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Fundamental aspects of GW physics

• In GR, gravitational waves (GW) are 
wave solutions to Einstein’s equations 
generated from time varying mass 
quadrupoles and propagating at the 
speed of light

LVC, arXiv:1602.03837
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Fundamental aspects of GW physics

• Shape of GW signal carries information 
about  

• binary dynamics and component 
nature 

• non-linear dynamics of space-time 

• final object nature

LVC, arXiv:1602.03837
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How the analysis works in a nutshell
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How the analysis works in a nutshell

p(H|DI) = p(H|I)p(D|HI)

p(D|I)
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Why Bayes’ theorem?
• Gravitational wave events are rare 

• Noise dominated detectors 

• Need to know what we are looking for VERY well to detect it/measure its properties 

• Matched filtering
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Why Bayes’ theorem?
• Matched filtering 

• Faithful models for the coalescence of compact binaries  

• effective-one-body family 

• numerical relativity 

• phenomenological models 

• surrogate models

In general, no alternative theory of GW generation/propagation has been 
developed with a detail and accuracy comparable to GR
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A brief recap of probability theory

• Probability theory operates on logical propositions: 

• Admissible propositions: 

• statements to which one can assign a True (1) or False (0) value 

• A = “The sun is a star” 

• B = “The total mass of GW150914 was 70 Msun”
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Logical operations
• Arbitrarily complex propositions constructed via basic boolean operations 

• Negation (NOT):  

• Conjunction (AND): 

• Disjunction (OR):

Ā

A ·B ⌘ AB

A+B
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Information based inference
• Probabilities are always conditional 

• Probability assignments depend on the “background information”

I: The die is unbiased

p(6|I) = 1
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I’: The die is biased

p(6|I 0) > 1
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The quantitative rules
• From Cox [1] and Jaynes [2]: 

• Product rule 

• Sum rule

p(AB|C) = p(A|BC)p(B|C)

p(A+B|C) = p(A|C) + p(B|C)� p(AB|C)

= p(A|C) + p(B|C) () p(AB|C) = 0
A and B are mutually exclusive (on the information C)

[1] R. T. Cox. Probability, frequency and reasonable expectation. American Journal of Physics, 14(1):1–13, 1946

[2] E. Jaynes. Probability Theory: The Logic of Science. University Press, 2003
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Bayes theorem
• From the product rule 

• Bayes theorem:

p(AB|C) = p(A|BC)p(B|C)

= p(B|AC)p(A|C)

p(A|BC) =
p(B|AC)p(A|C)

p(B|C)
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Bayes theorem

• Define the following statements: 

• A = H: hypothesis 

• B = D: observation 

• C = I: whatever relevant information 

p(H|DI) = p(H|I)p(D|HI)

p(D|I)

posterior prior likelihood

evidence

p(D|I) =
X

i

p(Hi|I)p(D|HiI)

marginalisation
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Model selection
• Consider 2 competing hypotheses (models) 

• Given an observation    , which model is to be preferred? 

H1, H2
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p(H1|DI) = p(H1|I)
p(D|H1I)

p(D|I)
<latexit sha1_base64="MQhyoXzHLLF/5epKjoTLsmhboLs=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCu7DMiKAboWgX7a6CvUA7DJk004ZmZkKSEcq0T+HGV3HjQhG34s63MZ3OQlsPhHz5zzmcnN/jjEplWd/Gyura+sZmbiu/vbO7t28eHLZkFAtMmjhikeh4SBJGQ9JUVDHS4YKgwGOk7Y1uZ/n2AxGSRuG9GnPiBGgQUp9ipLTkmme8WHPtSbVegtdwzvVSzxcIJ7xYneg3rJemKevbNQtW2UoDLoOdQQFk0XDNr14/wnFAQoUZkrJrW1w5CRKKYkam+V4sCUd4hAakqzFEAZFOkq41hada6UM/EvqECqbq744EBVKOA09XBkgN5WJuJv6X68bKv3ISGvJYkRDPB/kxgyqCM49gnwqCFRtrQFhQ/VeIh0h7orSTeW2CvbjyMrTOy7ZVtu8uCpWbzI4cOAYnoAhscAkqoAYaoAkweATP4BW8GU/Gi/FufMxLV4ys5wj8CePzB1TJnF4=</latexit><latexit sha1_base64="MQhyoXzHLLF/5epKjoTLsmhboLs=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCu7DMiKAboWgX7a6CvUA7DJk004ZmZkKSEcq0T+HGV3HjQhG34s63MZ3OQlsPhHz5zzmcnN/jjEplWd/Gyura+sZmbiu/vbO7t28eHLZkFAtMmjhikeh4SBJGQ9JUVDHS4YKgwGOk7Y1uZ/n2AxGSRuG9GnPiBGgQUp9ipLTkmme8WHPtSbVegtdwzvVSzxcIJ7xYneg3rJemKevbNQtW2UoDLoOdQQFk0XDNr14/wnFAQoUZkrJrW1w5CRKKYkam+V4sCUd4hAakqzFEAZFOkq41hada6UM/EvqECqbq744EBVKOA09XBkgN5WJuJv6X68bKv3ISGvJYkRDPB/kxgyqCM49gnwqCFRtrQFhQ/VeIh0h7orSTeW2CvbjyMrTOy7ZVtu8uCpWbzI4cOAYnoAhscAkqoAYaoAkweATP4BW8GU/Gi/FufMxLV4ys5wj8CePzB1TJnF4=</latexit><latexit sha1_base64="MQhyoXzHLLF/5epKjoTLsmhboLs=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCu7DMiKAboWgX7a6CvUA7DJk004ZmZkKSEcq0T+HGV3HjQhG34s63MZ3OQlsPhHz5zzmcnN/jjEplWd/Gyura+sZmbiu/vbO7t28eHLZkFAtMmjhikeh4SBJGQ9JUVDHS4YKgwGOk7Y1uZ/n2AxGSRuG9GnPiBGgQUp9ipLTkmme8WHPtSbVegtdwzvVSzxcIJ7xYneg3rJemKevbNQtW2UoDLoOdQQFk0XDNr14/wnFAQoUZkrJrW1w5CRKKYkam+V4sCUd4hAakqzFEAZFOkq41hada6UM/EvqECqbq744EBVKOA09XBkgN5WJuJv6X68bKv3ISGvJYkRDPB/kxgyqCM49gnwqCFRtrQFhQ/VeIh0h7orSTeW2CvbjyMrTOy7ZVtu8uCpWbzI4cOAYnoAhscAkqoAYaoAkweATP4BW8GU/Gi/FufMxLV4ys5wj8CePzB1TJnF4=</latexit><latexit sha1_base64="MQhyoXzHLLF/5epKjoTLsmhboLs=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCu7DMiKAboWgX7a6CvUA7DJk004ZmZkKSEcq0T+HGV3HjQhG34s63MZ3OQlsPhHz5zzmcnN/jjEplWd/Gyura+sZmbiu/vbO7t28eHLZkFAtMmjhikeh4SBJGQ9JUVDHS4YKgwGOk7Y1uZ/n2AxGSRuG9GnPiBGgQUp9ipLTkmme8WHPtSbVegtdwzvVSzxcIJ7xYneg3rJemKevbNQtW2UoDLoOdQQFk0XDNr14/wnFAQoUZkrJrW1w5CRKKYkam+V4sCUd4hAakqzFEAZFOkq41hada6UM/EvqECqbq744EBVKOA09XBkgN5WJuJv6X68bKv3ISGvJYkRDPB/kxgyqCM49gnwqCFRtrQFhQ/VeIh0h7orSTeW2CvbjyMrTOy7ZVtu8uCpWbzI4cOAYnoAhscAkqoAYaoAkweATP4BW8GU/Gi/FufMxLV4ys5wj8CePzB1TJnF4=</latexit>

