
Stanislav (Stas) Babak. 
AstroParticule et Cosmologie, CNRS (Paris)

LISA: detecting 
gravitational waves from 

space.

ISAPP,  7-17 June 2021



GW landscape

2



LISA: Laser Interferometric Space Antenna
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•   LISA:  GW observatory in space: The launch date 2034. Leading by European 
Space Agency.

•   LISAPathfinder - Technological mission to prove the technical readiness of 
LISA - fantastic results, order of magnitude better than minimum requirement



LISA (cartoon) - LISA as it was before 2010
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LISA
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Principle of measurement

S(ender)
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LISA: three satelites in free falling orbits around the sun,
constellation forms equelateral triangle 

L1~L2~L3= 2.5 mln. km. 
Operates in freq. range 0.1 mHz - 0.1 Hz.

Exchange laser light - measurement of the proper distance 
between satelites .

L!GW = 1 ! fGW ⇡ 20mHz
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Long wavelength is not applicable 

n̂l
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We cannot cover the detector by LIF, use “TT” frame: in this frame GW can be seen as affecting 
the phase (or frequency) of the laser light.
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unperturbed freq. 
of a laser

Change in laser freq.
due to GWs

direction of GW 
propagation

�hij = hij(ts)� hij(tr)
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t = tr, ts = t� |~Rr(t)� ~Rs(ts)| ⇡ t� |~Rr(t)� ~Rs(t)| ⇡ Ll
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Detection of GWs in TT-frame
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We cannot set the LIF covering the whole detector, but we 
can introduce LIF for the background curvature . This is the 

case for LISA and PTA. We use TT-gauge:

�GW ⇡ L, !GWL ⇡ 1
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gµ⌫ = ⌘µ⌫ + h
TT
µ⌫ +O(h2)
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Consider the wave propagating in z-direction

ds2 = dt2 + [1 + h+(t� z)]dx2 + [1� h+(t� z)]dy2 + dz2
<latexit sha1_base64="AM8Ulrj90kIVLb0tLhuRGU5mGBc=">AAACJHicbZDLSgMxFIYz9VbHW9Wlm2ARlGKZKYKCCEU3LivYC0zHksmkNpi5kJwRx9KHceOruHHhBRdufBbTaUFtPRDy8/3nkJzfiwVXYFmfRm5mdm5+Ib9oLi2vrK4V1jcaKkokZXUaiUi2PKKY4CGrAwfBWrFkJPAEa3o3Z0O/ecuk4lF4CWnM3IBch7zLKQGNOoVjX11V8An2QV8l7Ngl3OuUdmH/fs/17zJmOvb+D0sz5t9fVcxOoWiVrazwtLDHoojGVesU3tp+RJOAhUAFUcqxrRjcPpHAqWADs50oFhN6Q66Zo2VIAqbcfrbkAO9o4uNuJPUJAWf090SfBEqlgac7AwI9NekN4X+ek0D3yO3zME6AhXT0UDcRGCI8TAz7XDIKItWCUMn1XzHtEUko6FyHIdiTK0+LRqVsW2X74qBYPR3HkUdbaBvtIhsdoio6RzVURxQ9oCf0gl6NR+PZeDc+Rq05Yzyzif6U8fUNDDSe5w==</latexit><latexit sha1_base64="AM8Ulrj90kIVLb0tLhuRGU5mGBc=">AAACJHicbZDLSgMxFIYz9VbHW9Wlm2ARlGKZKYKCCEU3LivYC0zHksmkNpi5kJwRx9KHceOruHHhBRdufBbTaUFtPRDy8/3nkJzfiwVXYFmfRm5mdm5+Ib9oLi2vrK4V1jcaKkokZXUaiUi2PKKY4CGrAwfBWrFkJPAEa3o3Z0O/ecuk4lF4CWnM3IBch7zLKQGNOoVjX11V8An2QV8l7Ngl3OuUdmH/fs/17zJmOvb+D0sz5t9fVcxOoWiVrazwtLDHoojGVesU3tp+RJOAhUAFUcqxrRjcPpHAqWADs50oFhN6Q66Zo2VIAqbcfrbkAO9o4uNuJPUJAWf090SfBEqlgac7AwI9NekN4X+ek0D3yO3zME6AhXT0UDcRGCI8TAz7XDIKItWCUMn1XzHtEUko6FyHIdiTK0+LRqVsW2X74qBYPR3HkUdbaBvtIhsdoio6RzVURxQ9oCf0gl6NR+PZeDc+Rq05Yzyzif6U8fUNDDSe5w==</latexit><latexit sha1_base64="AM8Ulrj90kIVLb0tLhuRGU5mGBc=">AAACJHicbZDLSgMxFIYz9VbHW9Wlm2ARlGKZKYKCCEU3LivYC0zHksmkNpi5kJwRx9KHceOruHHhBRdufBbTaUFtPRDy8/3nkJzfiwVXYFmfRm5mdm5+Ib9oLi2vrK4V1jcaKkokZXUaiUi2PKKY4CGrAwfBWrFkJPAEa3o3Z0O/ecuk4lF4CWnM3IBch7zLKQGNOoVjX11V8An2QV8l7Ngl3OuUdmH/fs/17zJmOvb+D0sz5t9fVcxOoWiVrazwtLDHoojGVesU3tp+RJOAhUAFUcqxrRjcPpHAqWADs50oFhN6Q66Zo2VIAqbcfrbkAO9o4uNuJPUJAWf090SfBEqlgac7AwI9NekN4X+ek0D3yO3zME6AhXT0UDcRGCI8TAz7XDIKItWCUMn1XzHtEUko6FyHIdiTK0+LRqVsW2X74qBYPR3HkUdbaBvtIhsdoio6RzVURxQ9oCf0gl6NR+PZeDc+Rq05Yzyzif6U8fUNDDSe5w==</latexit><latexit sha1_base64="AM8Ulrj90kIVLb0tLhuRGU5mGBc=">AAACJHicbZDLSgMxFIYz9VbHW9Wlm2ARlGKZKYKCCEU3LivYC0zHksmkNpi5kJwRx9KHceOruHHhBRdufBbTaUFtPRDy8/3nkJzfiwVXYFmfRm5mdm5+Ib9oLi2vrK4V1jcaKkokZXUaiUi2PKKY4CGrAwfBWrFkJPAEa3o3Z0O/ecuk4lF4CWnM3IBch7zLKQGNOoVjX11V8An2QV8l7Ngl3OuUdmH/fs/17zJmOvb+D0sz5t9fVcxOoWiVrazwtLDHoojGVesU3tp+RJOAhUAFUcqxrRjcPpHAqWADs50oFhN6Q66Zo2VIAqbcfrbkAO9o4uNuJPUJAWf090SfBEqlgac7AwI9NekN4X+ek0D3yO3zME6AhXT0UDcRGCI8TAz7XDIKItWCUMn1XzHtEUko6FyHIdiTK0+LRqVsW2X74qBYPR3HkUdbaBvtIhsdoio6RzVURxQ9oCf0gl6NR+PZeDc+Rq05Yzyzif6U8fUNDDSe5w==</latexit>

Need to consider equation of propagation of e/m signal g↵��l
,↵�

l
,� = 0

<latexit sha1_base64="6grs+/3iwaB0K4dTQm00JlAtiYw=">AAACHnicbVDLSsNAFJ34rPUVdelmsAgupCSi6EYounFZwT6gScPNdNIMnTyYmQgl9Evc+CtuXCgiuNK/MWmyqK0HBg7nnMude9yYM6kM40dbWl5ZXVuvbFQ3t7Z3dvW9/baMEkFoi0Q8El0XJOUspC3FFKfdWFAIXE477ug29zuPVEgWhQ9qHFM7gGHIPEZAZZKjXwz7qQU89sFyqYIJtmKf9bmTnhbqrFAErrFRdfSaUTemwIvELEkNlWg6+pc1iEgS0FARDlL2TCNWdgpCMcLppGolksZARjCkvYyGEFBpp9PzJvg4UwbYi0T2QoWn6uxECoGU48DNkgEoX857ufif10uUd2WnLIwTRUNSLPISjlWE867wgAlKFB9nBIhg2V8x8UEAUVmjeQnm/MmLpH1WN426eX9ea9yUdVTQITpCJ8hEl6iB7lATtRBBT+gFvaF37Vl71T60zyK6pJUzB+gPtO9fcduh+Q==</latexit><latexit sha1_base64="6grs+/3iwaB0K4dTQm00JlAtiYw=">AAACHnicbVDLSsNAFJ34rPUVdelmsAgupCSi6EYounFZwT6gScPNdNIMnTyYmQgl9Evc+CtuXCgiuNK/MWmyqK0HBg7nnMude9yYM6kM40dbWl5ZXVuvbFQ3t7Z3dvW9/baMEkFoi0Q8El0XJOUspC3FFKfdWFAIXE477ug29zuPVEgWhQ9qHFM7gGHIPEZAZZKjXwz7qQU89sFyqYIJtmKf9bmTnhbqrFAErrFRdfSaUTemwIvELEkNlWg6+pc1iEgS0FARDlL2TCNWdgpCMcLppGolksZARjCkvYyGEFBpp9PzJvg4UwbYi0T2QoWn6uxECoGU48DNkgEoX857ufif10uUd2WnLIwTRUNSLPISjlWE867wgAlKFB9nBIhg2V8x8UEAUVmjeQnm/MmLpH1WN426eX9ea9yUdVTQITpCJ8hEl6iB7lATtRBBT+gFvaF37Vl71T60zyK6pJUzB+gPtO9fcduh+Q==</latexit><latexit sha1_base64="6grs+/3iwaB0K4dTQm00JlAtiYw=">AAACHnicbVDLSsNAFJ34rPUVdelmsAgupCSi6EYounFZwT6gScPNdNIMnTyYmQgl9Evc+CtuXCgiuNK/MWmyqK0HBg7nnMude9yYM6kM40dbWl5ZXVuvbFQ3t7Z3dvW9/baMEkFoi0Q8El0XJOUspC3FFKfdWFAIXE477ug29zuPVEgWhQ9qHFM7gGHIPEZAZZKjXwz7qQU89sFyqYIJtmKf9bmTnhbqrFAErrFRdfSaUTemwIvELEkNlWg6+pc1iEgS0FARDlL2TCNWdgpCMcLppGolksZARjCkvYyGEFBpp9PzJvg4UwbYi0T2QoWn6uxECoGU48DNkgEoX857ufif10uUd2WnLIwTRUNSLPISjlWE867wgAlKFB9nBIhg2V8x8UEAUVmjeQnm/MmLpH1WN426eX9ea9yUdVTQITpCJ8hEl6iB7lATtRBBT+gFvaF37Vl71T60zyK6pJUzB+gPtO9fcduh+Q==</latexit><latexit sha1_base64="6grs+/3iwaB0K4dTQm00JlAtiYw=">AAACHnicbVDLSsNAFJ34rPUVdelmsAgupCSi6EYounFZwT6gScPNdNIMnTyYmQgl9Evc+CtuXCgiuNK/MWmyqK0HBg7nnMude9yYM6kM40dbWl5ZXVuvbFQ3t7Z3dvW9/baMEkFoi0Q8El0XJOUspC3FFKfdWFAIXE477ug29zuPVEgWhQ9qHFM7gGHIPEZAZZKjXwz7qQU89sFyqYIJtmKf9bmTnhbqrFAErrFRdfSaUTemwIvELEkNlWg6+pc1iEgS0FARDlL2TCNWdgpCMcLppGolksZARjCkvYyGEFBpp9PzJvg4UwbYi0T2QoWn6uxECoGU48DNkgEoX857ufif10uUd2WnLIwTRUNSLPISjlWE867wgAlKFB9nBIhg2V8x8UEAUVmjeQnm/MmLpH1WN426eX9ea9yUdVTQITpCJ8hEl6iB7lATtRBBT+gFvaF37Vl71T60zyK6pJUzB+gPtO9fcduh+Q==</latexit>

