both (averaged) are displayed in each case as coloured
points, with the results shown for each experimental q2

bin. The horizontal error bars on the experimental re-
sults reflect the width of the bin. Some of the experi-
mental results are for ` = e and some for ` = µ; our
results are insensitive to the di↵erence. The experiments
ignore data taken in the black vetoed regions, but there
are results in between these regions. However, we cannot
make a reliable comparison between our short-distance
SM results and the experimental results between the ve-
toed regions.
Figures 3, 4 and 5 show that our results are somewhat

higher than experiment in most cases, particularly in the
region 4  q2/GeV2

 8.68. This is most clearly visible
in Figure 3, where the tension between our result and the
most precise data from LHCb is obvious.
To examine this tension in more detail, we integrate

over two well-behaved q2 regions, one above and one be-
low the cc resonances, as discussed in Section IIA 3. For
these regions we can make a reliable comparison with ex-
periment. We show the results in Table III; these consti-
tute our main numerical results. In Table III, we compare
our branching fractions with the most recent experimen-
tal results available for B ! Ke+e� and B ! Kµ+µ�.
Note that our relative uncertainties are comparable to
those from the experiments for most of the values. We
have larger uncertainties than those for LHCb ’14A for
B+

! K+µ+µ� but smaller uncertainties than those
from Belle ’19. Our uncertainties are dominated by those
from the form factors, followed by those from the CKM
elements |VtbV ⇤

ts
|.

We find our partial branching fractions to be signif-

HPQCD, 2207.12468
HPQCD, 2207.13371

B→Kll differential decay rate

Huge deviation. Clear sign of new physics?

heavier

q2=0



More challenges ahead



Fundamental issue
No such thing as energy conservation, on the lattice

We are working on the Euclidean lattice; no real particles exist.

Particle properties from the pole

(position, residue, …)

Use the exponential fall-off, instead 

Only the lowest energy state can be 
extracted cleanly.

19



What to do then
Extraction of the non-ground states involves 

• Use some elaborate method, such as machine learning??
- May work for a few lowest states, with very precise data.
- Often, nearby states are mixed up, making a garbage can.

• Signal-to-noise kills you.
- Long-distance correlators are exponentially noisy.
- Good signal only for the single pion. (Even a single nucleon is 

challenging.) Multi-particle states are noisy. Finite mom is noisy…

A lot of cancellations among various components.
20



PNDME (2014)

“effective mass”

E(t) = ln C(t)
C(t +1)
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No-go theorem
Why relevant?

Maiani-Testa no-go theorem

• Scattering and decays are real-time processes

• How can Euclidean space (imaginary time) calculations address generic Minkowski 
space correlations?

• Maiani & Testa [91]: Euclidean correlators with initial/final states at kinematic 
thresholds allow access to physical information (matrix elements, weak decays)

• In infinite volume away from kinematic thresholds, scattering continuum masks 
the physically interesting information 

• Example: K → π π weak decay

• Consider

Take large |t1,2| to get single state

[see also Michael 89]

π(p)

π(-p)

K(p=0)

C(t1, t2) = hOK(t1)Oweak(0)O⇡⇡(t2)i

?�! hK|Oweak|⇡(p̂)⇡(�p̂)i+ . . .

mK

E

2mπ

Physical 
ππ state

Scattering
continuum

Maiani-Testa no-go theorem

• Scattering and decays are real-time processes

• How can Euclidean space (imaginary time) calculations address generic Minkowski 
space correlations?

• Maiani & Testa [91]: Euclidean correlators with initial/final states at kinematic 
thresholds allow access to physical information (matrix elements, weak decays)

• In infinite volume away from kinematic thresholds, scattering continuum masks 
the physically interesting information 

• Example: K → π π weak decay

• Consider

Take large |t1,2| to get single state

[see also Michael 89]

π(p)

π(-p)

K(p=0)

C(t1, t2) = hOK(t1)Oweak(0)O⇡⇡(t2)i

?�! hK|Oweak|⇡(p̂)⇡(�p̂)i+ . . .

mK

E

2mπ

Physical 
kinematics

FV scattering
states

Have to tune the final state energy by
- tuning the lattice volume
- designing (special) boundary conditions, 

so that no 0-momentum state exists

Lattice data (imaginary time)

can’t be simply obtained. Rather, 
you get

Maiani-Testa (1984)
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RBC-UKQCD collab.  (2004.09440)
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Overview of calculation

● Hadronic energy scale << M
W
 – use weak effective theory (3 flavors)

perturbative Wilson coeffs.