p(H2|DI) = p(H2|I)
p(D|H2I)

p(D|I)
<latexit sha1_base64="5rX0BkBVuAqhHgLowFjlbSXJMlg=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2AR2oVlpgi6EYp20e4q2Au0Q8mkmTY0MxOSjFCmfQo3voobF4q4FXe+jel0Ftp6IOTLf87h5PwuZ1Qqy/o2MmvrG5tb2e3czu7e/oF5eNSSYSQwaeKQhaLjIkkYDUhTUcVIhwuCfJeRtju+nefbD0RIGgb3asKJ46NhQD2KkdJS3zznhVq/PK3Wi/AaLrhe7HkC4ZgXqlP9hvXiLGF99828VbKSgKtgp5AHaTT65ldvEOLIJ4HCDEnZtS2unBgJRTEjs1wvkoQjPEZD0tUYIJ9IJ07WmsEzrQygFwp9AgUT9XdHjHwpJ76rK32kRnI5Nxf/y3Uj5V05MQ14pEiAF4O8iEEVwrlHcEAFwYpNNCAsqP4rxCOkPVHayZw2wV5eeRVa5ZJtley7i3zlJrUjC07AKSgAG1yCCqiBBmgCDB7BM3gFb8aT8WK8Gx+L0oyR9hyDP2F8/gBZpZxh</latexit><latexit sha1_base64="5rX0BkBVuAqhHgLowFjlbSXJMlg=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2AR2oVlpgi6EYp20e4q2Au0Q8mkmTY0MxOSjFCmfQo3voobF4q4FXe+jel0Ftp6IOTLf87h5PwuZ1Qqy/o2MmvrG5tb2e3czu7e/oF5eNSSYSQwaeKQhaLjIkkYDUhTUcVIhwuCfJeRtju+nefbD0RIGgb3asKJ46NhQD2KkdJS3zznhVq/PK3Wi/AaLrhe7HkC4ZgXqlP9hvXiLGF99828VbKSgKtgp5AHaTT65ldvEOLIJ4HCDEnZtS2unBgJRTEjs1wvkoQjPEZD0tUYIJ9IJ07WmsEzrQygFwp9AgUT9XdHjHwpJ76rK32kRnI5Nxf/y3Uj5V05MQ14pEiAF4O8iEEVwrlHcEAFwYpNNCAsqP4rxCOkPVHayZw2wV5eeRVa5ZJtley7i3zlJrUjC07AKSgAG1yCCqiBBmgCDB7BM3gFb8aT8WK8Gx+L0oyR9hyDP2F8/gBZpZxh</latexit><latexit sha1_base64="5rX0BkBVuAqhHgLowFjlbSXJMlg=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2AR2oVlpgi6EYp20e4q2Au0Q8mkmTY0MxOSjFCmfQo3voobF4q4FXe+jel0Ftp6IOTLf87h5PwuZ1Qqy/o2MmvrG5tb2e3czu7e/oF5eNSSYSQwaeKQhaLjIkkYDUhTUcVIhwuCfJeRtju+nefbD0RIGgb3asKJ46NhQD2KkdJS3zznhVq/PK3Wi/AaLrhe7HkC4ZgXqlP9hvXiLGF99828VbKSgKtgp5AHaTT65ldvEOLIJ4HCDEnZtS2unBgJRTEjs1wvkoQjPEZD0tUYIJ9IJ07WmsEzrQygFwp9AgUT9XdHjHwpJ76rK32kRnI5Nxf/y3Uj5V05MQ14pEiAF4O8iEEVwrlHcEAFwYpNNCAsqP4rxCOkPVHayZw2wV5eeRVa5ZJtley7i3zlJrUjC07AKSgAG1yCCqiBBmgCDB7BM3gFb8aT8WK8Gx+L0oyR9hyDP2F8/gBZpZxh</latexit><latexit sha1_base64="5rX0BkBVuAqhHgLowFjlbSXJMlg=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2AR2oVlpgi6EYp20e4q2Au0Q8mkmTY0MxOSjFCmfQo3voobF4q4FXe+jel0Ftp6IOTLf87h5PwuZ1Qqy/o2MmvrG5tb2e3czu7e/oF5eNSSYSQwaeKQhaLjIkkYDUhTUcVIhwuCfJeRtju+nefbD0RIGgb3asKJ46NhQD2KkdJS3zznhVq/PK3Wi/AaLrhe7HkC4ZgXqlP9hvXiLGF99828VbKSgKtgp5AHaTT65ldvEOLIJ4HCDEnZtS2unBgJRTEjs1wvkoQjPEZD0tUYIJ9IJ07WmsEzrQygFwp9AgUT9XdHjHwpJ76rK32kRnI5Nxf/y3Uj5V05MQ14pEiAF4O8iEEVwrlHcEAFwYpNNCAsqP4rxCOkPVHayZw2wV5eeRVa5ZJtley7i3zlJrUjC07AKSgAG1yCCqiBBmgCDB7BM3gFb8aT8WK8Gx+L0oyR9hyDP2F8/gBZpZxh</latexit>
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Model selection
• The troublesome term 