dx̂2 = gxxdx
2

<latexit sha1_base64="0iK+9R7fwf9k/lHndPRYTmurWis=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgm6EohuXFewD2jRMJtN26GQSZiaSEoIbf8WNC0Xc+hXu/BsnbRbaeuDC4Zx7ufceL2JUKsv6Nkorq2vrG+XNytb2zu6euX/QlmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43ucn9zgMRkob8Xk0j4gRoxOmQYqS05JpHfn+MVJpkgzq8giM3TZIM+smgXnHNqlWzZoDLxC5IFRRouuZX3w9xHBCuMENS9mwrUk6KhKKYkazSjyWJEJ6gEelpylFApJPOXsjgqVZ8OAyFLq7gTP09kaJAymng6c4AqbFc9HLxP68Xq+Glk1IexYpwPF80jBlUIczzgD4VBCs21QRhQfWtEI+RQFjp1PIQ7MWXl0m7XrOtmn13Xm1cF3GUwTE4AWfABhegAW5BE7QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP9FTlmM=</latexit><latexit sha1_base64="0iK+9R7fwf9k/lHndPRYTmurWis=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgm6EohuXFewD2jRMJtN26GQSZiaSEoIbf8WNC0Xc+hXu/BsnbRbaeuDC4Zx7ufceL2JUKsv6Nkorq2vrG+XNytb2zu6euX/QlmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43ucn9zgMRkob8Xk0j4gRoxOmQYqS05JpHfn+MVJpkgzq8giM3TZIM+smgXnHNqlWzZoDLxC5IFRRouuZX3w9xHBCuMENS9mwrUk6KhKKYkazSjyWJEJ6gEelpylFApJPOXsjgqVZ8OAyFLq7gTP09kaJAymng6c4AqbFc9HLxP68Xq+Glk1IexYpwPF80jBlUIczzgD4VBCs21QRhQfWtEI+RQFjp1PIQ7MWXl0m7XrOtmn13Xm1cF3GUwTE4AWfABhegAW5BE7QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP9FTlmM=</latexit><latexit sha1_base64="0iK+9R7fwf9k/lHndPRYTmurWis=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgm6EohuXFewD2jRMJtN26GQSZiaSEoIbf8WNC0Xc+hXu/BsnbRbaeuDC4Zx7ufceL2JUKsv6Nkorq2vrG+XNytb2zu6euX/QlmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43ucn9zgMRkob8Xk0j4gRoxOmQYqS05JpHfn+MVJpkgzq8giM3TZIM+smgXnHNqlWzZoDLxC5IFRRouuZX3w9xHBCuMENS9mwrUk6KhKKYkazSjyWJEJ6gEelpylFApJPOXsjgqVZ8OAyFLq7gTP09kaJAymng6c4AqbFc9HLxP68Xq+Glk1IexYpwPF80jBlUIczzgD4VBCs21QRhQfWtEI+RQFjp1PIQ7MWXl0m7XrOtmn13Xm1cF3GUwTE4AWfABhegAW5BE7QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP9FTlmM=</latexit><latexit sha1_base64="0iK+9R7fwf9k/lHndPRYTmurWis=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgm6EohuXFewD2jRMJtN26GQSZiaSEoIbf8WNC0Xc+hXu/BsnbRbaeuDC4Zx7ufceL2JUKsv6Nkorq2vrG+XNytb2zu6euX/QlmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43ucn9zgMRkob8Xk0j4gRoxOmQYqS05JpHfn+MVJpkgzq8giM3TZIM+smgXnHNqlWzZoDLxC5IFRRouuZX3w9xHBCuMENS9mwrUk6KhKKYkazSjyWJEJ6gEelpylFApJPOXsjgqVZ8OAyFLq7gTP09kaJAymng6c4AqbFc9HLxP68Xq+Glk1IexYpwPF80jBlUIczzgD4VBCs21QRhQfWtEI+RQFjp1PIQ7MWXl0m7XrOtmn13Xm1cF3GUwTE4AWfABhegAW5BE7QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP9FTlmM=</latexit>

 Mirrors are moving along geodesics. In TT frame the coordinate distance does not change 
(but the proper distance does) 

The phase difference for the round trip is

H(t) =

Z t

0
h(t0)dt0

<latexit sha1_base64="Iv1QKxPoeJVsZDGVzxhAV+hzjBA=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTBIkkvYFUEvQtBLjhHMA5J1mZ2dJENmZ5eZXiEswYu/4sWDIl79Cm/+jZPHQRMLGoqqbrq7/FhwDbb9bWVWVtfWN7Kbua3tnd29/P5BU0eJoqxBIxGptk80E1yyBnAQrB0rRkJfsJY/vJn4rQemNI/kHYxi5oakL3mPUwJG8vJHtRKU8RXucgmefQ94UIJiGQdQ9PIFu2JPgZeJMycFNEfdy391g4gmIZNABdG649gxuClRwKlg41w30SwmdEj6rGOoJCHTbjp9YYxPjRLgXqRMScBT9fdESkKtR6FvOkMCA73oTcT/vE4CvUs35TJOgEk6W9RLBIYIT/LAAVeMghgZQqji5lZMB0QRCia1nAnBWXx5mTTPKo5dcW7PC9XreRxZdIxOUAk56AJVUQ3VUQNR9Iie0St6s56sF+vd+pi1Zqz5zCH6A+vzB0sDlMo=</latexit><latexit sha1_base64="Iv1QKxPoeJVsZDGVzxhAV+hzjBA=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTBIkkvYFUEvQtBLjhHMA5J1mZ2dJENmZ5eZXiEswYu/4sWDIl79Cm/+jZPHQRMLGoqqbrq7/FhwDbb9bWVWVtfWN7Kbua3tnd29/P5BU0eJoqxBIxGptk80E1yyBnAQrB0rRkJfsJY/vJn4rQemNI/kHYxi5oakL3mPUwJG8vJHtRKU8RXucgmefQ94UIJiGQdQ9PIFu2JPgZeJMycFNEfdy391g4gmIZNABdG649gxuClRwKlg41w30SwmdEj6rGOoJCHTbjp9YYxPjRLgXqRMScBT9fdESkKtR6FvOkMCA73oTcT/vE4CvUs35TJOgEk6W9RLBIYIT/LAAVeMghgZQqji5lZMB0QRCia1nAnBWXx5mTTPKo5dcW7PC9XreRxZdIxOUAk56AJVUQ3VUQNR9Iie0St6s56sF+vd+pi1Zqz5zCH6A+vzB0sDlMo=</latexit><latexit sha1_base64="Iv1QKxPoeJVsZDGVzxhAV+hzjBA=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTBIkkvYFUEvQtBLjhHMA5J1mZ2dJENmZ5eZXiEswYu/4sWDIl79Cm/+jZPHQRMLGoqqbrq7/FhwDbb9bWVWVtfWN7Kbua3tnd29/P5BU0eJoqxBIxGptk80E1yyBnAQrB0rRkJfsJY/vJn4rQemNI/kHYxi5oakL3mPUwJG8vJHtRKU8RXucgmefQ94UIJiGQdQ9PIFu2JPgZeJMycFNEfdy391g4gmIZNABdG649gxuClRwKlg41w30SwmdEj6rGOoJCHTbjp9YYxPjRLgXqRMScBT9fdESkKtR6FvOkMCA73oTcT/vE4CvUs35TJOgEk6W9RLBIYIT/LAAVeMghgZQqji5lZMB0QRCia1nAnBWXx5mTTPKo5dcW7PC9XreRxZdIxOUAk56AJVUQ3VUQNR9Iie0St6s56sF+vd+pi1Zqz5zCH6A+vzB0sDlMo=</latexit><latexit sha1_base64="Iv1QKxPoeJVsZDGVzxhAV+hzjBA=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTBIkkvYFUEvQtBLjhHMA5J1mZ2dJENmZ5eZXiEswYu/4sWDIl79Cm/+jZPHQRMLGoqqbrq7/FhwDbb9bWVWVtfWN7Kbua3tnd29/P5BU0eJoqxBIxGptk80E1yyBnAQrB0rRkJfsJY/vJn4rQemNI/kHYxi5oakL3mPUwJG8vJHtRKU8RXucgmefQ94UIJiGQdQ9PIFu2JPgZeJMycFNEfdy391g4gmIZNABdG649gxuClRwKlg41w30SwmdEj6rGOoJCHTbjp9YYxPjRLgXqRMScBT9fdESkKtR6FvOkMCA73oTcT/vE4CvUs35TJOgEk6W9RLBIYIT/LAAVeMghgZQqji5lZMB0QRCia1nAnBWXx5mTTPKo5dcW7PC9XreRxZdIxOUAk56AJVUQ3VUQNR9Iie0St6s56sF+vd+pi1Zqz5zCH6A+vzB0sDlMo=</latexit>

��l = �l|x � �l|y = �⌫l
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<latexit sha1_base64="h0+WFXT4fqYdAoQUfoJLR92JTGU="></latexit><latexit sha1_base64="h0+WFXT4fqYdAoQUfoJLR92JTGU="></latexit><latexit sha1_base64="h0+WFXT4fqYdAoQUfoJLR92JTGU="></latexit><latexit sha1_base64="h0+WFXT4fqYdAoQUfoJLR92JTGU="></latexit>

!GWL ⌧ 1
<latexit sha1_base64="2jMdOYM0I/okX+C7q5EdIVqj9O4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiC124qGAf0IQymU7aofMIMxOhhuKvuHGhiFv/w51/46TNQlsPXDiccy/33hMljGrjed9OaWl5ZXWtvF7Z2Nza3nF391papgqTJpZMqk6ENGFUkKahhpFOogjiESPtaHSV++0HojSV4t6MExJyNBA0phgZK/Xcg0ByMkC97Lo9uYUBY9CHlZ5b9WreFHCR+AWpggKNnvsV9CVOOREGM6R11/cSE2ZIGYoZmVSCVJME4REakK6lAnGiw2x6/QQeW6UPY6lsCQOn6u+JDHGtxzyynRyZoZ73cvE/r5ua+CLMqEhSQwSeLYpTBo2EeRSwTxXBho0tQVhReyvEQ6QQNjawPAR//uVF0jqt+V7Nvzur1i+LOMrgEByBE+CDc1AHN6ABmgCDR/AMXsGb8+S8OO/Ox6y15BQz++APnM8feA2T6A==</latexit><latexit sha1_base64="2jMdOYM0I/okX+C7q5EdIVqj9O4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiC124qGAf0IQymU7aofMIMxOhhuKvuHGhiFv/w51/46TNQlsPXDiccy/33hMljGrjed9OaWl5ZXWtvF7Z2Nza3nF391papgqTJpZMqk6ENGFUkKahhpFOogjiESPtaHSV++0HojSV4t6MExJyNBA0phgZK/Xcg0ByMkC97Lo9uYUBY9CHlZ5b9WreFHCR+AWpggKNnvsV9CVOOREGM6R11/cSE2ZIGYoZmVSCVJME4REakK6lAnGiw2x6/QQeW6UPY6lsCQOn6u+JDHGtxzyynRyZoZ73cvE/r5ua+CLMqEhSQwSeLYpTBo2EeRSwTxXBho0tQVhReyvEQ6QQNjawPAR//uVF0jqt+V7Nvzur1i+LOMrgEByBE+CDc1AHN6ABmgCDR/AMXsGb8+S8OO/Ox6y15BQz++APnM8feA2T6A==</latexit><latexit sha1_base64="2jMdOYM0I/okX+C7q5EdIVqj9O4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiC124qGAf0IQymU7aofMIMxOhhuKvuHGhiFv/w51/46TNQlsPXDiccy/33hMljGrjed9OaWl5ZXWtvF7Z2Nza3nF391papgqTJpZMqk6ENGFUkKahhpFOogjiESPtaHSV++0HojSV4t6MExJyNBA0phgZK/Xcg0ByMkC97Lo9uYUBY9CHlZ5b9WreFHCR+AWpggKNnvsV9CVOOREGM6R11/cSE2ZIGYoZmVSCVJME4REakK6lAnGiw2x6/QQeW6UPY6lsCQOn6u+JDHGtxzyynRyZoZ73cvE/r5ua+CLMqEhSQwSeLYpTBo2EeRSwTxXBho0tQVhReyvEQ6QQNjawPAR//uVF0jqt+V7Nvzur1i+LOMrgEByBE+CDc1AHN6ABmgCDR/AMXsGb8+S8OO/Ox6y15BQz++APnM8feA2T6A==</latexit><latexit sha1_base64="2jMdOYM0I/okX+C7q5EdIVqj9O4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiC124qGAf0IQymU7aofMIMxOhhuKvuHGhiFv/w51/46TNQlsPXDiccy/33hMljGrjed9OaWl5ZXWtvF7Z2Nza3nF391papgqTJpZMqk6ENGFUkKahhpFOogjiESPtaHSV++0HojSV4t6MExJyNBA0phgZK/Xcg0ByMkC97Lo9uYUBY9CHlZ5b9WreFHCR+AWpggKNnvsV9CVOOREGM6R11/cSE2ZIGYoZmVSCVJME4REakK6lAnGiw2x6/QQeW6UPY6lsCQOn6u+JDHGtxzyynRyZoZ73cvE/r5ua+CLMqEhSQwSeLYpTBo2EeRSwTxXBho0tQVhReyvEQ6QQNjawPAR//uVF0jqt+V7Nvzur1i+LOMrgEByBE+CDc1AHN6ABmgCDR/AMXsGb8+S8OO/Ox6y15BQz++APnM8feA2T6A==</latexit>

