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Matched filtering
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 The matched filtering is very sensitive to the phase of GW signal: we are 
tracking phase and amplitude
 Change in the parameters of emitting system -> change in the phase and/or 

amplitude: basic for the parameter estimation
 Mismatch between real signal and a model signal (used as a template) 

translates into a drop in Overlap  -> drop in SNR -> drop in detection rate 
(SNR)^3
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Generation of GWs: short summary
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  Assume slow motion (v<<c)
  Take observe far away (far zone)
  We are interested in the radiative part of gravitational potentials => take “TT” part  

|~x� ~x0| ⇡ R � �GW
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  Use the conservation law Tµ⌫
,⌫ = 0
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Quadrupole formula (Landau & Lifshitz)

mass quadrupole moment 
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 Besides leading order (mass quadrupole) other moments also give contribution. There are 
two types of moments: mass-moments and current-moments
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 Einstein equations are non-linear: grav field is its own source (the red term which we have 
neglected). Post-Newtonian expansion:

gµ⌫ = ⌘µ⌫ + "h(1)
µ⌫ + "2h(2)

µ⌫ + ...
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Solving Einstein  equations iteratively updating the equation of motion at each step
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Gravitational waves: can we attach stress energy tensor? Yes, but it is defined as a quantity 
averaged over several (GW) wavelengths.

TGW
↵� =

1

16
hh+,↵h+,� + h⇥,↵h⇥,�i
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Energy loss (energy flux):  shrinking of binary orbit

Angular momentum loss: circularization of a binary 

Levi-Civita antisymmetric symbol



Generation of GWs: long story 
Post-Newtonian approximation (falling into a rabbit hole)
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• Post-Newtonian (PN) expansion is valid under assumption of slow motion (v/c << 1): 
small parameter of expansion, solving Einstein equations iteratively. 
• this expansion is valid in the near zone of the source (  GW wavelength): PN 

cannot incorporate boundary at infinity (observer) 
L ≤ λGW,

• Post-Minkowskian (PM) expansion: post-linear expansion in  - perturbation of 
Minkowsi metric (or effectively expansion in ) is valid in the weak field: valid in the far 
zone, not valid near source where field is strong

• In addition: we can perform a multipolar expansion of metric (determined at future null 
infinity) . Two types: mass and current multipoles . The radiative multipoles are those 
falling as  as  with the null coordinates .

h
G

1/R R → ∞ t − R /c = const

• The idea is to solve Einstein eqns (for 2-body) iteratively splitting spacetime in 3 regions: 
near zone (PN-formalism), far zone (PM) and some intermediate zone (where we match 
two solutions).  Near zone: PN - solution woth the source, Far zone: PM vacuum solution. 
Intermediate zone: decompose PN solution in multipoles, decompose PM multipoles in 
(v/c) and match order by order: matched assymptotic expansion



Generation of GWs: long story 
Post-Newtonian approximation (falling into a rabbit hole)
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• Einstein eqns can be formulated in , where  is Minkowski metric 
and we use harmonic coordinates  , (use G=c=1)

h̄αβ = −ggαβ − ηαβ ηαβ

∂βh̄αβ = 0

flat s/t 
wave operator Landau-Lifshitz pseudotensor 

(non-linear in metric terms)

• Formal solution



Generation of GWs: long story 
Post-Newtonian approximation (falling into a rabbit hole)
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• Far zone solution: vacuum, retarded multipolar expansion

and  is L-th partial derivative∂L

Interested in spacial part (strain)

mass moments current moments

• In the next iteration: □ h̄αβ
(2) = ταβ

(2)(h̄1, h̄1)

• Gravitational radiation:  terms and also need to take TT (transverse-traceless) part 1/R

• We can also expand in v/c

Il ⇠ MLl

Sl ⇠ MvLl
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• Near zone solution, slow motion

dominant term

 Newtonian potential
M
R

Dipole 
moment

 mass quadrupole 
moment

Ijk

current moments appear in h̄0i

solution

expand in  : multipole expanstion
r′ 

r
≪ 1
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• Match solutions in the near wave zone using near zone solution as boundary

in the near zone we had:   at , use it as a boundary condition to outgoung wave  h̄00 = 6
Ijknjnk

r3
r ≪ λGW

• Note that:  because we work in   h̄00 ≈ 2 [ 1
R

Ijk(t − R)]
, jk

r ≪ λGW

• The outgoing wave solution:  
h̄ij(t − R)

R

• Use harmonic condition  to trade spacial derivatives for time derivatives:  h̄αβ
,β = 0

• Non-linear effects: the non-linear terms on r.h.s — propagation not along null cone of 
flat spacetime: scattering of GWs on the curvature created by a binary system: back-
scattering is continuous procss, it depends on the past history of the system 

•  Multipole expansion and spherical harmonics: in multipole expansion we see 
 — direction of GW propagation, we could use spherical coord. and decompose 

in spherical (spin-weighted) harmonics:
ni = xi /r



Binary system
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Consider binary system on a circular orbit.

m1 > m2, M = m1 +m2
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Use Kepler’s law ! =

r
M

a3
<latexit sha1_base64="sxYTcQtupYD2Ta1IFNiLPnmXASM=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUQF3QhFN26ECvYBTSyT6aQdOpOJMxOhhOzc+CtuXCji1l9w5984abPQ1gMXDufcy733BDGjSjvOtzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMBqRhqaakXYsCeIBI61geJn7rQciFRXRrR7FxOeoH9GQYqSN1LX3PMFJH8Fz6Kl7qVMvlAin11mK7o6zrNy1K07VGQPOErcgFVCg3rW/vJ7ACSeRxgwp1XGdWPspkppiRrKylygSIzxEfdIxNEKcKD8d/5HBA6P0YCikqUjDsfp7IkVcqREPTCdHeqCmvVz8z+skOjzzUxrFiSYRniwKEwa1gHkosEclwZqNDEFYUnMrxANkktAmujwEd/rlWdI8qrpO1b05qdQuijhKYBfsg0PgglNQA1egDhoAg0fwDF7Bm/VkvVjv1sekdc4qZnbAH1ifP3RhmQg=</latexit><latexit sha1_base64="sxYTcQtupYD2Ta1IFNiLPnmXASM=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUQF3QhFN26ECvYBTSyT6aQdOpOJMxOhhOzc+CtuXCji1l9w5984abPQ1gMXDufcy733BDGjSjvOtzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMBqRhqaakXYsCeIBI61geJn7rQciFRXRrR7FxOeoH9GQYqSN1LX3PMFJH8Fz6Kl7qVMvlAin11mK7o6zrNy1K07VGQPOErcgFVCg3rW/vJ7ACSeRxgwp1XGdWPspkppiRrKylygSIzxEfdIxNEKcKD8d/5HBA6P0YCikqUjDsfp7IkVcqREPTCdHeqCmvVz8z+skOjzzUxrFiSYRniwKEwa1gHkosEclwZqNDEFYUnMrxANkktAmujwEd/rlWdI8qrpO1b05qdQuijhKYBfsg0PgglNQA1egDhoAg0fwDF7Bm/VkvVjv1sekdc4qZnbAH1ifP3RhmQg=</latexit><latexit sha1_base64="sxYTcQtupYD2Ta1IFNiLPnmXASM=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUQF3QhFN26ECvYBTSyT6aQdOpOJMxOhhOzc+CtuXCji1l9w5984abPQ1gMXDufcy733BDGjSjvOtzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMBqRhqaakXYsCeIBI61geJn7rQciFRXRrR7FxOeoH9GQYqSN1LX3PMFJH8Fz6Kl7qVMvlAin11mK7o6zrNy1K07VGQPOErcgFVCg3rW/vJ7ACSeRxgwp1XGdWPspkppiRrKylygSIzxEfdIxNEKcKD8d/5HBA6P0YCikqUjDsfp7IkVcqREPTCdHeqCmvVz8z+skOjzzUxrFiSYRniwKEwa1gHkosEclwZqNDEFYUnMrxANkktAmujwEd/rlWdI8qrpO1b05qdQuijhKYBfsg0PgglNQA1egDhoAg0fwDF7Bm/VkvVjv1sekdc4qZnbAH1ifP3RhmQg=</latexit><latexit sha1_base64="sxYTcQtupYD2Ta1IFNiLPnmXASM=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUQF3QhFN26ECvYBTSyT6aQdOpOJMxOhhOzc+CtuXCji1l9w5984abPQ1gMXDufcy733BDGjSjvOtzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMBqRhqaakXYsCeIBI61geJn7rQciFRXRrR7FxOeoH9GQYqSN1LX3PMFJH8Fz6Kl7qVMvlAin11mK7o6zrNy1K07VGQPOErcgFVCg3rW/vJ7ACSeRxgwp1XGdWPspkppiRrKylygSIzxEfdIxNEKcKD8d/5HBA6P0YCikqUjDsfp7IkVcqREPTCdHeqCmvVz8z+skOjzzUxrFiSYRniwKEwa1gHkosEclwZqNDEFYUnMrxANkktAmujwEd/rlWdI8qrpO1b05qdQuijhKYBfsg0PgglNQA1egDhoAg0fwDF7Bm/VkvVjv1sekdc4qZnbAH1ifP3RhmQg=</latexit>

x1 =
m2

M
a cos!t, y1 =

m2

M
a sin!t

x2 = �m1

M
a cos!t, y2 = �m1

M
a sin!t

<latexit sha1_base64="EUBQprwjxD8LFQ/RXa42BtjAmAY="></latexit><latexit sha1_base64="EUBQprwjxD8LFQ/RXa42BtjAmAY="></latexit><latexit sha1_base64="EUBQprwjxD8LFQ/RXa42BtjAmAY="></latexit><latexit sha1_base64="EUBQprwjxD8LFQ/RXa42BtjAmAY="></latexit>

Ijk =

Z
T 00xjxkd

3x =

Z
[�(~x� ~x1)m1 + �(~x� ~x2)m2]xjxkd

3x = m1x
j
1x

k
1 +m2x

j
2x

k
2

<latexit sha1_base64="faM/ioYm1NMMH43Tnldj++CLxzQ="></latexit><latexit sha1_base64="faM/ioYm1NMMH43Tnldj++CLxzQ="></latexit><latexit sha1_base64="faM/ioYm1NMMH43Tnldj++CLxzQ="></latexit><latexit sha1_base64="faM/ioYm1NMMH43Tnldj++CLxzQ="></latexit>

Ïxx = �Ïyy = �2µ (M!)2/3 cos 2!t,

Ïxy = Ïyx = �2µ (M!)2/3 sin 2!t,
<latexit sha1_base64="eXrt44Mwx8PpQQF3HrKh0J/22Qg="></latexit><latexit sha1_base64="eXrt44Mwx8PpQQF3HrKh0J/22Qg="></latexit><latexit sha1_base64="eXrt44Mwx8PpQQF3HrKh0J/22Qg="></latexit><latexit sha1_base64="eXrt44Mwx8PpQQF3HrKh0J/22Qg="></latexit>

µ = m1m2/M
<latexit sha1_base64="vAxQy4sr+18pz3gN1a12YBO22yc=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVZMi6EYounEjVLAPaEOYTCft0JlJmIdQQ7/EjQtF3Pop7vwbJ20W2nrgwuGce7n3nihlVGnP+3ZWVtfWNzZLW+Xtnd29irt/0FaJkZi0cMIS2Y2QIowK0tJUM9JNJUE8YqQTjW9yv/NIpKKJeNCTlAQcDQWNKUbaSqFb6XMDryAPfR7Wz+7KoVv1at4McJn4BamCAs3Q/eoPEmw4ERozpFTP91IdZEhqihmZlvtGkRThMRqSnqUCcaKCbHb4FJ5YZQDjRNoSGs7U3xMZ4kpNeGQ7OdIjtejl4n9ez+j4MsioSI0mAs8XxYZBncA8BTigkmDNJpYgLKm9FeIRkghrm1Uegr/48jJp12u+V/Pvz6uN6yKOEjgCx+AU+OACNMAtaIIWwMCAZ/AK3pwn58V5dz7mrStOMXMI/sD5/AE5p5F9</latexit><latexit sha1_base64="vAxQy4sr+18pz3gN1a12YBO22yc=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVZMi6EYounEjVLAPaEOYTCft0JlJmIdQQ7/EjQtF3Pop7vwbJ20W2nrgwuGce7n3nihlVGnP+3ZWVtfWNzZLW+Xtnd29irt/0FaJkZi0cMIS2Y2QIowK0tJUM9JNJUE8YqQTjW9yv/NIpKKJeNCTlAQcDQWNKUbaSqFb6XMDryAPfR7Wz+7KoVv1at4McJn4BamCAs3Q/eoPEmw4ERozpFTP91IdZEhqihmZlvtGkRThMRqSnqUCcaKCbHb4FJ5YZQDjRNoSGs7U3xMZ4kpNeGQ7OdIjtejl4n9ez+j4MsioSI0mAs8XxYZBncA8BTigkmDNJpYgLKm9FeIRkghrm1Uegr/48jJp12u+V/Pvz6uN6yKOEjgCx+AU+OACNMAtaIIWwMCAZ/AK3pwn58V5dz7mrStOMXMI/sD5/AE5p5F9</latexit><latexit sha1_base64="vAxQy4sr+18pz3gN1a12YBO22yc=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVZMi6EYounEjVLAPaEOYTCft0JlJmIdQQ7/EjQtF3Pop7vwbJ20W2nrgwuGce7n3nihlVGnP+3ZWVtfWNzZLW+Xtnd29irt/0FaJkZi0cMIS2Y2QIowK0tJUM9JNJUE8YqQTjW9yv/NIpKKJeNCTlAQcDQWNKUbaSqFb6XMDryAPfR7Wz+7KoVv1at4McJn4BamCAs3Q/eoPEmw4ERozpFTP91IdZEhqihmZlvtGkRThMRqSnqUCcaKCbHb4FJ5YZQDjRNoSGs7U3xMZ4kpNeGQ7OdIjtejl4n9ez+j4MsioSI0mAs8XxYZBncA8BTigkmDNJpYgLKm9FeIRkghrm1Uegr/48jJp12u+V/Pvz6uN6yKOEjgCx+AU+OACNMAtaIIWwMCAZ/AK3pwn58V5dz7mrStOMXMI/sD5/AE5p5F9</latexit><latexit sha1_base64="vAxQy4sr+18pz3gN1a12YBO22yc=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVZMi6EYounEjVLAPaEOYTCft0JlJmIdQQ7/EjQtF3Pop7vwbJ20W2nrgwuGce7n3nihlVGnP+3ZWVtfWNzZLW+Xtnd29irt/0FaJkZi0cMIS2Y2QIowK0tJUM9JNJUE8YqQTjW9yv/NIpKKJeNCTlAQcDQWNKUbaSqFb6XMDryAPfR7Wz+7KoVv1at4McJn4BamCAs3Q/eoPEmw4ERozpFTP91IdZEhqihmZlvtGkRThMRqSnqUCcaKCbHb4FJ5YZQDjRNoSGs7U3xMZ4kpNeGQ7OdIjtejl4n9ez+j4MsioSI0mAs8XxYZBncA8BTigkmDNJpYgLKm9FeIRkghrm1Uegr/48jJp12u+V/Pvz6uN6yKOEjgCx+AU+OACNMAtaIIWwMCAZ/AK3pwn58V5dz7mrStOMXMI/sD5/AE5p5F9</latexit>

ê✓ = êx cos ✓ � êz sin ✓, ê� = êy.
<latexit sha1_base64="ML5cEHhmmXLaK1WyO4i3XPf/5bo="></latexit><latexit sha1_base64="ML5cEHhmmXLaK1WyO4i3XPf/5bo="></latexit><latexit sha1_base64="ML5cEHhmmXLaK1WyO4i3XPf/5bo="></latexit><latexit sha1_base64="ML5cEHhmmXLaK1WyO4i3XPf/5bo="></latexit>

I✓✓ = Ixx cos
2 ✓, I�� = Iyy, I✓� = Ixy cos ✓.

<latexit sha1_base64="+devOolpAJFhtpeeWaQ5IMPiPw4="></latexit><latexit sha1_base64="+devOolpAJFhtpeeWaQ5IMPiPw4="></latexit><latexit sha1_base64="+devOolpAJFhtpeeWaQ5IMPiPw4="></latexit><latexit sha1_base64="+devOolpAJFhtpeeWaQ5IMPiPw4="></latexit>

h+ = h✓✓ = �2
�
1 + cos2 ✓

� µ

R
(M!)2/3 cos [2!(t�R)� �0]

h⇥ = h✓� = �4 cos ✓
µ

R
(M!)2/3 sin [2!(t�R)� �0]

<latexit sha1_base64="I6jgjmMep1H6RBH9FGyf5vN9kdM="></latexit><latexit sha1_base64="I6jgjmMep1H6RBH9FGyf5vN9kdM="></latexit><latexit sha1_base64="I6jgjmMep1H6RBH9FGyf5vN9kdM="></latexit><latexit sha1_base64="I6jgjmMep1H6RBH9FGyf5vN9kdM="></latexit>

polarization basis



Binary system

13

h+ = h✓✓ = �2
�
1 + cos2 ✓d

� µ

R
(M!)2/3 cos [2!(t�R)� �0]

h⇥ = h✓� = �4 cos ✓d
µ

R
(M!)2/3 sin [2!(t�R)� �0]