• Simplifies taking the ratio 

• The validity of GR in GW-based tests is quantified by the Bayes factor

p(D|I) =
X

i

p(Hi|I)p(D|HiI)
<latexit sha1_base64="yi9bql7SYzVbfFhNKvTYG5LajtU=">AAACC3icbZDLSgMxFIYzXmu9jbp0E1qEdlNmRNCNUNRFu6tgL9AOQybNtKFJZkgyQhm7d+OruHGhiFtfwJ1vY9rOQlt/CPx85xxOzh/EjCrtON/Wyura+sZmbiu/vbO7t28fHLZUlEhMmjhikewESBFGBWlqqhnpxJIgHjDSDkbX03r7nkhFI3GnxzHxOBoIGlKMtEG+XYhLNw/1MryEPZVwn8K4VPOpIVNuHKyXfbvoVJyZ4LJxM1MEmRq+/dXrRzjhRGjMkFJd14m1lyKpKWZkku8lisQIj9CAdI0ViBPlpbNbJvDEkD4MI2me0HBGf0+kiCs15oHp5EgP1WJtCv+rdRMdXngpFXGiicDzRWHCoI7gNBjYp5JgzcbGICyp+SvEQyQR1ia+vAnBXTx52bROK65TcW/PitWrLI4cOAYFUAIuOAdVUAMN0AQYPIJn8ArerCfrxXq3PuatK1Y2cwT+yPr8Ae/EmG8=</latexit><latexit sha1_base64="yi9bql7SYzVbfFhNKvTYG5LajtU=">AAACC3icbZDLSgMxFIYzXmu9jbp0E1qEdlNmRNCNUNRFu6tgL9AOQybNtKFJZkgyQhm7d+OruHGhiFtfwJ1vY9rOQlt/CPx85xxOzh/EjCrtON/Wyura+sZmbiu/vbO7t28fHLZUlEhMmjhikewESBFGBWlqqhnpxJIgHjDSDkbX03r7nkhFI3GnxzHxOBoIGlKMtEG+XYhLNw/1MryEPZVwn8K4VPOpIVNuHKyXfbvoVJyZ4LJxM1MEmRq+/dXrRzjhRGjMkFJd14m1lyKpKWZkku8lisQIj9CAdI0ViBPlpbNbJvDEkD4MI2me0HBGf0+kiCs15oHp5EgP1WJtCv+rdRMdXngpFXGiicDzRWHCoI7gNBjYp5JgzcbGICyp+SvEQyQR1ia+vAnBXTx52bROK65TcW/PitWrLI4cOAYFUAIuOAdVUAMN0AQYPIJn8ArerCfrxXq3PuatK1Y2cwT+yPr8Ae/EmG8=</latexit><latexit sha1_base64="yi9bql7SYzVbfFhNKvTYG5LajtU=">AAACC3icbZDLSgMxFIYzXmu9jbp0E1qEdlNmRNCNUNRFu6tgL9AOQybNtKFJZkgyQhm7d+OruHGhiFtfwJ1vY9rOQlt/CPx85xxOzh/EjCrtON/Wyura+sZmbiu/vbO7t28fHLZUlEhMmjhikewESBFGBWlqqhnpxJIgHjDSDkbX03r7nkhFI3GnxzHxOBoIGlKMtEG+XYhLNw/1MryEPZVwn8K4VPOpIVNuHKyXfbvoVJyZ4LJxM1MEmRq+/dXrRzjhRGjMkFJd14m1lyKpKWZkku8lisQIj9CAdI0ViBPlpbNbJvDEkD4MI2me0HBGf0+kiCs15oHp5EgP1WJtCv+rdRMdXngpFXGiicDzRWHCoI7gNBjYp5JgzcbGICyp+SvEQyQR1ia+vAnBXTx52bROK65TcW/PitWrLI4cOAYFUAIuOAdVUAMN0AQYPIJn8ArerCfrxXq3PuatK1Y2cwT+yPr8Ae/EmG8=</latexit><latexit sha1_base64="yi9bql7SYzVbfFhNKvTYG5LajtU=">AAACC3icbZDLSgMxFIYzXmu9jbp0E1qEdlNmRNCNUNRFu6tgL9AOQybNtKFJZkgyQhm7d+OruHGhiFtfwJ1vY9rOQlt/CPx85xxOzh/EjCrtON/Wyura+sZmbiu/vbO7t28fHLZUlEhMmjhikewESBFGBWlqqhnpxJIgHjDSDkbX03r7nkhFI3GnxzHxOBoIGlKMtEG+XYhLNw/1MryEPZVwn8K4VPOpIVNuHKyXfbvoVJyZ4LJxM1MEmRq+/dXrRzjhRGjMkFJd14m1lyKpKWZkku8lisQIj9CAdI0ViBPlpbNbJvDEkD4MI2me0HBGf0+kiCs15oHp5EgP1WJtCv+rdRMdXngpFXGiicDzRWHCoI7gNBjYp5JgzcbGICyp+SvEQyQR1ia+vAnBXTx52bROK65TcW/PitWrLI4cOAYFUAIuOAdVUAMN0AQYPIJn8ArerCfrxXq3PuatK1Y2cwT+yPr8Ae/EmG8=</latexit>