��l ⇡ 2⌫l(L
(0)
x � L(0)

y + L(0)h+(t))
<latexit sha1_base64="6Nm+YnFJyrOcvJveQf6EtKzJ1is="></latexit><latexit sha1_base64="6Nm+YnFJyrOcvJveQf6EtKzJ1is="></latexit><latexit sha1_base64="6Nm+YnFJyrOcvJveQf6EtKzJ1is="></latexit><latexit sha1_base64="6Nm+YnFJyrOcvJveQf6EtKzJ1is="></latexit>
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1

2

3

n̂1
<latexit sha1_base64="d7GF0oL/Jt6LWq7udFfTxmTAHdk=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzEOSJcxOJsmQmdllplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZwaxhsslrFpR9RyKTRvoEDJ24nhVEWSt6Lx7cxvPXFjRawfcJLwUNGhFgPBKDrpsTuimOlpL+iVK37Vn4OskiAnFchR75W/uv2YpYprZJJa2wn8BMOMGhRM8mmpm1qeUDamQ95xVFPFbZjND56SM6f0ySA2rjSSufp7IqPK2omKXKeiOLLL3kz8z+ukOLgOM6GTFLlmi0WDVBKMyex70heGM5QTRygzwt1K2IgaytBlVHIhBMsvr5LmRTXwq8H9ZaV2k8dRhBM4hXMI4ApqcAd1aAADBc/wCm+e8V68d+9j0Vrw8plj+APv8wfLmJBj</latexit><latexit sha1_base64="d7GF0oL/Jt6LWq7udFfTxmTAHdk=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzEOSJcxOJsmQmdllplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZwaxhsslrFpR9RyKTRvoEDJ24nhVEWSt6Lx7cxvPXFjRawfcJLwUNGhFgPBKDrpsTuimOlpL+iVK37Vn4OskiAnFchR75W/uv2YpYprZJJa2wn8BMOMGhRM8mmpm1qeUDamQ95xVFPFbZjND56SM6f0ySA2rjSSufp7IqPK2omKXKeiOLLL3kz8z+ukOLgOM6GTFLlmi0WDVBKMyex70heGM5QTRygzwt1K2IgaytBlVHIhBMsvr5LmRTXwq8H9ZaV2k8dRhBM4hXMI4ApqcAd1aAADBc/wCm+e8V68d+9j0Vrw8plj+APv8wfLmJBj</latexit><latexit sha1_base64="d7GF0oL/Jt6LWq7udFfTxmTAHdk=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzEOSJcxOJsmQmdllplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZwaxhsslrFpR9RyKTRvoEDJ24nhVEWSt6Lx7cxvPXFjRawfcJLwUNGhFgPBKDrpsTuimOlpL+iVK37Vn4OskiAnFchR75W/uv2YpYprZJJa2wn8BMOMGhRM8mmpm1qeUDamQ95xVFPFbZjND56SM6f0ySA2rjSSufp7IqPK2omKXKeiOLLL3kz8z+ukOLgOM6GTFLlmi0WDVBKMyex70heGM5QTRygzwt1K2IgaytBlVHIhBMsvr5LmRTXwq8H9ZaV2k8dRhBM4hXMI4ApqcAd1aAADBc/wCm+e8V68d+9j0Vrw8plj+APv8wfLmJBj</latexit><latexit sha1_base64="d7GF0oL/Jt6LWq7udFfTxmTAHdk=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzEOSJcxOJsmQmdllplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZwaxhsslrFpR9RyKTRvoEDJ24nhVEWSt6Lx7cxvPXFjRawfcJLwUNGhFgPBKDrpsTuimOlpL+iVK37Vn4OskiAnFchR75W/uv2YpYprZJJa2wn8BMOMGhRM8mmpm1qeUDamQ95xVFPFbZjND56SM6f0ySA2rjSSufp7IqPK2omKXKeiOLLL3kz8z+ukOLgOM6GTFLlmi0WDVBKMyex70heGM5QTRygzwt1K2IgaytBlVHIhBMsvr5LmRTXwq8H9ZaV2k8dRhBM4hXMI4ApqcAd1aAADBc/wCm+e8V68d+9j0Vrw8plj+APv8wfLmJBj</latexit>

n̂2
<latexit sha1_base64="eAdyfLyYwgqsgUk5TTNpmGZehSE=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME85BkCbOTSTJkZnaZ6RXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bNk4N4w0Wy9i0I2q5FJo3UKDk7cRwqiLJW9H4dua3nrixItYPOEl4qOhQi4FgFJ302B1RzPS0V+2Vyn7Fn4OskiAnZchR75W+uv2YpYprZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVFPFbZjND56Sc6f0ySA2rjSSufp7IqPK2omKXKeiOLLL3kz8z+ukOLgOM6GTFLlmi0WDVBKMyex70heGM5QTRygzwt1K2IgaytBlVHQhBMsvr5JmtRL4leD+sly7yeMowCmcwQUEcAU1uIM6NICBgmd4hTfPeC/eu/exaF3z8pkT+APv8wfNHJBk</latexit><latexit sha1_base64="eAdyfLyYwgqsgUk5TTNpmGZehSE=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME85BkCbOTSTJkZnaZ6RXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bNk4N4w0Wy9i0I2q5FJo3UKDk7cRwqiLJW9H4dua3nrixItYPOEl4qOhQi4FgFJ302B1RzPS0V+2Vyn7Fn4OskiAnZchR75W+uv2YpYprZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVFPFbZjND56Sc6f0ySA2rjSSufp7IqPK2omKXKeiOLLL3kz8z+ukOLgOM6GTFLlmi0WDVBKMyex70heGM5QTRygzwt1K2IgaytBlVHQhBMsvr5JmtRL4leD+sly7yeMowCmcwQUEcAU1uIM6NICBgmd4hTfPeC/eu/exaF3z8pkT+APv8wfNHJBk</latexit><latexit sha1_base64="eAdyfLyYwgqsgUk5TTNpmGZehSE=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME85BkCbOTSTJkZnaZ6RXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bNk4N4w0Wy9i0I2q5FJo3UKDk7cRwqiLJW9H4dua3nrixItYPOEl4qOhQi4FgFJ302B1RzPS0V+2Vyn7Fn4OskiAnZchR75W+uv2YpYprZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVFPFbZjND56Sc6f0ySA2rjSSufp7IqPK2omKXKeiOLLL3kz8z+ukOLgOM6GTFLlmi0WDVBKMyex70heGM5QTRygzwt1K2IgaytBlVHQhBMsvr5JmtRL4leD+sly7yeMowCmcwQUEcAU1uIM6NICBgmd4hTfPeC/eu/exaF3z8pkT+APv8wfNHJBk</latexit><latexit sha1_base64="eAdyfLyYwgqsgUk5TTNpmGZehSE=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME85BkCbOTSTJkZnaZ6RXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bNk4N4w0Wy9i0I2q5FJo3UKDk7cRwqiLJW9H4dua3nrixItYPOEl4qOhQi4FgFJ302B1RzPS0V+2Vyn7Fn4OskiAnZchR75W+uv2YpYprZJJa2wn8BMOMGhRM8mmxm1qeUDamQ95xVFPFbZjND56Sc6f0ySA2rjSSufp7IqPK2omKXKeiOLLL3kz8z+ukOLgOM6GTFLlmi0WDVBKMyex70heGM5QTRygzwt1K2IgaytBlVHQhBMsvr5JmtRL4leD+sly7yeMowCmcwQUEcAU1uIM6NICBgmd4hTfPeC/eu/exaF3z8pkT+APv8wfNHJBk</latexit>

n̂3
<latexit sha1_base64="tyNY2RBGkaRtmy2yHuCHqbUtu1g=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0DJoYxnBxEgSwt5mL1myu3fszgnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTKSw6PvfXmFldW19o7hZ2tre2d0r7x80bZwaxhsslrFphdRyKTRvoEDJW4nhVIWSP4Sjm6n/8MSNFbG+x3HCu4oOtIgEo+ikx86QYqYnvfNeueJX/RnIMglyUoEc9V75q9OPWaq4Riapte3AT7CbUYOCST4pdVLLE8pGdMDbjmqquO1ms4Mn5MQpfRLFxpVGMlN/T2RUWTtWoetUFId20ZuK/3ntFKOrbiZ0kiLXbL4oSiXBmEy/J31hOEM5doQyI9ythA2poQxdRiUXQrD48jJpnlUDvxrcXVRq13kcRTiCYziFAC6hBrdQhwYwUPAMr/DmGe/Fe/c+5q0FL585hD/wPn8AzqCQZQ==</latexit><latexit sha1_base64="tyNY2RBGkaRtmy2yHuCHqbUtu1g=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0DJoYxnBxEgSwt5mL1myu3fszgnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTKSw6PvfXmFldW19o7hZ2tre2d0r7x80bZwaxhsslrFphdRyKTRvoEDJW4nhVIWSP4Sjm6n/8MSNFbG+x3HCu4oOtIgEo+ikx86QYqYnvfNeueJX/RnIMglyUoEc9V75q9OPWaq4Riapte3AT7CbUYOCST4pdVLLE8pGdMDbjmqquO1ms4Mn5MQpfRLFxpVGMlN/T2RUWTtWoetUFId20ZuK/3ntFKOrbiZ0kiLXbL4oSiXBmEy/J31hOEM5doQyI9ythA2poQxdRiUXQrD48jJpnlUDvxrcXVRq13kcRTiCYziFAC6hBrdQhwYwUPAMr/DmGe/Fe/c+5q0FL585hD/wPn8AzqCQZQ==</latexit><latexit sha1_base64="tyNY2RBGkaRtmy2yHuCHqbUtu1g=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0DJoYxnBxEgSwt5mL1myu3fszgnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTKSw6PvfXmFldW19o7hZ2tre2d0r7x80bZwaxhsslrFphdRyKTRvoEDJW4nhVIWSP4Sjm6n/8MSNFbG+x3HCu4oOtIgEo+ikx86QYqYnvfNeueJX/RnIMglyUoEc9V75q9OPWaq4Riapte3AT7CbUYOCST4pdVLLE8pGdMDbjmqquO1ms4Mn5MQpfRLFxpVGMlN/T2RUWTtWoetUFId20ZuK/3ntFKOrbiZ0kiLXbL4oSiXBmEy/J31hOEM5doQyI9ythA2poQxdRiUXQrD48jJpnlUDvxrcXVRq13kcRTiCYziFAC6hBrdQhwYwUPAMr/DmGe/Fe/c+5q0FL585hD/wPn8AzqCQZQ==</latexit><latexit sha1_base64="tyNY2RBGkaRtmy2yHuCHqbUtu1g=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0DJoYxnBxEgSwt5mL1myu3fszgnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTKSw6PvfXmFldW19o7hZ2tre2d0r7x80bZwaxhsslrFphdRyKTRvoEDJW4nhVIWSP4Sjm6n/8MSNFbG+x3HCu4oOtIgEo+ikx86QYqYnvfNeueJX/RnIMglyUoEc9V75q9OPWaq4Riapte3AT7CbUYOCST4pdVLLE8pGdMDbjmqquO1ms4Mn5MQpfRLFxpVGMlN/T2RUWTtWoetUFId20ZuK/3ntFKOrbiZ0kiLXbL4oSiXBmEy/J31hOEM5doQyI9ythA2poQxdRiUXQrD48jJpnlUDvxrcXVRq13kcRTiCYziFAC6hBrdQhwYwUPAMr/DmGe/Fe/c+5q0FL585hD/wPn8AzqCQZQ==</latexit>