<latexit sha1_base64="7zXTNETjN1hwK0ratBpApQXcRYk="></latexit><latexit sha1_base64="7zXTNETjN1hwK0ratBpApQXcRYk="></latexit><latexit sha1_base64="7zXTNETjN1hwK0ratBpApQXcRYk="></latexit><latexit sha1_base64="7zXTNETjN1hwK0ratBpApQXcRYk="></latexit>

m1
<latexit sha1_base64="8mwmwTlTi4jYHpn0mixvhAs/zJM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ30oHpBr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AfrfjZU=</latexit><latexit sha1_base64="8mwmwTlTi4jYHpn0mixvhAs/zJM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ30oHpBr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AfrfjZU=</latexit><latexit sha1_base64="8mwmwTlTi4jYHpn0mixvhAs/zJM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ30oHpBr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AfrfjZU=</latexit><latexit sha1_base64="8mwmwTlTi4jYHpn0mixvhAs/zJM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ30oHpBr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AfrfjZU=</latexit>x

y

z
~k

<latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit>

✓d
<latexit sha1_base64="oQnsVHxH0P1IK3lNZ93FWWtpDnY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTj25nfeeLaiEQ94CTlfkyHSkSCUbRSt48jjnQQDqo1t+7OQVaJV5AaFGgOql/9MGFZzBUySY3peW6Kfk41Cib5tNLPDE8pG9Mh71mqaMyNn8/vnZIzq4QkSrQthWSu/p7IaWzMJA5sZ0xxZJa9mfif18swuvZzodIMuWKLRVEmCSZk9jwJheYM5cQSyrSwtxI2opoytBFVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawEDCM7zCm/PovDjvzseiteQUM8fwB87nDxrCj/8=</latexit><latexit sha1_base64="oQnsVHxH0P1IK3lNZ93FWWtpDnY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTj25nfeeLaiEQ94CTlfkyHSkSCUbRSt48jjnQQDqo1t+7OQVaJV5AaFGgOql/9MGFZzBUySY3peW6Kfk41Cib5tNLPDE8pG9Mh71mqaMyNn8/vnZIzq4QkSrQthWSu/p7IaWzMJA5sZ0xxZJa9mfif18swuvZzodIMuWKLRVEmCSZk9jwJheYM5cQSyrSwtxI2opoytBFVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawEDCM7zCm/PovDjvzseiteQUM8fwB87nDxrCj/8=</latexit><latexit sha1_base64="oQnsVHxH0P1IK3lNZ93FWWtpDnY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTj25nfeeLaiEQ94CTlfkyHSkSCUbRSt48jjnQQDqo1t+7OQVaJV5AaFGgOql/9MGFZzBUySY3peW6Kfk41Cib5tNLPDE8pG9Mh71mqaMyNn8/vnZIzq4QkSrQthWSu/p7IaWzMJA5sZ0xxZJa9mfif18swuvZzodIMuWKLRVEmCSZk9jwJheYM5cQSyrSwtxI2opoytBFVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawEDCM7zCm/PovDjvzseiteQUM8fwB87nDxrCj/8=</latexit><latexit sha1_base64="oQnsVHxH0P1IK3lNZ93FWWtpDnY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTj25nfeeLaiEQ94CTlfkyHSkSCUbRSt48jjnQQDqo1t+7OQVaJV5AaFGgOql/9MGFZzBUySY3peW6Kfk41Cib5tNLPDE8pG9Mh71mqaMyNn8/vnZIzq4QkSrQthWSu/p7IaWzMJA5sZ0xxZJa9mfif18swuvZzodIMuWKLRVEmCSZk9jwJheYM5cQSyrSwtxI2opoytBFVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawEDCM7zCm/PovDjvzseiteQUM8fwB87nDxrCj/8=</latexit>
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~L
<latexit sha1_base64="gmrDWVZOhNZajoLl+aX9luNDE7M=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIigvmA5Ah7m7lkyd7esbsXCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH47u5356g0jyWT2aaoB/RoeQhZ9RYqd2bIMseZv1yxa26C5B14uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4KzUSzUmlI3pELuWShqh9rPFuTNyYZUBCWNlSxqyUH9PZDTSehoFtjOiZqRXvbn4n9dNTXjjZ1wmqUHJlovCVBATk/nvZMAVMiOmllCmuL2VsBFVlBmbUMmG4K2+vE5aV1XPrXqP15X6bR5HEc7gHC7BgxrU4R4a0AQGY3iGV3hzEufFeXc+lq0FJ585hT9wPn8AbwePng==</latexit><latexit sha1_base64="gmrDWVZOhNZajoLl+aX9luNDE7M=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIigvmA5Ah7m7lkyd7esbsXCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH47u5356g0jyWT2aaoB/RoeQhZ9RYqd2bIMseZv1yxa26C5B14uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4KzUSzUmlI3pELuWShqh9rPFuTNyYZUBCWNlSxqyUH9PZDTSehoFtjOiZqRXvbn4n9dNTXjjZ1wmqUHJlovCVBATk/nvZMAVMiOmllCmuL2VsBFVlBmbUMmG4K2+vE5aV1XPrXqP15X6bR5HEc7gHC7BgxrU4R4a0AQGY3iGV3hzEufFeXc+lq0FJ585hT9wPn8AbwePng==</latexit><latexit sha1_base64="gmrDWVZOhNZajoLl+aX9luNDE7M=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIigvmA5Ah7m7lkyd7esbsXCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH47u5356g0jyWT2aaoB/RoeQhZ9RYqd2bIMseZv1yxa26C5B14uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4KzUSzUmlI3pELuWShqh9rPFuTNyYZUBCWNlSxqyUH9PZDTSehoFtjOiZqRXvbn4n9dNTXjjZ1wmqUHJlovCVBATk/nvZMAVMiOmllCmuL2VsBFVlBmbUMmG4K2+vE5aV1XPrXqP15X6bR5HEc7gHC7BgxrU4R4a0AQGY3iGV3hzEufFeXc+lq0FJ585hT9wPn8AbwePng==</latexit><latexit sha1_base64="gmrDWVZOhNZajoLl+aX9luNDE7M=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIigvmA5Ah7m7lkyd7esbsXCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH47u5356g0jyWT2aaoB/RoeQhZ9RYqd2bIMseZv1yxa26C5B14uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4KzUSzUmlI3pELuWShqh9rPFuTNyYZUBCWNlSxqyUH9PZDTSehoFtjOiZqRXvbn4n9dNTXjjZ1wmqUHJlovCVBATk/nvZMAVMiOmllCmuL2VsBFVlBmbUMmG4K2+vE5aV1XPrXqP15X6bR5HEc7gHC7BgxrU4R4a0AQGY3iGV3hzEufFeXc+lq0FJ585hT9wPn8AbwePng==</latexit>

 Inclination: angle between orb. angular momentum and 
propagation direction (    ), alternatively                       angle 

between  L and direction to the source.                
✓d

<latexit sha1_base64="oQnsVHxH0P1IK3lNZ93FWWtpDnY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTj25nfeeLaiEQ94CTlfkyHSkSCUbRSt48jjnQQDqo1t+7OQVaJV5AaFGgOql/9MGFZzBUySY3peW6Kfk41Cib5tNLPDE8pG9Mh71mqaMyNn8/vnZIzq4QkSrQthWSu/p7IaWzMJA5sZ0xxZJa9mfif18swuvZzodIMuWKLRVEmCSZk9jwJheYM5cQSyrSwtxI2opoytBFVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawEDCM7zCm/PovDjvzseiteQUM8fwB87nDxrCj/8=</latexit><latexit sha1_base64="oQnsVHxH0P1IK3lNZ93FWWtpDnY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTj25nfeeLaiEQ94CTlfkyHSkSCUbRSt48jjnQQDqo1t+7OQVaJV5AaFGgOql/9MGFZzBUySY3peW6Kfk41Cib5tNLPDE8pG9Mh71mqaMyNn8/vnZIzq4QkSrQthWSu/p7IaWzMJA5sZ0xxZJa9mfif18swuvZzodIMuWKLRVEmCSZk9jwJheYM5cQSyrSwtxI2opoytBFVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawEDCM7zCm/PovDjvzseiteQUM8fwB87nDxrCj/8=</latexit><latexit sha1_base64="oQnsVHxH0P1IK3lNZ93FWWtpDnY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTj25nfeeLaiEQ94CTlfkyHSkSCUbRSt48jjnQQDqo1t+7OQVaJV5AaFGgOql/9MGFZzBUySY3peW6Kfk41Cib5tNLPDE8pG9Mh71mqaMyNn8/vnZIzq4QkSrQthWSu/p7IaWzMJA5sZ0xxZJa9mfif18swuvZzodIMuWKLRVEmCSZk9jwJheYM5cQSyrSwtxI2opoytBFVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawEDCM7zCm/PovDjvzseiteQUM8fwB87nDxrCj/8=</latexit><latexit sha1_base64="oQnsVHxH0P1IK3lNZ93FWWtpDnY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTj25nfeeLaiEQ94CTlfkyHSkSCUbRSt48jjnQQDqo1t+7OQVaJV5AaFGgOql/9MGFZzBUySY3peW6Kfk41Cib5tNLPDE8pG9Mh71mqaMyNn8/vnZIzq4QkSrQthWSu/p7IaWzMJA5sZ0xxZJa9mfif18swuvZzodIMuWKLRVEmCSZk9jwJheYM5cQSyrSwtxI2opoytBFVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawEDCM7zCm/PovDjvzseiteQUM8fwB87nDxrCj/8=</latexit>
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 Distance to the source: luminosity distance R = DL
<latexit sha1_base64="f279FzfrdR8025m3jvUnKNJ7/gY=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswp0I2ghBLSwsopgPSI6wt5lLluztHbt7QjjyI2wsFLH199j5b9wkV2jig4HHezPMzAsSwbVx3W9naXlldW29sFHc3Nre2S3t7Td0nCqGdRaLWLUCqlFwiXXDjcBWopBGgcBmMLye+M0nVJrH8tGMEvQj2pc85IwaKzUfyCW56d51S2W34k5BFomXkzLkqHVLX51ezNIIpWGCat323MT4GVWGM4HjYifVmFA2pH1sWypphNrPpueOybFVeiSMlS1pyFT9PZHRSOtRFNjOiJqBnvcm4n9eOzXhhZ9xmaQGJZstClNBTEwmv5MeV8iMGFlCmeL2VsIGVFFmbEJFG4I3//IiaZxWPLfi3Z+Vq1d5HAU4hCM4AQ/OoQq3UIM6MBjCM7zCm5M4L8678zFrXXLymQP4A+fzB7a7jn4=</latexit><latexit sha1_base64="f279FzfrdR8025m3jvUnKNJ7/gY=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswp0I2ghBLSwsopgPSI6wt5lLluztHbt7QjjyI2wsFLH199j5b9wkV2jig4HHezPMzAsSwbVx3W9naXlldW29sFHc3Nre2S3t7Td0nCqGdRaLWLUCqlFwiXXDjcBWopBGgcBmMLye+M0nVJrH8tGMEvQj2pc85IwaKzUfyCW56d51S2W34k5BFomXkzLkqHVLX51ezNIIpWGCat323MT4GVWGM4HjYifVmFA2pH1sWypphNrPpueOybFVeiSMlS1pyFT9PZHRSOtRFNjOiJqBnvcm4n9eOzXhhZ9xmaQGJZstClNBTEwmv5MeV8iMGFlCmeL2VsIGVFFmbEJFG4I3//IiaZxWPLfi3Z+Vq1d5HAU4hCM4AQ/OoQq3UIM6MBjCM7zCm5M4L8678zFrXXLymQP4A+fzB7a7jn4=</latexit><latexit sha1_base64="f279FzfrdR8025m3jvUnKNJ7/gY=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswp0I2ghBLSwsopgPSI6wt5lLluztHbt7QjjyI2wsFLH199j5b9wkV2jig4HHezPMzAsSwbVx3W9naXlldW29sFHc3Nre2S3t7Td0nCqGdRaLWLUCqlFwiXXDjcBWopBGgcBmMLye+M0nVJrH8tGMEvQj2pc85IwaKzUfyCW56d51S2W34k5BFomXkzLkqHVLX51ezNIIpWGCat323MT4GVWGM4HjYifVmFA2pH1sWypphNrPpueOybFVeiSMlS1pyFT9PZHRSOtRFNjOiJqBnvcm4n9eOzXhhZ9xmaQGJZstClNBTEwmv5MeV8iMGFlCmeL2VsIGVFFmbEJFG4I3//IiaZxWPLfi3Z+Vq1d5HAU4hCM4AQ/OoQq3UIM6MBjCM7zCm5M4L8678zFrXXLymQP4A+fzB7a7jn4=</latexit><latexit sha1_base64="f279FzfrdR8025m3jvUnKNJ7/gY=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswp0I2ghBLSwsopgPSI6wt5lLluztHbt7QjjyI2wsFLH199j5b9wkV2jig4HHezPMzAsSwbVx3W9naXlldW29sFHc3Nre2S3t7Td0nCqGdRaLWLUCqlFwiXXDjcBWopBGgcBmMLye+M0nVJrH8tGMEvQj2pc85IwaKzUfyCW56d51S2W34k5BFomXkzLkqHVLX51ezNIIpWGCat323MT4GVWGM4HjYifVmFA2pH1sWypphNrPpueOybFVeiSMlS1pyFT9PZHRSOtRFNjOiJqBnvcm4n9eOzXhhZ9xmaQGJZstClNBTEwmv5MeV8iMGFlCmeL2VsIGVFFmbEJFG4I3//IiaZxWPLfi3Z+Vq1d5HAU4hCM4AQ/OoQq3UIM6MBjCM7zCm5M4L8678zFrXXLymQP4A+fzB7a7jn4=</latexit>

~J = ~L+ ~S1 + ~S2
<latexit sha1_base64="jcgkM2WTyuwxU/C4PfJpjmO8hWs=">AAACFXicbZDLSsNAFIYn9VbjLerSzWARBKUkRdCNUHQj4qKivUAbwmQ6aYdOLsxMCiXkJdz4Km5cKOJWcOfbOEmzqK0/DHz85xzOnN+NGBXSNH+00tLyyupaeV3f2Nza3jF291oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Y6us3p7TLigYfAoJxGxfTQIqEcxkspyjNPemODkNoWXMKe7FJ5M6SF1rBmu6bruGBWzauaCi2AVUAGFGo7x3euHOPZJIDFDQnQtM5J2grikmJFU78WCRAiP0IB0FQbIJ8JO8qtSeKScPvRCrl4gYe7OTiTIF2Liu6rTR3Io5muZ+V+tG0vvwk5oEMWSBHi6yIsZlCHMIoJ9ygmWbKIAYU7VXyEeIo6wVEFmIVjzJy9Cq1a1zKp1f1apXxVxlMEBOATHwALnoA5uQAM0AQZP4AW8gXftWXvVPrTPaWtJK2b2wR9pX7+Espx5</latexit><latexit sha1_base64="jcgkM2WTyuwxU/C4PfJpjmO8hWs=">AAACFXicbZDLSsNAFIYn9VbjLerSzWARBKUkRdCNUHQj4qKivUAbwmQ6aYdOLsxMCiXkJdz4Km5cKOJWcOfbOEmzqK0/DHz85xzOnN+NGBXSNH+00tLyyupaeV3f2Nza3jF291oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Y6us3p7TLigYfAoJxGxfTQIqEcxkspyjNPemODkNoWXMKe7FJ5M6SF1rBmu6bruGBWzauaCi2AVUAGFGo7x3euHOPZJIDFDQnQtM5J2grikmJFU78WCRAiP0IB0FQbIJ8JO8qtSeKScPvRCrl4gYe7OTiTIF2Liu6rTR3Io5muZ+V+tG0vvwk5oEMWSBHi6yIsZlCHMIoJ9ygmWbKIAYU7VXyEeIo6wVEFmIVjzJy9Cq1a1zKp1f1apXxVxlMEBOATHwALnoA5uQAM0AQZP4AW8gXftWXvVPrTPaWtJK2b2wR9pX7+Espx5</latexit><latexit sha1_base64="jcgkM2WTyuwxU/C4PfJpjmO8hWs=">AAACFXicbZDLSsNAFIYn9VbjLerSzWARBKUkRdCNUHQj4qKivUAbwmQ6aYdOLsxMCiXkJdz4Km5cKOJWcOfbOEmzqK0/DHz85xzOnN+NGBXSNH+00tLyyupaeV3f2Nza3jF291oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Y6us3p7TLigYfAoJxGxfTQIqEcxkspyjNPemODkNoWXMKe7FJ5M6SF1rBmu6bruGBWzauaCi2AVUAGFGo7x3euHOPZJIDFDQnQtM5J2grikmJFU78WCRAiP0IB0FQbIJ8JO8qtSeKScPvRCrl4gYe7OTiTIF2Liu6rTR3Io5muZ+V+tG0vvwk5oEMWSBHi6yIsZlCHMIoJ9ygmWbKIAYU7VXyEeIo6wVEFmIVjzJy9Cq1a1zKp1f1apXxVxlMEBOATHwALnoA5uQAM0AQZP4AW8gXftWXvVPrTPaWtJK2b2wR9pX7+Espx5</latexit><latexit sha1_base64="jcgkM2WTyuwxU/C4PfJpjmO8hWs=">AAACFXicbZDLSsNAFIYn9VbjLerSzWARBKUkRdCNUHQj4qKivUAbwmQ6aYdOLsxMCiXkJdz4Km5cKOJWcOfbOEmzqK0/DHz85xzOnN+NGBXSNH+00tLyyupaeV3f2Nza3jF291oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Y6us3p7TLigYfAoJxGxfTQIqEcxkspyjNPemODkNoWXMKe7FJ5M6SF1rBmu6bruGBWzauaCi2AVUAGFGo7x3euHOPZJIDFDQnQtM5J2grikmJFU78WCRAiP0IB0FQbIJ8JO8qtSeKScPvRCrl4gYe7OTiTIF2Liu6rTR3Io5muZ+V+tG0vvwk5oEMWSBHi6yIsZlCHMIoJ9ygmWbKIAYU7VXyEeIo6wVEFmIVjzJy9Cq1a1zKp1f1apXxVxlMEBOATHwALnoA5uQAM0AQZP4AW8gXftWXvVPrTPaWtJK2b2wR9pX7+Espx5</latexit>

  GW emission strongest if face on/off, and weakest if the source is edge-on
  If masses are not spinning: the total angular momentum is orbital angular 
momentum 
  If masses are spinning, then the total angular momentum: 

      if spins have arbitrary orientation (not aligned with the orbital angular 
momentum) - the orbit precesses (L rotates around J) due to spin-orbital coupling:

