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Summary: taking into account the energy loss into gravitational radiation, and in linearized theory

h+(t, i,�c) =
4

R
(GM)

5/3
(⇡f(⌧))2/3

1 + cos

2
(i)

2

cos(�(⌧))
<latexit sha1_base64="gP9YHbxjcudp/qLOSkmBwmrJCMk="></latexit>

h⇥(t, i,�c) =
4

R
(GM)

5/3
(⇡f(⌧))2/3cos2(i) sin(�(⌧))

<latexit sha1_base64="Is4AcEkyFnf13X5dwGP0z+n5Qcc="></latexit>

/33Benasque 2017       Standard Sirens       Camille Bonvin      p.   13

Wave-form
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FIG. 2: Detector frame: The two orthogonal arms of the interferometer form the x and y axes in the detector frame while the z axis is defined
by the right circular convention. Angles ✓ and � denote the polar and azimuth angles of the binary in the sky measured in the detector frame.
These angles fix the location of the source in the sky, with respect to the detector. Radiation frame: The z axis of the radiation frame is defined
by the line-of-sight vector n from the detector to the source so that the x � y plane is the plane perpendicular to n (the “sky”); x axis is defined
by the x axis of the detector projected onto the sky. Angles ◆ and  denote the polar and azimuth angles of the total angular momentum vector J
of the binary in the radiation frame. These angles fix the relative orientation of the binary with respect to the detector. Source frame: The z axis
of the source frame is defined by the total angular momentum vector J of the binary and the x axis is defined by the projection of the line of
sight onto the binary plane. The angle '0 describes the angle between the separation vector and the x axis at some reference time. Note that the
radiation pattern of the binary depends on ◆ and '0 (see, e.g., Eq.(2.1)).

signal h. Note that, for a fixed SNR threshold, FF is directly
related to the “distance reach” of a search, and FF3 to the
“volume reach”.

It is evident [see, e.g., Eqs. (2.2), (2.6) and (2.7)] that the
distance/volume reach is a function of not only the intrinsic
parameters (m1,m2) of the binary, but also some of the ex-
trinsic parameters (✓, �, ◆, ,'0). For example the SNR, and
hence the distance/volume reach is the largest towards “face-
on” (◆ = 0, ⇡) binaries and the lowest for “edge-on” (◆ = ⇡/2)
binaries. It is useful to define the e↵ective volume of a search,
defined as the fraction of the volume reach by an optimal
search, averaged over the angles ✓, �, ◆, ,'0 after choosing
appropriate distributions for these angles:

Ve↵ (m1,m2) =
⇢3

subopt

⇢3
opt

, (2.9)

where the bars indicate averages over ✓, �, ◆, ,'0. We can
also define the e↵ective fitting factor FFe↵ , defined as the cube
root of the e↵ective volume

FFe↵ (m1,m2) = Ve↵ (m1,m2)1/3. (2.10)

If a template family has FFe↵ � 0.965, this means that the
(average) loss of search volume due to the mismatch between
the template family and the actual signal is less than ⇠ 10%.
In this paper, we will use FFe↵ = 0.965 as a benchmark for
deciding the e↵ectualness of a template family.

If we interpret the parameter set �max that maximizes the
inner product in Eq. (2.8) as the parameters of the binary,
which can be in general di↵erent from the true parameters
�true, this will result in the following systematic bias in the
estimated parameters:

�� = |�max � �true|, (2.11)

where | | denotes the absolute value.
Similar to the FF and SNR, the systematic biases also de-

pend on the parameters �. We would like to use a single
number (similar to FFe↵) that quantifies the average bias in
estimating the parameters of the binaries that are detectable.

For this purpose we use the ⇢3
subopt weighted average of the

systematic biases and call it the e↵ective bias.

��e↵(m1,m2) =
�� . ⇢3

subopt

⇢3
subopt

, (2.12)

where the bars indicate averages over ✓, �, ◆, ,'0. We use
⇢3

subopt as the weighting factor as it is proportional to the vol-
ume accessible to the search using quadrupole templates and
is therefore proportional to the number of detectable sources.

GW measurements, like any other measurement in the pres-
ence of noise, will also have an associated statistical error.
In the limit of high SNR, one reasonable way of estimating
the expected statistical error (see, e.g., [38] for caveats) is by
using the Cramer-Rao inequality: the error covariance matrix
C↵� is given by

C↵� � ��1
↵� , (2.13)

where �↵� is the Fisher information matrix:

�↵� =
D
@↵x, @�x

E
. (2.14)

Above, @↵x denotes the partial derivative of the waveform
x( f ) with respect to the parameter �↵, and the angle brackets
denote the inner products defined in Eq. (2.5). The rms error in
measuring the parameter �↵ is �↵ = C1/2

↵↵ . A template family
can be considered faithful [1] to the signal if the systematic
bias is considerably smaller than the expected statistical error.
In this paper, we will take (��e↵)↵  �↵ as the benchmark for
the faithfulness of a template family.

III. METHODOLOGY

A. Numerical-relativity simulations

We use two sets of NR waveforms: For mass ratio q  8 we
use waveforms computed by the SpEC code [21–33], kindly



The GW signal from binary mergers 
depends on:

• Intrinsic parameters: phase evolution 
of the signal (spins, masses, merger 
time)

• Extrinsic parameters: geometrical or 
scale factors (sky-position, luminosity 
distance, inclination w.r.t the line of 
sight and merger phase)

Likelihood 

GWs: new type of standard siren for cosmology
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(m2, ~�2)

– From their phase evolution determine redshifted chirp mass;  
– from the ratio of the two the inclination angle;  
– and hence from their amplitude the distance R to the source

 • Signal at detector a  
            

ha(t,↵, �, . . .) = F+
a (t,↵, �, . . .)h+ + F⇥

a (t,↵, �, . . .)h⇥
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antenna pattern functions, depending on the geometry of the detector, position of the source in the sky defined by declination and 
right ascension, the polarisation angle etc  (For Ligo-Virgo can ignore t dependence.)