L1
<latexit sha1_base64="E+eigGGS7XvZiDDx2gzZv4dNqUg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIiovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9mfvuJayNi9YiThPsRHSoRCkbRSg93fa9frrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NQpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYZXfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88ippXVQ9t+rdX1bq13kcRTiBUzgHD2pQh1toQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AyJmNdA==</latexit><latexit sha1_base64="E+eigGGS7XvZiDDx2gzZv4dNqUg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIiovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9mfvuJayNi9YiThPsRHSoRCkbRSg93fa9frrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NQpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYZXfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88ippXVQ9t+rdX1bq13kcRTiBUzgHD2pQh1toQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AyJmNdA==</latexit><latexit sha1_base64="E+eigGGS7XvZiDDx2gzZv4dNqUg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIiovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9mfvuJayNi9YiThPsRHSoRCkbRSg93fa9frrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NQpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYZXfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88ippXVQ9t+rdX1bq13kcRTiBUzgHD2pQh1toQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AyJmNdA==</latexit><latexit sha1_base64="E+eigGGS7XvZiDDx2gzZv4dNqUg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIiovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9mfvuJayNi9YiThPsRHSoRCkbRSg93fa9frrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NQpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYZXfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88ippXVQ9t+rdX1bq13kcRTiBUzgHD2pQh1toQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AyJmNdA==</latexit>

L2
<latexit sha1_base64="B/FS7Mt9x5GoBjY+y7hLK0d/9KU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CoGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGuX+uXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSqlU9t+rdX1Tq13kcRTiBUzgHDy6hDrfQgCYwGMIzvMKbI5wX5935WLQWnHzmGP7A+fwByh2NdQ==</latexit><latexit sha1_base64="B/FS7Mt9x5GoBjY+y7hLK0d/9KU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CoGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGuX+uXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSqlU9t+rdX1Tq13kcRTiBUzgHDy6hDrfQgCYwGMIzvMKbI5wX5935WLQWnHzmGP7A+fwByh2NdQ==</latexit><latexit sha1_base64="B/FS7Mt9x5GoBjY+y7hLK0d/9KU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CoGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGuX+uXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSqlU9t+rdX1Tq13kcRTiBUzgHDy6hDrfQgCYwGMIzvMKbI5wX5935WLQWnHzmGP7A+fwByh2NdQ==</latexit><latexit sha1_base64="B/FS7Mt9x5GoBjY+y7hLK0d/9KU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CoGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGuX+uXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSqlU9t+rdX1Tq13kcRTiBUzgHDy6hDrfQgCYwGMIzvMKbI5wX5935WLQWnHzmGP7A+fwByh2NdQ==</latexit>

L3
<latexit sha1_base64="RV8KO2kv2nAzi23HawyfY+gjDw0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0DJoY2ER0XxAcoS9zVyyZG/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqt55QaR7LRzNO0I/oQPKQM2qs9HDXO++VK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIrP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x5WXSPKt6btW7v6jUrvM4inAEx3AKHlxCDW6hDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDy6GNdg==</latexit><latexit sha1_base64="RV8KO2kv2nAzi23HawyfY+gjDw0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0DJoY2ER0XxAcoS9zVyyZG/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqt55QaR7LRzNO0I/oQPKQM2qs9HDXO++VK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIrP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x5WXSPKt6btW7v6jUrvM4inAEx3AKHlxCDW6hDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDy6GNdg==</latexit><latexit sha1_base64="RV8KO2kv2nAzi23HawyfY+gjDw0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0DJoY2ER0XxAcoS9zVyyZG/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqt55QaR7LRzNO0I/oQPKQM2qs9HDXO++VK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIrP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x5WXSPKt6btW7v6jUrvM4inAEx3AKHlxCDW6hDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDy6GNdg==</latexit><latexit sha1_base64="RV8KO2kv2nAzi23HawyfY+gjDw0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0DJoY2ER0XxAcoS9zVyyZG/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqt55QaR7LRzNO0I/oQPKQM2qs9HDXO++VK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIrP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x5WXSPKt6btW7v6jUrvM4inAEx3AKHlxCDW6hDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDy6GNdg==</latexit>

~q1
<latexit sha1_base64="YvSxL7IrDDsUD96frv1jx36k3xI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbSbt0s4m7m0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3xqg0j+WDmSToR3QgecgZNVZ67I6RZU/TntcrV9yqOwdZJV5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5L3VRjQtmIDrBjqaQRaj+bHzwlZ1bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1ITXfsZlkhqUbLEoTAUxMZl9T/pcITNiYgllittbCRtSRZmxGZVsCN7yy6ukeVH13Kp3f1mp3eRxFOEETuEcPLiCGtxBHRrAIIJneIU3RzkvzrvzsWgtOPnMMfyB8/kD0daQZw==</latexit><latexit sha1_base64="YvSxL7IrDDsUD96frv1jx36k3xI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbSbt0s4m7m0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3xqg0j+WDmSToR3QgecgZNVZ67I6RZU/TntcrV9yqOwdZJV5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5L3VRjQtmIDrBjqaQRaj+bHzwlZ1bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1ITXfsZlkhqUbLEoTAUxMZl9T/pcITNiYgllittbCRtSRZmxGZVsCN7yy6ukeVH13Kp3f1mp3eRxFOEETuEcPLiCGtxBHRrAIIJneIU3RzkvzrvzsWgtOPnMMfyB8/kD0daQZw==</latexit><latexit sha1_base64="YvSxL7IrDDsUD96frv1jx36k3xI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbSbt0s4m7m0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3xqg0j+WDmSToR3QgecgZNVZ67I6RZU/TntcrV9yqOwdZJV5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5L3VRjQtmIDrBjqaQRaj+bHzwlZ1bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1ITXfsZlkhqUbLEoTAUxMZl9T/pcITNiYgllittbCRtSRZmxGZVsCN7yy6ukeVH13Kp3f1mp3eRxFOEETuEcPLiCGtxBHRrAIIJneIU3RzkvzrvzsWgtOPnMMfyB8/kD0daQZw==</latexit><latexit sha1_base64="YvSxL7IrDDsUD96frv1jx36k3xI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbSbt0s4m7m0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3xqg0j+WDmSToR3QgecgZNVZ67I6RZU/TntcrV9yqOwdZJV5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5L3VRjQtmIDrBjqaQRaj+bHzwlZ1bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1ITXfsZlkhqUbLEoTAUxMZl9T/pcITNiYgllittbCRtSRZmxGZVsCN7yy6ukeVH13Kp3f1mp3eRxFOEETuEcPLiCGtxBHRrAIIJneIU3RzkvzrvzsWgtOPnMMfyB8/kD0daQZw==</latexit>

O

L1 ⇡ L2 ⇡ L3 ⇡ L
<latexit sha1_base64="MGC9udqnu+uC9dUhQ3+AxOnDFis=">AAACDnicbZDLSgMxFIYz9VbrbdSlm2ApuCozVdBl0Y2LLirYC7TDkEkzbWgmCUlGLKVP4MZXceNCEbeu3fk2pu0sausPgY//nMPJ+SPJqDae9+Pk1tY3Nrfy24Wd3b39A/fwqKlFqjBpYMGEakdIE0Y5aRhqGGlLRVASMdKKhjfTeuuBKE0FvzcjSYIE9TmNKUbGWqFbqoU+7CIplXiEtbCywOcL7Ba9sjcTXAU/gyLIVA/d725P4DQh3GCGtO74njTBGClDMSOTQjfVRCI8RH3SschRQnQwnp0zgSXr9GAslH3cwJm7ODFGidajJLKdCTIDvVybmv/VOqmJr4Ix5TI1hOP5ojhl0Ag4zQb2qCLYsJEFhBW1f4V4gBTCxiZYsCH4yyevQrNS9r2yf3dRrF5nceTBCTgFZ8AHl6AKbkEdNAAGT+AFvIF359l5dT6cz3lrzslmjsEfOV+/uPKaog==</latexit><latexit sha1_base64="MGC9udqnu+uC9dUhQ3+AxOnDFis=">AAACDnicbZDLSgMxFIYz9VbrbdSlm2ApuCozVdBl0Y2LLirYC7TDkEkzbWgmCUlGLKVP4MZXceNCEbeu3fk2pu0sausPgY//nMPJ+SPJqDae9+Pk1tY3Nrfy24Wd3b39A/fwqKlFqjBpYMGEakdIE0Y5aRhqGGlLRVASMdKKhjfTeuuBKE0FvzcjSYIE9TmNKUbGWqFbqoU+7CIplXiEtbCywOcL7Ba9sjcTXAU/gyLIVA/d725P4DQh3GCGtO74njTBGClDMSOTQjfVRCI8RH3SschRQnQwnp0zgSXr9GAslH3cwJm7ODFGidajJLKdCTIDvVybmv/VOqmJr4Ix5TI1hOP5ojhl0Ag4zQb2qCLYsJEFhBW1f4V4gBTCxiZYsCH4yyevQrNS9r2yf3dRrF5nceTBCTgFZ8AHl6AKbkEdNAAGT+AFvIF359l5dT6cz3lrzslmjsEfOV+/uPKaog==</latexit><latexit sha1_base64="MGC9udqnu+uC9dUhQ3+AxOnDFis=">AAACDnicbZDLSgMxFIYz9VbrbdSlm2ApuCozVdBl0Y2LLirYC7TDkEkzbWgmCUlGLKVP4MZXceNCEbeu3fk2pu0sausPgY//nMPJ+SPJqDae9+Pk1tY3Nrfy24Wd3b39A/fwqKlFqjBpYMGEakdIE0Y5aRhqGGlLRVASMdKKhjfTeuuBKE0FvzcjSYIE9TmNKUbGWqFbqoU+7CIplXiEtbCywOcL7Ba9sjcTXAU/gyLIVA/d725P4DQh3GCGtO74njTBGClDMSOTQjfVRCI8RH3SschRQnQwnp0zgSXr9GAslH3cwJm7ODFGidajJLKdCTIDvVybmv/VOqmJr4Ix5TI1hOP5ojhl0Ag4zQb2qCLYsJEFhBW1f4V4gBTCxiZYsCH4yyevQrNS9r2yf3dRrF5nceTBCTgFZ8AHl6AKbkEdNAAGT+AFvIF359l5dT6cz3lrzslmjsEfOV+/uPKaog==</latexit><latexit sha1_base64="MGC9udqnu+uC9dUhQ3+AxOnDFis=">AAACDnicbZDLSgMxFIYz9VbrbdSlm2ApuCozVdBl0Y2LLirYC7TDkEkzbWgmCUlGLKVP4MZXceNCEbeu3fk2pu0sausPgY//nMPJ+SPJqDae9+Pk1tY3Nrfy24Wd3b39A/fwqKlFqjBpYMGEakdIE0Y5aRhqGGlLRVASMdKKhjfTeuuBKE0FvzcjSYIE9TmNKUbGWqFbqoU+7CIplXiEtbCywOcL7Ba9sjcTXAU/gyLIVA/d725P4DQh3GCGtO74njTBGClDMSOTQjfVRCI8RH3SschRQnQwnp0zgSXr9GAslH3cwJm7ODFGidajJLKdCTIDvVybmv/VOqmJr4Ix5TI1hOP5ojhl0Ag4zQb2qCLYsJEFhBW1f4V4gBTCxiZYsCH4yyevQrNS9r2yf3dRrF5nceTBCTgFZ8AHl6AKbkEdNAAGT+AFvIF359l5dT6cz3lrzslmjsEfOV+/uPKaog==</latexit>