~L
<latexit sha1_base64="jnTHgjypBKEAj01lI2eYcIve7sw=">AAAB8XicbVBNS8NAEJ3Urxq/qh69BIvgqSQi6LHoxYOHCvYD21A220m7dLMJu5tCCf0XXjwo4tV/481/46bNQVsfDDzem2FmXpBwprTrflultfWNza3ytr2zu7d/UDk8aqk4lRSbNOax7AREIWcCm5ppjp1EIokCju1gfJv77QlKxWLxqKcJ+hEZChYySrSRnnoTpNn9zLbtfqXq1tw5nFXiFaQKBRr9yldvENM0QqEpJ0p1PTfRfkakZpTjzO6lChNCx2SIXUMFiVD52fzimXNmlIETxtKU0M5c/T2RkUipaRSYzojokVr2cvE/r5vq8NrPmEhSjYIuFoUpd3Ts5O87AyaRaj41hFDJzK0OHRFJqDYh5SF4yy+vktZFzXNr3sNltX5TxFGGEziFc/DgCupwBw1oAgUBz/AKb5ayXqx362PRWrKKmWP4A+vzBxQcj9o=</latexit><latexit sha1_base64="jnTHgjypBKEAj01lI2eYcIve7sw=">AAAB8XicbVBNS8NAEJ3Urxq/qh69BIvgqSQi6LHoxYOHCvYD21A220m7dLMJu5tCCf0XXjwo4tV/481/46bNQVsfDDzem2FmXpBwprTrflultfWNza3ytr2zu7d/UDk8aqk4lRSbNOax7AREIWcCm5ppjp1EIokCju1gfJv77QlKxWLxqKcJ+hEZChYySrSRnnoTpNn9zLbtfqXq1tw5nFXiFaQKBRr9yldvENM0QqEpJ0p1PTfRfkakZpTjzO6lChNCx2SIXUMFiVD52fzimXNmlIETxtKU0M5c/T2RkUipaRSYzojokVr2cvE/r5vq8NrPmEhSjYIuFoUpd3Ts5O87AyaRaj41hFDJzK0OHRFJqDYh5SF4yy+vktZFzXNr3sNltX5TxFGGEziFc/DgCupwBw1oAgUBz/AKb5ayXqx362PRWrKKmWP4A+vzBxQcj9o=</latexit><latexit sha1_base64="jnTHgjypBKEAj01lI2eYcIve7sw=">AAAB8XicbVBNS8NAEJ3Urxq/qh69BIvgqSQi6LHoxYOHCvYD21A220m7dLMJu5tCCf0XXjwo4tV/481/46bNQVsfDDzem2FmXpBwprTrflultfWNza3ytr2zu7d/UDk8aqk4lRSbNOax7AREIWcCm5ppjp1EIokCju1gfJv77QlKxWLxqKcJ+hEZChYySrSRnnoTpNn9zLbtfqXq1tw5nFXiFaQKBRr9yldvENM0QqEpJ0p1PTfRfkakZpTjzO6lChNCx2SIXUMFiVD52fzimXNmlIETxtKU0M5c/T2RkUipaRSYzojokVr2cvE/r5vq8NrPmEhSjYIuFoUpd3Ts5O87AyaRaj41hFDJzK0OHRFJqDYh5SF4yy+vktZFzXNr3sNltX5TxFGGEziFc/DgCupwBw1oAgUBz/AKb5ayXqx362PRWrKKmWP4A+vzBxQcj9o=</latexit><latexit sha1_base64="jnTHgjypBKEAj01lI2eYcIve7sw=">AAAB8XicbVBNS8NAEJ3Urxq/qh69BIvgqSQi6LHoxYOHCvYD21A220m7dLMJu5tCCf0XXjwo4tV/481/46bNQVsfDDzem2FmXpBwprTrflultfWNza3ytr2zu7d/UDk8aqk4lRSbNOax7AREIWcCm5ppjp1EIokCju1gfJv77QlKxWLxqKcJ+hEZChYySrSRnnoTpNn9zLbtfqXq1tw5nFXiFaQKBRr9yldvENM0QqEpJ0p1PTfRfkakZpTjzO6lChNCx2SIXUMFiVD52fzimXNmlIETxtKU0M5c/T2RkUipaRSYzojokVr2cvE/r5vq8NrPmEhSjYIuFoUpd3Ts5O87AyaRaj41hFDJzK0OHRFJqDYh5SF4yy+vktZFzXNr3sNltX5TxFGGEziFc/DgCupwBw1oAgUBz/AKb5ayXqx362PRWrKKmWP4A+vzBxQcj9o=</latexit>

~̇L / ~⌦⇥ ~L
<latexit sha1_base64="milzuzWpE1tNgyL9jMW6bDPuyQY=">AAACHnicbVDLSgNBEJyNr7i+Vj16GQyCp7Arih6DXjwIRjAPyIYwO+kkQ2YfzPQGwpIv8eKvePGgiOBJ/8ZJsgeNFgwUVd3UdAWJFBpd98sqLC2vrK4V1+2Nza3tHWd3r67jVHGo8VjGqhkwDVJEUEOBEpqJAhYGEhrB8GrqN0agtIijexwn0A5ZPxI9wRkaqeOc+d0YM38EPLuZTKifqDjBmNKZ4t+G0GdGRRGCpvmUbdsdp+SW3RnoX+LlpERyVDvOh8nhaQgRcsm0bnlugu2MKRRcwsT2Uw0J40PWh5ahETN57Wx23oQeGaVLe7EyL0I6U39uZCzUehwGZjJkONCL3lT8z2ul2LtoZyJKUoSIz4N6qaSmgGlXtCsUcJRjQxhXwvyV8gFTjKNpdFqCt3jyX1I/KXtu2bs7LVUu8zqK5IAckmPikXNSIdekSmqEkwfyRF7Iq/VoPVtv1vt8tGDlO/vkF6zPb7whoic=</latexit><latexit sha1_base64="milzuzWpE1tNgyL9jMW6bDPuyQY=">AAACHnicbVDLSgNBEJyNr7i+Vj16GQyCp7Arih6DXjwIRjAPyIYwO+kkQ2YfzPQGwpIv8eKvePGgiOBJ/8ZJsgeNFgwUVd3UdAWJFBpd98sqLC2vrK4V1+2Nza3tHWd3r67jVHGo8VjGqhkwDVJEUEOBEpqJAhYGEhrB8GrqN0agtIijexwn0A5ZPxI9wRkaqeOc+d0YM38EPLuZTKifqDjBmNKZ4t+G0GdGRRGCpvmUbdsdp+SW3RnoX+LlpERyVDvOh8nhaQgRcsm0bnlugu2MKRRcwsT2Uw0J40PWh5ahETN57Wx23oQeGaVLe7EyL0I6U39uZCzUehwGZjJkONCL3lT8z2ul2LtoZyJKUoSIz4N6qaSmgGlXtCsUcJRjQxhXwvyV8gFTjKNpdFqCt3jyX1I/KXtu2bs7LVUu8zqK5IAckmPikXNSIdekSmqEkwfyRF7Iq/VoPVtv1vt8tGDlO/vkF6zPb7whoic=</latexit><latexit sha1_base64="milzuzWpE1tNgyL9jMW6bDPuyQY=">AAACHnicbVDLSgNBEJyNr7i+Vj16GQyCp7Arih6DXjwIRjAPyIYwO+kkQ2YfzPQGwpIv8eKvePGgiOBJ/8ZJsgeNFgwUVd3UdAWJFBpd98sqLC2vrK4V1+2Nza3tHWd3r67jVHGo8VjGqhkwDVJEUEOBEpqJAhYGEhrB8GrqN0agtIijexwn0A5ZPxI9wRkaqeOc+d0YM38EPLuZTKifqDjBmNKZ4t+G0GdGRRGCpvmUbdsdp+SW3RnoX+LlpERyVDvOh8nhaQgRcsm0bnlugu2MKRRcwsT2Uw0J40PWh5ahETN57Wx23oQeGaVLe7EyL0I6U39uZCzUehwGZjJkONCL3lT8z2ul2LtoZyJKUoSIz4N6qaSmgGlXtCsUcJRjQxhXwvyV8gFTjKNpdFqCt3jyX1I/KXtu2bs7LVUu8zqK5IAckmPikXNSIdekSmqEkwfyRF7Iq/VoPVtv1vt8tGDlO/vkF6zPb7whoic=</latexit><latexit sha1_base64="milzuzWpE1tNgyL9jMW6bDPuyQY=">AAACHnicbVDLSgNBEJyNr7i+Vj16GQyCp7Arih6DXjwIRjAPyIYwO+kkQ2YfzPQGwpIv8eKvePGgiOBJ/8ZJsgeNFgwUVd3UdAWJFBpd98sqLC2vrK4V1+2Nza3tHWd3r67jVHGo8VjGqhkwDVJEUEOBEpqJAhYGEhrB8GrqN0agtIijexwn0A5ZPxI9wRkaqeOc+d0YM38EPLuZTKifqDjBmNKZ4t+G0GdGRRGCpvmUbdsdp+SW3RnoX+LlpERyVDvOh8nhaQgRcsm0bnlugu2MKRRcwsT2Uw0J40PWh5ahETN57Wx23oQeGaVLe7EyL0I6U39uZCzUehwGZjJkONCL3lT8z2ul2LtoZyJKUoSIz4N6qaSmgGlXtCsUcJRjQxhXwvyV8gFTjKNpdFqCt3jyX1I/KXtu2bs7LVUu8zqK5IAckmPikXNSIdekSmqEkwfyRF7Iq/VoPVtv1vt8tGDlO/vkF6zPb7whoic=</latexit>

 Dominant harmonic: 2 x orbital freq. (circular), there are harminics 1,3,4,…x 
orbital freq. but lower in amplitude 



Binary system

14

Lum = �dEGW

dt
=

1

5

⌦ ...
Mij

...
Mij

↵
=

32

5
⌘2(M!)10/3

<latexit sha1_base64="phSW5/ukyG5DgtCngfp7Pl16WjY="></latexit><latexit sha1_base64="phSW5/ukyG5DgtCngfp7Pl16WjY="></latexit><latexit sha1_base64="phSW5/ukyG5DgtCngfp7Pl16WjY="></latexit><latexit sha1_base64="phSW5/ukyG5DgtCngfp7Pl16WjY="></latexit>

Etot =
m1m2

a
+

m1(!r1)2

2
+

m2(!r2)2

2
= �m1m2

2a
.

<latexit sha1_base64="wctmqKuQ1BlKKY/rPCcF51oix1E="></latexit><latexit sha1_base64="wctmqKuQ1BlKKY/rPCcF51oix1E="></latexit><latexit sha1_base64="wctmqKuQ1BlKKY/rPCcF51oix1E="></latexit><latexit sha1_base64="wctmqKuQ1BlKKY/rPCcF51oix1E="></latexit>

Ėtot =
m1m2

2a2
ȧ = �32

5
⌘2(M!)10/3.

<latexit sha1_base64="OaSSFQQkIgMPBsldN02XLKOsAIk="></latexit><latexit sha1_base64="OaSSFQQkIgMPBsldN02XLKOsAIk="></latexit><latexit sha1_base64="OaSSFQQkIgMPBsldN02XLKOsAIk="></latexit><latexit sha1_base64="OaSSFQQkIgMPBsldN02XLKOsAIk="></latexit>

Loss of energy due to GWs

Total energy of the binary system

Balance equation

a =


256

5
⌘M3(tc � t)

�1/4
,

⇡f =


256

5
⌘M5/3(tc � t)

��3/8

<latexit sha1_base64="sipQW917yRMSM8uD92xqguOuzu0="></latexit><latexit sha1_base64="sipQW917yRMSM8uD92xqguOuzu0="></latexit><latexit sha1_base64="sipQW917yRMSM8uD92xqguOuzu0="></latexit><latexit sha1_base64="sipQW917yRMSM8uD92xqguOuzu0="></latexit>

�(N)
orb =

Z
2⇡f(t) dt = �2


1

5Mc
(tc � t)

�5/8
+ �c

<latexit sha1_base64="XqhE7CxecnrFLoNebQWwmCxJT0g="></latexit><latexit sha1_base64="XqhE7CxecnrFLoNebQWwmCxJT0g="></latexit><latexit sha1_base64="XqhE7CxecnrFLoNebQWwmCxJT0g="></latexit><latexit sha1_base64="XqhE7CxecnrFLoNebQWwmCxJT0g="></latexit>

�t =
5

256M5/3⌘
(⇡f)8/3

<latexit sha1_base64="4Qit6p/D7P2wsDHwqShUjrYow34="></latexit><latexit sha1_base64="4Qit6p/D7P2wsDHwqShUjrYow34="></latexit><latexit sha1_base64="4Qit6p/D7P2wsDHwqShUjrYow34="></latexit><latexit sha1_base64="4Qit6p/D7P2wsDHwqShUjrYow34="></latexit>

This equation can be easily integrated

⌘ =
µ

M
=

m1m2

M2
<latexit sha1_base64="hNTrBxhVGZunTlAzF596Rr09vrg=">AAACFXicbVDLSsNAFJ34rPEVdelmsAgupCRF0I1QdONGqGAf0MQwmU7aoTNJmJkIJeQn3Pgrblwo4lZw5984aYNo64ELZ865l7n3BAmjUtn2l7GwuLS8slpZM9c3Nre2rZ3dtoxTgUkLxywW3QBJwmhEWooqRrqJIIgHjHSC0WXhd+6JkDSObtU4IR5Hg4iGFCOlJd86dolC8By6oUA4c3maZ9f5z5v7DvfrWrqr56Zp+lbVrtkTwHnilKQKSjR969PtxzjlJFKYISl7jp0oL0NCUcxIbrqpJAnCIzQgPU0jxIn0sslVOTzUSh+GsdAVKThRf09kiEs55oHu5EgN5axXiP95vVSFZ15GoyRVJMLTj8KUQRXDIiLYp4JgxcaaICyo3hXiIdJ5KB1kEYIze/I8addrjl1zbk6qjYsyjgrYBwfgCDjgFDTAFWiCFsDgATyBF/BqPBrPxpvxPm1dMMqZPfAHxsc3xICdRA==</latexit><latexit sha1_base64="hNTrBxhVGZunTlAzF596Rr09vrg=">AAACFXicbVDLSsNAFJ34rPEVdelmsAgupCRF0I1QdONGqGAf0MQwmU7aoTNJmJkIJeQn3Pgrblwo4lZw5984aYNo64ELZ865l7n3BAmjUtn2l7GwuLS8slpZM9c3Nre2rZ3dtoxTgUkLxywW3QBJwmhEWooqRrqJIIgHjHSC0WXhd+6JkDSObtU4IR5Hg4iGFCOlJd86dolC8By6oUA4c3maZ9f5z5v7DvfrWrqr56Zp+lbVrtkTwHnilKQKSjR969PtxzjlJFKYISl7jp0oL0NCUcxIbrqpJAnCIzQgPU0jxIn0sslVOTzUSh+GsdAVKThRf09kiEs55oHu5EgN5axXiP95vVSFZ15GoyRVJMLTj8KUQRXDIiLYp4JgxcaaICyo3hXiIdJ5KB1kEYIze/I8addrjl1zbk6qjYsyjgrYBwfgCDjgFDTAFWiCFsDgATyBF/BqPBrPxpvxPm1dMMqZPfAHxsc3xICdRA==</latexit><latexit sha1_base64="hNTrBxhVGZunTlAzF596Rr09vrg=">AAACFXicbVDLSsNAFJ34rPEVdelmsAgupCRF0I1QdONGqGAf0MQwmU7aoTNJmJkIJeQn3Pgrblwo4lZw5984aYNo64ELZ865l7n3BAmjUtn2l7GwuLS8slpZM9c3Nre2rZ3dtoxTgUkLxywW3QBJwmhEWooqRrqJIIgHjHSC0WXhd+6JkDSObtU4IR5Hg4iGFCOlJd86dolC8By6oUA4c3maZ9f5z5v7DvfrWrqr56Zp+lbVrtkTwHnilKQKSjR969PtxzjlJFKYISl7jp0oL0NCUcxIbrqpJAnCIzQgPU0jxIn0sslVOTzUSh+GsdAVKThRf09kiEs55oHu5EgN5axXiP95vVSFZ15GoyRVJMLTj8KUQRXDIiLYp4JgxcaaICyo3hXiIdJ5KB1kEYIze/I8addrjl1zbk6qjYsyjgrYBwfgCDjgFDTAFWiCFsDgATyBF/BqPBrPxpvxPm1dMMqZPfAHxsc3xICdRA==</latexit><latexit sha1_base64="hNTrBxhVGZunTlAzF596Rr09vrg=">AAACFXicbVDLSsNAFJ34rPEVdelmsAgupCRF0I1QdONGqGAf0MQwmU7aoTNJmJkIJeQn3Pgrblwo4lZw5984aYNo64ELZ865l7n3BAmjUtn2l7GwuLS8slpZM9c3Nre2rZ3dtoxTgUkLxywW3QBJwmhEWooqRrqJIIgHjHSC0WXhd+6JkDSObtU4IR5Hg4iGFCOlJd86dolC8By6oUA4c3maZ9f5z5v7DvfrWrqr56Zp+lbVrtkTwHnilKQKSjR969PtxzjlJFKYISl7jp0oL0NCUcxIbrqpJAnCIzQgPU0jxIn0sslVOTzUSh+GsdAVKThRf09kiEs55oHu5EgN5axXiP95vVSFZ15GoyRVJMLTj8KUQRXDIiLYp4JgxcaaICyo3hXiIdJ5KB1kEYIze/I8addrjl1zbk6qjYsyjgrYBwfgCDjgFDTAFWiCFsDgATyBF/BqPBrPxpvxPm1dMMqZPfAHxsc3xICdRA==</latexit>



Binary system
a =


256

5
⌘M3(tc � t)

�1/4

<latexit sha1_base64="ebJaJmkVgEHXOHlLzC5DbKIyLoY="></latexit><latexit sha1_base64="ebJaJmkVgEHXOHlLzC5DbKIyLoY="></latexit><latexit sha1_base64="ebJaJmkVgEHXOHlLzC5DbKIyLoY="></latexit><latexit sha1_base64="ebJaJmkVgEHXOHlLzC5DbKIyLoY="></latexit>

⇡f =


256

5
⌘M5/3(tc � t)

��3/8

<latexit sha1_base64="aZoXncANZ4bznMnLw7vG1H9ZDSc="></latexit><latexit sha1_base64="aZoXncANZ4bznMnLw7vG1H9ZDSc="></latexit><latexit sha1_base64="aZoXncANZ4bznMnLw7vG1H9ZDSc="></latexit><latexit sha1_base64="aZoXncANZ4bznMnLw7vG1H9ZDSc="></latexit>