O12 =
p(H1|I)p(D|H1I)

p(H2|I)p(D|H2I)
=

p(H1|I)
p(H2|I)

B12
<latexit sha1_base64="bngykZNNDe8Ch0TiY0WkUMkp7CI="></latexit><latexit sha1_base64="bngykZNNDe8Ch0TiY0WkUMkp7CI="></latexit><latexit sha1_base64="bngykZNNDe8Ch0TiY0WkUMkp7CI="></latexit><latexit sha1_base64="bngykZNNDe8Ch0TiY0WkUMkp7CI="></latexit>

Bayes’ factor
prior odds



Walter Del Pozzo June 14th 2021, ISAPP school

Model selection
• If the model      depends on a set of parameters      need to marginalise over 

them 

• Odds ratio 

• Integrals are complicated to compute, dedicated stochastic samplers

Hi
<latexit sha1_base64="RK6tMOZxx6ELHaUJ//auteCmvvM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpoTHgg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVc+tevfXlfptHkcRzuAcLsGDGtShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHxdwjag=</latexit><latexit sha1_base64="RK6tMOZxx6ELHaUJ//auteCmvvM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpoTHgg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVc+tevfXlfptHkcRzuAcLsGDGtShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHxdwjag=</latexit><latexit sha1_base64="RK6tMOZxx6ELHaUJ//auteCmvvM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpoTHgg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVc+tevfXlfptHkcRzuAcLsGDGtShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHxdwjag=</latexit><latexit sha1_base64="RK6tMOZxx6ELHaUJ//auteCmvvM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpoTHgg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVc+tevfXlfptHkcRzuAcLsGDGtShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHxdwjag=</latexit>

✓i
<latexit sha1_base64="69Cwcaham9M/tUrpfobI6ehtXNA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhsw9neoUQ8hNePCji1d/x5t84SfagiQUNRVU33V1BqqQh1/12CmvrG5tbxe3Szu7e/kH58KhpkkwLbIhEJbodcINKxtggSQrbqUYeBQpbweh25reeUBuZxA80TtGP+CCWoRScrNTu0hCJ92SvXHGr7hxslXg5qUCOeq/81e0nIoswJqG4MR3PTcmfcE1SKJyWupnBlIsRH2DH0phHaPzJ/N4pO7NKn4WJthUTm6u/JyY8MmYcBbYz4jQ0y95M/M/rZBRe+xMZpxlhLBaLwkwxStjsedaXGgWpsSVcaGlvZWLINRdkIyrZELzll1dJ86LquVXv/rJSu8njKMIJnMI5eHAFNbiDOjRAgIJneIU359F5cd6dj0VrwclnjuEPnM8fIlaQBA==</latexit><latexit sha1_base64="69Cwcaham9M/tUrpfobI6ehtXNA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhsw9neoUQ8hNePCji1d/x5t84SfagiQUNRVU33V1BqqQh1/12CmvrG5tbxe3Szu7e/kH58KhpkkwLbIhEJbodcINKxtggSQrbqUYeBQpbweh25reeUBuZxA80TtGP+CCWoRScrNTu0hCJ92SvXHGr7hxslXg5qUCOeq/81e0nIoswJqG4MR3PTcmfcE1SKJyWupnBlIsRH2DH0phHaPzJ/N4pO7NKn4WJthUTm6u/JyY8MmYcBbYz4jQ0y95M/M/rZBRe+xMZpxlhLBaLwkwxStjsedaXGgWpsSVcaGlvZWLINRdkIyrZELzll1dJ86LquVXv/rJSu8njKMIJnMI5eHAFNbiDOjRAgIJneIU359F5cd6dj0VrwclnjuEPnM8fIlaQBA==</latexit><latexit sha1_base64="69Cwcaham9M/tUrpfobI6ehtXNA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhsw9neoUQ8hNePCji1d/x5t84SfagiQUNRVU33V1BqqQh1/12CmvrG5tbxe3Szu7e/kH58KhpkkwLbIhEJbodcINKxtggSQrbqUYeBQpbweh25reeUBuZxA80TtGP+CCWoRScrNTu0hCJ92SvXHGr7hxslXg5qUCOeq/81e0nIoswJqG4MR3PTcmfcE1SKJyWupnBlIsRH2DH0phHaPzJ/N4pO7NKn4WJthUTm6u/JyY8MmYcBbYz4jQ0y95M/M/rZBRe+xMZpxlhLBaLwkwxStjsedaXGgWpsSVcaGlvZWLINRdkIyrZELzll1dJ86LquVXv/rJSu8njKMIJnMI5eHAFNbiDOjRAgIJneIU359F5cd6dj0VrwclnjuEPnM8fIlaQBA==</latexit><latexit sha1_base64="69Cwcaham9M/tUrpfobI6ehtXNA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhsw9neoUQ8hNePCji1d/x5t84SfagiQUNRVU33V1BqqQh1/12CmvrG5tbxe3Szu7e/kH58KhpkkwLbIhEJbodcINKxtggSQrbqUYeBQpbweh25reeUBuZxA80TtGP+CCWoRScrNTu0hCJ92SvXHGr7hxslXg5qUCOeq/81e0nIoswJqG4MR3PTcmfcE1SKJyWupnBlIsRH2DH0phHaPzJ/N4pO7NKn4WJthUTm6u/JyY8MmYcBbYz4jQ0y95M/M/rZBRe+xMZpxlhLBaLwkwxStjsedaXGgWpsSVcaGlvZWLINRdkIyrZELzll1dJ86LquVXv/rJSu8njKMIJnMI5eHAFNbiDOjRAgIJneIU359F5cd6dj0VrwclnjuEPnM8fIlaQBA==</latexit>