• In an ideal world, one could measure two polarisations separately:

• But that’s not the reality of GW interferometers
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Large errors on  
R due to degeneracy with i 



3) GWs from binaries: Characteristic scalesWaveforms

9

Credit: Carl Rodriguez 

• If spins are not aligned wrt orbital angular momentum:
orbital precession around total momentum

• Signal = superposition of orbital harmonics, 
dominant is 2 x orb. freq. 

[Babak et al. 2016; Cotesta et al. 2018, 2020, Ossokine et al. 2020]

[Khan et al. 2020]
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Earth-based interferometers

arm length L = 4 km 

frequency range of detection:  
10 Hz < f < 5kHZ

• Black hole coalescing binaries of masses few to hundred solar masses  
• Neutron Star and NS-BH binaries / SN explosions 
• Stochastic GW background

aLIGO/aVirgo 3rd generation (ET, CE…)

arm length L = 3 km 

frequency range of detection:  
1 Hz < f < 104 HZ

http://www.et-gw.eu/index.phphttps://www.ligo.org/

DETECTION TARGETS:

GW WORLDWIDE DETECTORS NETWORK 
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LISA: Laser Interferometer Space Antenna

10�4 Hz < f < 1 Hz

frequency range of detection:

• no seismic noise  
• much longer arms than on Earth

• Launch in ~2034 
• two masses in free fall per spacecraft  
• 2.5 million km arms 
• picometer displacement of masses

Space-based interferometers

DECI-Hertz Observatories Arm-length ~ 108 m 

LISA collaboration arXiv:1702.00786

See e.g. arXiv:1908.11375
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10�4 Hz < f < 1 Hz

frequency range of detection:

• no seismic noise  
• much longer arms than on Earth

• Launch in ~2034 
• two masses in free fall per spacecraft  
• 2.5 million km arms 
• picometer displacement of masses

Space-based interferometers

DECI-Hertz Observatories Arm-length ~ 108 m 

LISA collaboration arXiv:1702.00786

See e.g. arXiv:1908.11375
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1Hz < f < 104 Hz
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10Hz < f < 5 kHz
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Fig. 1 GW waveforms from the Effective one body analytical model (left) and numerical relativity
simulations (right) for binary. The different lines in the left panel indicates the three phases of the
waveform. Figure from [? ].

assuming z ⌧ 1). The reader is referred to e.g. [? ? ? ] for an in-depth presentation.
For a standard siren of total mass M = m1+m2, simple dimensional arguments give
a characteristic frequency f ⇠ c3/GM. In fact, the frequency of the emitted GW
increases with time during the inspiral (figure 1) and, assuming the merger occurs at
the innermost stable circular orbit (ISCO), the corresponding merger frequency is

fmerger =
1

63/2p

✓
c3

GM

◆
. (16)

A typical BNS with m1,2 ⇠ 1.4M� has fmerger ⇠ 1.5 kHz, which falls in the upper
part of the LIGO-Virgo frequency band. For supermassive BBH with M ⇠ 106M�,
fmerger ⇠ 10�3Hz which falls in the LISA band.

If GWs from an inspiraling binary system enter the frequency band of a detector
at observed frequency flow, the observation time (or time to merger) is given by

T ⇠ 10�3 f �8/3
low

✓
c3

GM

◆5/3

. (17)

where

M =
(m1m2)3/5

(m1 +m2)1/5 (18)

is the source-frame chirp mass. As expected, the heavier the binary, the smaller the
observation time. For a BNS entering the LIGO-Virgo detector window at observed
frequency f ⇠ 20 Hz, the observation time is T ⇠ 4 min. A BBH with M ⇠ 30M�
would be observed for T ⇠ 0.01 s.

Finally, at a distance dL from the source, the amplitude of the GW emitted with
frequency f is

h ⇠ 4c
dL

✓
GM

c3

◆5/3
(p f )2/3. (19)

M=total mass
Follows from Keplers laws

• Merger frequency: Assuming merger at innermost stable circular orbit (ISCO)

– Inspiral phase, neglecting expansion (z<<1)

(dominant quadrupolar mode calculated to lowest order in the Newtonian expansion,  for  
point particles of mass m1 and m2;  no tidal effects, no spins,…, assuming circular orbit; and using quadrupole formula)
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Evolution of the frequency

ḟGW =
96

5
π
8/3(GMc)

5/3f
11/3
GW

fGW =
1

π
(GMc)

−5/8

(

5

256 τ

)3/8

τ = t− tc

What about the waveform?

x0(t) = R(t) cos

(
∫ t

t0

dt
′
ωS(t

′)

)

y0(t) = R(t) sin

(
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t0

dt′ωS(t
′)

)

φ(t) ≡

∫ t

t0

dt
′
ωGW(t′) =

∫ t

t0

dt
′2ωS(t

′)We define the phase

dEorbit

dt
= −P

Solution
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Step 1:  circular orbit

We assume that the relative coordinate         describes a circle

The trajectory is fixed         no backreaction from GW emission

x0(t)

h+(t, θ,ϕ) =
4

r
(GMc)

5/3(πfGW)2/3
1 + cos2 θ

2
cos

(

2πfGWtret + 2ϕ
)

h×(t, θ,ϕ) =
4

r
(GMc)

5/3(πfGW)2/3 cos θ sin
(

2πfGWtret + 2ϕ
)

θ

ϕ

x0(t) = R cos (ωBt+ π/2)

y0(t) = R sin (ωBt+ π/2)

fGW =
ωGW

2π
=

2ωB

2π
Mc =

(m1m2)3/5

(m1 +m2)1/5
chirp mass



Figure 1. The strain sensitivities of advanced and 3G GW detectors. For ET we use the ET-D
sensitivity curve.