Imaginary part solely responsible for CPV 
(everything else is pure-real)

10 effective four-quark operators

renormalization 
matrix (mixing)
Use RI-SMOM 
convert to MSbar 
perturbatively

LL finite-volume correction

(lattice)

ππ phase shifts

I=2 decay I=0 decay

Kelley @ Lattice 2021

Only for I = 0

K→ππ quark-line diagrams:

23
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The “ππ puzzle”

● Essential to understand ππ system:

– Energy needed to extract ground-state matrix element

– Energy also needed to compute phase-shift (Luscher)

– Derivative of phase-shift w.r.t. energy is required for Lellouch-Luscher finite-
volume correction (F)

● 2015 calculation phase shift
substantially smaller than prediction obtained by combining 
dispersion theory with experimental input,       .

● Result was very stable under 
varying fit range and also with 2-
state fits.

● Increasing statistics by almost 7x 
did not resolve (                       )  

● Nevertheless, most likely 
explanation is excited-state 
contamination hidden by rapid 
reduction in signal/noise.   

rapid error growth t

  11 / 22

Resolving the ππ puzzle

● To better resolve the ground-state we have introduced 2 more ππ 
operators: 

● Obtain parameters by simultaneous fitting to matrix of correlation 
functions, eg for pipi 2pt Green’s function:

● A far more powerful technique than just increasing statistics alone.

● 741 configurations measured with 3 operators. 

round-the-world single pion propagation
small compared to errors  - drop

“ππ(311)”:

[arXiv:2103.15131]
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E)ect of multiple operators on ππ

Result compatible with dispersive value: 

fitted energy
(lattice units)

[for more details, cf. talk by T.Wang, today 9.15pm] 

Large noise for I=0

inconsistent with exp’t of scattering 
phase shift

Better id of state by adding more Ops

improved (2021)
24
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K→ππ +t results

● Examine many fit ranges, #states and #operators

exc. state contam. with 1op
(this was t’

min
 for 2015 work)

final fit
final fit

“bump” appears to be
statistical

little indication of exc. stat. cont. for Q
2

● Adopt uniform fit t’
min

=5 which is stable for all Q
i

● Evidence that excited state error was significantly underestimated
in 2015 work

Q
6

Q
2

2m

[arXiv:2004.09440]
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Final result for ε’

● Combining our new result for Im(A
0
) and our 2015 result for 

Im(A
2
), and again using expt. for the real parts, we find

stat sys
IB + EM

Consistent with experimental result:

 0
 0.2
 0.4
 0.6
 0.8

 1

-1 -0.5  0  0.5  1

η
_

ρ
_

ΔMs / ΔMd
εK + |Vcb|

sin 2β
|Vub/Vcb|

ε’

Matrix elements
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B → K!+!− Factorization Katsumasa Nakayama

V (x)

B K
Oi

J/ψ

l+

l−

ttH tJ tK0

Figure 1: Setup of the lattice calculation of the B→K!+!− amplitude through charmonium J/ψ resonances.

In order to calculate the amplitude, we integrate over the position of the weak effective Hamil-

tonian and define Iµ as

Iµ = e−[EK(ppp)−EB(kkk)]tJ
∫ tJ+Tb

tJ−Ta

dtH

∫

d3xxx

∫

d3yyy e−iqqq·xxx〈K(tK , ppp)|T
[

Jµ(tJ,xxx)Heff(tH ,yyy)
]

|B(0,kkk)〉.

(2.4)

The setup of the lattice calculation is shown in Figure 1. We introduce tH , tJ, tK ,Ta, and Tb to

identify the time for each states and operators.

We can rewrite this quantity using the complete set of the intermediate states, which can be de-

scribed by the spectral densities ρ1(E) for the states with strangeness, and ρ2(E) for those without

strangeness. Namely,

Iµ = −
∫ ∞

0
dE

ρ1(E)

2E

〈K(ppp)|Jµ(0)|E(kkk)〉〈E(kkk)|Heff(0)|B(kkk)〉
EB(kkk)−E

(

1− e(EB(kkk)−E)Ta

)

+
∫ ∞

0
dE

ρ2(E)

2E

〈K(ppp)|Heff(0)|E(ppp)〉〈E(ppp)|Jµ (0)|B(kkk)〉
E −EK(ppp)

(

1− e−(E−EK(ppp))Tb

)