p(D|HiI) =

Z

⇥
d✓i p(✓i|HiI)p(D|✓iHiI)

<latexit sha1_base64="CyRu65jRuhI7PpAgSv8Jv2PVWuc="></latexit><latexit sha1_base64="CyRu65jRuhI7PpAgSv8Jv2PVWuc="></latexit><latexit sha1_base64="CyRu65jRuhI7PpAgSv8Jv2PVWuc="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="QWSMq4WDhw0Z9/cm5dqq6MlKBYY=">AAACLHicbVDLSgMxFL1T37Xq6NZNsAgVpMy40Y0g6EI3otCq0ClDJk3b0ExmSO4IpfWv3Pgb7nTjQhE/w0wfoNUDISfn3JvkniiVwqDnvTiFufmFxaXlleJqaW19w90s3Zgk04zXWSITfRdRw6VQvI4CJb9LNadxJPlt1DvN/dt7ro1IVA37KW/GtKNEWzCKVgrdy7RyNiTnoSAXe+SYBEJhGNS6HClpBZjvoQj2CUkr09NwUpw3TrXpBSR0y17VG4H8Jf6ElGGCq9B9DloJy2KukElqTMP3UmwOqEbBJH8oBpnhKWU92uENSxWNuWkORnM/kF2rtEg70XYpJCP1Z8eAxsb048hWxhS7ZtbLxf+8Robto+ZAqDRDrtj4oXYmCSYkD5G0hOYMZd8SyrSwfyWsSzVlaKMu2hD82ZH/kpuDqu9V/WsPlmEbdqACPhzCCZzDFdSBwSO8wjt8OE/Om/M5jqvgTHLbgl9wvr4BgmSnLg==</latexit><latexit sha1_base64="QWSMq4WDhw0Z9/cm5dqq6MlKBYY=">AAACLHicbVDLSgMxFL1T37Xq6NZNsAgVpMy40Y0g6EI3otCq0ClDJk3b0ExmSO4IpfWv3Pgb7nTjQhE/w0wfoNUDISfn3JvkniiVwqDnvTiFufmFxaXlleJqaW19w90s3Zgk04zXWSITfRdRw6VQvI4CJb9LNadxJPlt1DvN/dt7ro1IVA37KW/GtKNEWzCKVgrdy7RyNiTnoSAXe+SYBEJhGNS6HClpBZjvoQj2CUkr09NwUpw3TrXpBSR0y17VG4H8Jf6ElGGCq9B9DloJy2KukElqTMP3UmwOqEbBJH8oBpnhKWU92uENSxWNuWkORnM/kF2rtEg70XYpJCP1Z8eAxsb048hWxhS7ZtbLxf+8Robto+ZAqDRDrtj4oXYmCSYkD5G0hOYMZd8SyrSwfyWsSzVlaKMu2hD82ZH/kpuDqu9V/WsPlmEbdqACPhzCCZzDFdSBwSO8wjt8OE/Om/M5jqvgTHLbgl9wvr4BgmSnLg==</latexit><latexit sha1_base64="AUOud/Q5XD8mNNleVQL7QDab4rk="></latexit><latexit sha1_base64="CyRu65jRuhI7PpAgSv8Jv2PVWuc="></latexit><latexit sha1_base64="CyRu65jRuhI7PpAgSv8Jv2PVWuc="></latexit><latexit sha1_base64="CyRu65jRuhI7PpAgSv8Jv2PVWuc="></latexit><latexit sha1_base64="CyRu65jRuhI7PpAgSv8Jv2PVWuc="></latexit><latexit sha1_base64="CyRu65jRuhI7PpAgSv8Jv2PVWuc="></latexit><latexit sha1_base64="CyRu65jRuhI7PpAgSv8Jv2PVWuc="></latexit>

Oij =
p(Hi|I)
p(Hj |I)

R
⇥i

d✓i p(✓i|HiI)p(D|✓iHiI)R
⇥j

d✓j p(✓j |HjI)p(D|✓jHjI)
<latexit sha1_base64="IxsmlT/ZLy79KqURxkCtYIMVx1U="></latexit><latexit sha1_base64="IxsmlT/ZLy79KqURxkCtYIMVx1U="></latexit><latexit sha1_base64="IxsmlT/ZLy79KqURxkCtYIMVx1U="></latexit><latexit sha1_base64="IxsmlT/ZLy79KqURxkCtYIMVx1U="></latexit>



Walter Del Pozzo

Tests of general relativity and black hole nature
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Why testing general relativity

• GR is non renormalisable 

• higher order terms in the action (small 
scale) 

• Dark matter & dark energy 

• signature of modified gravity(large scale)? 