Next, for each BNS generated by this procedure, we determine if its resultant GW
emission is detectable with a given GW detector network. We consider three cases: (1) a
2G network composed by advanced LIGO-Hanford+advanced LIGO-Livingston+advanced
Virgo+Kagra+LIGO India (HLVKI). (2) A single 3G detector, chosen according to current
estimates for the sensitivity of the Einstein Telescope. (3) A three-detector network made by
ET and two CE. The sensitivity curves that we use are shown in Fig. 1.5 The signal-to-noise
ratio (SNR), ⇢a, detected by matched filtering with an optimum filter in the ideal case of
Gaussian noise, in a detector labeled a, is

⇢2a = 4

Z 1

0

df
|F

+,ah̃+ + F⇥,ah̃⇥|2
Sn,a

, (2.6)

where f is the GW frequency in the observer frame, h̃
+

and h̃⇥ the Fourier transforms of
the GW strain amplitudes of + and ⇥ polarizations, F

+,a and F⇥,a are the antenna response
functions to the GW + and ⇥ polarizations, and Sn,a(f) is the one-sided noise power spectral
density (PSD) of detector a. The coherent SNR, assuming uncorrelated noises among the
detectors, is simply given by the quadrature sum of the individual SNRs, ⇢2

tot

=
P

a ⇢
2

a. The
triangular configuration of ET provides three independent di↵erential signals between the
arms, equivalent to three detectors, and again the coherent SNR is given by the quadrature
sum of the individual SNRs for these three equivalent detectors.

For low-mass systems such as BNS the SNR in one detector is dominated by the inspiral
part of the signal and is then given

⇢2a =
5

6

[GM(1 + z)]5/3F2

a

c3⇡4/3d2L(z)

Z f
insp

(z)

f
min

df
f�7/3

Sn,a(f)
. (2.7)

5The ET and CE sensitivity curves, as well as the assumed locations of ET (in Europe) and two CE (in
the US) correspond to the choices currently used to develop the Science Case for 3G detectors.
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Fig. 1 GW waveforms from the Effective one body analytical model (left) and numerical relativity
simulations (right) for binary. The different lines in the left panel indicates the three phases of the
waveform. Figure from [? ].

assuming z ⌧ 1). The reader is referred to e.g. [? ? ? ] for an in-depth presentation.
For a standard siren of total mass M = m1+m2, simple dimensional arguments give
a characteristic frequency f ⇠ c3/GM. In fact, the frequency of the emitted GW
increases with time during the inspiral (figure 1) and, assuming the merger occurs at
the innermost stable circular orbit (ISCO), the corresponding merger frequency is

fmerger =
1

63/2p

✓
c3

GM

◆
. (16)

A typical BNS with m1,2 ⇠ 1.4M� has fmerger ⇠ 1.5 kHz, which falls in the upper
part of the LIGO-Virgo frequency band. For supermassive BBH with M ⇠ 106M�,
fmerger ⇠ 10�3Hz which falls in the LISA band.

If GWs from an inspiraling binary system enter the frequency band of a detector
at observed frequency flow, the observation time (or time to merger) is given by

T ⇠ 10�3 f �8/3
low

✓
c3

GM

◆5/3

. (17)

where

M =
(m1m2)3/5

(m1 +m2)1/5 (18)

is the source-frame chirp mass. As expected, the heavier the binary, the smaller the
observation time. For a BNS entering the LIGO-Virgo detector window at observed
frequency f ⇠ 20 Hz, the observation time is T ⇠ 4 min. A BBH with M ⇠ 30M�
would be observed for T ⇠ 0.01 s.

Finally, at a distance dL from the source, the amplitude of the GW emitted with
frequency f is

h ⇠ 4c
dL

✓
GM

c3

◆5/3
(p f )2/3. (19)

M=total mass
Follows from Keplers laws

• BNS, 
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– Inspiral phase, neglecting expansion (z<<1)
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Evolution of the frequency

ḟGW =
96

5
π
8/3(GMc)

5/3f
11/3
GW

fGW =
1

π
(GMc)

−5/8

(

5

256 τ

)3/8

τ = t− tc

What about the waveform?

x0(t) = R(t) cos

(
∫ t

t0

dt
′
ωS(t

′)

)

y0(t) = R(t) sin

(
∫ t

t0

dt′ωS(t
′)

)

φ(t) ≡

∫ t

t0

dt
′
ωGW(t′) =

∫ t

t0

dt
′2ωS(t

′)We define the phase

dEorbit

dt
= −P

Solution
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Step 1:  circular orbit

We assume that the relative coordinate         describes a circle

The trajectory is fixed         no backreaction from GW emission

x0(t)

h+(t, θ,ϕ) =
4

r
(GMc)

5/3(πfGW)2/3
1 + cos2 θ

2
cos

(

2πfGWtret + 2ϕ
)

h×(t, θ,ϕ) =
4

r
(GMc)

5/3(πfGW)2/3 cos θ sin
(

2πfGWtret + 2ϕ
)

θ

ϕ

x0(t) = R cos (ωBt+ π/2)

y0(t) = R sin (ωBt+ π/2)

fGW =
ωGW

2π
=

2ωB

2π
Mc =

(m1m2)3/5

(m1 +m2)1/5
chirp mass

(dominant quadrupolar mode calculated to lowest order in the Newtonian expansion,  for  
point particles of mass m1 and m2;  no tidal effects, no spins,…, assuming circular orbit; and using quadrupole formula)
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Fig. 1 GW waveforms from the Effective one body analytical model (left) and numerical relativity
simulations (right) for binary. The different lines in the left panel indicates the three phases of the
waveform. Figure from [? ].

assuming z ⌧ 1). The reader is referred to e.g. [? ? ? ] for an in-depth presentation.
For a standard siren of total mass M = m1+m2, simple dimensional arguments give
a characteristic frequency f ⇠ c3/GM. In fact, the frequency of the emitted GW
increases with time during the inspiral (figure 1) and, assuming the merger occurs at
the innermost stable circular orbit (ISCO), the corresponding merger frequency is

fmerger =
1

63/2p

✓
c3

GM

◆
. (16)

A typical BNS with m1,2 ⇠ 1.4M� has fmerger ⇠ 1.5 kHz, which falls in the upper
part of the LIGO-Virgo frequency band. For supermassive BBH with M ⇠ 106M�,
fmerger ⇠ 10�3Hz which falls in the LISA band.