  The orbit shrinks as t —> tc

 The frequency depend on the “chirp mass” Mc = M⌘3/5
<latexit sha1_base64="yN4f9cgAwcq7rvgWdje9S3DtLQM=">AAAB/XicbVDJSgNBEK1xjeM2LjcvjUHwFGdc0IsQ9OIlEMEskIxDT6eTNOlZ6O4R4hD8FS8eFPHqf3jzb+xJ5qCJDwoe71VRVc+POZPKtr+NufmFxaXlwoq5ura+sWltbddllAhCayTikWj6WFLOQlpTTHHajAXFgc9pwx9cZ37jgQrJovBODWPqBrgXsi4jWGnJs3YrHkGXqNKmCt+nJ0dnI9M0Patol+wx0CxxclKEHFXP+mp3IpIENFSEYylbjh0rN8VCMcLpyGwnksaYDHCPtjQNcUClm46vH6EDrXRQNxK6QoXG6u+JFAdSDgNfdwZY9eW0l4n/ea1EdS/clIVxomhIJou6CUcqQlkUqMMEJYoPNcFEMH0rIn0sMFE6sCwEZ/rlWVI/Ljl2ybk9LZav8jgKsAf7cAgOnEMZbqAKNSDwCM/wCm/Gk/FivBsfk9Y5I5/ZgT8wPn8A7heS7Q==</latexit><latexit sha1_base64="yN4f9cgAwcq7rvgWdje9S3DtLQM=">AAAB/XicbVDJSgNBEK1xjeM2LjcvjUHwFGdc0IsQ9OIlEMEskIxDT6eTNOlZ6O4R4hD8FS8eFPHqf3jzb+xJ5qCJDwoe71VRVc+POZPKtr+NufmFxaXlwoq5ura+sWltbddllAhCayTikWj6WFLOQlpTTHHajAXFgc9pwx9cZ37jgQrJovBODWPqBrgXsi4jWGnJs3YrHkGXqNKmCt+nJ0dnI9M0Patol+wx0CxxclKEHFXP+mp3IpIENFSEYylbjh0rN8VCMcLpyGwnksaYDHCPtjQNcUClm46vH6EDrXRQNxK6QoXG6u+JFAdSDgNfdwZY9eW0l4n/ea1EdS/clIVxomhIJou6CUcqQlkUqMMEJYoPNcFEMH0rIn0sMFE6sCwEZ/rlWVI/Ljl2ybk9LZav8jgKsAf7cAgOnEMZbqAKNSDwCM/wCm/Gk/FivBsfk9Y5I5/ZgT8wPn8A7heS7Q==</latexit><latexit sha1_base64="yN4f9cgAwcq7rvgWdje9S3DtLQM=">AAAB/XicbVDJSgNBEK1xjeM2LjcvjUHwFGdc0IsQ9OIlEMEskIxDT6eTNOlZ6O4R4hD8FS8eFPHqf3jzb+xJ5qCJDwoe71VRVc+POZPKtr+NufmFxaXlwoq5ura+sWltbddllAhCayTikWj6WFLOQlpTTHHajAXFgc9pwx9cZ37jgQrJovBODWPqBrgXsi4jWGnJs3YrHkGXqNKmCt+nJ0dnI9M0Patol+wx0CxxclKEHFXP+mp3IpIENFSEYylbjh0rN8VCMcLpyGwnksaYDHCPtjQNcUClm46vH6EDrXRQNxK6QoXG6u+JFAdSDgNfdwZY9eW0l4n/ea1EdS/clIVxomhIJou6CUcqQlkUqMMEJYoPNcFEMH0rIn0sMFE6sCwEZ/rlWVI/Ljl2ybk9LZav8jgKsAf7cAgOnEMZbqAKNSDwCM/wCm/Gk/FivBsfk9Y5I5/ZgT8wPn8A7heS7Q==</latexit><latexit sha1_base64="yN4f9cgAwcq7rvgWdje9S3DtLQM=">AAAB/XicbVDJSgNBEK1xjeM2LjcvjUHwFGdc0IsQ9OIlEMEskIxDT6eTNOlZ6O4R4hD8FS8eFPHqf3jzb+xJ5qCJDwoe71VRVc+POZPKtr+NufmFxaXlwoq5ura+sWltbddllAhCayTikWj6WFLOQlpTTHHajAXFgc9pwx9cZ37jgQrJovBODWPqBrgXsi4jWGnJs3YrHkGXqNKmCt+nJ0dnI9M0Patol+wx0CxxclKEHFXP+mp3IpIENFSEYylbjh0rN8VCMcLpyGwnksaYDHCPtjQNcUClm46vH6EDrXRQNxK6QoXG6u+JFAdSDgNfdwZY9eW0l4n/ea1EdS/clIVxomhIJou6CUcqQlkUqMMEJYoPNcFEMH0rIn0sMFE6sCwEZ/rlWVI/Ljl2ybk9LZav8jgKsAf7cAgOnEMZbqAKNSDwCM/wCm/Gk/FivBsfk9Y5I5/ZgT8wPn8A7heS7Q==</latexit>

  GW (and orbital) frequency grows with time and infinite at tc (approach breaks down)

�(N)
orb =

Z
2⇡f(t) dt = �2


1

5Mc
(tc � t)

�5/8
+ �c

<latexit sha1_base64="XqhE7CxecnrFLoNebQWwmCxJT0g="></latexit><latexit sha1_base64="XqhE7CxecnrFLoNebQWwmCxJT0g="></latexit><latexit sha1_base64="XqhE7CxecnrFLoNebQWwmCxJT0g="></latexit><latexit sha1_base64="XqhE7CxecnrFLoNebQWwmCxJT0g="></latexit>

  The  phase depends on the chirp mass: Mc is the best measured parameter

dfGW

dt
=

96

5⇡
M5/3

c (⇡f)11/3
<latexit sha1_base64="2CHrsJMDbvY2Efej0Ke+sRFMUak="></latexit><latexit sha1_base64="2CHrsJMDbvY2Efej0Ke+sRFMUak="></latexit><latexit sha1_base64="2CHrsJMDbvY2Efej0Ke+sRFMUak="></latexit><latexit sha1_base64="2CHrsJMDbvY2Efej0Ke+sRFMUak="></latexit>

Very strong dependance on the frequency: very 
slow evolution for the broad orbits 

If m1 � m2, M5/3
c ⇡ m2

m1
m5/3

1
<latexit sha1_base64="zc/jRGKXvF62CemSprLverFk878="></latexit><latexit sha1_base64="zc/jRGKXvF62CemSprLverFk878="></latexit><latexit sha1_base64="zc/jRGKXvF62CemSprLverFk878="></latexit><latexit sha1_base64="zc/jRGKXvF62CemSprLverFk878="></latexit>

the frequency evolution could be sloweven if the orbit is 
relativistic (extreme mass ratio inspiral EMRI)
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�t =
5

256M5/3⌘
(⇡f)8/3

<latexit sha1_base64="4Qit6p/D7P2wsDHwqShUjrYow34="></latexit><latexit sha1_base64="4Qit6p/D7P2wsDHwqShUjrYow34="></latexit><latexit sha1_base64="4Qit6p/D7P2wsDHwqShUjrYow34="></latexit><latexit sha1_base64="4Qit6p/D7P2wsDHwqShUjrYow34="></latexit>

16

time to coalescence (merger) starting from freq. f

LIGO/VIRGO: operates on the ground, freq range 30-2000 Hz.
take f=40 Hz, NS-NS system each mass 1.4 solar mass:         ~20sec
take f = 30 Hz, BH-BH system each 30 solar mass:         ~0.32sec

�t
<latexit sha1_base64="3EUb9liHsNx6xnfHpMZ0T39KNQU=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBU0lE0GNRDx4r2FppQ9lsN+3SzSbsToQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MJXCoOd9O6WV1bX1jfKmu7W9s7tX2T9omSTTjDdZIhPdDqnhUijeRIGSt1PNaRxK/hCOrqf+wxPXRiTqHscpD2I6UCISjKKVHt3uDZdICfYqVa/mzUCWiV+QKhRo9Cpf3X7CspgrZJIa0/G9FIOcahRM8onbzQxPKRvRAe9YqmjMTZDPDp6QE6v0SZRoWwrJTP09kdPYmHEc2s6Y4tAselPxP6+TYXQZ5EKlGXLF5ouiTBJMyPR70heaM5RjSyjTwt5K2JBqytBm5NoQ/MWXl0nrrOZ7Nf/uvFq/KuIowxEcwyn4cAF1uIUGNIFBDM/wCm+Odl6cd+dj3lpyiplD+APn8wfD34+4</latexit><latexit sha1_base64="3EUb9liHsNx6xnfHpMZ0T39KNQU=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBU0lE0GNRDx4r2FppQ9lsN+3SzSbsToQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MJXCoOd9O6WV1bX1jfKmu7W9s7tX2T9omSTTjDdZIhPdDqnhUijeRIGSt1PNaRxK/hCOrqf+wxPXRiTqHscpD2I6UCISjKKVHt3uDZdICfYqVa/mzUCWiV+QKhRo9Cpf3X7CspgrZJIa0/G9FIOcahRM8onbzQxPKRvRAe9YqmjMTZDPDp6QE6v0SZRoWwrJTP09kdPYmHEc2s6Y4tAselPxP6+TYXQZ5EKlGXLF5ouiTBJMyPR70heaM5RjSyjTwt5K2JBqytBm5NoQ/MWXl0nrrOZ7Nf/uvFq/KuIowxEcwyn4cAF1uIUGNIFBDM/wCm+Odl6cd+dj3lpyiplD+APn8wfD34+4</latexit><latexit sha1_base64="3EUb9liHsNx6xnfHpMZ0T39KNQU=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBU0lE0GNRDx4r2FppQ9lsN+3SzSbsToQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MJXCoOd9O6WV1bX1jfKmu7W9s7tX2T9omSTTjDdZIhPdDqnhUijeRIGSt1PNaRxK/hCOrqf+wxPXRiTqHscpD2I6UCISjKKVHt3uDZdICfYqVa/mzUCWiV+QKhRo9Cpf3X7CspgrZJIa0/G9FIOcahRM8onbzQxPKRvRAe9YqmjMTZDPDp6QE6v0SZRoWwrJTP09kdPYmHEc2s6Y4tAselPxP6+TYXQZ5EKlGXLF5ouiTBJMyPR70heaM5RjSyjTwt5K2JBqytBm5NoQ/MWXl0nrrOZ7Nf/uvFq/KuIowxEcwyn4cAF1uIUGNIFBDM/wCm+Odl6cd+dj3lpyiplD+APn8wfD34+4</latexit><latexit sha1_base64="3EUb9liHsNx6xnfHpMZ0T39KNQU=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBU0lE0GNRDx4r2FppQ9lsN+3SzSbsToQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MJXCoOd9O6WV1bX1jfKmu7W9s7tX2T9omSTTjDdZIhPdDqnhUijeRIGSt1PNaRxK/hCOrqf+wxPXRiTqHscpD2I6UCISjKKVHt3uDZdICfYqVa/mzUCWiV+QKhRo9Cpf3X7CspgrZJIa0/G9FIOcahRM8onbzQxPKRvRAe9YqmjMTZDPDp6QE6v0SZRoWwrJTP09kdPYmHEc2s6Y4tAselPxP6+TYXQZ5EKlGXLF5ouiTBJMyPR70heaM5RjSyjTwt5K2JBqytBm5NoQ/MWXl0nrrOZ7Nf/uvFq/KuIowxEcwyn4cAF1uIUGNIFBDM/wCm+Odl6cd+dj3lpyiplD+APn8wfD34+4</latexit>

�t
<latexit sha1_base64="3EUb9liHsNx6xnfHpMZ0T39KNQU=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBU0lE0GNRDx4r2FppQ9lsN+3SzSbsToQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MJXCoOd9O6WV1bX1jfKmu7W9s7tX2T9omSTTjDdZIhPdDqnhUijeRIGSt1PNaRxK/hCOrqf+wxPXRiTqHscpD2I6UCISjKKVHt3uDZdICfYqVa/mzUCWiV+QKhRo9Cpf3X7CspgrZJIa0/G9FIOcahRM8onbzQxPKRvRAe9YqmjMTZDPDp6QE6v0SZRoWwrJTP09kdPYmHEc2s6Y4tAselPxP6+TYXQZ5EKlGXLF5ouiTBJMyPR70heaM5RjSyjTwt5K2JBqytBm5NoQ/MWXl0nrrOZ7Nf/uvFq/KuIowxEcwyn4cAF1uIUGNIFBDM/wCm+Odl6cd+dj3lpyiplD+APn8wfD34+4</latexit><latexit sha1_base64="3EUb9liHsNx6xnfHpMZ0T39KNQU=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBU0lE0GNRDx4r2FppQ9lsN+3SzSbsToQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MJXCoOd9O6WV1bX1jfKmu7W9s7tX2T9omSTTjDdZIhPdDqnhUijeRIGSt1PNaRxK/hCOrqf+wxPXRiTqHscpD2I6UCISjKKVHt3uDZdICfYqVa/mzUCWiV+QKhRo9Cpf3X7CspgrZJIa0/G9FIOcahRM8onbzQxPKRvRAe9YqmjMTZDPDp6QE6v0SZRoWwrJTP09kdPYmHEc2s6Y4tAselPxP6+TYXQZ5EKlGXLF5ouiTBJMyPR70heaM5RjSyjTwt5K2JBqytBm5NoQ/MWXl0nrrOZ7Nf/uvFq/KuIowxEcwyn4cAF1uIUGNIFBDM/wCm+Odl6cd+dj3lpyiplD+APn8wfD34+4</latexit><latexit sha1_base64="3EUb9liHsNx6xnfHpMZ0T39KNQU=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBU0lE0GNRDx4r2FppQ9lsN+3SzSbsToQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MJXCoOd9O6WV1bX1jfKmu7W9s7tX2T9omSTTjDdZIhPdDqnhUijeRIGSt1PNaRxK/hCOrqf+wxPXRiTqHscpD2I6UCISjKKVHt3uDZdICfYqVa/mzUCWiV+QKhRo9Cpf3X7CspgrZJIa0/G9FIOcahRM8onbzQxPKRvRAe9YqmjMTZDPDp6QE6v0SZRoWwrJTP09kdPYmHEc2s6Y4tAselPxP6+TYXQZ5EKlGXLF5ouiTBJMyPR70heaM5RjSyjTwt5K2JBqytBm5NoQ/MWXl0nrrOZ7Nf/uvFq/KuIowxEcwyn4cAF1uIUGNIFBDM/wCm+Odl6cd+dj3lpyiplD+APn8wfD34+4</latexit><latexit sha1_base64="3EUb9liHsNx6xnfHpMZ0T39KNQU=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBU0lE0GNRDx4r2FppQ9lsN+3SzSbsToQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MJXCoOd9O6WV1bX1jfKmu7W9s7tX2T9omSTTjDdZIhPdDqnhUijeRIGSt1PNaRxK/hCOrqf+wxPXRiTqHscpD2I6UCISjKKVHt3uDZdICfYqVa/mzUCWiV+QKhRo9Cpf3X7CspgrZJIa0/G9FIOcahRM8onbzQxPKRvRAe9YqmjMTZDPDp6QE6v0SZRoWwrJTP09kdPYmHEc2s6Y4tAselPxP6+TYXQZ5EKlGXLF5ouiTBJMyPR70heaM5RjSyjTwt5K2JBqytBm5NoQ/MWXl0nrrOZ7Nf/uvFq/KuIowxEcwyn4cAF1uIUGNIFBDM/wCm+Odl6cd+dj3lpyiplD+APn8wfD34+4</latexit>

LISA (space based detector) will operate in freq. range 0.1- 100 mHz
take f=0.1mHz,  M = m1 +m2 = 106M�, �t ⇡ 35 days/⌘ < 1 year

<latexit sha1_base64="xIUuzpFnKNX94Q/vrQndD7VQW0U="></latexit><latexit sha1_base64="xIUuzpFnKNX94Q/vrQndD7VQW0U="></latexit><latexit sha1_base64="xIUuzpFnKNX94Q/vrQndD7VQW0U="></latexit><latexit sha1_base64="xIUuzpFnKNX94Q/vrQndD7VQW0U="></latexit>

  Post-Newtonian iterations: we plug back to Einstein equations the evolving orbit and linear 
solution for the GW, solve at the next order

� = �0 + �N + ✏2�1PN + ✏3�1.5PN + ✏4�2PN + ...
<latexit sha1_base64="XlfNiUk/mehtI7ApQzCjG1D2msw="></latexit><latexit sha1_base64="XlfNiUk/mehtI7ApQzCjG1D2msw="></latexit><latexit sha1_base64="XlfNiUk/mehtI7ApQzCjG1D2msw="></latexit><latexit sha1_base64="XlfNiUk/mehtI7ApQzCjG1D2msw="></latexit>
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 Waveform (GW signal) in the frequency domain

h+(t) = A+ cos�(t), h⇥ = A⇥ sin�(t)
<latexit sha1_base64="pyNGrcypBk744a8wpEwzg9va09U="></latexit><latexit sha1_base64="pyNGrcypBk744a8wpEwzg9va09U="></latexit><latexit sha1_base64="pyNGrcypBk744a8wpEwzg9va09U="></latexit><latexit sha1_base64="pyNGrcypBk744a8wpEwzg9va09U="></latexit>

GW, leading order in amplitude 

h̃(f) =

Z
h(t)e�2⇡iftdt

<latexit sha1_base64="iWDTOGymBJM2BD93rIizp3y6U2I=">AAACE3icbVDJSgNBEO1xjXGLevTSGIREMMwEQS9C0IvHCEYDmTH09NQ4jT0L3TVCGPIPXvwVLx4U8erFm39jZzm4PSh4vFdFVT0/k0KjbX9aM7Nz8wuLpaXy8srq2nplY/NSp7ni0OGpTFXXZxqkSKCDAiV0MwUs9iVc+benI//qDpQWaXKBgwy8mN0kIhScoZH6lT0XhQygiIa1sE6PqSsSpFEN6xSui/2mmwkqaIhDGmC/UrUb9hj0L3GmpEqmaPcrH26Q8jyGBLlkWvccO0OvYAoFlzAsu7mGjPFbdgM9QxMWg/aK8U9DumuUgIapMmVOGqvfJwoWaz2IfdMZM4z0b28k/uf1cgyPvEIkWY6Q8MmiMJcUUzoKiAZCAUc5MIRxJcytlEdMMY4mxrIJwfn98l9y2Ww4dsM5P6i2TqZxlMg22SE14pBD0iJnpE06hJN78kieyYv1YD1Zr9bbpHXGms5skR+w3r8AxZWcLw==</latexit><latexit sha1_base64="iWDTOGymBJM2BD93rIizp3y6U2I=">AAACE3icbVDJSgNBEO1xjXGLevTSGIREMMwEQS9C0IvHCEYDmTH09NQ4jT0L3TVCGPIPXvwVLx4U8erFm39jZzm4PSh4vFdFVT0/k0KjbX9aM7Nz8wuLpaXy8srq2nplY/NSp7ni0OGpTFXXZxqkSKCDAiV0MwUs9iVc+benI//qDpQWaXKBgwy8mN0kIhScoZH6lT0XhQygiIa1sE6PqSsSpFEN6xSui/2mmwkqaIhDGmC/UrUb9hj0L3GmpEqmaPcrH26Q8jyGBLlkWvccO0OvYAoFlzAsu7mGjPFbdgM9QxMWg/aK8U9DumuUgIapMmVOGqvfJwoWaz2IfdMZM4z0b28k/uf1cgyPvEIkWY6Q8MmiMJcUUzoKiAZCAUc5MIRxJcytlEdMMY4mxrIJwfn98l9y2Ww4dsM5P6i2TqZxlMg22SE14pBD0iJnpE06hJN78kieyYv1YD1Zr9bbpHXGms5skR+w3r8AxZWcLw==</latexit><latexit sha1_base64="iWDTOGymBJM2BD93rIizp3y6U2I=">AAACE3icbVDJSgNBEO1xjXGLevTSGIREMMwEQS9C0IvHCEYDmTH09NQ4jT0L3TVCGPIPXvwVLx4U8erFm39jZzm4PSh4vFdFVT0/k0KjbX9aM7Nz8wuLpaXy8srq2nplY/NSp7ni0OGpTFXXZxqkSKCDAiV0MwUs9iVc+benI//qDpQWaXKBgwy8mN0kIhScoZH6lT0XhQygiIa1sE6PqSsSpFEN6xSui/2mmwkqaIhDGmC/UrUb9hj0L3GmpEqmaPcrH26Q8jyGBLlkWvccO0OvYAoFlzAsu7mGjPFbdgM9QxMWg/aK8U9DumuUgIapMmVOGqvfJwoWaz2IfdMZM4z0b28k/uf1cgyPvEIkWY6Q8MmiMJcUUzoKiAZCAUc5MIRxJcytlEdMMY4mxrIJwfn98l9y2Ww4dsM5P6i2TqZxlMg22SE14pBD0iJnpE06hJN78kieyYv1YD1Zr9bbpHXGms5skR+w3r8AxZWcLw==</latexit><latexit sha1_base64="iWDTOGymBJM2BD93rIizp3y6U2I=">AAACE3icbVDJSgNBEO1xjXGLevTSGIREMMwEQS9C0IvHCEYDmTH09NQ4jT0L3TVCGPIPXvwVLx4U8erFm39jZzm4PSh4vFdFVT0/k0KjbX9aM7Nz8wuLpaXy8srq2nplY/NSp7ni0OGpTFXXZxqkSKCDAiV0MwUs9iVc+benI//qDpQWaXKBgwy8mN0kIhScoZH6lT0XhQygiIa1sE6PqSsSpFEN6xSui/2mmwkqaIhDGmC/UrUb9hj0L3GmpEqmaPcrH26Q8jyGBLlkWvccO0OvYAoFlzAsu7mGjPFbdgM9QxMWg/aK8U9DumuUgIapMmVOGqvfJwoWaz2IfdMZM4z0b28k/uf1cgyPvEIkWY6Q8MmiMJcUUzoKiAZCAUc5MIRxJcytlEdMMY4mxrIJwfn98l9y2Ww4dsM5P6i2TqZxlMg22SE14pBD0iJnpE06hJN78kieyYv1YD1Zr9bbpHXGms5skR+w3r8AxZWcLw==</latexit>