— but not exactly!
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! yslr

<latexit sha1_base64="bmq7+GHzQr38GicmFFyzTrcQ4fs=">AAACDXicbVC7TsMwFL3hWcorwMhiUZCYqgQhwVgBA2OR6ENqoshxndaq40S2g1RF+QEWfoWFAYRY2dn4G9w2A7QcydbROffKPidMOVPacb6tpeWV1bX1ykZ1c2t7Z9fe22+rJJOEtkjCE9kNsaKcCdrSTHPaTSXFcchpJxxdT/zOA5WKJeJej1Pqx3ggWMQI1kYK7GMvkpjk3g3lGiNPZEVursApkKcTNA5yxWUR2DWn7kyBFolbkhqUaAb2l9dPSBZToQnHSvVcJ9V+jqVmhNOi6mWKppiM8ID2DBU4psrPp2kKdGKUPooSaY7QaKr+3shxrNQ4Ds1kjPVQzXsT8T+vl+no0s+ZSDNNBZk9FGUcmaCTalCfSUo0HxuCiWTmr4gMsalHmwKrpgR3PvIiaZ/VXafu3p3XGldlHRU4hCM4BRcuoAG30IQWEHiEZ3iFN+vJerHerY/Z6JJV7hzAH1ifP96EnA4=</latexit><latexit sha1_base64="bmq7+GHzQr38GicmFFyzTrcQ4fs=">AAACDXicbVC7TsMwFL3hWcorwMhiUZCYqgQhwVgBA2OR6ENqoshxndaq40S2g1RF+QEWfoWFAYRY2dn4G9w2A7QcydbROffKPidMOVPacb6tpeWV1bX1ykZ1c2t7Z9fe22+rJJOEtkjCE9kNsaKcCdrSTHPaTSXFcchpJxxdT/zOA5WKJeJej1Pqx3ggWMQI1kYK7GMvkpjk3g3lGiNPZEVursApkKcTNA5yxWUR2DWn7kyBFolbkhqUaAb2l9dPSBZToQnHSvVcJ9V+jqVmhNOi6mWKppiM8ID2DBU4psrPp2kKdGKUPooSaY7QaKr+3shxrNQ4Ds1kjPVQzXsT8T+vl+no0s+ZSDNNBZk9FGUcmaCTalCfSUo0HxuCiWTmr4gMsalHmwKrpgR3PvIiaZ/VXafu3p3XGldlHRU4hCM4BRcuoAG30IQWEHiEZ3iFN+vJerHerY/Z6JJV7hzAH1ifP96EnA4=</latexit><latexit sha1_base64="bmq7+GHzQr38GicmFFyzTrcQ4fs=">AAACDXicbVC7TsMwFL3hWcorwMhiUZCYqgQhwVgBA2OR6ENqoshxndaq40S2g1RF+QEWfoWFAYRY2dn4G9w2A7QcydbROffKPidMOVPacb6tpeWV1bX1ykZ1c2t7Z9fe22+rJJOEtkjCE9kNsaKcCdrSTHPaTSXFcchpJxxdT/zOA5WKJeJej1Pqx3ggWMQI1kYK7GMvkpjk3g3lGiNPZEVursApkKcTNA5yxWUR2DWn7kyBFolbkhqUaAb2l9dPSBZToQnHSvVcJ9V+jqVmhNOi6mWKppiM8ID2DBU4psrPp2kKdGKUPooSaY7QaKr+3shxrNQ4Ds1kjPVQzXsT8T+vl+no0s+ZSDNNBZk9FGUcmaCTalCfSUo0HxuCiWTmr4gMsalHmwKrpgR3PvIiaZ/VXafu3p3XGldlHRU4hCM4BRcuoAG30IQWEHiEZ3iFN+vJerHerY/Z6JJV7hzAH1ifP96EnA4=</latexit><latexit sha1_base64="bmq7+GHzQr38GicmFFyzTrcQ4fs=">AAACDXicbVC7TsMwFL3hWcorwMhiUZCYqgQhwVgBA2OR6ENqoshxndaq40S2g1RF+QEWfoWFAYRY2dn4G9w2A7QcydbROffKPidMOVPacb6tpeWV1bX1ykZ1c2t7Z9fe22+rJJOEtkjCE9kNsaKcCdrSTHPaTSXFcchpJxxdT/zOA5WKJeJej1Pqx3ggWMQI1kYK7GMvkpjk3g3lGiNPZEVursApkKcTNA5yxWUR2DWn7kyBFolbkhqUaAb2l9dPSBZToQnHSvVcJ9V+jqVmhNOi6mWKppiM8ID2DBU4psrPp2kKdGKUPooSaY7QaKr+3shxrNQ4Ds1kjPVQzXsT8T+vl+no0s+ZSDNNBZk9FGUcmaCTalCfSUo0HxuCiWTmr4gMsalHmwKrpgR3PvIiaZ/VXafu3p3XGldlHRU4hCM4BRcuoAG30IQWEHiEZ3iFN+vJerHerY/Z6JJV7hzAH1ifP96EnA4=</latexit>

— for a single link

Consider GW signal from a binary system 

yGW
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<latexit sha1_base64="WIC1bWA/dtXiaeHE5kC0Vgc3q34="></latexit><latexit sha1_base64="WIC1bWA/dtXiaeHE5kC0Vgc3q34="></latexit><latexit sha1_base64="WIC1bWA/dtXiaeHE5kC0Vgc3q34="></latexit><latexit sha1_base64="WIC1bWA/dtXiaeHE5kC0Vgc3q34="></latexit>

         Amplitude of GW times antenna beam function Al
<latexit sha1_base64="ZluEsHJha5mkaSSpUzyY/Gfsy6c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeqF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0cN0X/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teveXlfpNHkcRTuAUzsGDGtThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifPxFSjaQ=</latexit><latexit sha1_base64="ZluEsHJha5mkaSSpUzyY/Gfsy6c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeqF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0cN0X/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teveXlfpNHkcRTuAUzsGDGtThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifPxFSjaQ=</latexit><latexit sha1_base64="ZluEsHJha5mkaSSpUzyY/Gfsy6c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeqF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0cN0X/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teveXlfpNHkcRTuAUzsGDGtThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifPxFSjaQ=</latexit><latexit sha1_base64="ZluEsHJha5mkaSSpUzyY/Gfsy6c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeqF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0cN0X/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVc+teveXlfpNHkcRTuAUzsGDGtThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifPxFSjaQ=</latexit>

 Sinc —  zero of sinc function gives freq. of GW signal which cannot be measured (f-n of sky 
position) - wiggles in the sensitivity at high frequencies

Phase:                         Doppler modulation (dominant) due to relative motion of the detector 
and the source

t� k̂.~R0(t)
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LISA

8

•  The localization of the sources in the sky comes from the Doppler modulation of the phase 
and from the amplitude modulation (time dependent antenna beam f-n)

• The term(s) dependent on the position of each spacecraft explicitely (q-vectors): important at 
very high frequency: constellation “feels” GW propagation

TDI — Time Delay Interferometry: technique which we apply to cancel the laser noise (in post-
processing the data) 

Equal arm Michelson Unequal arm Michelson

• The biggest problem is the laser frequency noise: orders of magnitude higher than 
other noise sources  



GW sources in LISA band

9

• GW signals in LISA are strong and long-lived.
• LISA data will contain thousands of GW signals simultaneously: need to separate 

and characterize them
• Non-stationary noise



LISA sources
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• We believe that all galactic nuclei host Massive Black Holes: Milky Way has 4 
mln. solar mass BH

• Galaxies merge: we can form Massive Black Hole Binary (MBHB) system
• We need stars and gas to bring MBHs close together for GW to be efficient 

(binary is merging within Hubble time)  

[Image: Hubble telescope][Credits: Hassinger+,  VLA, Chandra , NASA] 10



LISA sources: MBHB
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[Credits: Gabriella De Lucia]

MBHs are formed from the initial BH seed. Those seeds could be “light” 
remnant of the first generation of stars or “heavy” from the direct collapse of a 
giant gas cloud. BHs accumulated the mas through gas accretion and merging.



LISA: GW signal from MBHB

12

The signal from MBHB is similar to what we have observed in LIGO (scaled 
up in the amplitude and streched in time). GW signal from MBHB is expected 
to be the strongest signal (seen by eye in the simulated data). Imposes 
stringent demands on the accuracy of GW signal modelling



Detecting GW signal from MBHBs
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Pre-merger e/m signal

14Y. Tang+, MNRAS 2018 

•  Circumbinary disc:
• X-ray emission in soft x-rays (≤1keV)

• Mini-discs around black holes
• Hard x-ray emission (≥10keV) from accretion of minidiscs individually onto each black hole

• Interaction of circumbinary and mini discs:
• Accretion of circumbinary disc onto mini-discs via optically thick streams
• Thermal radiation dominated by the inner edge of thecircumbinary disc, producing soft x-rays 

(~2keV)
• X-ray emission shows clear modulation on timescales as short as a few hours

X-ray emission during the late stages of the inspiral (days to hours before final merger) comes from:



Observing MBHBs

15

0 10 20
z

0

2

4

6

8

10

12

N
u
m

b
er

of
so

u
rc

es

Q3d

0 10 20
z

0

20

40

60

80

100

Q3nd

0 10 20
z

0

10

20

30

40

50 pop3

Sky map as a function of time: multimodality

Marsat+2020

• Different populations have different characteristic:  help to dientangle and solve 
inverse problem: given the LISA observation what vcan we infer about the evolution 
of MBHBs: how they were born? how they accumulated its mass

Simultaneous (multimessanger) observations of 
MBHB: GW + e/m. Need to localize the source 
in the sky to point telescopes:  pre-merger is 
weak signal, not enough info - up to 8 modes on 
the sky - improvement as we approach merger. 
Necessitiy to follow the signal in the real time



EMRIs (extreme mass ratio inspirals)

16

•  Massive BHs in galactic nuclei surrounded by stars and gas with 
quite high density

•  MBH could capture a compact object (BH, NS, WD) which is thrown 
on a  very eccentric orbit (due to N-body interaction). The orbit 
shrinks and circularizes due to grav. radiation.