If GWs from an inspiraling binary system enter the frequency band of a detector
at observed frequency flow, the observation time (or time to merger) is given by

T ⇠ 10�3 f �8/3
low

✓
c3

GM

◆5/3

. (17)

where

M =
(m1m2)3/5

(m1 +m2)1/5 (18)

is the source-frame chirp mass. As expected, the heavier the binary, the smaller the
observation time. For a BNS entering the LIGO-Virgo detector window at observed
frequency f ⇠ 20 Hz, the observation time is T ⇠ 4 min. A BBH with M ⇠ 30M�
would be observed for T ⇠ 0.01 s.

Finally, at a distance dL from the source, the amplitude of the GW emitted with
frequency f is

h ⇠ 4c
dL

✓
GM

c3

◆5/3
(p f )2/3. (19)

M=total mass
Follows from Keplers laws

• BNS, 
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• Merger frequency: Assuming merger at innermost stable circular orbit (ISCO)
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– Inspiral phase, neglecting expansion (z<<1)

(dominant quadrupolar mode calculated to lowest order in the Newtonian expansion,  for  
point particles of mass m1 and m2;  no tidal effects, no spins,…, assuming circular orbit; and using quadrupole formula)
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What about the waveform?
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′)We define the phase

dEorbit

dt
= −P

Solution

/33Benasque 2017       Standard Sirens       Camille Bonvin      p.   12

Evolution of the frequency
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Step 1:  circular orbit

We assume that the relative coordinate         describes a circle

The trajectory is fixed         no backreaction from GW emission

x0(t)

h+(t, θ,ϕ) =
4

r
(GMc)

5/3(πfGW)2/3
1 + cos2 θ

2
cos

(

2πfGWtret + 2ϕ
)

h×(t, θ,ϕ) =
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r
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5/3(πfGW)2/3 cos θ sin
(

2πfGWtret + 2ϕ
)

θ

ϕ

x0(t) = R cos (ωBt+ π/2)

y0(t) = R sin (ωBt+ π/2)

fGW =
ωGW

2π
=

2ωB

2π
Mc =

(m1m2)3/5

(m1 +m2)1/5
chirp mass



If GWs enter frequency band of a detector at observed frequency 
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• BNS, entering LIGO-Virgo detector window at observed frequency  
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fmerger ⇠ 1.5 kHz

Figure 1. The strain sensitivities of advanced and 3G GW detectors. For ET we use the ET-D
sensitivity curve.

Next, for each BNS generated by this procedure, we determine if its resultant GW
emission is detectable with a given GW detector network. We consider three cases: (1) a
2G network composed by advanced LIGO-Hanford+advanced LIGO-Livingston+advanced
Virgo+Kagra+LIGO India (HLVKI). (2) A single 3G detector, chosen according to current
estimates for the sensitivity of the Einstein Telescope. (3) A three-detector network made by
ET and two CE. The sensitivity curves that we use are shown in Fig. 1.5 The signal-to-noise
ratio (SNR), ⇢a, detected by matched filtering with an optimum filter in the ideal case of
Gaussian noise, in a detector labeled a, is

⇢2a = 4

Z 1

0

df
|F

+,ah̃+ + F⇥,ah̃⇥|2
Sn,a

, (2.6)

where f is the GW frequency in the observer frame, h̃
+

and h̃⇥ the Fourier transforms of
the GW strain amplitudes of + and ⇥ polarizations, F

+,a and F⇥,a are the antenna response
functions to the GW + and ⇥ polarizations, and Sn,a(f) is the one-sided noise power spectral
density (PSD) of detector a. The coherent SNR, assuming uncorrelated noises among the
detectors, is simply given by the quadrature sum of the individual SNRs, ⇢2

tot

=
P

a ⇢
2

a. The
triangular configuration of ET provides three independent di↵erential signals between the
arms, equivalent to three detectors, and again the coherent SNR is given by the quadrature
sum of the individual SNRs for these three equivalent detectors.

For low-mass systems such as BNS the SNR in one detector is dominated by the inspiral
part of the signal and is then given

⇢2a =
5

6

[GM(1 + z)]5/3F2

a

c3⇡4/3d2L(z)

Z f
insp

(z)

f
min

df
f�7/3

Sn,a(f)
. (2.7)

5The ET and CE sensitivity curves, as well as the assumed locations of ET (in Europe) and two CE (in
the US) correspond to the choices currently used to develop the Science Case for 3G detectors.
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If GWs enter frequency band of a detector at observed frequency 
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Evolution of the frequency

ḟGW =
96

5
π
8/3(GMc)

5/3f
11/3
GW

fGW =
1

π
(GMc)

−5/8

(

5

256 τ

)3/8

τ = t− tc

What about the waveform?

x0(t) = R(t) cos

(
∫ t

t0

dt
′
ωS(t

′)

)

y0(t) = R(t) sin

(
∫ t

t0

dt′ωS(t
′)

)

φ(t) ≡

∫ t

t0

dt
′
ωGW(t′) =

∫ t

t0

dt
′2ωS(t

′)We define the phase

dEorbit

dt
= −P

Solution
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Step 1:  circular orbit