 (f) = 2⇡ftc � �0 �
⇡

4
+

3

4
(8⇡Mcf)

�5/3 + ....(Mf)�5/3 + ...(Mf)�1 + ...(Mf)�2/3
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Fourier transformation

If amplitude is slowly evolving, 
monotoneous function of time

The phase in freq. domain

   Amplitude and the dominant term in phase depend on  only (other terms depend 
on total mass and mass ratio.
   Amplitude is higher at low frequencies (early inspiral, slow frequency evolution, 
many cycles.
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GW signal 
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[Credits: SXS collaboration]



Modelling GW signal
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GW signal from binary stsem can be conventionally split into three parts: inspiral (Post-
Newtonian decomposiotion, merger (numerical relativity), ringdown (BH perturbation)



NR surrogate waveforms
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• Using a large number of numerical waveforms 
(solving Einsten equations numerically:  very short - 
about 20 orbits before the merger.)

• Using them as a basis for waveform decomposition
• Interpolating across parameters space
• The most accurate to-date model, but limited in the 

parameter space



Phenomenological template family
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Comparison of non-precessing waveforms 
• Waveform constructed in the frequency 

domain
• Uses Post-Newtonian results for the early 

evolution (inspiral) of a binary
• For merger-ringdown part: there is an 

analytical expression with free parameters 
which are calibrated to fit the NR data

• Precession is added by rotation taken from 
the Post-Newtonian evolution

• Very fast to generate



Higher order modes
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Decomposing the waveform in spherical harmonics

For (quasi)circular binaries, the dominant mode is  (twice orbital frequency)l = 2, m = ± 2

• For inspiral: odd harmonics suppressed by (v/c) 
and )

• Coupled differently to inclination: breaking 
degeneracy in parameter space 

(m1 − m2)/(m1 + m2)

GW190412



Orbital precession
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• If the spins of BHs are not parallel to the orbital angular 
momentum: spin and orbital precession around total 
momentum of the binary

https://www.youtube.com/watch?v=9s1VoTy_U3s


Spins of BHs in detected binaries
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Left (right) halves of the circles are shaded in proportion to posterior on spin 
magnitude and tilt of the more (less) massive component

In some cases we find tighter 

constraints on the spin of the more 

massive merger component.

m
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tilt



In-plane components of the spins: precession?
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LVC Catalog paper, arXiv: 2010.14527

• A few systems where posterior on effective 
precession spin parameter χp (measure of spin in 

orbital plane) differs from the prior.

•  More massive component in source of GW190814 
has small spin magnitude, and therefore we infer 
small effective precession spin parameter.

• Mild evidence for spin precession in sources of 
GW190412 and GW190521. 

• No systems with strong evidence of precession 

posterior prior

https://arxiv.org/abs/2010.14527


GW190412
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.LVC 2020 GW190412

• Log10(Bayes factor) > 3 in favour of higher order modes (beyond quadrupole)
• Tilt angle ~45.8 deg, χ1~ 0.44
• Good localization ~21 deg2,  V90% ~ 0.037Gpc3

• Questions of formation: densed env., triple or quadruple system, evolution in  
AGN disk 

https://arxiv.org/abs/2004.08342


Extreme mass ratio inspirals
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• Capture of a small compact object (CO): stellar mass BH, NS, WD by a massive black hole 
in the galactic nuclei (LISA sources)

• Extremely larg mass ratio: spend long time in vicinity of MBH before they plunge:  is 
not small: PN theory is not accurate. NR — not efficient.

•  The mass ratio  is now a small parameter
• Geodesic motion in Kerr + adiabatic evolution: osculating elements

(v/c)

(m2/m1 ≡ m /M ≪ l)

Credits: Maarten van de Meent



Extreme mass ratio inspirals
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Credits: Steve Drasco



EMRIs: short story
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•  Orbital motion: (almost) elliptical with a strong relativistic precession + orbital 
precession due to spin-orbital coupling  

• Signal is very rich in structure (hard to detect but gives a lot of information)
•  Ultra-precise parameter determination (if detected). Can map spacetime of a heavy 

object:  holiodesy



EMRIs: long story
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• Geodesic motion of a test mass in Kerr spacetime (Boyer-Lindquist coordinates): 
derived from super-Hamiltonian: ℋ =

1
2

gμν pμpν = −
1
2

m2

Σ = r2 + a2 cos2 θ

spin of MBHTurning points

• Geodesic is parametrized by affine parameter , and there are 8 constants of motion: 
4 initial coordinates ( ) and 4 1st integrals (  - energy,  projection of 
orbital momentum on the spin of MBH,  - Carter constant, )

λ
t0, r0, θ0, ϕ0 E Lz

Q m

Credits: Maarten van de Meent

• GW carry energy and angular momentum away
• Adiabatic approximation: Orbit evolves slowly
• Osculating approach: at each instance fit a 

geodesic: slow change from one geodesic to 
another:  — slowly changing functions to 
be plugged into eq. of motion

·E, ·Lz,
·Q



EMRIs: long story
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• More regirously: we need to solve the Einstein equations with the s/e tensor. 
Approximating small body as delta-function:

• The equation we want to solve is of type : , and the equation of 
motion is a forced geodesic motion with a force: self-force is defined as : 
gradient of the regular part of the retarded field:  (full - singular part) 

□g Ψ = qδ(x − z(t))
Fα = q∇αΨR

ΨR = Ψ − ΨS

• Computation of regular part is a challenge:
• Decompose in spherical harmonics  and regularize each parts in each 

mode contributing to the singular solution
• Approximate the singular solution as , subtract it from the full and solve eqn for the 

remaining regular part: 

Ψ = ∑
l.m

Ψlm(t, r)Ylm(θ, ϕ)

Ψ̃S

regular effective source on the r.h.s

coupled to the equation of motion: 



Modelling GW signal using  Effective-one-body (EOB) approach
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Effective-one-body approach [Buonanno & Damour 1999]: 
The main idea is to map the (real) dynamic of two comparable mass binary 
to an effective problem of motion of test mass in an effective spacetime 

EOB has three essential components

 Map conservative two-body dynamics to  a 
motion of a test mass m in the field of a central 
body M.

 Add the radiation reaction force

 Construct the waveform based on the 
computed dynamics with attached the ring-
down RD part of the signal

See review: [Damour 2012] 

M = m1 +m2, µ =
m1m2

M
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Conservative dynamics (non-spinning BHs)
We start with Hamiltonian (in ADM coordinates) for 2-body problem

H(~x, ~p) = Mc
2 +HN (~x, ~p) +

X

k

1

c2k
HkPN (~x, ~p)

HN (~x, ~p) =
~p
2

2µ
� Mµ

r

~x = ~x1 � ~x2, ~p = ~p1 = �~p2

Known up to 4PN order 
[Damour, Jaranowski, Schaefer 2014,15] 

Newtonian part: 
test mass m in the central field of M: 
EOB is relativistic generalisation 
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Conservative dynamics (non-spinning BHs)
The “effective” dynamics is constructed using the “effective” spherically symmetric spacetime

ds2e↵ = �A(re↵ , ⌘)dt
2 +

D(re↵ , ⌘)

A(re↵ , ⌘)
dr2e↵ + r2e↵d⌦

2,

A(re↵ , ⌘ = 0) = 1� 2M

re↵
, D(re↵ , ⌘ = 0) = 1

The Schwarzschild limit requires:

The (super) Hamiltonian describing geodesic motion:

gµ⌫e↵ p
e↵
µ pe↵⌫ +Q(pe↵µ ) = �µ

Geodesic term in effective spacetime

“Post-geodesic” , (at least) quartic in linear momentum



Conservative dynamics: mapping

Ee↵(Ne↵ , J
e↵
� ) = f [E(N, J�)] H = M

s

1 + 2⌘
He↵ � µ

µ

The Hamiltonian for the effective problem

Ji =
1

2⇡

I
pidxiBoth Hamiltonians to be written in terms of action-variables:

Mapping

He↵(~re↵ , ~pe↵)/µ =

s

A(re↵)


1 + ~p

2
e↵ +

✓
A(re↵)

D(re↵)
� 1

◆
(~ne↵ .~pe↵)2 +

Q(pe↵)

r
2
e↵

�

A(r) = 1� 2M

r
+ 2⌘

✓
M

r

◆3

+ ⌘

✓
94

3
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◆✓
M

r

◆4

+ a5

✓
M

r

◆4

D(r) = 1� 6⌘

✓
M

r

◆2

+ 2⌘(3⌘ � 26)

✓
M

r

◆3

+ ...

Q = 2⌘(4� 3⌘)

✓
M

r

◆2 p4r
µ2

example of tuning parameter

⌘ =
m1m2

M2
deformation parameter[Damour 2012]



EOB: dissipation due to GWs
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d�

dt
= ⌦ =

@H

@p�
,

dr

dt
=

@H

@pr
,

dp�

dt
= F�,

dpr

dt
= �@H

@r

Equations of motion

Radiation reaction force
(quasi-circular motion) 

[Buonanno, Damour 2000]

✓
dH

dt

◆
⇡ ⌦F�,

h+ � ih⇥ =
X

`

X̀

m=�`

h`mY (�2)
`m (✓,�)

Dissipation of energy from the system = 
flux of energy carried by GWs

[Damour, Iyer, Nagar 2009]

F� = � 1

⌦
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16⇡

X

`

X̀

m=�`

(m⌦)2|DLh`m|2
!

Luminosity distance

spin weighted (-2) spherical harmonics



EOB: inspiral-merger waveform
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We use waveform decomposed in spin(-2) weighted spherical harmonics

hN
`m =

M⌘

DL
n(✏)
lmc`+✏(⌘)x

(`+✏)/2Y `�✏,�m
⇣⇡
2
,�(t)

⌘
x = (M⌦)2/3“Newtonian” part, where

h`m = hN
`m ĥPN

`m

numerical coefficients (f-ns of                ) `, m, ⌘

ĥPN
`m = 1 + h1x+ h1.5x

3/2 + ... = S`+mT`m(⇢`m)`ei�

post-Newtonian resummed/factorized part

[Damour, Iyer, Nagar 2009]



EOB: ring-down (RD) signal
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  Identify RD attachment time: maximum of orb. freq. ~ light ring
  Generate the RD signal as superposition of damped eigen frequencies of final BH
  Define the amplitude of each QNM by demanding continuity of matching to inspiral-
merger part of the signal✓

DL

M

◆
hRD
`m (t > tmatch) =

X

m0,n

A`,m0,ne
�(i!`m0n+1/⌧`m0n)(t�tmatch)

ring-down
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Plot: courtesy of A. Taracchini



EOBNR: calibration

39Plot: courtesy of A. Taracchini

  It was somewhat simplified description of EOB model (reality is a bit ugly)
  Adiabatic transition from circular-to-circular breaks: non-quasi-circular (NQC) corrections
  Missing high PN-terms important close to the merger
  The RD part is taken from the linear perturbation of a single BH: two merging BHs pass 
through a highly non-linear regime: requires extra (pseudo) QNMs or phenomenological RD 
part [Damour & Nagar 2014].

NR waveforms used to extend and to improve EOB-> EOBNR which also makes them 
partially phenomenological model



Including spins
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 Spinning case: spinning particle in deformed Kerr spacetime [Barausse & 
Buonanno 2010,2011; Nagar+2014, Balmelli & Damour 2015]

 Hamiltonians are more complex and we also need map the spins of two body 
problem to “effective Kerr”.

SKerr = S1 + S2

S⇤ = S⇤(S1,S2)

SEOBNR with (anti)aligned spins: [Pan+2013, Taracchini+2014, Nagar+2014, 2015]
SEOBNR: precessing [Pan+2013, Babak+2016] 



SEOBNR model for precessing binary BHs
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First we generate the waveform in the precessing frame [Buonanno+ 03, 
Schmidt+ 11, O’Shaughnessy+ 11, Boyle+ 11]

Spins are projected on the orbital angular momentum (but time dependent)

Waveform is produced as for (anti)aligned spin configuration, we have 
generated                                      modes

We use “off the shelf” model of non-precessing SEOBNR [Pan+ 13] no 
recalibration is done

We rotate the waveforms to the frame aligned with the total momentum of the 
final BH and attach the RD

` = 2, m = ±1,±2

êP3 (t) = L̂N (t)

êI3 = L̂N (0)

êI1 = r̂(0)

êP2 (t)

êP1 (t)

�

↵
�

êI2 = êI3 ⇥ êI1

N̂◆

�o

Finally we rotate waveform to the inertial 
frame associated with an observer



Comparison precessing SEOBNR and NR waveforms
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Stanislav (Stas) Babak. 
AstroParticule et Cosmologie, CNRS (Paris)

Pulsar Timing Array  

ISAPP,  7-17 June 2021



GW landscape
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Pulsar Timing Array 
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[Credits: D. Champion]

The main idea behind pulsar timing array (PTA) is to useultra-stable millisecond pulsars as 
beacons (clocks sending signals) for detecting GW inthe nano-Hz range (10-9 - 10-7 Hz).



Millisecond pulsars
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 Pulsars - neutron stars (end product of evolution  of  stars with the mass > 7 solar) with 
rapid rotation and strong magnetic field 
 Emit beamed e/m radiation from the magnetic poles. Powered by rotation: spinning down. 
  Beamed radio emission swaps across the line of sight — seen as pulses in observations 
(similar to the lighthouse)



Millisecond pulsars
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[Credits: NASA]

[Wikimedia]

 Millisecond pulsars: period of rotation 
~ millisec 
 Often in binaries
 Very old NSs, very stable rotation
 The  most accurate clock on the long 
time scale (decades)



Pulsar timing
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[Figs: credits 
S. Burke-Spolar & L. Lentati]

 Each observed radio pulse profile  has a lot micro-structure. If we average over ~hour the 
(average) profile is very stable  
  We can use the average pulse profile to estimate the time-of-arrival (TOA) of the pulses.
 The idea is to measure the TOA, and  compare to the expected TOA. We know the spin of the 
pulsars, so we can predict the TOA. The difference between measure and expected TOA: 
residuals



Timing pulsars
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 We need to build a timing model to 
make accurate prediction for TOAs - 
take into account various physical 
effects
 Dispersion of e/m wave and its time 
dependence
 Rate of change of rotation  (b)
 Sky position of the pulsar (c)
 Proper motion of a pulsar (d)

Timing model could be quite 
complex  if pulsar is in the binary



Residuals 
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ttoa = ttoa(P, Ṗ , P̈ ,�clock,�DM (L),����,�E ,�S)
<latexit sha1_base64="WGzd8IPkJ3hLNMZYls1bRQlUQ3g="></latexit><latexit sha1_base64="WGzd8IPkJ3hLNMZYls1bRQlUQ3g="></latexit><latexit sha1_base64="WGzd8IPkJ3hLNMZYls1bRQlUQ3g="></latexit><latexit sha1_base64="WGzd8IPkJ3hLNMZYls1bRQlUQ3g="></latexit>

P, Ṗ , P̈
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period of pulsar’ rotation and its  derivatives: spin-down