. (2.5)

In this representation, the Ta,b → ∞ limit of Iµ can be identified as the amplitude,

A(q2) =−i lim
Ta,b→∞

Iµ(Ta,Tb,kkk, ppp). (2.6)

In order that the integral (2.5) stays finite, the energy of the intermediate state plays an essential

role. Since E −EK(ppp)> 0 is always satisfied, e−(E−EK(ppp))Tb can be ignored in the Tb → ∞ limit. On

the other hand, EB(kkk)−E < 0 is not always satisfied, depending on the intermediate energy and

the term e(EB(kkk)−E)Ta may diverge in the limit of large Ta. At the physical point of the quark masses,

this artificial divergence can be hardly removed, since the number of such intermediate states is

large. In this study, we set the b-quark mass smaller than that of the physical value in order to avoid

this problem. Since the energy of the intermediate state E is bounded by the ground state energy

of the K and J/ψ meson, we choose the b-quark mass to realize the condition, EB < EJ/ψ +EK.

With this unphysical b-quark mass, we can define the decay amplitude from the four-point

correlators. In this work, however, we test the factorization approximation as the first step before

proceeding to the extraction of the decay amplitude.

2

Back to B→Kll
What is the problem?

Other than potential systematic errors

‣ Charm loop is missing

- Intrinsically (or virtually) multi-body hadronic 
state, even though the final state is not.

- Need to select the state of a specified energy at Jemμ

- NoGo: Many (lower) energy states exist:                               
B → ψ(~0) K(~0) → ll(-p) K(p) 

‣ An example of larger class of problems that need to  
disentangle full spectrum of states

c
c

- 5

number of (4 ⇥ 4 � 1)res + 1con = 16 fit parameters. We perform a �2 minimisation and obtain a chi squared per degree of
freedom (d.o.f.) ⌫ = 78 � 16 � 1 = 61 of

�2/d.o.f.|BESII�data = 1.015 (9)

which corresponds to a p-value of 44% and is close to �2/d.o.f. = 1.08 [6] as should be the case since we employ the same
data and a quasi identical model. The fit is shown in Fig. 1 (top) and the fit parameters are given in table V in appendix B 1. In
agreement with [6] we observe that �2/d.o.f. ' 1.35 when the interference phases �r are omitted from the ansatz (5).

To this end let us comment on the relevance of exotic charmonium resonances discovered throughout the last decade. The
ones of interest for our purposes (1�� states that located in the fit-interval) are are listed in table II with numbers taken from the
review paper [7].3
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FIG. 1: (top) Imaginary part of of vacuum polarisation fitted to BESII data. In the plot we show the BESII error bars with systematic and
statistical uncertainty added in quadrature. The 1�-error band is shown in cyan. (bottom) Real part of the vacuum polarisation obtained from
(3) with error band as for the imaginary part.

From the viewpoint of the dispersion relation (3), it is immaterial, whether the hadronic model is accurate as long as the fit is

3 One could also include the X(4630) and Y (4660) [7] which are just ⇠ 150 MeV below the kinematic endpoint smax ⌘ mB � mK ' 4.8 GeV.

Lyon, Zwicky, arXiv:1406.0566
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FIG. 4. Di↵erential branching fraction for B0
! K0`+`�,

with our result in blue, compared with experimental re-
sults [16, 17, 19]. All experimental results take ` = µ. Hori-
zontal error bars indicate bin widths.

FIG. 5. Di↵erential branching fraction for B ! K`+`�, with
our result in blue, compared with experimental results [12,
14, 16]. CDF ’11 takes ` = µ, whilst Belle ’09 and Babar ’12
do not di↵erentiate e from µ. Horizontal error bars indicate
bin widths.

FIG. 6. Comparison of branching fractions with recent exper-
imental results [15, 19, 23] in low and high regions of q2 away
from the charmonium resonance region. Here we show the
ratio of the experimental branching fraction to our results,
compared to the black vertical line at the value 1. The error
bars are 5� long, with markers at 1, 3 and 5�. Note that the
� here are for the ratio, so not the same as those calculated
for the di↵erence in Table III. On the right, labels indicate
the colours of the q2 bins in units of GeV2. No uncertainty
from QED is included in this plot.