We assume that the relative coordinate         describes a circle

The trajectory is fixed         no backreaction from GW emission

x0(t)

h+(t, θ,ϕ) =
4

r
(GMc)

5/3(πfGW)2/3
1 + cos2 θ

2
cos

(

2πfGWtret + 2ϕ
)

h×(t, θ,ϕ) =
4

r
(GMc)

5/3(πfGW)2/3 cos θ sin
(

2πfGWtret + 2ϕ
)

θ

ϕ

x0(t) = R cos (ωBt+ π/2)

y0(t) = R sin (ωBt+ π/2)

fGW =
ωGW

2π
=

2ωB

2π
Mc =

(m1m2)3/5

(m1 +m2)1/5
chirp mass
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=> cannot neglect the rotation of the earth 

=>Given the merger rates for BNS, BBH and BH-NS,  
expect a typical  BNS signal will be overlapped by a number  
of BBH signals, which may merge at similar times

=> need very accurate waveforms.
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T ⇠ 0.1 s

Figure 1. The strain sensitivities of advanced and 3G GW detectors. For ET we use the ET-D
sensitivity curve.

Next, for each BNS generated by this procedure, we determine if its resultant GW
emission is detectable with a given GW detector network. We consider three cases: (1) a
2G network composed by advanced LIGO-Hanford+advanced LIGO-Livingston+advanced
Virgo+Kagra+LIGO India (HLVKI). (2) A single 3G detector, chosen according to current
estimates for the sensitivity of the Einstein Telescope. (3) A three-detector network made by
ET and two CE. The sensitivity curves that we use are shown in Fig. 1.5 The signal-to-noise
ratio (SNR), ⇢a, detected by matched filtering with an optimum filter in the ideal case of
Gaussian noise, in a detector labeled a, is

⇢2a = 4

Z 1

0

df
|F

+,ah̃+ + F⇥,ah̃⇥|2
Sn,a

, (2.6)

where f is the GW frequency in the observer frame, h̃
+

and h̃⇥ the Fourier transforms of
the GW strain amplitudes of + and ⇥ polarizations, F

+,a and F⇥,a are the antenna response
functions to the GW + and ⇥ polarizations, and Sn,a(f) is the one-sided noise power spectral
density (PSD) of detector a. The coherent SNR, assuming uncorrelated noises among the
detectors, is simply given by the quadrature sum of the individual SNRs, ⇢2

tot

=
P

a ⇢
2

a. The
triangular configuration of ET provides three independent di↵erential signals between the
arms, equivalent to three detectors, and again the coherent SNR is given by the quadrature
sum of the individual SNRs for these three equivalent detectors.

For low-mass systems such as BNS the SNR in one detector is dominated by the inspiral
part of the signal and is then given

⇢2a =
5

6

[GM(1 + z)]5/3F2

a

c3⇡4/3d2L(z)

Z f
insp

(z)

f
min

df
f�7/3

Sn,a(f)
. (2.7)

5The ET and CE sensitivity curves, as well as the assumed locations of ET (in Europe) and two CE (in
the US) correspond to the choices currently used to develop the Science Case for 3G detectors.
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• stellar mass BHs entering LISA detector window
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f
low

⇠ 10�2 Hz

[A Sesana 
arXiv:1702.04356]

Extra term in the waveform phase

• if not accounted for, it can introduce a bias on the binary parameters (time to coalescence,..)

• Earth based interferometers are not sensitive to this effect: they do not follow the 
GW source for enough time

• but this effect is relevant for LISA: binaries which stay in band for enough time, with 
low chirp-mass, that enter the detector around ten mHz and go to the LIGO band after 
~5 years

[Inayoshi et al 1702.06529]

[Slide courtesy of Caprini]

LISA



• Amplitude/distance
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h ⇠ 10�21, R ⇠ 400Mpc

converted to a redshift assuming the Planck values of  
cosmological parameters (z ~ 0.1)

• at merger separated by small distances 

tiny compared to normal length scale of stars (10^3km for WDwarfs -> millions of km for main sequence)

Dealing with small heavy objects, otherwise they’d have collided and merged  
before reaching such close proximity.  Candidates: are BHs and NSs.
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Alternatively, with a few tens of detection one could con-
strain the location of the upper edge of the PISN mass
gap or, equivalently, the minimum IMBH mass, to the
percent level (see Fig. 4). These bounds could be im-
proved with third generation detectors such as Einstein
Telescope or Cosmic Explorer. Knowing the breadth of
this mass gap would have important implications for the
theory of stellar evolution [6, 7], and the quest to explain
the origin of LIGO/Virgo’s black holes.

We demonstrate that the end of the PISN mass gap
could also be seen by LISA. We find that the relevant
range of masses corresponds to a ground/space “sweet
spot”, maximizing the fraction of multi-band events (see
Fig. 3). Comparing the number of detections from
ground and space would serve to constrain the redshift
evolution of the merger rate of this population. Similarly,
these merging binaries will leave a distinctive imprint on
the spectral shape of the stochastic background of unre-
solved sources, further narrowing constraints on the lower
end of the PISN gap. Moreover, as shown in Fig. 5, the
minimum IMBH mass scale could be used to “standard-
ize” GW standard sirens, enabling direct constraints on
H(z) at redshift ⇠ 0.4, 0.8 and 1.5 with LISA, aLIGO,
and ET respectively.

Looking to the future, our analysis could be extended
in several ways. First, we have neglected the e↵ects of
spins and eccentricities, which might be relevant depend-
ing on the origin of the population above the mass gap.
Second, one could extend our models for the popula-
tion, as well as combine di↵erent probes. In particular,
it would be interesting to asses how a power-law distri-
bution of source frame IMBH masses would a↵ect the
constraints on m

min

and H(z), taking into account both
resolved and unresolved sources. Finally, we note that
detecting the end of the PISN mass gap could be a key
target for deci-hertz observatories [32], possibly serving
to further strengthen these proposals.