•  EMRI: binary system with extreme mass ratio of component 10-7 -  
10-5

•  Compact object revolves 106  orbits in the proximity of MBH before 
the plunge.



EMRI

17

[Credits: S Draco, CalTech]



EMRI
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• Orbital motion: (almost) elliptical with a strong relativistic precession + orbital 
precession due to spin-orbital coupling  

• Signal is very rich in structure (hard to detect but gives a lot of information.
• Ultra-precise parameter determination (if detected). Can map spacetime of a heavy 

object:  holiodesy



Galactic white dwarf binaries

19

• We expect to have  107  WD binaries all emitting GWs in the LISA band, only 104 can be 
resolved individually, other form stochastic GW signal (foreground)

•  GW signal is almost monochromatic
• Verification binaries: known from current e/m observations (+GAIA,+ LSST)



Verification Galactic binaries

20

credits: G. Nelemans

Image Credit: NASA/GSFC/D.Berry.

black: interacting
red: detached

• There are few dozen of GBs observed in e/m.
• Can measure orb. period, sky position, distance: 

guaranteed sources in the LISA’s band
• More verification binaries are being discovered 

(ZTF, GAIA, LSST) 



Detecting GBs as function of time
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Observation duration Max number of 
detectable source

10 days 156

3 months 1984

6 months 3818

1 year 7116

2 years 13103

5 years 25488

7 years 31150

10 years 40023

Data comes continuously (daily):  the signal-to-noise grows as  we start resolving 
previously unresolved signals 
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stochastic GW foreground as 
function of observation

[Karnesis+ e-Print: 2103.14598]

https://arxiv.org/abs/2103.14598


Stellar mass black hole binaries

22

• Stellar mass black hole binaries: SBBH — the same black holes which merger we observe with 
LIGO-Virgo. If consider those binaries 5-50 years in the past (slow inspiral) they emit in the 
LISA’s band

https://arxiv.org/pdf/2007.12793.pdf



Stellar mass black hole binaries

23

Multi-band observations: some 
binaries will be first observed/
detected by LISA and then 5-10 years 
later re-appear and merge in the band 
of ground-based detectors (Einstein 
Telescope, Cosmic Explorer)

A. Sesana PRL 2016



Stellar mass black hole binaries

24

A. Toubiana+2020

• SBBH - multiband observations: 
amazing laboratories for testing 
General Relativity theory

Constraint on 
dipolar radiation

Constraint 
on graviton mass

• We can detect and estimate sky position of those sources years before they merge:  
pre-merger multimessanger observations
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Expected event rate in LISA 

25

• LISA’s minimum mission time is 6 years (expected at 75% duty cycle), 
consumables up to 10 years

• MBHB : high uncertainties in the event rate - from few to few hundreds per year

•   EMRIs: even more uncertain - from few to few thousands of detectable GW 
signals per year.

•   GW signal from solar mass BBH (LIGO/VIRGO sources). We expect to observe 
about 10 sources: GW signal first observed in LISA and then 5-10 years later with 
the ground based detectors.

•   Possible detection of the stochastic GW signal from energetic processes in the 
early Universe.



Stochastic GW signal

26

Smoothing on small scales (complete loss of sensitivity at  l~ 15)

Reconstruction of Anysotropy

[Contaldi+ (2006)]



Matched filtering and parameter estimation

27

noise = data - signal 

Data

Signal Residuals

(Credits: M. Vallisneri)
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<latexit sha1_base64="8aikBEZ5rbEmOydw0iZ1hdtMsq8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8lUQF9Vb04rGCsYUmls120i7dbMLupFJC/4cXDype/THe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/sPOskUA48lIlGtkGoQXIKHHAW0UgU0DgU0w8HNxG8OQWmeyHscpRDEtCd5xBlFIz36Q2C5j31AOu6cdSpVp+ZMYS8StyBVUqDRqXz53YRlMUhkgmrddp0Ug5wq5EzAuOxnGlLKBrQHbUMljUEH+fTqsX1slK4dJcqURHuq/p7Iaaz1KA5NZ0yxr+e9ifif184wugxyLtMMQbLZoigTNib2JAK7yxUwFCNDKFPc3GqzPlWUoQmqbEJw519eJN5p7arm3p1X69dFGiVySI7ICXHJBamTW9IgHmFEkWfySt6sJ+vFerc+Zq1LVjFzQP7A+vwBFy+ScA==</latexit><latexit sha1_base64="8aikBEZ5rbEmOydw0iZ1hdtMsq8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8lUQF9Vb04rGCsYUmls120i7dbMLupFJC/4cXDype/THe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/sPOskUA48lIlGtkGoQXIKHHAW0UgU0DgU0w8HNxG8OQWmeyHscpRDEtCd5xBlFIz36Q2C5j31AOu6cdSpVp+ZMYS8StyBVUqDRqXz53YRlMUhkgmrddp0Ug5wq5EzAuOxnGlLKBrQHbUMljUEH+fTqsX1slK4dJcqURHuq/p7Iaaz1KA5NZ0yxr+e9ifif184wugxyLtMMQbLZoigTNib2JAK7yxUwFCNDKFPc3GqzPlWUoQmqbEJw519eJN5p7arm3p1X69dFGiVySI7ICXHJBamTW9IgHmFEkWfySt6sJ+vFerc+Zq1LVjFzQP7A+vwBFy+ScA==</latexit><latexit sha1_base64="8aikBEZ5rbEmOydw0iZ1hdtMsq8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8lUQF9Vb04rGCsYUmls120i7dbMLupFJC/4cXDype/THe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/sPOskUA48lIlGtkGoQXIKHHAW0UgU0DgU0w8HNxG8OQWmeyHscpRDEtCd5xBlFIz36Q2C5j31AOu6cdSpVp+ZMYS8StyBVUqDRqXz53YRlMUhkgmrddp0Ug5wq5EzAuOxnGlLKBrQHbUMljUEH+fTqsX1slK4dJcqURHuq/p7Iaaz1KA5NZ0yxr+e9ifif184wugxyLtMMQbLZoigTNib2JAK7yxUwFCNDKFPc3GqzPlWUoQmqbEJw519eJN5p7arm3p1X69dFGiVySI7ICXHJBamTW9IgHmFEkWfySt6sJ+vFerc+Zq1LVjFzQP7A+vwBFy+ScA==</latexit><latexit sha1_base64="8aikBEZ5rbEmOydw0iZ1hdtMsq8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8lUQF9Vb04rGCsYUmls120i7dbMLupFJC/4cXDype/THe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/sPOskUA48lIlGtkGoQXIKHHAW0UgU0DgU0w8HNxG8OQWmeyHscpRDEtCd5xBlFIz36Q2C5j31AOu6cdSpVp+ZMYS8StyBVUqDRqXz53YRlMUhkgmrddp0Ug5wq5EzAuOxnGlLKBrQHbUMljUEH+fTqsX1slK4dJcqURHuq/p7Iaaz1KA5NZ0yxr+e9ifif184wugxyLtMMQbLZoigTNib2JAK7yxUwFCNDKFPc3GqzPlWUoQmqbEJw519eJN5p7arm3p1X69dFGiVySI7ICXHJBamTW9IgHmFEkWfySt6sJ+vFerc+Zq1LVjFzQP7A+vwBFy+ScA==</latexit>
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(Credits: M. Vallisneri)

noise = data - signal

Data

Signal Residuals

~✓1
<latexit sha1_base64="DkMXqax9+pPdtM4wUSJZWzYRZ/c=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiF48VjC00sWy2k3bpZhN2J5US+j+8eFDx6o/x5r9x2+agrQ8GHu/NMDMvTAXX6DjfVmlldW19o7xZ2dre2d2r7h886CRTDDyWiES1Q6pBcAkechTQThXQOBTQCoc3U781AqV5Iu9xnEIQ077kEWcUjfToj4DlPg4A6aTrdqs1p+7MYC8TtyA1UqDZrX75vYRlMUhkgmrdcZ0Ug5wq5EzApOJnGlLKhrQPHUMljUEH+ezqiX1ilJ4dJcqURHum/p7Iaaz1OA5NZ0xxoBe9qfif18kwugxyLtMMQbL5oigTNib2NAK7xxUwFGNDKFPc3GqzAVWUoQmqYkJwF19eJt5Z/aru3p3XGtdFGmVyRI7JKXHJBWmQW9IkHmFEkWfySt6sJ+vFerc+5q0lq5g5JH9gff4AFCmSbg==</latexit><latexit sha1_base64="DkMXqax9+pPdtM4wUSJZWzYRZ/c=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiF48VjC00sWy2k3bpZhN2J5US+j+8eFDx6o/x5r9x2+agrQ8GHu/NMDMvTAXX6DjfVmlldW19o7xZ2dre2d2r7h886CRTDDyWiES1Q6pBcAkechTQThXQOBTQCoc3U781AqV5Iu9xnEIQ077kEWcUjfToj4DlPg4A6aTrdqs1p+7MYC8TtyA1UqDZrX75vYRlMUhkgmrdcZ0Ug5wq5EzApOJnGlLKhrQPHUMljUEH+ezqiX1ilJ4dJcqURHum/p7Iaaz1OA5NZ0xxoBe9qfif18kwugxyLtMMQbL5oigTNib2NAK7xxUwFGNDKFPc3GqzAVWUoQmqYkJwF19eJt5Z/aru3p3XGtdFGmVyRI7JKXHJBWmQW9IkHmFEkWfySt6sJ+vFerc+5q0lq5g5JH9gff4AFCmSbg==</latexit><latexit sha1_base64="DkMXqax9+pPdtM4wUSJZWzYRZ/c=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiF48VjC00sWy2k3bpZhN2J5US+j+8eFDx6o/x5r9x2+agrQ8GHu/NMDMvTAXX6DjfVmlldW19o7xZ2dre2d2r7h886CRTDDyWiES1Q6pBcAkechTQThXQOBTQCoc3U781AqV5Iu9xnEIQ077kEWcUjfToj4DlPg4A6aTrdqs1p+7MYC8TtyA1UqDZrX75vYRlMUhkgmrdcZ0Ug5wq5EzApOJnGlLKhrQPHUMljUEH+ezqiX1ilJ4dJcqURHum/p7Iaaz1OA5NZ0xxoBe9qfif18kwugxyLtMMQbL5oigTNib2NAK7xxUwFGNDKFPc3GqzAVWUoQmqYkJwF19eJt5Z/aru3p3XGtdFGmVyRI7JKXHJBWmQW9IkHmFEkWfySt6sJ+vFerc+5q0lq5g5JH9gff4AFCmSbg==</latexit><latexit sha1_base64="DkMXqax9+pPdtM4wUSJZWzYRZ/c=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiF48VjC00sWy2k3bpZhN2J5US+j+8eFDx6o/x5r9x2+agrQ8GHu/NMDMvTAXX6DjfVmlldW19o7xZ2dre2d2r7h886CRTDDyWiES1Q6pBcAkechTQThXQOBTQCoc3U781AqV5Iu9xnEIQ077kEWcUjfToj4DlPg4A6aTrdqs1p+7MYC8TtyA1UqDZrX75vYRlMUhkgmrdcZ0Ug5wq5EzApOJnGlLKhrQPHUMljUEH+ezqiX1ilJ4dJcqURHum/p7Iaaz1OA5NZ0xxoBe9qfif18kwugxyLtMMQbL5oigTNib2NAK7xxUwFGNDKFPc3GqzAVWUoQmqYkJwF19eJt5Z/aru3p3XGtdFGmVyRI7JKXHJBWmQW9IkHmFEkWfySt6sJ+vFerc+5q0lq5g5JH9gff4AFCmSbg==</latexit>