Experimental results for decays to electrons, muons or
both (averaged) are displayed in each case as coloured
points, with the results shown for each experimental q2

bin. The horizontal error bars on the experimental re-
sults reflect the width of the bin. Some of the experi-
mental results are for ` = e and some for ` = µ; our
results are insensitive to the di↵erence. The experiments
ignore data taken in the black vetoed regions, but there
are results in between these regions. However, we cannot
make a reliable comparison between our short-distance
SM results and the experimental results between the ve-
toed regions.
Figures 3, 4 and 5 show that our results are somewhat

higher than experiment in most cases, particularly in the
region 4  q2/GeV2

 8.68. This is most clearly visible
in Figure 3, where the tension between our result and the
most precise data from LHCb is obvious.
To examine this tension in more detail, we integrate

over two well-behaved q2 regions, one above and one be-
low the cc resonances, as discussed in Section IIA 3. For
these regions we can make a reliable comparison with ex-
periment. We show the results in Table III; these consti-
tute our main numerical results. In Table III, we compare
our branching fractions with the most recent experimen-
tal results available for B ! Ke+e� and B ! Kµ+µ�.
Note that our relative uncertainties are comparable to
those from the experiments for most of the values. We
have larger uncertainties than those for LHCb ’14A for
B+

! K+µ+µ� but smaller uncertainties than those
from Belle ’19. Our uncertainties are dominated by those
from the form factors, followed by those from the CKM
elements |VtbV ⇤

ts
|.

We find our partial branching fractions to be signif-
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Ill-posed problem
We want spectral functions

inf volume

5 52. Plots of Cross Sections and Related Quantities

52.3 ‡ and R in e+e≠
Collisions

‡ and R in e+e≠ Collisions
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Figure 52.2: World data on the total cross section of e+e≠ æ hadrons and the ratio R(s) = ‡(e+e≠ æ
hadrons, s)/‡(e+e≠ æ µ+µ≠, s). ‡(e+e≠ æ hadrons, s) is the experimental cross section corrected for initial state
radiation and electron-positron vertex loops, ‡(e+e≠ æ µ+µ≠, s) = 4fi–2(s)/3s. Data errors are total below 2 GeV
and statistical above 2 GeV. The curves are an educative guide: the broken one (green) is a naive quark-parton model
prediction, and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of this
Review, Eq. (9.7) or, for more details [99], Breit-Wigner parameterizations of J/Â, Â(2S), and Ã (nS), n = 1, 2, 3, 4
are also shown. The full list of references to the original data and the details of the R ratio extraction from them can
be found in [100]. Corresponding computer-readable data files are available at http://pdg.lbl.gov/current/xsect/.
(Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, August 2019. Corrections by P. Janot
(CERN) and M. Schmitt (Northwestern U.))
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No way to extract the rich structure,
without infinitely precise data.
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Make it more feasible
= smeared spectrum

by

Lattice correlator

Spectral function

Smeared spectrum

Approx: ?

Hansen, Lupo, Tantalo (2019); Bailas, SH, Ishikawa (2020)
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Inclusive processes from lattice?

Differential decay rate:

Structure function (or hadronic tensor):

Total decay rate:

kinematical (phase-space) factor

Gambino, SH (2020)



Compton amplitude obtained on the lattice:

tsrc t1 t2 tsnk

J†
µ J⌫

BB

Fig. 4 Valence quark propagators and their truncations. The thin line connecting the

source tsrc and sink tsnk time slices represents the spectator strange quark propagator. A

smearing is introduced for the initial B meson interpolating operator at tsrc and tsnk. The

solid thick lines are the initial b and dashed line denotes the final c quark. The currents J†
µ

and J⌫ are inserted at t1 and t2, respectively.

see [24–26] for instance.) So far, in the literature, the moments of hadron energy and invari-

ant mass as well as the lepton energy have been considered; our proposal is to analyze the

inverse moments (12) and (13) at su�ciently small !, instead, to extract |Vcb| or |Vub|. To
actually extract the moments from the experimental data is beyond the scope of this work.

The structure functions Ti have been calculated within the heavy quark expansion

approach. At the tree-level, the explicit form is given in the appendix of [23]. One-loop

or even two-loop calculations have also been carried out [27–29], but they only concern the

di↵erential decay rates (or the imaginary part of the structure functions), and one needs to

perform the contour integral to relate them to the unphysical kinematical region.

4 Lattice calculation strategy

In this section, we describe the method to extract Ti’s from a four-point function calcu-

lated on the lattice. Although we take the B ! D(⇤)`⌫ channel to be specific, the extension

to other related channels is straightforward.