We have shown that the existence of a far side, post
PISN gap population would provide a wealth of astro-
physical and cosmological information. Future obser-
vations will either uncover this population, or provide
strong limits on its existence.
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Appendix A: Supplemental material

1. Methods

In the following we provide further details on our
methodology. We detail the observing scenarios consid-
ered, and our methodologies for incorporating GW de-
tection e�ciencies, measurement errors, and selection bi-
ases. We use pyCBC [74] with the IMRPhenomD ap-
proximant [75] to compute the waveform of non-spinning
BBHs.
a. Observing scenarios: We consider Advanced

LIGO and Virgo runs following the latest version of [26]
(specifically LIGO public document P1200087-v58 of
early 2020). For O1/O2/O3 we consider 116/269/365
days of observation with 41/46/60% coincident opera-
tion of both aLIGO detectors. For O4 and O5 we adopt
2 years of observation at design sensitivity and 2 years
at the upgraded design (A+) with a 70% coincident op-
eration time. We use the sensitivity curves described in
[26], which can be found at [76].

For third generation detectors, Voyager, Einstein Tele-
scope and Cosmic Explorer, we adopt the sensitivity
curves given in [77]. Finally, for the future space-based
detector LISA we use the sensitivity curve defined in [78],
which can be downloaded from GitHub [79].
b. Sky localization sensitivity: In order to determine

the probability of detecting a GW from a given binary
system, defined as p

det

in the main text, we take into
account the sky position, orientation, and inclination an-
gle. For ground-based detectors, since their antenna pat-
tern is basically fixed during the detection time, we use
the cumulative distribution function p

det

(w) of having a

 Horizon redshift as a function  
of total source frame mass for
an SNR detection threshold of rho=8.  
 For LISA assumes 4 yrs obsv.
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h ⇠ 10�21, R ⇠ 400Mpc

converted to a redshift assuming the Planck values of  
cosmological parameters (z ~ 0.1)

z>20; dark era preceding birth of  
first stars: any detected BHs must  
be primordial

Conclusion: should not neglect expansion  
                     of the universe

• stellar mass BHs in LIGO-Virgo

[2006.02211]

• Amplitude/distance



• To understand the astrophysical significance of LIGO-Virgo detections, important to discuss how stars 
  end their lives.  
 
• A normal star (e.g sun) supported against contracting under its own gravity by radiative pressure produced by 
thermonuclear reactions in its core.  
 
• However, eventually all nuclear fuel will be used up.  

• Star starts to shrink under gravitational self-attraction. For this to be balanced, different source of pressure required.  
 
• If this balance is to last forever then this new source of pressure must be non-thermal because the star will eventually cool.  

Quantum Fermi pressure (degeneracy pressure from Pauli exclusion principle)

4) A very brief word on the compact sources: Black holes (BH) and neutron stars (NS)  

– at sufficiently high densities, matter becomes degenerate.  
– For a particle of mass m with number density n, can estimate temperature T when this occurs:  

�p ⇠
p
mkT
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WHITE DWARF  
 
– a star in which gravity is balanced by electron degeneracy pressure. Electrons degenerate, not heavier ions 
– Sun will end its life as a white dwarf  
– More dense than normal stars 
– Newtonian gravity with a fluid description of matter, with relevant equation of state (Chandrasekhar limit):  
 
 
– A star more massive than this cannot end its life as a white dwarf (unless it somehow sheds some of its mass, 
SN explosions). 

M . 1.5M�
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can use Newtonian limit of GR 



NEUTRON STAR  
 
– when density approaches nuclear density,  neutron degeneracy pressure. Neutrons, e- and protons degenerate 
– tiny objects (most compact objects known without event horizons)  
– Neutron star of mass         would have radius of 10km (                                )  
– Very dense                                  with strong magnetic fields                               
– and very relativistic. Newtonian potential

M�
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R� = 7⇥ 105km
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– Independently of the equation of state           of the NS P (⇢)
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1.8. MAXIMUM MASS OF A COLD STAR

M

⇢
0

Figure 1.1: Plot of M against ⇢c for typical equation of state.

Recall that ⇢ is a decreasing function of r. Define the core of the star as the
region in which ⇢ > ⇢

0

where we don’t know the equation of state and the envelope
as the region ⇢ < ⇢

0

where we do know the equation of state. Let r
0

be the radius of
the core, i.e., the core is the region r < r

0

and the envelope the region r
0

< r < R.
The mass of the core is defined as m

0

= m(r
0

). Equation (1.17) gives

m
0

� 4

3
⇡r3

0

⇢
0

(1.21)

We would have the same result in Newtonian gravity. In GR we have the extra
constraint (1.19). Evaluating this at r = r

0

gives

m
0

r
0

<
2

9

⇥

1� 6⇡r2
0

p
0

+ (1 + 6⇡r2
0

p
0

)1/2
⇤

(1.22)

where p
0

= p(r
0

) is determined from ⇢
0

using the equation of state. Note that the
RHS is a decreasing function of p

0

so we obtain a simpler (but weaker) inequality
by evaluating the RHS at p

0

= 0:

m
0

<
4

9
r
0

(1.23)

i.e., the core satisfies the Buchdahl inequality. The two inequalities (1.21) and
(1.23) define a finite region of the m

0

� r
0

plane: The upper bound on the mass
of the core is

m
0

<

r

16

243⇡⇢
0

(1.24)
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density at center  
of the star



• if stars of mass                     do not shed matter sufficiently, they probably will end up as black holes.M & 3M�
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Simplest: Schwarschild (static, non-rotating) solution:

Chapter 2

The Schwarzschild black hole

We have seen that GR predicts that a cold star cannot have a mass more than a
few times M�. A very massive hot star cannot end its life as a cold star unless it
somehow sheds some of its mass. Instead it will undergo complete gravitational
collapse to form a black hole. The simplest black hole solution is described by
the Schwarzschild geometry. So far, we have used the Schwarzschild metric to
describe the spacetime outside a spherical star. In this chapter we will investigate
the geometry of spacetime under the assumption that the Schwarzschild solution
is valid everywhere.