�clock
<latexit sha1_base64="SnHHDt9C6TsijNlt47bWxX3R5a8=">AAAB+nicbVBNS8NAEN34WetXrUcvi0XwVBIR1FtRDx4rGFtoQ5hsN+3SzW7Y3RRLyF/x4kHFq7/Em//GpM1BWx8MPN6bYWZeEHOmjW1/Wyura+sbm5Wt6vbO7t5+7aD+qGWiCHWJ5FJ1A9CUM0Fdwwyn3VhRiAJOO8H4pvA7E6o0k+LBTGPqRTAULGQETC75tXp/AuqWcgN+Srgk46zq1xp2054BLxOnJA1Uou3XvvoDSZKICkM4aN1z7Nh4KSjDCKdZtZ9oGgMZw5D2ciogotpLZ7dn+CRXBjiUKi9h8Ez9PZFCpPU0CvLOCMxIL3qF+J/XS0x46aVMxImhgswXhQnHRuIiCDxgihLDpzkBolh+KyYjUEBMHlcRgrP48jJxz5pXTef+vNG6LtOooCN0jE6Rgy5QC92hNnIRQU/oGb2iNyuzXqx362PeumKVM4foD6zPH1grlC8=</latexit><latexit sha1_base64="SnHHDt9C6TsijNlt47bWxX3R5a8=">AAAB+nicbVBNS8NAEN34WetXrUcvi0XwVBIR1FtRDx4rGFtoQ5hsN+3SzW7Y3RRLyF/x4kHFq7/Em//GpM1BWx8MPN6bYWZeEHOmjW1/Wyura+sbm5Wt6vbO7t5+7aD+qGWiCHWJ5FJ1A9CUM0Fdwwyn3VhRiAJOO8H4pvA7E6o0k+LBTGPqRTAULGQETC75tXp/AuqWcgN+Srgk46zq1xp2054BLxOnJA1Uou3XvvoDSZKICkM4aN1z7Nh4KSjDCKdZtZ9oGgMZw5D2ciogotpLZ7dn+CRXBjiUKi9h8Ez9PZFCpPU0CvLOCMxIL3qF+J/XS0x46aVMxImhgswXhQnHRuIiCDxgihLDpzkBolh+KyYjUEBMHlcRgrP48jJxz5pXTef+vNG6LtOooCN0jE6Rgy5QC92hNnIRQU/oGb2iNyuzXqx362PeumKVM4foD6zPH1grlC8=</latexit><latexit sha1_base64="SnHHDt9C6TsijNlt47bWxX3R5a8=">AAAB+nicbVBNS8NAEN34WetXrUcvi0XwVBIR1FtRDx4rGFtoQ5hsN+3SzW7Y3RRLyF/x4kHFq7/Em//GpM1BWx8MPN6bYWZeEHOmjW1/Wyura+sbm5Wt6vbO7t5+7aD+qGWiCHWJ5FJ1A9CUM0Fdwwyn3VhRiAJOO8H4pvA7E6o0k+LBTGPqRTAULGQETC75tXp/AuqWcgN+Srgk46zq1xp2054BLxOnJA1Uou3XvvoDSZKICkM4aN1z7Nh4KSjDCKdZtZ9oGgMZw5D2ciogotpLZ7dn+CRXBjiUKi9h8Ez9PZFCpPU0CvLOCMxIL3qF+J/XS0x46aVMxImhgswXhQnHRuIiCDxgihLDpzkBolh+KyYjUEBMHlcRgrP48jJxz5pXTef+vNG6LtOooCN0jE6Rgy5QC92hNnIRQU/oGb2iNyuzXqx362PeumKVM4foD6zPH1grlC8=</latexit><latexit sha1_base64="SnHHDt9C6TsijNlt47bWxX3R5a8=">AAAB+nicbVBNS8NAEN34WetXrUcvi0XwVBIR1FtRDx4rGFtoQ5hsN+3SzW7Y3RRLyF/x4kHFq7/Em//GpM1BWx8MPN6bYWZeEHOmjW1/Wyura+sbm5Wt6vbO7t5+7aD+qGWiCHWJ5FJ1A9CUM0Fdwwyn3VhRiAJOO8H4pvA7E6o0k+LBTGPqRTAULGQETC75tXp/AuqWcgN+Srgk46zq1xp2054BLxOnJA1Uou3XvvoDSZKICkM4aN1z7Nh4KSjDCKdZtZ9oGgMZw5D2ciogotpLZ7dn+CRXBjiUKi9h8Ez9PZFCpPU0CvLOCMxIL3qF+J/XS0x46aVMxImhgswXhQnHRuIiCDxgihLDpzkBolh+KyYjUEBMHlcRgrP48jJxz5pXTef+vNG6LtOooCN0jE6Rgy5QC92hNnIRQU/oGb2iNyuzXqx362PeumKVM4foD6zPH1grlC8=</latexit>

difference in the local clock and terrestrial standrad

�DM (L)
<latexit sha1_base64="KSPPAqgI6plLEws/xjhOaCpBQr8=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSxCvZREBPVWtAcPChWMLbQhbLabdulmE3Y3xRLyV7x4UPHqL/Hmv3HT5qCtDwYe780wM8+PGZXKsr6N0srq2vpGebOytb2zu2fuVx9llAhMHByxSHR9JAmjnDiKKka6sSAo9Bnp+OPr3O9MiJA04g9qGhM3RENOA4qR0pJnVvsTJFqEKeSlrbusfntS8cya1bBmgMvELkgNFGh75ld/EOEkJFxhhqTs2Vas3BQJRTEjWaWfSBIjPEZD0tOUo5BIN53dnsFjrQxgEAldXMGZ+nsiRaGU09DXnSFSI7no5eJ/Xi9RwYWbUh4ninA8XxQkDKoI5kHAARUEKzbVBGFB9a0Qj5BAWOm48hDsxZeXiXPauGzY92e15lWRRhkcgiNQBzY4B01wA9rAARg8gWfwCt6MzHgx3o2PeWvJKGYOwB8Ynz8GIpNR</latexit><latexit sha1_base64="KSPPAqgI6plLEws/xjhOaCpBQr8=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSxCvZREBPVWtAcPChWMLbQhbLabdulmE3Y3xRLyV7x4UPHqL/Hmv3HT5qCtDwYe780wM8+PGZXKsr6N0srq2vpGebOytb2zu2fuVx9llAhMHByxSHR9JAmjnDiKKka6sSAo9Bnp+OPr3O9MiJA04g9qGhM3RENOA4qR0pJnVvsTJFqEKeSlrbusfntS8cya1bBmgMvELkgNFGh75ld/EOEkJFxhhqTs2Vas3BQJRTEjWaWfSBIjPEZD0tOUo5BIN53dnsFjrQxgEAldXMGZ+nsiRaGU09DXnSFSI7no5eJ/Xi9RwYWbUh4ninA8XxQkDKoI5kHAARUEKzbVBGFB9a0Qj5BAWOm48hDsxZeXiXPauGzY92e15lWRRhkcgiNQBzY4B01wA9rAARg8gWfwCt6MzHgx3o2PeWvJKGYOwB8Ynz8GIpNR</latexit><latexit sha1_base64="KSPPAqgI6plLEws/xjhOaCpBQr8=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSxCvZREBPVWtAcPChWMLbQhbLabdulmE3Y3xRLyV7x4UPHqL/Hmv3HT5qCtDwYe780wM8+PGZXKsr6N0srq2vpGebOytb2zu2fuVx9llAhMHByxSHR9JAmjnDiKKka6sSAo9Bnp+OPr3O9MiJA04g9qGhM3RENOA4qR0pJnVvsTJFqEKeSlrbusfntS8cya1bBmgMvELkgNFGh75ld/EOEkJFxhhqTs2Vas3BQJRTEjWaWfSBIjPEZD0tOUo5BIN53dnsFjrQxgEAldXMGZ+nsiRaGU09DXnSFSI7no5eJ/Xi9RwYWbUh4ninA8XxQkDKoI5kHAARUEKzbVBGFB9a0Qj5BAWOm48hDsxZeXiXPauGzY92e15lWRRhkcgiNQBzY4B01wA9rAARg8gWfwCt6MzHgx3o2PeWvJKGYOwB8Ynz8GIpNR</latexit><latexit sha1_base64="KSPPAqgI6plLEws/xjhOaCpBQr8=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16WSxCvZREBPVWtAcPChWMLbQhbLabdulmE3Y3xRLyV7x4UPHqL/Hmv3HT5qCtDwYe780wM8+PGZXKsr6N0srq2vpGebOytb2zu2fuVx9llAhMHByxSHR9JAmjnDiKKka6sSAo9Bnp+OPr3O9MiJA04g9qGhM3RENOA4qR0pJnVvsTJFqEKeSlrbusfntS8cya1bBmgMvELkgNFGh75ld/EOEkJFxhhqTs2Vas3BQJRTEjWaWfSBIjPEZD0tOUo5BIN53dnsFjrQxgEAldXMGZ+nsiRaGU09DXnSFSI7no5eJ/Xi9RwYWbUh4ninA8XxQkDKoI5kHAARUEKzbVBGFB9a0Qj5BAWOm48hDsxZeXiXPauGzY92e15lWRRhkcgiNQBzY4B01wA9rAARg8gWfwCt6MzHgx3o2PeWvJKGYOwB8Ynz8GIpNR</latexit>

delays caused by propagation in the interstellar medium

����
<latexit sha1_base64="R0fvcw6f9ABa4b1fqUnoP+qJBhs=">AAACA3icbVBNS8NAEN34WetX1GMvi0XwYklEUG9FPXisYGyhCWGz2bZLN9mwOymU0IMX/4oXDype/RPe/DcmbQ7a+mDg8d4MM/OCRHANlvVtLC2vrK6tVzaqm1vbO7vm3v6DlqmizKFSSNUJiGaCx8wBDoJ1EsVIFAjWDobXhd8eMaW5jO9hnDAvIv2Y9zglkEu+WXNHRN0wAcTPXBlKwCfYlYlI9aTqm3WrYU2BF4ldkjoq0fLNLzeUNI1YDFQQrbu2lYCXEQWcCjapuqlmCaFD0mfdnMYkYtrLpk9M8FGuhLgnVV4x4Kn6eyIjkdbjKMg7IwIDPe8V4n9eN4XehZfxOEmBxXS2qJcKDBIXieCQK0ZBjHNCqOL5rZgOiCIU8tyKEOz5lxeJc9q4bNh3Z/XmVZlGBdXQITpGNjpHTXSLWshBFD2iZ/SK3own48V4Nz5mrUtGOXOA/sD4/AF8cZeL</latexit><latexit sha1_base64="R0fvcw6f9ABa4b1fqUnoP+qJBhs=">AAACA3icbVBNS8NAEN34WetX1GMvi0XwYklEUG9FPXisYGyhCWGz2bZLN9mwOymU0IMX/4oXDype/RPe/DcmbQ7a+mDg8d4MM/OCRHANlvVtLC2vrK6tVzaqm1vbO7vm3v6DlqmizKFSSNUJiGaCx8wBDoJ1EsVIFAjWDobXhd8eMaW5jO9hnDAvIv2Y9zglkEu+WXNHRN0wAcTPXBlKwCfYlYlI9aTqm3WrYU2BF4ldkjoq0fLNLzeUNI1YDFQQrbu2lYCXEQWcCjapuqlmCaFD0mfdnMYkYtrLpk9M8FGuhLgnVV4x4Kn6eyIjkdbjKMg7IwIDPe8V4n9eN4XehZfxOEmBxXS2qJcKDBIXieCQK0ZBjHNCqOL5rZgOiCIU8tyKEOz5lxeJc9q4bNh3Z/XmVZlGBdXQITpGNjpHTXSLWshBFD2iZ/SK3own48V4Nz5mrUtGOXOA/sD4/AF8cZeL</latexit><latexit sha1_base64="R0fvcw6f9ABa4b1fqUnoP+qJBhs=">AAACA3icbVBNS8NAEN34WetX1GMvi0XwYklEUG9FPXisYGyhCWGz2bZLN9mwOymU0IMX/4oXDype/RPe/DcmbQ7a+mDg8d4MM/OCRHANlvVtLC2vrK6tVzaqm1vbO7vm3v6DlqmizKFSSNUJiGaCx8wBDoJ1EsVIFAjWDobXhd8eMaW5jO9hnDAvIv2Y9zglkEu+WXNHRN0wAcTPXBlKwCfYlYlI9aTqm3WrYU2BF4ldkjoq0fLNLzeUNI1YDFQQrbu2lYCXEQWcCjapuqlmCaFD0mfdnMYkYtrLpk9M8FGuhLgnVV4x4Kn6eyIjkdbjKMg7IwIDPe8V4n9eN4XehZfxOEmBxXS2qJcKDBIXieCQK0ZBjHNCqOL5rZgOiCIU8tyKEOz5lxeJc9q4bNh3Z/XmVZlGBdXQITpGNjpHTXSLWshBFD2iZ/SK3own48V4Nz5mrUtGOXOA/sD4/AF8cZeL</latexit><latexit sha1_base64="R0fvcw6f9ABa4b1fqUnoP+qJBhs=">AAACA3icbVBNS8NAEN34WetX1GMvi0XwYklEUG9FPXisYGyhCWGz2bZLN9mwOymU0IMX/4oXDype/RPe/DcmbQ7a+mDg8d4MM/OCRHANlvVtLC2vrK6tVzaqm1vbO7vm3v6DlqmizKFSSNUJiGaCx8wBDoJ1EsVIFAjWDobXhd8eMaW5jO9hnDAvIv2Y9zglkEu+WXNHRN0wAcTPXBlKwCfYlYlI9aTqm3WrYU2BF4ldkjoq0fLNLzeUNI1YDFQQrbu2lYCXEQWcCjapuqlmCaFD0mfdnMYkYtrLpk9M8FGuhLgnVV4x4Kn6eyIjkdbjKMg7IwIDPe8V4n9eN4XehZfxOEmBxXS2qJcKDBIXieCQK0ZBjHNCqOL5rZgOiCIU8tyKEOz5lxeJc9q4bNh3Z/XmVZlGBdXQITpGNjpHTXSLWshBFD2iZ/SK3own48V4Nz5mrUtGOXOA/sD4/AF8cZeL</latexit>

Transformation from the local frame to the solar system barycentre

�E
<latexit sha1_base64="8lrn9IUtbBV+wlFR8q5oDPVS1xs=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN6CD/AYwTWB7BJ6J51kyOyDmdlAWPIbXjyoePVrvPk3ziZ70MSChqKqm+6uIBFcadv+tkorq2vrG+XNytb2zu5edf/gScWpZOiyWMSyHYBCwSN0NdcC24lECAOBrWB0k/utMUrF4+hRTxL0QxhEvM8ZaCN53hjkLQoN3btKt1qz6/YMdJk4BamRAs1u9cvrxSwNMdJMgFIdx060n4HUnAmcVrxUYQJsBAPsGBpBiMrPZjdP6YlRerQfS1ORpjP190QGoVKTMDCdIeihWvRy8T+vk+r+pZ/xKEk1Rmy+qJ8KqmOaB0B7XCLTYmIIMMnNrZQNQQLTJqY8BGfx5WXintWv6s7Dea1xXaRRJkfkmJwSh1yQBrknTeISRhLyTF7Jm5VaL9a79TFvLVnFzCH5A+vzB7fbkQM=</latexit><latexit sha1_base64="8lrn9IUtbBV+wlFR8q5oDPVS1xs=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN6CD/AYwTWB7BJ6J51kyOyDmdlAWPIbXjyoePVrvPk3ziZ70MSChqKqm+6uIBFcadv+tkorq2vrG+XNytb2zu5edf/gScWpZOiyWMSyHYBCwSN0NdcC24lECAOBrWB0k/utMUrF4+hRTxL0QxhEvM8ZaCN53hjkLQoN3btKt1qz6/YMdJk4BamRAs1u9cvrxSwNMdJMgFIdx060n4HUnAmcVrxUYQJsBAPsGBpBiMrPZjdP6YlRerQfS1ORpjP190QGoVKTMDCdIeihWvRy8T+vk+r+pZ/xKEk1Rmy+qJ8KqmOaB0B7XCLTYmIIMMnNrZQNQQLTJqY8BGfx5WXintWv6s7Dea1xXaRRJkfkmJwSh1yQBrknTeISRhLyTF7Jm5VaL9a79TFvLVnFzCH5A+vzB7fbkQM=</latexit><latexit sha1_base64="8lrn9IUtbBV+wlFR8q5oDPVS1xs=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN6CD/AYwTWB7BJ6J51kyOyDmdlAWPIbXjyoePVrvPk3ziZ70MSChqKqm+6uIBFcadv+tkorq2vrG+XNytb2zu5edf/gScWpZOiyWMSyHYBCwSN0NdcC24lECAOBrWB0k/utMUrF4+hRTxL0QxhEvM8ZaCN53hjkLQoN3btKt1qz6/YMdJk4BamRAs1u9cvrxSwNMdJMgFIdx060n4HUnAmcVrxUYQJsBAPsGBpBiMrPZjdP6YlRerQfS1ORpjP190QGoVKTMDCdIeihWvRy8T+vk+r+pZ/xKEk1Rmy+qJ8KqmOaB0B7XCLTYmIIMMnNrZQNQQLTJqY8BGfx5WXintWv6s7Dea1xXaRRJkfkmJwSh1yQBrknTeISRhLyTF7Jm5VaL9a79TFvLVnFzCH5A+vzB7fbkQM=</latexit><latexit sha1_base64="8lrn9IUtbBV+wlFR8q5oDPVS1xs=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN6CD/AYwTWB7BJ6J51kyOyDmdlAWPIbXjyoePVrvPk3ziZ70MSChqKqm+6uIBFcadv+tkorq2vrG+XNytb2zu5edf/gScWpZOiyWMSyHYBCwSN0NdcC24lECAOBrWB0k/utMUrF4+hRTxL0QxhEvM8ZaCN53hjkLQoN3btKt1qz6/YMdJk4BamRAs1u9cvrxSwNMdJMgFIdx060n4HUnAmcVrxUYQJsBAPsGBpBiMrPZjdP6YlRerQfS1ORpjP190QGoVKTMDCdIeihWvRy8T+vk+r+pZ/xKEk1Rmy+qJ8KqmOaB0B7XCLTYmIIMMnNrZQNQQLTJqY8BGfx5WXintWv6s7Dea1xXaRRJkfkmJwSh1yQBrknTeISRhLyTF7Jm5VaL9a79TFvLVnFzCH5A+vzB7fbkQM=</latexit>

Accounts for relative motion (Doppler) + gravitational redshift caused by the 
Sun, plantes or binary companion.