• GR is extremely well tested in between these 
regimes (Will, arXiv:1403.7377, Psaltis, arXiv: 
0806.1531)

Weisberg & Taylor, arXiv:0407149
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Double pulsar PSR J0737-3039
• Before GWs, state-of-art from PSR J0737-3039 

timing 

• Compare time of arrivals (TOAs) with GR prediction 

• Damour-Deruelle (DD, 1986) model 

• Exquisite constraints O(0.1%) on conservative 
dynamics 

• Weak field test
Kramer+,arXiv:0609417
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Gravitational strong-field

• Field strength 

• Curvature (Kretschmann scalar) 

• Gravitational waves from binary black holes are 
the optimal probes

Baker et al,arXiv:1412.3455

✏ =
GM

c2R

⇠ = (R↵���R
↵���)1/2
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Gravitational strong-field

Yunes et al,arXiv:1603.08955

space-time is dynamic!
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Extensions of GR
• Alternative theories 

• Introduce extra degrees of freedom: 

• additional fields 

• higher-curvature terms 

• Challenge GR assumptions: 

• Lorentz invariance 

• Equivalence principle 

• Need tests in the strong-field

Berti et al, arXiv:1501.07274

Lovelock theorem: In 4D, the only 
divergence free symmetric rank-2 tensor 

constructed only by the metric and its 
derivatives up to 2nd order and preserving 
diffeomorphism invariance is the Einstein 

tensor plus a constant.
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GW templates in GR

• Analytical, parametric description of GW 
solution in GR 

• Suitable for detection, parameter estimation 
and parametric tests of general relativity

h(f ; ✓) = A(f ; ✓)ei�(f ;✓)

�(f ; ✓) ⌘ �(f ;m1,m2,~s1,~s2)
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GW in alternative gravity
• Alternative to GR introduce extra-fields, curvature terms, challenge GR pillars, … 

• Almost no full solution in non-GR known (but see Okounkova et al, arXiv:1705.07924) 

• GW generation 

• non-GR action (extra fields, higher curvature, …) 

• non-BH sources 

• Propagation (Lorentz violations, graviton mass, …):  

• GR-like BBH dynamics, but modified GW propagation 

• non-BHs (extra-fields, exotic objects):  

• tidal deformability 

• ringdown spectrum  

• echoes
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non-GR effects on the inspiral waveform
• Alternative theories of gravity/non-BHs 

modify the waveform 

• change the       coefficients by 
introducing additional parameters 

• e.g. “massive gravity”  

• add extra orders not present in the GR 
waveform 

• e.g. Brans-Dicke 

• Non-BHs show different merger and 
ringdown spectra

'
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Strategies

• Two strategies to test GR 

1. Self-consistency tests: perturb around GR and check for evidence of 
inconsistencies (e.g. Li+, arXiv:1110.0530) 

2. Targeted tests: assume an alternative theory of gravity and try to constrain 
its parameters (e.g. Del Pozzo+, arXiv:1101.1391)
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The LVK strategy

• No alternative theory of gravity extensively studied as GR 

• No full IMR models available 

• Rely on “perturbations around GR” 

• Non-committal unmodelled constraints 

• What if something is so “non-GR” that we cannot detect it?
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A word of caution

• GR is not the only assumption entering the analysis 

• Noise properties 

• Detector calibration/characterisation 

• When defining a “non-GR” hypothesis, we are questioning all of the 
assumptions defining the analysis 

• The detection of a violation of GR does not imply that GR is violated but that at 
least one of our  assumptions is
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Residuals test

• Study the residual strain after subtracting the 
best-fit template for each event 

• sensitive to any modeling systematics 

• deviation from GR 

• waveform  

• noise 

• In the absence of systematics the residual 
SNR p-value should be uniformly distributed
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Residuals test
• subtract the maximum likelihood (best-fit) 

GRbased waveform from the data 

• use BayesWave to place a 90%-credible upper-
limit on the leftover coherent signal-to-noise ratio 
(SNR) 

• p-value for noise-producing coherent power with 
  greater than or equal to the residual 

value : . 

•
fitting factor 

SNRn
90
SNR90 p = P(SNRn

90 ≥ SNR90 |noise)

FF90 =
SNRGR

SNR2
res + SNR2

GR
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Parametrised tests of GR
• GW waveforms are expressed in terms of effective series, for the 

Phenom family: 

• Modified theories of gravity change the series (e.g. PPE: Yunes & 
Pretorius, arXiv:0909.3328, Cornish+,arXiv:1105.2088) 

• Perturb the GW phase around GR (Li+,arXiv:1110.0530, 
Agathos+,arXiv:1311.0420) 

• Bound violations by computing posterior distributions for the        
in concert with the physical parameters of the system

h(f ; ✓) = A(f ; ✓)ei�(f ;✓)

�(f ; ✓) =
7X

k=0

('k + '(l)
k )f (k�5)/3 +

X

i 6=k

'ig(f)

'j ⌘ 'j(m1,m2,~s1,~s2)

h(f ; ✓) = A(f ; ✓)ei�(f ;✓)

�(f ; ✓) =
7X

k=0

('k + '(l)
k )f (k�5)/3 +

X

i 6=k

'ig(f)