2.1 Birkho↵ ’s theorem

In Schwarzschild coordinates (t, r, ✓,�), the Schwarzschild solution is

ds2 = �
✓

1� 2M

r

◆

dt2 +

✓

1� 2M

r

◆�1

dr2 + r2d⌦2 (2.1)

This is actually a 1-parameter family of solutions. The parameter M take either
sign but, as mentioned above, it has the interpretation of a mass so we will assume
M > 0 here. The case M < 0 will be discussed later.

Previously we assumed that we were dealing with r > 2M . But the above
metric is also a solution of the vacuum Einstein equation for 0 < r < 2M . We will
see below how these are related. r = 2M is called the Schwarzschild radius.

We derived the Schwarzschild solution under the assumptions of staticity and
spherical symmetry. It turns out that the former is not required:

Theorem (Birkho↵). Any spherically symmetric solution of the vacuum Ein-
stein equation is isometric to the Schwarzschild solution.

Proof. See Hawking and Ellis.

11

a = 0
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and event horizon at Rsch =
2GM

c2
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Birkhoff’s theorem: any spherically symmetric solution of the vacuum  Einstein equations is isometric to the Schwarzschild solution  
 
implies that the spacetime outside any spherical body is described by the time-independent (exterior) Schwarzschild  
solution. This is true even if the body itself is time-dependent. For example, consider a spherical star that ”uses up  
its nuclear fuel” and collapses to form a white dwarf or neutron star. The spacetime outside the star will be described  
by the static Schwarzschild solution even during the collapse. 

 

Next simplest: Kerr (unique stationary, rotating) solution:

CHAPTER 7. ROTATING BLACK HOLES

✓ = 0

✓ = ⇡

ergosurface
ergosphere

Figure 7.2: Ergosphere of a Kerr black hole.

P

P
1

P
2

Figure 7.3: Decay of a particle inside the ergosphere.

where Ei = �k · Pi. Since ka is spacelike within the ergoregion, it is possible that
E

1

< 0. We must then have E
2

= E + |E
1

| > E. It can be shown that the first
particle must fall into the black hole and the second one can escape to infinity.
This particle emerges from the ergoregion with greater energy than the particle
that was sent in! Energy is conserved because the particle that falls into the black
hole carries in negative energy, so the energy (mass) of the black hole decreases.
This Penrose process is a method for extracting energy from a rotating black hole.

How much energy can be extracted in this process? A particle crossing H+

must have �P · ⇠ � 0 because both P a and ⇠a are future-directed causal vectors.
But ⇠a = ka + ⌦Hma hence

E � ⌦HL � 0 (7.14)
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more complicated causal structure, with ergosphere.

Rmax

Kerr

=
GM

c2
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4) A word on on Black holes (BH) and neutron stars (NS)  



• BHs are very small: For 

M = M�
<latexit sha1_base64="odp0DGRihiqC0ZU8eafQ5yEP97I=">AAAB8nicdVDJSgNBEO1xjXGLevTSGARPYSYK5iIEvHgJRDALTIbQ09OTNOnpHrprhDDkM7x4UMSrX+PNv7GzCHF7UPB4r4qqemEquAHX/XBWVtfWNzYLW8Xtnd29/dLBYduoTFPWokoo3Q2JYYJL1gIOgnVTzUgSCtYJR9dTv3PPtOFK3sE4ZUFCBpLHnBKwkt+4avTznooUTPqlsldxZ8DuL/JlldECzX7pvRcpmiVMAhXEGN9zUwhyooFTwSbFXmZYSuiIDJhvqSQJM0E+O3mCT60S4VhpWxLwTF2eyElizDgJbWdCYGh+elPxL8/PIK4FOZdpBkzS+aI4ExgUnv6PI64ZBTG2hFDN7a2YDokmFGxKxeUQ/iftasU7r1RvL8r12iKOAjpGJ+gMeegS1dENaqIWokihB/SEnh1wHp0X53XeuuIsZo7QNzhvnyXvkSM=</latexit>

R� ' 7⇥ 105km

RWD ' 7⇥ 103km

RNS ' 10km

RBH ' 3km
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• Newtonian potentials �� ' 10�6

�WD ' 10�4

�NS ' 0.2

�BH ' 1/2
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Figure 1: Mass intervals defining the four classes of CBC systems: BNS, NSBH, BBH
and MassGap; the upper diagonal region m1 < m2 is lightly shaded in order to in-
dicate that the definitions are symmetric in m1 and m2. Figure taken from from

https://emfollow.docs.ligo.org/userguide/.

3 GW candidates during O3a

During O3a 41 GW alerts have been issued, 8 of which have been retracted
(see https://gracedb.ligo.org/latest/); the cumulative number of non-retracted
O3a GW candidates and of GW signals detected during O1 and O2 is shown
in Fig. 2.

Figure 2: Cumulative number of GW events detected during O1 (pink box) and O2 (green
box) and of non-retracted GW candidates observed during O3a (violet box), as a function of

the observing time. Credit: LIGO-Virgo collaboration.

• Mass gap?

• if stars of mass                     do not shed matter sufficiently,  expected to end up as black holes.M & 3M�
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• Spectrum of BH masses expected to have some breaks…

•Physics of mass gap very interesting, and the upper one may be very useful  for doing late-time cosmology with GWs.