~✓2
<latexit sha1_base64="7bKbB/IhTBT5qN91NUx+F7SYDf8=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KkkR1FvRi8cKxhaaWDbbSbt088HupFJC/4cXDype/THe/Ddu2xy09cHA470ZZuYFqRQabfvbWlldW9/YLG2Vt3d29/YrB4cPOskUB5cnMlHtgGmQIgYXBUpopwpYFEhoBcObqd8agdIiie9xnIIfsX4sQsEZGunRGwHPPRwAskm33q1U7Zo9A10mTkGqpECzW/nyegnPIoiRS6Z1x7FT9HOmUHAJk7KXaUgZH7I+dAyNWQTaz2dXT+ipUXo0TJSpGOlM/T2Rs0jrcRSYzojhQC96U/E/r5NheOnnIk4zhJjPF4WZpJjQaQS0JxRwlGNDGFfC3Er5gCnG0QRVNiE4iy8vE7deu6o5d+fVxnWRRokckxNyRhxyQRrkljSJSzhR5Jm8kjfryXqx3q2PeeuKVcwckT+wPn8AFaySbw==</latexit><latexit sha1_base64="7bKbB/IhTBT5qN91NUx+F7SYDf8=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KkkR1FvRi8cKxhaaWDbbSbt088HupFJC/4cXDype/THe/Ddu2xy09cHA470ZZuYFqRQabfvbWlldW9/YLG2Vt3d29/YrB4cPOskUB5cnMlHtgGmQIgYXBUpopwpYFEhoBcObqd8agdIiie9xnIIfsX4sQsEZGunRGwHPPRwAskm33q1U7Zo9A10mTkGqpECzW/nyegnPIoiRS6Z1x7FT9HOmUHAJk7KXaUgZH7I+dAyNWQTaz2dXT+ipUXo0TJSpGOlM/T2Rs0jrcRSYzojhQC96U/E/r5NheOnnIk4zhJjPF4WZpJjQaQS0JxRwlGNDGFfC3Er5gCnG0QRVNiE4iy8vE7deu6o5d+fVxnWRRokckxNyRhxyQRrkljSJSzhR5Jm8kjfryXqx3q2PeeuKVcwckT+wPn8AFaySbw==</latexit><latexit sha1_base64="7bKbB/IhTBT5qN91NUx+F7SYDf8=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KkkR1FvRi8cKxhaaWDbbSbt088HupFJC/4cXDype/THe/Ddu2xy09cHA470ZZuYFqRQabfvbWlldW9/YLG2Vt3d29/YrB4cPOskUB5cnMlHtgGmQIgYXBUpopwpYFEhoBcObqd8agdIiie9xnIIfsX4sQsEZGunRGwHPPRwAskm33q1U7Zo9A10mTkGqpECzW/nyegnPIoiRS6Z1x7FT9HOmUHAJk7KXaUgZH7I+dAyNWQTaz2dXT+ipUXo0TJSpGOlM/T2Rs0jrcRSYzojhQC96U/E/r5NheOnnIk4zhJjPF4WZpJjQaQS0JxRwlGNDGFfC3Er5gCnG0QRVNiE4iy8vE7deu6o5d+fVxnWRRokckxNyRhxyQRrkljSJSzhR5Jm8kjfryXqx3q2PeeuKVcwckT+wPn8AFaySbw==</latexit><latexit sha1_base64="7bKbB/IhTBT5qN91NUx+F7SYDf8=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KkkR1FvRi8cKxhaaWDbbSbt088HupFJC/4cXDype/THe/Ddu2xy09cHA470ZZuYFqRQabfvbWlldW9/YLG2Vt3d29/YrB4cPOskUB5cnMlHtgGmQIgYXBUpopwpYFEhoBcObqd8agdIiie9xnIIfsX4sQsEZGunRGwHPPRwAskm33q1U7Zo9A10mTkGqpECzW/nyegnPIoiRS6Z1x7FT9HOmUHAJk7KXaUgZH7I+dAyNWQTaz2dXT+ipUXo0TJSpGOlM/T2Rs0jrcRSYzojhQC96U/E/r5NheOnnIk4zhJjPF4WZpJjQaQS0JxRwlGNDGFfC3Er5gCnG0QRVNiE4iy8vE7deu6o5d+fVxnWRRokckxNyRhxyQRrkljSJSzhR5Jm8kjfryXqx3q2PeeuKVcwckT+wPn8AFaySbw==</latexit>

~✓3
<latexit sha1_base64="8aikBEZ5rbEmOydw0iZ1hdtMsq8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8lUQF9Vb04rGCsYUmls120i7dbMLupFJC/4cXDype/THe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/sPOskUA48lIlGtkGoQXIKHHAW0UgU0DgU0w8HNxG8OQWmeyHscpRDEtCd5xBlFIz36Q2C5j31AOu6cdSpVp+ZMYS8StyBVUqDRqXz53YRlMUhkgmrddp0Ug5wq5EzAuOxnGlLKBrQHbUMljUEH+fTqsX1slK4dJcqURHuq/p7Iaaz1KA5NZ0yxr+e9ifif184wugxyLtMMQbLZoigTNib2JAK7yxUwFCNDKFPc3GqzPlWUoQmqbEJw519eJN5p7arm3p1X69dFGiVySI7ICXHJBamTW9IgHmFEkWfySt6sJ+vFerc+Zq1LVjFzQP7A+vwBFy+ScA==</latexit><latexit sha1_base64="8aikBEZ5rbEmOydw0iZ1hdtMsq8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8lUQF9Vb04rGCsYUmls120i7dbMLupFJC/4cXDype/THe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/sPOskUA48lIlGtkGoQXIKHHAW0UgU0DgU0w8HNxG8OQWmeyHscpRDEtCd5xBlFIz36Q2C5j31AOu6cdSpVp+ZMYS8StyBVUqDRqXz53YRlMUhkgmrddp0Ug5wq5EzAuOxnGlLKBrQHbUMljUEH+fTqsX1slK4dJcqURHuq/p7Iaaz1KA5NZ0yxr+e9ifif184wugxyLtMMQbLZoigTNib2JAK7yxUwFCNDKFPc3GqzPlWUoQmqbEJw519eJN5p7arm3p1X69dFGiVySI7ICXHJBamTW9IgHmFEkWfySt6sJ+vFerc+Zq1LVjFzQP7A+vwBFy+ScA==</latexit><latexit sha1_base64="8aikBEZ5rbEmOydw0iZ1hdtMsq8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8lUQF9Vb04rGCsYUmls120i7dbMLupFJC/4cXDype/THe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/sPOskUA48lIlGtkGoQXIKHHAW0UgU0DgU0w8HNxG8OQWmeyHscpRDEtCd5xBlFIz36Q2C5j31AOu6cdSpVp+ZMYS8StyBVUqDRqXz53YRlMUhkgmrddp0Ug5wq5EzAuOxnGlLKBrQHbUMljUEH+fTqsX1slK4dJcqURHuq/p7Iaaz1KA5NZ0yxr+e9ifif184wugxyLtMMQbLZoigTNib2JAK7yxUwFCNDKFPc3GqzPlWUoQmqbEJw519eJN5p7arm3p1X69dFGiVySI7ICXHJBamTW9IgHmFEkWfySt6sJ+vFerc+Zq1LVjFzQP7A+vwBFy+ScA==</latexit><latexit sha1_base64="8aikBEZ5rbEmOydw0iZ1hdtMsq8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8lUQF9Vb04rGCsYUmls120i7dbMLupFJC/4cXDype/THe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/sPOskUA48lIlGtkGoQXIKHHAW0UgU0DgU0w8HNxG8OQWmeyHscpRDEtCd5xBlFIz36Q2C5j31AOu6cdSpVp+ZMYS8StyBVUqDRqXz53YRlMUhkgmrddp0Ug5wq5EzAuOxnGlLKBrQHbUMljUEH+fTqsX1slK4dJcqURHuq/p7Iaaz1KA5NZ0yxr+e9ifif184wugxyLtMMQbLZoigTNib2JAK7yxUwFCNDKFPc3GqzPlWUoQmqbEJw519eJN5p7arm3p1X69dFGiVySI7ICXHJBamTW9IgHmFEkWfySt6sJ+vFerc+Zq1LVjFzQP7A+vwBFy+ScA==</latexit>

~✓(ML)
2

<latexit sha1_base64="W0LyYt+Ef6OsVQ1PJyvdGRRn7qY=">AAAB/XicdVDLSsNAFJ34rPUVFVdugkWom5IUQd0V3bhQqGBsoYlhMr1ph04ezNwUSij4K25cqLj1P9z5N6YPob4OXDiccy/3cPxEcIWm+aHNzS8sLi0XVoqra+sbm/rW9q2KU8nAZrGIZdOnCgSPwEaOApqJBBr6Ahp+73zkN/ogFY+jGxwk4Ia0E/GAM4q55Om7Th9Y5mAXkA696l1Wvro8HHp6yaqYYxjmL/JllcgUdU9/d9oxS0OIkAmqVMsyE3QzKpEzAcOikypIKOvRDrRyGtEQlJuN4w+Ng1xpG0Es84nQGKuzFxkNlRqEfr4ZUuyqn95I/MtrpRicuBmPkhQhYpNHQSoMjI1RF0abS2AoBjmhTPI8q8G6VFKGeWPF2RL+J3a1clqxro9KtbNpGwWyR/ZJmVjkmNTIBakTmzCSkQfyRJ61e+1Re9FeJ6tz2vRmh3yD9vYJJ5GVJw==</latexit><latexit sha1_base64="W0LyYt+Ef6OsVQ1PJyvdGRRn7qY=">AAAB/XicdVDLSsNAFJ34rPUVFVdugkWom5IUQd0V3bhQqGBsoYlhMr1ph04ezNwUSij4K25cqLj1P9z5N6YPob4OXDiccy/3cPxEcIWm+aHNzS8sLi0XVoqra+sbm/rW9q2KU8nAZrGIZdOnCgSPwEaOApqJBBr6Ahp+73zkN/ogFY+jGxwk4Ia0E/GAM4q55Om7Th9Y5mAXkA696l1Wvro8HHp6yaqYYxjmL/JllcgUdU9/d9oxS0OIkAmqVMsyE3QzKpEzAcOikypIKOvRDrRyGtEQlJuN4w+Ng1xpG0Es84nQGKuzFxkNlRqEfr4ZUuyqn95I/MtrpRicuBmPkhQhYpNHQSoMjI1RF0abS2AoBjmhTPI8q8G6VFKGeWPF2RL+J3a1clqxro9KtbNpGwWyR/ZJmVjkmNTIBakTmzCSkQfyRJ61e+1Re9FeJ6tz2vRmh3yD9vYJJ5GVJw==</latexit><latexit sha1_base64="W0LyYt+Ef6OsVQ1PJyvdGRRn7qY=">AAAB/XicdVDLSsNAFJ34rPUVFVdugkWom5IUQd0V3bhQqGBsoYlhMr1ph04ezNwUSij4K25cqLj1P9z5N6YPob4OXDiccy/3cPxEcIWm+aHNzS8sLi0XVoqra+sbm/rW9q2KU8nAZrGIZdOnCgSPwEaOApqJBBr6Ahp+73zkN/ogFY+jGxwk4Ia0E/GAM4q55Om7Th9Y5mAXkA696l1Wvro8HHp6yaqYYxjmL/JllcgUdU9/d9oxS0OIkAmqVMsyE3QzKpEzAcOikypIKOvRDrRyGtEQlJuN4w+Ng1xpG0Es84nQGKuzFxkNlRqEfr4ZUuyqn95I/MtrpRicuBmPkhQhYpNHQSoMjI1RF0abS2AoBjmhTPI8q8G6VFKGeWPF2RL+J3a1clqxro9KtbNpGwWyR/ZJmVjkmNTIBakTmzCSkQfyRJ61e+1Re9FeJ6tz2vRmh3yD9vYJJ5GVJw==</latexit><latexit sha1_base64="W0LyYt+Ef6OsVQ1PJyvdGRRn7qY=">AAAB/XicdVDLSsNAFJ34rPUVFVdugkWom5IUQd0V3bhQqGBsoYlhMr1ph04ezNwUSij4K25cqLj1P9z5N6YPob4OXDiccy/3cPxEcIWm+aHNzS8sLi0XVoqra+sbm/rW9q2KU8nAZrGIZdOnCgSPwEaOApqJBBr6Ahp+73zkN/ogFY+jGxwk4Ia0E/GAM4q55Om7Th9Y5mAXkA696l1Wvro8HHp6yaqYYxjmL/JllcgUdU9/d9oxS0OIkAmqVMsyE3QzKpEzAcOikypIKOvRDrRyGtEQlJuN4w+Ng1xpG0Es84nQGKuzFxkNlRqEfr4ZUuyqn95I/MtrpRicuBmPkhQhYpNHQSoMjI1RF0abS2AoBjmhTPI8q8G6VFKGeWPF2RL+J3a1clqxro9KtbNpGwWyR/ZJmVjkmNTIBakTmzCSkQfyRJ61e+1Re9FeJ6tz2vRmh3yD9vYJJ5GVJw==</latexit>
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p(✓|d) = p(d|✓) p(✓)