'j ⌘ 'j(m1,m2,~s1,~s2)

post-Newtonian series effective series

effective
post-N

ew
tonian

'̂j ⌘ 'GR
j (1 + �'̂j)

�'̂j

LVC, arXiv:1602.03841

�'̂j = 0 () GR
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post-Newtonian series
• Dynamical constraints on post-Newtonian series  

• Constraints on non-linear dynamics of space-time

LVC, https://dcc.ligo.org/public/0166/P2000091/010/o3a_tgr.pdf
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Parametrised tests of GR

Energy/Frequency

LVC, https://dcc.ligo.org/public/0166/P2000091/010/o3a_tgr.pdf
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Reconstructed waveform consistency

• The comparison of the final mass and spin 
predicted from the “inspiral” with the ones 
measured directly from the “merger-
ringdown” is a consistency test on the 
waveform (Ghosh et al, 2016) and thus, 
on the corresponding GR solution
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IMR consistency test

• “Inspiral” analysis: infer component properties and 
from numerical solution provide predictions for spin 
and mass of remnant (e.g. Healy+, 1406.7295) 

• “Post-inspiral’ analysis: infer remnant properties 

• Verify self-consistency by comparing final mass and 
spin predicted from the “inspiral” with the ones inferred 
from the “post-inspiral” (Ghosh+,1602.02453)

LVC, https://dcc.ligo.org/public/0166/P2000091/010/o3a_tgr.pdf

⇢
�Mf/Mf = 0
�af/af = 0

() GR
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Spin-induced quadrupole moment
• measure of the degree of an object’s 

oblateness due to its spin (Poisson, 
arXiv:97090320).  

• If the object is in an inspiraling binary, this 
effect will become imprinted in the GW 
waveform at various PN orders 

• GR BHs have  

• Boson stars  (Ryan, PRD 1997) 

• Constraints on   can reveal the nature of 
binary components (Krishnendu+, 
arXiv:1701.06318)

κ = 1

κ = 10 − 150

κ

Q ≃ − κa2m3

Krishnendu+, arXiv:1908.02247

δκs =
δκ1 + δκ2

2

Q = − (1 + δκ)a2m3
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Spin-induced quadrupole moment
• Poor constraints due to low spins 

• Posterior mass concentrated around  

• Hierarchical analysis 

• Restricted: all objects have the same  

• Generic: each object has its own  

•  

•

δκs = 0

δκs

δκs

δκs = − 15+15
−19

log10 BKerr,Kerr = 11.7

LVC, https://dcc.ligo.org/public/0166/P2000091/010/o3a_tgr.pdf



Walter Del Pozzo June 14th 2021, ISAPP school

Propagation tests: massive gravity
• Families of alternative theories modify the 

propagation of GW 

• Massive gravity (e.g. Will, arXiv:9709011) 

• GW phase affected 

• GW constrains gravitons Compton wavelength
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Tests of Lorentz Invariance Violations

• Further generalised (e.g. Mirshekari et al, 
arXiv:1110.2720) 

• No evidence for an anomalous GW dispersion

E2 = p2c2 +Ap↵c↵ ↵ � 0

vg/c = 1 + (↵� 1)AE↵�2/2

LVC, https://dcc.ligo.org/public/0166/P2000091/010/o3a_tgr.pdf
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Gravitational wave polarisation states

• Gravitational waves in general relativity are 
transverse, tensorial waves  

• Extensions to general relativity predict up to six 
polarisation states 

• Two transverse tensor states 

• Two longitudinal vector states 

• Two scalar states, one longitudinal and one 
“breathing”

Capozziello & De Laurentis, 2012
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Detector response to polarisation states
• Each polarisation state couples to the detector differently 

• In principle detectable with more than one detector

Tensor Vector Scalar

(breathing)

Antenna response functions h =
6X

k=1

FkhkFk

Courtesy of Max Isi
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Two detectors sensitivity to polarisation states
• Because of their geometry, the two LIGO detectors cannot not discriminate among 

different polarisation states 

• With Virgo detector and/or an electromagnetic counterpart we can

LVC, https://dcc.ligo.org/public/0166/P2000091/010/o3a_tgr.pdf
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GW170817
• Electromagnetic counterpart!
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GW170817 and the speed of gravity
• From  we can measure the speed of GWΔt(GW, EM)

18h

15h 12h
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-30° -30°
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E

N

�3⇥ 10�15  �v

vEM
 7⇥ 10�16

Creminelli, Vernizzi, arXiv:1710.05877  
Sakstein, Jain, arXiv:1710.05893 
Baker et al, arXiv:1710.06394

Many models that could potentially explain  
the accelerated expansion yet evade solar system  

constraints via screening have been ruled out

*

* note that if gravity did not propagate at c,  
timing of binary pulsars would be impossible (Damour & Deruelle 86) 
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On the nature of the remnants 
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GW150914

• Search using exponentially damped 
sinusoids 

• Evidence for a definite frequency and 
characteristic damping time 

• Is this the remnant black hole ringing? 

• Consistency with IMR results suggests 
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QNM frequency (Hz)
0

2

4

6

8

10

12

Q
N

M
de

ca
y

tim
e

(m
s)

1.0 ms
3.0 ms

5.0 ms

6.5 ms

IMR (l = 2,m = 2,n = 0)

LVC, arXiv:1602.03841



Walter Del Pozzo June 14th 2021, ISAPP school

Questions

• Remnant compact object nature;                                                                              
Are we really observing black holes? 

• General Relativity predictions for spectral emission;                                                                         
Is General Relativity a correct description of gravity at high curvatures? 

• Black Hole Uniqueness Theorems;                                                                         
Do non-extremal black holes have additional hairs? 