�S
<latexit sha1_base64="CQjx330XaFB4W4cWXZffDPIHOQc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FPXisaGyhCWWynbZLNx/sbgol9G948aDi1V/jzX/jps1BWx8MPN6bYWZekAiutG1/W6WV1bX1jfJmZWt7Z3evun/wpOJUMnRZLGLZDkCh4BG6mmuB7UQihIHAVjC6yf3WGKXicfSoJwn6IQwi3ucMtJE8bwzyFoWG7kOlW63ZdXsGukycgtRIgWa3+uX1YpaGGGkmQKmOYyfaz0BqzgROK16qMAE2ggF2DI0gROVns5un9MQoPdqPpalI05n6eyKDUKlJGJjOEPRQLXq5+J/XSXX/0s94lKQaIzZf1E8F1THNA6A9LpFpMTEEmOTmVsqGIIFpE1MegrP48jJxz+pXdef+vNa4LtIokyNyTE6JQy5Ig9yRJnEJIwl5Jq/kzUqtF+vd+pi3lqxi5pD8gfX5A80TkRE=</latexit><latexit sha1_base64="CQjx330XaFB4W4cWXZffDPIHOQc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FPXisaGyhCWWynbZLNx/sbgol9G948aDi1V/jzX/jps1BWx8MPN6bYWZekAiutG1/W6WV1bX1jfJmZWt7Z3evun/wpOJUMnRZLGLZDkCh4BG6mmuB7UQihIHAVjC6yf3WGKXicfSoJwn6IQwi3ucMtJE8bwzyFoWG7kOlW63ZdXsGukycgtRIgWa3+uX1YpaGGGkmQKmOYyfaz0BqzgROK16qMAE2ggF2DI0gROVns5un9MQoPdqPpalI05n6eyKDUKlJGJjOEPRQLXq5+J/XSXX/0s94lKQaIzZf1E8F1THNA6A9LpFpMTEEmOTmVsqGIIFpE1MegrP48jJxz+pXdef+vNa4LtIokyNyTE6JQy5Ig9yRJnEJIwl5Jq/kzUqtF+vd+pi3lqxi5pD8gfX5A80TkRE=</latexit><latexit sha1_base64="CQjx330XaFB4W4cWXZffDPIHOQc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FPXisaGyhCWWynbZLNx/sbgol9G948aDi1V/jzX/jps1BWx8MPN6bYWZekAiutG1/W6WV1bX1jfJmZWt7Z3evun/wpOJUMnRZLGLZDkCh4BG6mmuB7UQihIHAVjC6yf3WGKXicfSoJwn6IQwi3ucMtJE8bwzyFoWG7kOlW63ZdXsGukycgtRIgWa3+uX1YpaGGGkmQKmOYyfaz0BqzgROK16qMAE2ggF2DI0gROVns5un9MQoPdqPpalI05n6eyKDUKlJGJjOEPRQLXq5+J/XSXX/0s94lKQaIzZf1E8F1THNA6A9LpFpMTEEmOTmVsqGIIFpE1MegrP48jJxz+pXdef+vNa4LtIokyNyTE6JQy5Ig9yRJnEJIwl5Jq/kzUqtF+vd+pi3lqxi5pD8gfX5A80TkRE=</latexit><latexit sha1_base64="CQjx330XaFB4W4cWXZffDPIHOQc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FPXisaGyhCWWynbZLNx/sbgol9G948aDi1V/jzX/jps1BWx8MPN6bYWZekAiutG1/W6WV1bX1jfJmZWt7Z3evun/wpOJUMnRZLGLZDkCh4BG6mmuB7UQihIHAVjC6yf3WGKXicfSoJwn6IQwi3ucMtJE8bwzyFoWG7kOlW63ZdXsGukycgtRIgWa3+uX1YpaGGGkmQKmOYyfaz0BqzgROK16qMAE2ggF2DI0gROVns5un9MQoPdqPpalI05n6eyKDUKlJGJjOEPRQLXq5+J/XSXX/0s94lKQaIzZf1E8F1THNA6A9LpFpMTEEmOTmVsqGIIFpE1MegrP48jJxz+pXdef+vNa4LtIokyNyTE6JQy5Ig9yRJnEJIwl5Jq/kzUqtF+vd+pi3lqxi5pD8gfX5A80TkRE=</latexit>

Extra time required to trave in the curved spacetime containng 
Sun/companion  (if in binary)

 Building the timing model: depends on many parameters

dt = tptoa � totoa = dterrors + �⌧GW + noise
<latexit sha1_base64="n8clQQKvwZaoWPs7KzBbifuC6BU="></latexit><latexit sha1_base64="n8clQQKvwZaoWPs7KzBbifuC6BU="></latexit><latexit sha1_base64="n8clQQKvwZaoWPs7KzBbifuC6BU="></latexit><latexit sha1_base64="n8clQQKvwZaoWPs7KzBbifuC6BU="></latexit>

Errors in fitting the model due to GWs



Timing Residuals
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dt = tptoa � totoa = dterrors + �⌧GW + noise
<latexit sha1_base64="n8clQQKvwZaoWPs7KzBbifuC6BU="></latexit><latexit sha1_base64="n8clQQKvwZaoWPs7KzBbifuC6BU="></latexit><latexit sha1_base64="n8clQQKvwZaoWPs7KzBbifuC6BU="></latexit><latexit sha1_base64="n8clQQKvwZaoWPs7KzBbifuC6BU="></latexit>

Errors in fitting the model due to GWs

credits: Mikel Falxa



Response to GW signal
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T- earth time

Tp – pulsar time

n

L

k

(x, t)

DL

+

-

-

+

(xp, tp)

• Important quantity which characterizes the response of 
any GW observatory is ✏ = (2⇡f⇤L/c)

<latexit sha1_base64="VsteWnlbAZgCsYdzaHNsSGMQ/Qo=">AAACA3icbVDLSsNAFJ34rPUVdaebwSJUFzUpgm6EohsXLirYBzQhTKaTduhkJsxMhBIKbvwVNy4UcetPuPNvnLZZaOuBC4dz7uXee8KEUaUd59taWFxaXlktrBXXNza3tu2d3aYSqcSkgQUTsh0iRRjlpKGpZqSdSILikJFWOLge+60HIhUV/F4PE+LHqMdpRDHSRgrsfY8kijLB4SUsV72Ewig4gben+BgGdsmpOBPAeeLmpARy1AP7y+sKnMaEa8yQUh3XSbSfIakpZmRU9FJFEoQHqEc6hnIUE+Vnkx9G8MgoXRgJaYprOFF/T2QoVmoYh6YzRrqvZr2x+J/XSXV04WeUJ6kmHE8XRSmDWsBxILBLJcGaDQ1BWFJzK8R9JBHWJraiCcGdfXmeNKsV16m4d2el2lUeRwEcgENQBi44BzVwA+qgATB4BM/gFbxZT9aL9W59TFsXrHxmD/yB9fkDZjCVZw==</latexit><latexit sha1_base64="VsteWnlbAZgCsYdzaHNsSGMQ/Qo=">AAACA3icbVDLSsNAFJ34rPUVdaebwSJUFzUpgm6EohsXLirYBzQhTKaTduhkJsxMhBIKbvwVNy4UcetPuPNvnLZZaOuBC4dz7uXee8KEUaUd59taWFxaXlktrBXXNza3tu2d3aYSqcSkgQUTsh0iRRjlpKGpZqSdSILikJFWOLge+60HIhUV/F4PE+LHqMdpRDHSRgrsfY8kijLB4SUsV72Ewig4gben+BgGdsmpOBPAeeLmpARy1AP7y+sKnMaEa8yQUh3XSbSfIakpZmRU9FJFEoQHqEc6hnIUE+Vnkx9G8MgoXRgJaYprOFF/T2QoVmoYh6YzRrqvZr2x+J/XSXV04WeUJ6kmHE8XRSmDWsBxILBLJcGaDQ1BWFJzK8R9JBHWJraiCcGdfXmeNKsV16m4d2el2lUeRwEcgENQBi44BzVwA+qgATB4BM/gFbxZT9aL9W59TFsXrHxmD/yB9fkDZjCVZw==</latexit><latexit sha1_base64="VsteWnlbAZgCsYdzaHNsSGMQ/Qo=">AAACA3icbVDLSsNAFJ34rPUVdaebwSJUFzUpgm6EohsXLirYBzQhTKaTduhkJsxMhBIKbvwVNy4UcetPuPNvnLZZaOuBC4dz7uXee8KEUaUd59taWFxaXlktrBXXNza3tu2d3aYSqcSkgQUTsh0iRRjlpKGpZqSdSILikJFWOLge+60HIhUV/F4PE+LHqMdpRDHSRgrsfY8kijLB4SUsV72Ewig4gben+BgGdsmpOBPAeeLmpARy1AP7y+sKnMaEa8yQUh3XSbSfIakpZmRU9FJFEoQHqEc6hnIUE+Vnkx9G8MgoXRgJaYprOFF/T2QoVmoYh6YzRrqvZr2x+J/XSXV04WeUJ6kmHE8XRSmDWsBxILBLJcGaDQ1BWFJzK8R9JBHWJraiCcGdfXmeNKsV16m4d2el2lUeRwEcgENQBi44BzVwA+qgATB4BM/gFbxZT9aL9W59TFsXrHxmD/yB9fkDZjCVZw==</latexit><latexit sha1_base64="VsteWnlbAZgCsYdzaHNsSGMQ/Qo=">AAACA3icbVDLSsNAFJ34rPUVdaebwSJUFzUpgm6EohsXLirYBzQhTKaTduhkJsxMhBIKbvwVNy4UcetPuPNvnLZZaOuBC4dz7uXee8KEUaUd59taWFxaXlktrBXXNza3tu2d3aYSqcSkgQUTsh0iRRjlpKGpZqSdSILikJFWOLge+60HIhUV/F4PE+LHqMdpRDHSRgrsfY8kijLB4SUsV72Ewig4gben+BgGdsmpOBPAeeLmpARy1AP7y+sKnMaEa8yQUh3XSbSfIakpZmRU9FJFEoQHqEc6hnIUE+Vnkx9G8MgoXRgJaYprOFF/T2QoVmoYh6YzRrqvZr2x+J/XSXV04WeUJ6kmHE8XRSmDWsBxILBLJcGaDQ1BWFJzK8R9JBHWJraiCcGdfXmeNKsV16m4d2el2lUeRwEcgENQBi44BzVwA+qgATB4BM/gFbxZT9aL9W59TFsXrHxmD/yB9fkDZjCVZw==</latexit>

size of GW detector

✏ ⌧ 1
<latexit sha1_base64="KfbTQKW/fJguZcdG3pBcyMGJ1AE=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2Y7aZduNmF3o5TQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32IyrNE3lvxikGMR1IHnFGjZUefEw1F4kkvhDE61Wqbs2dgSwTryBVKNDoVb78fsKyGKVhgmrd9dzUBDlVhjOBk7KfaUwpG9EBdi2VNEYd5LOrJ+TUKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5uZ6CrIuUwzg5LNF0WZICYh0whInytkRowtoUxxeythQ6ooMzaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExgoeIZXeHOenBfn3fmYt644xcwR/IHz+QPBLJIB</latexit><latexit sha1_base64="KfbTQKW/fJguZcdG3pBcyMGJ1AE=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2Y7aZduNmF3o5TQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32IyrNE3lvxikGMR1IHnFGjZUefEw1F4kkvhDE61Wqbs2dgSwTryBVKNDoVb78fsKyGKVhgmrd9dzUBDlVhjOBk7KfaUwpG9EBdi2VNEYd5LOrJ+TUKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5uZ6CrIuUwzg5LNF0WZICYh0whInytkRowtoUxxeythQ6ooMzaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExgoeIZXeHOenBfn3fmYt644xcwR/IHz+QPBLJIB</latexit><latexit sha1_base64="KfbTQKW/fJguZcdG3pBcyMGJ1AE=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2Y7aZduNmF3o5TQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32IyrNE3lvxikGMR1IHnFGjZUefEw1F4kkvhDE61Wqbs2dgSwTryBVKNDoVb78fsKyGKVhgmrd9dzUBDlVhjOBk7KfaUwpG9EBdi2VNEYd5LOrJ+TUKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5uZ6CrIuUwzg5LNF0WZICYh0whInytkRowtoUxxeythQ6ooMzaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExgoeIZXeHOenBfn3fmYt644xcwR/IHz+QPBLJIB</latexit><latexit sha1_base64="KfbTQKW/fJguZcdG3pBcyMGJ1AE=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2Y7aZduNmF3o5TQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32IyrNE3lvxikGMR1IHnFGjZUefEw1F4kkvhDE61Wqbs2dgSwTryBVKNDoVb78fsKyGKVhgmrd9dzUBDlVhjOBk7KfaUwpG9EBdi2VNEYd5LOrJ+TUKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5uZ6CrIuUwzg5LNF0WZICYh0whInytkRowtoUxxeythQ6ooMzaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExgoeIZXeHOenBfn3fmYt644xcwR/IHz+QPBLJIB</latexit>

R / hijn
inj

<latexit sha1_base64="mn0FXWJh6pffZNjLV5oMjY192EY=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4KrMiKDLohuXVewD2umQSdM2bSYJSUYow2z8FTcuFHHrZ7jzb0zbWWjrgcDhnHu5OSeSjGrjed9OYWV1bX2juFna2t7Z3XP3DxpaJAqTOhZMqFaENGGUk7qhhpGWVATFESPNaHwz9ZuPRGkq+IOZSBLEaMBpn2JkrBS6R/ewI5WQRsBhmNJRxrsU8u4odMtexZsBLhM/J2WQoxa6X52ewElMuMEMad32PWmCFClDMSNZqZNoIhEeowFpW8pRTHSQzgJk8NQqPdgXyj5u4Ez9vZGiWOtJHNnJGJmhXvSm4n9eOzH9qyClXCaGcDw/1E8YtHGnbcAeVQQbNrEEYUXtXyEeIoWwsZ2VbAn+YuRl0jiv+F7Fv7soV6/zOorgGJyAM+CDS1AFt6AG6gCDDDyDV/DmPDkvzrvzMR8tOPnOIfgD5/MHXouWQA==</latexit><latexit sha1_base64="mn0FXWJh6pffZNjLV5oMjY192EY=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4KrMiKDLohuXVewD2umQSdM2bSYJSUYow2z8FTcuFHHrZ7jzb0zbWWjrgcDhnHu5OSeSjGrjed9OYWV1bX2juFna2t7Z3XP3DxpaJAqTOhZMqFaENGGUk7qhhpGWVATFESPNaHwz9ZuPRGkq+IOZSBLEaMBpn2JkrBS6R/ewI5WQRsBhmNJRxrsU8u4odMtexZsBLhM/J2WQoxa6X52ewElMuMEMad32PWmCFClDMSNZqZNoIhEeowFpW8pRTHSQzgJk8NQqPdgXyj5u4Ez9vZGiWOtJHNnJGJmhXvSm4n9eOzH9qyClXCaGcDw/1E8YtHGnbcAeVQQbNrEEYUXtXyEeIoWwsZ2VbAn+YuRl0jiv+F7Fv7soV6/zOorgGJyAM+CDS1AFt6AG6gCDDDyDV/DmPDkvzrvzMR8tOPnOIfgD5/MHXouWQA==</latexit><latexit sha1_base64="mn0FXWJh6pffZNjLV5oMjY192EY=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4KrMiKDLohuXVewD2umQSdM2bSYJSUYow2z8FTcuFHHrZ7jzb0zbWWjrgcDhnHu5OSeSjGrjed9OYWV1bX2juFna2t7Z3XP3DxpaJAqTOhZMqFaENGGUk7qhhpGWVATFESPNaHwz9ZuPRGkq+IOZSBLEaMBpn2JkrBS6R/ewI5WQRsBhmNJRxrsU8u4odMtexZsBLhM/J2WQoxa6X52ewElMuMEMad32PWmCFClDMSNZqZNoIhEeowFpW8pRTHSQzgJk8NQqPdgXyj5u4Ez9vZGiWOtJHNnJGJmhXvSm4n9eOzH9qyClXCaGcDw/1E8YtHGnbcAeVQQbNrEEYUXtXyEeIoWwsZ2VbAn+YuRl0jiv+F7Fv7soV6/zOorgGJyAM+CDS1AFt6AG6gCDDDyDV/DmPDkvzrvzMR8tOPnOIfgD5/MHXouWQA==</latexit><latexit sha1_base64="mn0FXWJh6pffZNjLV5oMjY192EY=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4KrMiKDLohuXVewD2umQSdM2bSYJSUYow2z8FTcuFHHrZ7jzb0zbWWjrgcDhnHu5OSeSjGrjed9OYWV1bX2juFna2t7Z3XP3DxpaJAqTOhZMqFaENGGUk7qhhpGWVATFESPNaHwz9ZuPRGkq+IOZSBLEaMBpn2JkrBS6R/ewI5WQRsBhmNJRxrsU8u4odMtexZsBLhM/J2WQoxa6X52ewElMuMEMad32PWmCFClDMSNZqZNoIhEeowFpW8pRTHSQzgJk8NQqPdgXyj5u4Ez9vZGiWOtJHNnJGJmhXvSm4n9eOzH9qyClXCaGcDw/1E8YtHGnbcAeVQQbNrEEYUXtXyEeIoWwsZ2VbAn+YuRl0jiv+F7Fv7soV6/zOorgGJyAM+CDS1AFt6AG6gCDDDyDV/DmPDkvzrvzMR8tOPnOIfgD5/MHXouWQA==</latexit>

long wavelength approximation: 
LIGO/Virgo

LIGO: f* ~12 kHz, LISA: f*~ 0.05  Hz, 
PTA: f*~0.002 nHz

✏ = 1
<latexit sha1_base64="7/X5SbeuVT/gGZKLJfZRvO5S8G4=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQS9C0YvHCvYDukvJptk2NJuEJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMixVnxvr+t1daW9/Y3CpvV3Z29/YPqodHbSMzTWiLSC51N8aGciZoyzLLaVdpitOY0048vpv5nSeqDZPi0U4UjVI8FCxhBFsnhSFVhnEp0A0K+tWaX/fnQKskKEgNCjT71a9wIEmWUmEJx8b0Al/ZKMfaMsLptBJmhipMxnhIe44KnFIT5fObp+jMKQOUSO1KWDRXf0/kODVmksauM8V2ZJa9mfif18tsch3lTKjMUkEWi5KMIyvRLAA0YJoSyyeOYKKZuxWREdaYWBdTxYUQLL+8StoX9cCvBw+XtcZtEUcZTuAUziGAK2jAPTShBQQUPMMrvHmZ9+K9ex+L1pJXzBzDH3ifP/a+kPY=</latexit><latexit sha1_base64="7/X5SbeuVT/gGZKLJfZRvO5S8G4=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQS9C0YvHCvYDukvJptk2NJuEJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMixVnxvr+t1daW9/Y3CpvV3Z29/YPqodHbSMzTWiLSC51N8aGciZoyzLLaVdpitOY0048vpv5nSeqDZPi0U4UjVI8FCxhBFsnhSFVhnEp0A0K+tWaX/fnQKskKEgNCjT71a9wIEmWUmEJx8b0Al/ZKMfaMsLptBJmhipMxnhIe44KnFIT5fObp+jMKQOUSO1KWDRXf0/kODVmksauM8V2ZJa9mfif18tsch3lTKjMUkEWi5KMIyvRLAA0YJoSyyeOYKKZuxWREdaYWBdTxYUQLL+8StoX9cCvBw+XtcZtEUcZTuAUziGAK2jAPTShBQQUPMMrvHmZ9+K9ex+L1pJXzBzDH3ifP/a+kPY=</latexit><latexit sha1_base64="7/X5SbeuVT/gGZKLJfZRvO5S8G4=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQS9C0YvHCvYDukvJptk2NJuEJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMixVnxvr+t1daW9/Y3CpvV3Z29/YPqodHbSMzTWiLSC51N8aGciZoyzLLaVdpitOY0048vpv5nSeqDZPi0U4UjVI8FCxhBFsnhSFVhnEp0A0K+tWaX/fnQKskKEgNCjT71a9wIEmWUmEJx8b0Al/ZKMfaMsLptBJmhipMxnhIe44KnFIT5fObp+jMKQOUSO1KWDRXf0/kODVmksauM8V2ZJa9mfif18tsch3lTKjMUkEWi5KMIyvRLAA0YJoSyyeOYKKZuxWREdaYWBdTxYUQLL+8StoX9cCvBw+XtcZtEUcZTuAUziGAK2jAPTShBQQUPMMrvHmZ9+K9ex+L1pJXzBzDH3ifP/a+kPY=</latexit><latexit sha1_base64="7/X5SbeuVT/gGZKLJfZRvO5S8G4=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQS9C0YvHCvYDukvJptk2NJuEJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMixVnxvr+t1daW9/Y3CpvV3Z29/YPqodHbSMzTWiLSC51N8aGciZoyzLLaVdpitOY0048vpv5nSeqDZPi0U4UjVI8FCxhBFsnhSFVhnEp0A0K+tWaX/fnQKskKEgNCjT71a9wIEmWUmEJx8b0Al/ZKMfaMsLptBJmhipMxnhIe44KnFIT5fObp+jMKQOUSO1KWDRXf0/kODVmksauM8V2ZJa9mfif18tsch3lTKjMUkEWi5KMIyvRLAA0YJoSyyeOYKKZuxWREdaYWBdTxYUQLL+8StoX9cCvBw+XtcZtEUcZTuAUziGAK2jAPTShBQQUPMMrvHmZ9+K9ex+L1pJXzBzDH3ifP/a+kPY=</latexit>