We consider the four-point function of the form

CSJJS
µ⌫ (tsnk, t1, t2, tsrc) =

X

x

D
PS(x, tsnk)J̃

†
µ(q, t1)J̃⌫(q, t2)P

S†(0, tsrc)
E
, (14)

where PS is a smeared pseudo-scalar density operator to create/annihilate the initial B

meson at rest. The inserted currents J̃µ are either vector or axial-vector b ! c current

and assumed to carry the spatial momentum projection
P

x1
eiq·x1J(x1, t1). Thus, the mass

dimension of J̃µ is zero. The quark-line diagram representing (14) is shown in Figure 4.

10

K(Ĥ) = k0 + k1e−Ĥ + k2e−2Ĥ + ⋯ + kNe−kNĤ
Approx :

=

Energy integral to be evaluated:

smeared spectrum!
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Inclusive decay rate
• Prototype lattice calculation


- Bs → Xc

- unphysical, i.e. the b quark is lighter than physical.


• Decay rate in each channel

- VV and AA

- parallel or perpendicular to the recoil momentum

- compared to “exclusive”


- VV|| is dominated by B→D 

- Others are by B→D*


• Compared with OPE

- With inputs from exp’t analysis
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Challenges ahead
many interesting processes

• Only some “smeared” spectrum is accessible (like inclusive). The limit of 
zero smearing feasible?  Detailed studies needed. (e.g. Bulava et al., 2111.12774 )

• Relevant problems include

- K→ππ (without BC), … even (too much) harder for B→ππ

- Set the energy of ll in B→Kll

- D0-D0bar mixing

- νN inelastic (or inclusive) scattering cross section
See, Fukaya et al., arXiv:2010.01253
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The other flavour physics
Neutrino

Immediate contribution: QE nucleon axial form factor

in Ref. (18). The RQCD (37) and NME (36) collaborations have the most mature analyses
with several ensembles that probe a range of systematic e�ects. These computations each
have their own methods for addressing the excited state contamination discussed in Sec-
tion 3.3, which successfully restore the GGT relation. RQCD modify the parameterization
used to fit the correlation function to better constrain the expected shape of excited state
contamination from the Nfi states based upon expectations from ‰PT (105). NME test a
variety of Bayesian fits to constrain the excited state contributions, where their preferred
fit enforces a tight prior on the nucleon-pion state at the energy expected from a naive
dispersion relation. Because these two results are based on several ensembles, their fits are
parameterized and plotted as bands rather than as scatter points to distinguish them from
estimates on single ensembles.
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Figure 3: Published results for the axial form factor at the physical pion mass obtained
from LQCD, compared with the deuterium extraction from Ref. (18). Results taken from
only a single ensemble are plotted as scatter points. These single-ensemble results will
have small but unknown corrections due to chiral, continuum, and finite volume systematic
shifts. The NME (36) and RQCD (37) results are both obtained from fits to several en-
sembles. The RQCD perform the full chiral-continuum and finite volume extrapolations to
the data, fitting to each of the form factors independently for each ensemble but providing
the constraint that the form factors must satisfy the GGT relation in the continuum. The
NME collaboration also performed a chiral-continuum and finite volume extrapolation on
their data, but their results are based a fit to their five largest volume ensembles neglect-
ing e�ects from lattice spacing, finite volume, and pion mass. The plotted NME result is
obtained by inflating the uncertainty on gA and b0 in Equation 55 of Ref. (36) by a factor
of 3 to account for possible variation due to lattice spacing and quark mass.

The ETMC (34), LHPC (110), PACS (42, 43, 111), and CalLat (46) results have just a
few ensembles, so scatter points obtained from fitting are shown rather than the form factor

www.annualreviews.org • LQCD relevance for the few-GeV neutrino program 15

From Meyer, Walker-Loud, Wilkinson, 2201.01839
Inelastic: more challenging:
- Resonance (∆, etc) contrib.
- Nπ final states
- inclusive

Nuclear effect:
- will need a new framework 

(in collaboration with NP)
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To summarize …



Lattice QCD for flavour physics
matured and infant

• Precision frontier!

- masses, decay constants, form factors, … [see FLAG] + g-2

• Under development:

- Many other interesting quantities. Extracting (or avoiding) a given energy state would 
be a key.

• Not mentioned:

- Quantities that need light-cone separation, e.g. PDF or light-cone distribution 
amplitude. A lot of recent works for PDF (Ji’s proposal to approach from space-like); 
very challenging to achieve precise results.
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