• Possible quantum horizon effects and classical BH thermodynamics.               
Is our classical description of black holes valid?
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Black hole perturbation theory
• Linear perturbations of the 

Schwarzschild background 

• Einstein’s equations for the perturbation 

• Regge-Wheeler-Zerilli equation 

• Perturbations of Kerr black holes 

• Teukolski equation

Nollert 1999

✓
@2

@t2
� @2

@x2
+ Vlm(x)

◆
 lm(x, t) = 0
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Black hole ringdown

• BH responds to perturbations by 
“ringing” (Vishveshawara 1970, Press 1971, 
Ruffini+1972, Chandrasekhar 1975)  

• Quasi-normal modes excited by light-ring 
crossing (Goebel 1972) 

• Waveform is a superposition of 
exponentially damped sinusoids 
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Ringdown waveform

• Frequencies and damping times spectrum predicted by 
perturbation theory, fixed only by mass and spin (and 
charge) of the black hole 

• Manifestation of the BH uniqueness hypothesis, Berti 
et al, arXiv:0512160 

• Amplitudes and relative phases either predicted by 
numerical relativity or estimated from the data 

• Independent measurement of the final black hole 
parameters, enabling a test of GR predictions

h(t) =
X

nlm

Anlme�
t�t0
⌧nlm cos(!nlm(t� t0) + 'nlm)

Nollert, 2000

Carullo, Del Pozzo, Veitch 2019
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Black hole spectroscopy
• Introduced in Dreyer+,2004 and Berti+,2006 

• Identify central frequency and damping time 
directly from the data 

• Agnostic search 

• Predict central frequency and damping time 
from NR (e.g Jimenez-Forteza+2017) 

• Use Bayes theorem to compute the probability 
that recovered agnostic posterior corresponds 
to given predicted mode 

• Choice of a start time: when is the system’s 
evolution linear? 

• Time domain analysis
Carullo, Del Pozzo, Veitch 2019
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Remnant parameters
• Assume GR predictions: remnant mass and spin reconstruction

Carullo, Del Pozzo, Veitch 2019



Walter Del Pozzo June 14th 2021, ISAPP school

The role of overtones
• Overtones seem to circumvent the problem of 

choosing a start time 

• Ringdown signals with overtones match NR after 
the peak of emission  

Isi+2019Giesler+2019
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GWTC-2

• Multiple ringdown 
searches 

• Multi-modal agnostic 
search: mode 
identification 

• Kerr model search: 
remnant parameter 
estimation

LVC, 2020, arXiv:2010.14529 

Image credit: LIGO-Virgo/Rico Lo
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Testing the nature of the remnant
• GR ringdown spectrum is “over-determined” 

• Mass, spin (and charge) determine whole 
spectrum 

• Consistency test among modes (e.g. 
Gossan+,2012) 

• Allow for deviations like 

• GR implies deviation parameters equal to 0

Carullo, Del Pozzo, Veitch 2019
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Current bounds
• GWTC-2 

• Bounds on: 

•  

•  

• deviations constrained 
to O(50%) 

• More stringent bounds 
are possible with more 
assumptions (e.g. 
Carullo, 2021)

(l, m, n) = (2,2,0)

(l, m, n) = (2,2,1)

LVC, 2020, arXiv:2010.14529 
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Perspectives

• 1.5% accuracy with 6 golden events and 
LV network (design) 

• Similar projections from a full IMR 
investigation (pSEOB)
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The next generation of detectors

• Third generation instruments will detect 
thousands of BBH 

• High SNR  

• Sub-percent accuracy on deviations from BH 
uniqueness hypothesis

Meidam+2014
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Conclusions - I
• LIGO-Virgo observations put constraint to the dynamics of space-time in the 

dynamical high curvature regime 

• Global constraints on GW waveform 

• Constraints on post-Newtonian series 

• Constraints on the nature of components 

• Constraints of GW propagation 

• From GW170817  

• Tests for the presence of additional polarisations 

vGW = c
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Conclusions - II
• LIGO-Virgo ringdown observations can already probe high-curvature regimes of GR theories and 

place competitive bounds on beyond-GR extensions 

• Test Hawking’s Area Theorem (Cabero+ 2018) 

• Test of the Black Hole Uniqueness Theorems 

• Test energy and angular momentum conservation during strong-field gravitational processes 
(Ghosh+ 2017)  

• Extract implication on black hole astrophysics from final mass and spin measurements  

• Test for the presence of alternative compact objects (spacetime signature), alternative theories or 
non-vacuum environment (Cardoso, Pani 2019) 

• Constrain the graviton mass (Chung, Li 2018) 

• Test quantum horizon effects and BH thermodynamics (Foit, Kleban, 2019, Hod 2019, 
Carullo+2021, Laghi+2021)
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Conclusions - II
• LIGO-Virgo ringdown observations can already probe high-curvature regimes of GR theories and 

place competitive bounds on beyond-GR extensions 

• Test Hawking’s Area Theorem (Cabero+ 2018) 

• Test of the Black Hole Uniqueness Theorems 

• Test energy and angular momentum conservation during strong-field gravitational processes 
(Ghosh+ 2017)  

• Extract implication on black hole astrophysics from final mass and spin measurements  

• Test for the presence of alternative compact objects (spacetime signature), alternative theories or 
non-vacuum environment (Cardoso, Pani 2019) 

• Constrain the graviton mass (Chung, Li 2018) 

• Test quantum horizon effects and BH thermodynamics (Foit, Kleban, 2019, Hod 2019, 
Carullo+2021, Laghi+2021)

BBHs and GW behave just like GR predicts !

as far as we can tell

*

*