p(d)
<latexit sha1_base64="6gzQpoCTXO/TgH/mejcORsTdVUg=">AAACIXicbVBdSwJBFJ21L7Mvq8dehiTQF9mNoEQCqZceDTIFV2R2dlYHZz+YuRvI5m/ppb/SSw8VvkV/plndoLQDA4dzzuXOPU4kuALT/DRyK6tr6xv5zcLW9s7uXnH/4F6FsaSsRUMRyo5DFBM8YC3gIFgnkoz4jmBtZ3Sd+u0HJhUPgzsYR6znk0HAPU4JaKlfrEVlG4YMCH7EbgVfYtuThCZR2dXC3Klgu27Xf3KVSSF1K5N+sWRWzRnwMrEyUkIZmv3i1HZDGvssACqIUl3LjKCXEAmcCjYp2LFiEaEjMmBdTQPiM9VLZidO8IlWXOyFUr8A8Ez9PZEQX6mx7+ikT2CoFr1U/M/rxuBd9BIeRDGwgM4XebHAEOK0L+xyySiIsSaESq7/iumQ6I5At1rQJViLJy+T1mm1VrVuz0qNq6yNPDpCx6iMLHSOGugGNVELUfSEXtAbejeejVfjw5jOozkjmzlEf2B8fQOXnaF0</latexit><latexit sha1_base64="6gzQpoCTXO/TgH/mejcORsTdVUg=">AAACIXicbVBdSwJBFJ21L7Mvq8dehiTQF9mNoEQCqZceDTIFV2R2dlYHZz+YuRvI5m/ppb/SSw8VvkV/plndoLQDA4dzzuXOPU4kuALT/DRyK6tr6xv5zcLW9s7uXnH/4F6FsaSsRUMRyo5DFBM8YC3gIFgnkoz4jmBtZ3Sd+u0HJhUPgzsYR6znk0HAPU4JaKlfrEVlG4YMCH7EbgVfYtuThCZR2dXC3Klgu27Xf3KVSSF1K5N+sWRWzRnwMrEyUkIZmv3i1HZDGvssACqIUl3LjKCXEAmcCjYp2LFiEaEjMmBdTQPiM9VLZidO8IlWXOyFUr8A8Ez9PZEQX6mx7+ikT2CoFr1U/M/rxuBd9BIeRDGwgM4XebHAEOK0L+xyySiIsSaESq7/iumQ6I5At1rQJViLJy+T1mm1VrVuz0qNq6yNPDpCx6iMLHSOGugGNVELUfSEXtAbejeejVfjw5jOozkjmzlEf2B8fQOXnaF0</latexit><latexit sha1_base64="6gzQpoCTXO/TgH/mejcORsTdVUg=">AAACIXicbVBdSwJBFJ21L7Mvq8dehiTQF9mNoEQCqZceDTIFV2R2dlYHZz+YuRvI5m/ppb/SSw8VvkV/plndoLQDA4dzzuXOPU4kuALT/DRyK6tr6xv5zcLW9s7uXnH/4F6FsaSsRUMRyo5DFBM8YC3gIFgnkoz4jmBtZ3Sd+u0HJhUPgzsYR6znk0HAPU4JaKlfrEVlG4YMCH7EbgVfYtuThCZR2dXC3Klgu27Xf3KVSSF1K5N+sWRWzRnwMrEyUkIZmv3i1HZDGvssACqIUl3LjKCXEAmcCjYp2LFiEaEjMmBdTQPiM9VLZidO8IlWXOyFUr8A8Ez9PZEQX6mx7+ikT2CoFr1U/M/rxuBd9BIeRDGwgM4XebHAEOK0L+xyySiIsSaESq7/iumQ6I5At1rQJViLJy+T1mm1VrVuz0qNq6yNPDpCx6iMLHSOGugGNVELUfSEXtAbejeejVfjw5jOozkjmzlEf2B8fQOXnaF0</latexit><latexit sha1_base64="6gzQpoCTXO/TgH/mejcORsTdVUg=">AAACIXicbVBdSwJBFJ21L7Mvq8dehiTQF9mNoEQCqZceDTIFV2R2dlYHZz+YuRvI5m/ppb/SSw8VvkV/plndoLQDA4dzzuXOPU4kuALT/DRyK6tr6xv5zcLW9s7uXnH/4F6FsaSsRUMRyo5DFBM8YC3gIFgnkoz4jmBtZ3Sd+u0HJhUPgzsYR6znk0HAPU4JaKlfrEVlG4YMCH7EbgVfYtuThCZR2dXC3Klgu27Xf3KVSSF1K5N+sWRWzRnwMrEyUkIZmv3i1HZDGvssACqIUl3LjKCXEAmcCjYp2LFiEaEjMmBdTQPiM9VLZidO8IlWXOyFUr8A8Ez9PZEQX6mx7+ikT2CoFr1U/M/rxuBd9BIeRDGwgM4XebHAEOK0L+xyySiIsSaESq7/iumQ6I5At1rQJViLJy+T1mm1VrVuz0qNq6yNPDpCx6iMLHSOGugGNVELUfSEXtAbejeejVfjw5jOozkjmzlEf2B8fQOXnaF0</latexit>

Likelihood

Posterior
Evidence

[GW150914, LSC+VIRGO PRL (2016)]



GW data analysis
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Bayesian approach: model selection
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P (Mi|d) =
P (d|Mi)⇡(Mi)

p(d)
<latexit sha1_base64="lApntEs2meKp5ay/Newnwa+0i/I=">AAACE3icbVDLSsNAFJ34rPUVdelmsAiJi5KIoBuh6MaNUME+oA1hMpm0QyfJMDMRStp/cOOvuHGhiFs37vwbJ20X2nrgwuGce7n3noAzKpXjfBtLyyura+uljfLm1vbOrrm335RpJjBp4JSloh0gSRhNSENRxUibC4LigJFWMLgu/NYDEZKmyb0acuLFqJfQiGKktOSbJ3Xr1qej0IaXsBsJhPO6FY60ZMMup4Vnj8s5t0J77JsVp+pMABeJOyMVMEPdN7+6YYqzmCQKMyRlx3W48nIkFMWMjMvdTBKO8AD1SEfTBMVEevnkpzE81koIo1ToShScqL8nchRLOYwD3Rkj1ZfzXiH+53UyFV14OU14pkiCp4uijEGVwiIgGFJBsGJDTRAWVN8KcR/pZJSOsaxDcOdfXiTN06rrVN27s0rtahZHCRyCI2ABF5yDGrgBddAAGDyCZ/AK3own48V4Nz6mrUvGbOYA/IHx+QMcn5vK</latexit><latexit sha1_base64="lApntEs2meKp5ay/Newnwa+0i/I=">AAACE3icbVDLSsNAFJ34rPUVdelmsAiJi5KIoBuh6MaNUME+oA1hMpm0QyfJMDMRStp/cOOvuHGhiFs37vwbJ20X2nrgwuGce7n3noAzKpXjfBtLyyura+uljfLm1vbOrrm335RpJjBp4JSloh0gSRhNSENRxUibC4LigJFWMLgu/NYDEZKmyb0acuLFqJfQiGKktOSbJ3Xr1qej0IaXsBsJhPO6FY60ZMMup4Vnj8s5t0J77JsVp+pMABeJOyMVMEPdN7+6YYqzmCQKMyRlx3W48nIkFMWMjMvdTBKO8AD1SEfTBMVEevnkpzE81koIo1ToShScqL8nchRLOYwD3Rkj1ZfzXiH+53UyFV14OU14pkiCp4uijEGVwiIgGFJBsGJDTRAWVN8KcR/pZJSOsaxDcOdfXiTN06rrVN27s0rtahZHCRyCI2ABF5yDGrgBddAAGDyCZ/AK3own48V4Nz6mrUvGbOYA/IHx+QMcn5vK</latexit>

P (~✓i|Mi, d) =
P (d|~✓i,Mi)⇡(~✓i)

p(d|Mi)
<latexit sha1_base64="8u4h1AHJ+6Mhv71E12MqhDb+WsM="></latexit><latexit sha1_base64="8u4h1AHJ+6Mhv71E12MqhDb+WsM="></latexit>posterior

priorlikelihood

evidence

Oa,b =
p(Ma|d)
p(Mb|d)

=
p(d|Ma)

p(d|Mb)

⇡(Ma)

⇡(Mb)
<latexit sha1_base64="KT0oY16CIzFDZi5fnUExr4KbQUE="></latexit><latexit sha1_base64="KT0oY16CIzFDZi5fnUExr4KbQUE="></latexit>

Odds ratio: which model is preferred

p(d|Mi) =

Z
d~✓i p(d|~✓i,Mi)⇡(~✓i)

<latexit sha1_base64="cPYywIpNA8OkbX0FBR3DVlsK620="></latexit><latexit sha1_base64="cPYywIpNA8OkbX0FBR3DVlsK620="></latexit>

• Sometimes we have several competing models: Are BHs spining? Is GR or an alternative 
theory? Is there one GW signal in the data or more?  

Probability of model  given observational data Mi d



Identifying number of sources
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• Take a narrow band next to 10mHz: 3 GW signals
•  Perform time-data adaptive (4 months, 5 months, … 10 months) search
• Consider 4 models: 1 GW source, 2 GW sources, 3 GW source, 4 GW sources

Probability of having 
N-sources in the data 
using different data 
duration

PSD of the data (A, E TDI channels)



Time-evolving catalogue building
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[Littenberg+ PRD, 2020]

Number of sources is 
a random variable:
building catalogue of 
sources?



Simulated LISA data in time domain
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Simulated LISA data in time domain
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Simulated LISA data in time domain
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Simulated LISA data in time domain
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Simulated LISA data in time domain
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Simulated LISA data in time domain
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Simulated LISA data in frequency domain
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Full data



“Sangria” in frequency domain
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“Sangria” in frequency domain
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“Sangria” in frequency domain
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“Sangria” in frequency domain
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“Sangria” in time-frequency
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“Sangria” in time-frequency
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LISA: summary
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• LISA: ESA lead mission to be launched in 2034 — your mission, your data

• Data is source dominated, GW signals are strong and long lived

• Possibility of simultaneous observations with ATHENA (X-Ray)

• Multi-band observations of stellar mass black holes

• Testing GR with amazing accuracy

• Looking at the hearts of galaxies far-far away

• Side science: exoplanets in white dwarf binaries, small celestial bodies near 

• Earth orbit, helioseismology (g-modes of sun) 