PTA: ϵ ≫ 1

• PTA can be seen as a multi-arm detector where e/m signal 
travels only in onedirection (from a pulsar to the Earth). Pulsar 
plays role of an accurate clock, andwe measure change in phase 
(frequency) of arriving pulses (similar to thefrequency (phase) 
of the laser light)



Response to GW signal
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T- earth time

Tp – pulsar time

n

L

k

(x, t)

DL

+

-

-

+

(xp, tp)

dt = tptoa � totoa = dterrors + �⌧GW + noise
<latexit sha1_base64="Y/tpvzI/eSdX2+Qk1TMvG6Clq60="></latexit><latexit sha1_base64="Y/tpvzI/eSdX2+Qk1TMvG6Clq60="></latexit><latexit sha1_base64="Y/tpvzI/eSdX2+Qk1TMvG6Clq60="></latexit><latexit sha1_base64="Y/tpvzI/eSdX2+Qk1TMvG6Clq60="></latexit>

�⌧GW = r(t) =

Z t

0

�⌫

⌫0
(t0)dt0;

�⌫

⌫0
=

1

2

n̂in̂j�hij

1 + n̂.k̂
<latexit sha1_base64="I7Jmo5J3sFGTLMefX0o/AtLtm2s="></latexit><latexit sha1_base64="I7Jmo5J3sFGTLMefX0o/AtLtm2s="></latexit><latexit sha1_base64="I7Jmo5J3sFGTLMefX0o/AtLtm2s="></latexit><latexit sha1_base64="I7Jmo5J3sFGTLMefX0o/AtLtm2s="></latexit>

Familiar from LISA

�hij = hij(tp = t� L(1 + n̂.k̂))� hij(t)
<latexit sha1_base64="Flk4L2nuYOM6jp53uzKcbL0n/yE="></latexit><latexit sha1_base64="Flk4L2nuYOM6jp53uzKcbL0n/yE="></latexit><latexit sha1_base64="Flk4L2nuYOM6jp53uzKcbL0n/yE="></latexit><latexit sha1_base64="Flk4L2nuYOM6jp53uzKcbL0n/yE="></latexit>

 — pulsar time, ~ time of emission of the radio pulse:
 depends on the relative position of a pulsar and GW 
source
 depends on the distance to the pulsar 
  ~ few kpc ~10 000 years — “pulsar” term 
contains info about the system 105 years in the past as 
compared to the “earth”  term
 pulsar term depends on the pulsar. 

tp

L
L h(tp)



Radiotelescops: EPTA
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Super-massive black holes (SMBHs)

55

Massive black holes should reside in the nuclei of (we hope) 
every galaxy.  (S)MBH are formed from relatively small seeds 
(remnants of popIII stars, direct collapse of giant protocloud) 
and acquire mass through accretion and major mergers
(result of galactic encounter) 

credits: G. De Lucia



Supermassive black hole binaries
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[Credits: A. Sesana]  

Signal from a MBHB populationSignal from a MBHB population

Contribution of individual sources

Brightest sources in each 

frequency bin

Resolvable systems: Resolvable systems: i.e. 

systems whose signal is larger 

than the sum of all the other 

signals falling in their frequency 

bin

Total signal

Unresolved background

Theoretical 'average' spectrum

Spectrum averaged over 1000 

Monte Carlo realizations

 Main sources are supermassive black hole binaries (mass 107 — 1010 solar) on 
very broad orbit (period ~ year(s)) 
  The orbital evolution due to GW emission is very slow:                                    
signal is (almost) monochromatic over period of observations                              

dE

dt
/ ⌘(M/r)5

<latexit sha1_base64="Dv3bEaLyeXQsetzBPPM04t3dtWY=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiai6LIoghuhgn1AE8tkMmmHTh7M3AglZO/GX3HjQhG3/oA7/8bpY6GtBwYO59zLnXO8RHAFlvVtLCwuLa+sFtaK6xubW9vmzm5TxamkrEFjEcu2RxQTPGIN4CBYO5GMhJ5gLW9wOfJbD0wqHkd3MEyYG5JexANOCWipa5acQBKa+Vd55kOOnUTGCcTYYUBw5eZIHt6fds2yVbXGwPPEnpIymqLeNb8cP6ZpyCKggijVsa0E3IxI4FSwvOikiiWEDkiPdTSNSMiUm42z5PhAKz4OYqlfBHis/t7ISKjUMPT0ZEigr2a9kfif10khOHczHiUpsIhODgWpwDrtqBjsc8koiKEmhEqu/4ppn+hyQNdX1CXYs5HnSfO4altV+/akXLuY1lFA+6iEKshGZ6iGrlEdNRBFj+gZvaI348l4Md6Nj8nogjHd2UN/YHz+AMVUmjA=</latexit><latexit sha1_base64="Dv3bEaLyeXQsetzBPPM04t3dtWY=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiai6LIoghuhgn1AE8tkMmmHTh7M3AglZO/GX3HjQhG3/oA7/8bpY6GtBwYO59zLnXO8RHAFlvVtLCwuLa+sFtaK6xubW9vmzm5TxamkrEFjEcu2RxQTPGIN4CBYO5GMhJ5gLW9wOfJbD0wqHkd3MEyYG5JexANOCWipa5acQBKa+Vd55kOOnUTGCcTYYUBw5eZIHt6fds2yVbXGwPPEnpIymqLeNb8cP6ZpyCKggijVsa0E3IxI4FSwvOikiiWEDkiPdTSNSMiUm42z5PhAKz4OYqlfBHis/t7ISKjUMPT0ZEigr2a9kfif10khOHczHiUpsIhODgWpwDrtqBjsc8koiKEmhEqu/4ppn+hyQNdX1CXYs5HnSfO4altV+/akXLuY1lFA+6iEKshGZ6iGrlEdNRBFj+gZvaI348l4Md6Nj8nogjHd2UN/YHz+AMVUmjA=</latexit><latexit sha1_base64="Dv3bEaLyeXQsetzBPPM04t3dtWY=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiai6LIoghuhgn1AE8tkMmmHTh7M3AglZO/GX3HjQhG3/oA7/8bpY6GtBwYO59zLnXO8RHAFlvVtLCwuLa+sFtaK6xubW9vmzm5TxamkrEFjEcu2RxQTPGIN4CBYO5GMhJ5gLW9wOfJbD0wqHkd3MEyYG5JexANOCWipa5acQBKa+Vd55kOOnUTGCcTYYUBw5eZIHt6fds2yVbXGwPPEnpIymqLeNb8cP6ZpyCKggijVsa0E3IxI4FSwvOikiiWEDkiPdTSNSMiUm42z5PhAKz4OYqlfBHis/t7ISKjUMPT0ZEigr2a9kfif10khOHczHiUpsIhODgWpwDrtqBjsc8koiKEmhEqu/4ppn+hyQNdX1CXYs5HnSfO4altV+/akXLuY1lFA+6iEKshGZ6iGrlEdNRBFj+gZvaI348l4Md6Nj8nogjHd2UN/YHz+AMVUmjA=</latexit><latexit sha1_base64="Dv3bEaLyeXQsetzBPPM04t3dtWY=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiai6LIoghuhgn1AE8tkMmmHTh7M3AglZO/GX3HjQhG3/oA7/8bpY6GtBwYO59zLnXO8RHAFlvVtLCwuLa+sFtaK6xubW9vmzm5TxamkrEFjEcu2RxQTPGIN4CBYO5GMhJ5gLW9wOfJbD0wqHkd3MEyYG5JexANOCWipa5acQBKa+Vd55kOOnUTGCcTYYUBw5eZIHt6fds2yVbXGwPPEnpIymqLeNb8cP6ZpyCKggijVsa0E3IxI4FSwvOikiiWEDkiPdTSNSMiUm42z5PhAKz4OYqlfBHis/t7ISKjUMPT0ZEigr2a9kfif10khOHczHiUpsIhODgWpwDrtqBjsc8koiKEmhEqu/4ppn+hyQNdX1CXYs5HnSfO4altV+/akXLuY1lFA+6iEKshGZ6iGrlEdNRBFj+gZvaI348l4Md6Nj8nogjHd2UN/YHz+AMVUmjA=</latexit>

GW signal from the 
population of SMBH 
binaries: forms a stochastic 
signal at low freqs. (similar 
to Galactic binaries in LISA



GW signal

57

Consider non-spinning SMBH binary in circular orbit

• pulsar and earth terms: each is monochromatic signal

• frequency. of pulsar term might or might not coincise with the erath term: 
 

• amplitude of the pulsar term is larger: 
tp = t − L(1 + ̂n . ̂k)

∼ ω−1/3

 - pulsar indexα

relative position 
pulsar and GW source

Earth term coherent 
across pulsars

Pulsar term
ωα = ω(t − Lα(1 + ̂nα . ̂k))



GW signal in PTA
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credits: A. Petiteau
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Detection statistic and search algorithm
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• We assume that noise is Gaussian: he likelihood function (likelihood of the signal with 
given parameters is

•  - concatenated residuals from all pulsars in the array: total size 

•  - is a model of deterministic signals (for example GW signals  from 
individually resolvable  SMBHBs

•  is the noise variance-covariance matrix (size )

⃗δt n

⃗s

C n × n

white
measurement

noise

red noise
spin
noise

dispersion
variation

noise

stochastic GW 
signal



Noise modelling in PTA
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• White noise — not very interesting. two parameters per backend per pulsar: 
unaccounted noise. 

• Red noise: very generic noise description in freq. domain

• DM (dispersion measurement variation) noise: depends on the radio-frequency of 
observation

SDM( f ) ∝
A2

dm

ν2
f −γdm

S( f ) = A2
rn f −γ

common, uncorrelated 
red noise

Sα( f ) = A2
rn,α f −γα

red noise in each. pulsar

• Correlated red noise processes  

Sαβ = ΓαβA2
cor f −γcor — includes also cross spectrum between each pair of pulsars:  - spacial 

correlation coefficients
Γαβ



Correlated noise
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GWB (Quadrupole)

Uncorrelated RN 

Clock error (monopole)

Ephemeris (dipole)

Correlation, angular separationTOAs, time

stochastic GW from population of SMBHBs: SSMBHB
αβ = ΓH−D

αβ A2
GW f −13/3



Hellings-Downs curve: stochastic GW signal

62
[Fig. from IOP, Physics World]

Simulated data

• Stochastic GW signal — noise like signal which is correlated in observation of all 
pulsars. The correlation due to GW is very specific:  Hellings-Downs curve. 

• Correlation for the isotropic stochastic GW signal depends only on the angular 
separation between the pairs of pulsars.



Gaussian-process approach to PTA: falling into a rabbit hole
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Short intro into a Gaussian Process (GP) 

• GP generalize the notion of Gaussian randiom variables to the case of infinite number of 
degrees of freedom

• GP can be specified in 2 equivalent ways: 

• as a sum of deterministic basis functions:  - where  are weights - Gaussian 

random variables  . weight-space view

• as a continuous f-n  such that the ensemble average  and the covariance: 
. function-space view

•  Those two approaches are connected by 
•

∑
i

ϕi(x)wi wi

𝒩(w0
i , Σij)

f(x) 𝔼[ f(x)] = m(x)
𝔼[( f(x) − m(x))( f(x′ ) − m(x′ ))] = k(x, x′ )



Gaussian-process approach to PTA: falling into a rabbit hole
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• Applying GP to the PTA likelihood function:

with 

white noise 

Gaussian prior
on weights

GP

weight-space approach

red noise variance-covariance matrix

In time domain, uncorrelated  red noise:

where  and
 is low freq. cut-off

τij = | ti − tj |
fL



Gaussian-process approach to PTA: falling into a rabbit hole
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• Alternatively we can use basis functions:  based on the decomposition of residuals in the 
Fourier modes: 

basis functions ϕF( fa, ti) = ϕF
a (ti)weights

We use non-complete set of Fourier modes: covariance  matrix can be  approximated as 

where 

— red noise PSD

and for stochastic GW signal:   ,  where 

 

CGW
iα, jβ = ∑

iα, jβ

ϕF
a (tiα)ΣF,GW

iα, jβ ϕF
a (tjβ)

ΣF,GW
iα, jβ = Γαβ(A2

GW f −γgw
a )δab /T



Gaussian-process approach to PTA: falling into a rabbit hole
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 Advantage of this description: again likelihood 

Data size:  - large, need to invert very large (covariance) matrices - 
Can use Woodbury f-la  

n n × n

(Cw + Crn)−1 = (Cw + ΦΣΦT)−1 = C−1
w − C−1

w Φ (Σ−1 + ΦTC−1
w Φ)−1 ΦTC−1

w

inversion of  matrixm × m

Number of modes: m ≪ n



Residuals of 6 best EPTA pulsars
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From top to bottom these are PSRs: J0613-0200, J1012+5307, J1600-3053,J1713+0747, J1744-1134, 
and J1909-3744

Up to 25 years of monitoring: black - DR1, blue -  DR2 (data release)



Common red noise in EPTA data

68

S( f ) = Arn f −γ

common, uncorrelated 
red noise

preliminary

There is a strong statistical support for 
presence of common red noise



NanoGrav 12.5 yrs data result 
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[Arzoumanian+ 2020]

S( f ) = Arn f −γ

common, uncorrelated 
red noise

There is a strong statistical support for 
presence of common red noise



Common uncorrelated red noise
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NanoGrav , EPTA and PPTA support presence of a common red noise 



Stochastic GW signal?
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• No statistical significance to support Hellings-Downs spacial correlation:
• Need more pulsars to compute more pair-wise correlations (EPTA->20)
• Need longer data set to uncover more of the red signal (Nanograv-> 15 yrs)

[Arzoumanian+ 2020]



Can it be GW from SMBHs?
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• Analytic prediction: spectral index 
• Simulation of SMBHB populations is shown as 

green contours: wide range spectral indices
• Results of NanoGrav and EPTA are consistent 

with spectral index from the population of 
SMBHBs



Solar system ephemeris
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• We use Solar system barycenter (SSB) as a reference system to reduce all observations 
• The systematic error in SSB (from ephemeris) could create residual (dipolar cos-like 

spacial correlation) common signal with red-noise like spectrum
• Poorly determined position of SSB
• Use phenomenological model (vary orbital elements of Jupyter and Saturn) to mimick 

possible systematics (BayesEphem)

[Arzoumanian+ 2018] [Arzoumanian+ 2020]



Search for indivdual SMBHBs
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Signal from a MBHB populationSignal from a MBHB population

Contribution of individual sources

Brightest sources in each 

frequency bin

Resolvable systems: Resolvable systems: i.e. 

systems whose signal is larger 

than the sum of all the other 

signals falling in their frequency 

bin

Total signal

Unresolved background

Theoretical 'average' spectrum

Spectrum averaged over 1000 

Monte Carlo realizations

Reminder: GW signal(s) from a population of SMBHBs: 
• We are now after “loud” individual systems (hot spots) sticking above the stochastic 

component 



Continuous GW signal

75

• Each GW signal from SMBHB is characterized by: 
• Earth term: 
• Pulsar term:  — distance to the pulsar (poorly known), chirp mass
• In total  parameters

• Each pulsar gives 2 measurements: (real and imaginary at each freq.)
• Earth term depends on 6 params (for a given freq.)

• We need at least 3 pulsars per GW source for parameter estimation

A, ι, ψ, ϕ0, f, θsky, ϕsky
Lα, Mc

8 + Np

Sky map: 3 pulsars and 1 GW source

Pulsars

Source

scaled likelihood

SIMULATED DATA



Continuous GW signal
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Another example: 5 GW sources, and 50 pulsars.
Assume that there is only 1 GW source.

With 1-source model we resolve 
three strongest sources: size of black 
circle is proportional to GW strain

The likelihood sky map

GW sources

0 1 2 3 4 5 6 7 8 9
number of GW sources

0.18

0.2

0.22

0.24

0.26

0.28

0.3

lo
g(

Li
ke

lih
oo

d)

1 2 3 4 5 6 7
number of GW sources

0.12

0.14

0.16

0.18

0.2

lo
g(

Li
ke

lih
oo

d)

Likelihood for 2,3,4,5,6,7-source model

identical GW sources

GW sources
with different strength

SIMULATED DATA



Continuous GW signal (EPTA)
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• Search for continuous GW signal using frequentist and Bayesian techniques
• analytic maximization (marginalization) over some parameters

• Search for continuous GW signal using earth-term only (coherent) or using earth+pulsar 
term (more expensive)

• Pulsar ranking: 41 pulsar in EPTA data, search is expensive - rank pulsars by “goodness” 
- how much they contribute to the total signal-to-noise ratio. Monte-Carlo simulation
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Upper limit on continuous GW signal in EPTA data
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upper limit of GW strain using different statistics, methods, frameworks

Probability of detecting GW source
based on astrophysical simulation 
of SMBHB population



Upper limit on continuous GW signal in EPTA data
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[Babak+ 2015, EPTA]

Directional upper limit (sky map) at 7nHz (best EPTA DR1 frequency)

• white circles: pulsars used to set upper limit, size proportional to “goodness”
• two nearest supeclusters: Coma and Virgo



What is next?
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• NanoGrav: require longer observations (combining 15 yrs of data)
• EPTA: (i) need to finish analysis of 6 best pulsars, (ii) need to include more pulsars ( 20) 

to confirm H-D correlations
• PPTA: have very long observations and few very good MSP (south): another 

confirmation of common red process
• IPTA: combine all data together to see if significance grows as expected.
• Need to confirm GW (if it is GW signal) using methods [Cornish+ 2016, Taylor+ 2017] 

to destroy correlations and test statistical significance of our findings (preserving the 
noise properties)

• Wait longer: 
• new high quality data SKA (MeerKAT), Fast, …
• Check SNR as a function of time 

< SNR > ∝ T γ → ∝ T1/2, γ > 1 — RN spectral index (e.g. 13/3 for 
stochastic GW signal from SMBHBs)
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