1) General introduction  

2) From Einsteins equations to GWs: basic linearized theory  
    – wave equation
    – polarizations, etc
    – generation of GWs

           – energy carried by GWs  

3) example: inspiral of compact binary system  
    – wave form  
    – characteristic scales, link with observations

4) The sources: on black holes (BH) and neutron stars (NS)  

5) GWs in an expanding universe; cosmology 
   – binaries at cosmological distance 
   – basics on the SGWB



 5) Inspiral of compact binaries at cosmological distances

Then propagate it 
in FRW space-time
to observer
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Idea:  in local wave-zone  
of the source (scales large  
relative to source, small relative
to Hubble), know solution
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FIG. 2: Detector frame: The two orthogonal arms of the interferometer form the x and y axes in the detector frame while the z axis is defined
by the right circular convention. Angles ✓ and � denote the polar and azimuth angles of the binary in the sky measured in the detector frame.
These angles fix the location of the source in the sky, with respect to the detector. Radiation frame: The z axis of the radiation frame is defined
by the line-of-sight vector n from the detector to the source so that the x � y plane is the plane perpendicular to n (the “sky”); x axis is defined
by the x axis of the detector projected onto the sky. Angles ◆ and  denote the polar and azimuth angles of the total angular momentum vector J
of the binary in the radiation frame. These angles fix the relative orientation of the binary with respect to the detector. Source frame: The z axis
of the source frame is defined by the total angular momentum vector J of the binary and the x axis is defined by the projection of the line of
sight onto the binary plane. The angle '0 describes the angle between the separation vector and the x axis at some reference time. Note that the
radiation pattern of the binary depends on ◆ and '0 (see, e.g., Eq.(2.1)).

signal h. Note that, for a fixed SNR threshold, FF is directly
related to the “distance reach” of a search, and FF3 to the
“volume reach”.

It is evident [see, e.g., Eqs. (2.2), (2.6) and (2.7)] that the
distance/volume reach is a function of not only the intrinsic
parameters (m1,m2) of the binary, but also some of the ex-
trinsic parameters (✓, �, ◆, ,'0). For example the SNR, and
hence the distance/volume reach is the largest towards “face-
on” (◆ = 0, ⇡) binaries and the lowest for “edge-on” (◆ = ⇡/2)
binaries. It is useful to define the e↵ective volume of a search,
defined as the fraction of the volume reach by an optimal
search, averaged over the angles ✓, �, ◆, ,'0 after choosing
appropriate distributions for these angles:

Ve↵ (m1,m2) =
⇢3

subopt

⇢3
opt

, (2.9)

where the bars indicate averages over ✓, �, ◆, ,'0. We can
also define the e↵ective fitting factor FFe↵ , defined as the cube
root of the e↵ective volume

FFe↵ (m1,m2) = Ve↵ (m1,m2)1/3. (2.10)

If a template family has FFe↵ � 0.965, this means that the
(average) loss of search volume due to the mismatch between
the template family and the actual signal is less than ⇠ 10%.
In this paper, we will use FFe↵ = 0.965 as a benchmark for
deciding the e↵ectualness of a template family.

If we interpret the parameter set �max that maximizes the
inner product in Eq. (2.8) as the parameters of the binary,
which can be in general di↵erent from the true parameters
�true, this will result in the following systematic bias in the
estimated parameters:

�� = |�max � �true|, (2.11)

where | | denotes the absolute value.
Similar to the FF and SNR, the systematic biases also de-

pend on the parameters �. We would like to use a single
number (similar to FFe↵) that quantifies the average bias in
estimating the parameters of the binaries that are detectable.

For this purpose we use the ⇢3
subopt weighted average of the

systematic biases and call it the e↵ective bias.

��e↵(m1,m2) =
�� . ⇢3

subopt

⇢3
subopt

, (2.12)

where the bars indicate averages over ✓, �, ◆, ,'0. We use
⇢3

subopt as the weighting factor as it is proportional to the vol-
ume accessible to the search using quadrupole templates and
is therefore proportional to the number of detectable sources.

GW measurements, like any other measurement in the pres-
ence of noise, will also have an associated statistical error.
In the limit of high SNR, one reasonable way of estimating
the expected statistical error (see, e.g., [38] for caveats) is by
using the Cramer-Rao inequality: the error covariance matrix
C↵� is given by

C↵� � ��1
↵� , (2.13)

where �↵� is the Fisher information matrix:

�↵� =
D
@↵x, @�x

E
. (2.14)

Above, @↵x denotes the partial derivative of the waveform
x( f ) with respect to the parameter �↵, and the angle brackets
denote the inner products defined in Eq. (2.5). The rms error in
measuring the parameter �↵ is �↵ = C1/2

↵↵ . A template family
can be considered faithful [1] to the signal if the systematic
bias is considerably smaller than the expected statistical error.
In this paper, we will take (��e↵)↵  �↵ as the benchmark for
the faithfulness of a template family.

III. METHODOLOGY

A. Numerical-relativity simulations

We use two sets of NR waveforms: For mass ratio q  8 we
use waveforms computed by the SpEC code [21–33], kindly

Inspiral of compact binaries at cosmological distance

<latexit sha1_base64="cr8eZnChZoJVcrMpbvLQwgjKh3M="></latexit>

H 00
r (k, ⌘) +

✓
k2 � a00

a

◆
Hr(k, ⌘) = 16⇡Ga3 ⇧r(k, ⌘)

Close to the source: 
we have solved within 
linearised theory over 

Minkowski 

<latexit sha1_base64="Mzz7bbWcT/9HtpTTjtQFMSkmX44=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix48diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW79nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfOua27zqlqvF3GU4BTO4AI8uIE63EMDWsAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w/IoYzq</latexit>

d

<latexit sha1_base64="83gvbWqpOsE+efhXIsWXIpgGc1c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0WPBi8cK9gPaUDbbSbt0s4m7G7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZqZ90gJE+nk1654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns3gk5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz2My6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGRD8BZfXibN86p3WXXvLiq1Wh5HEY7gGM7AgyuowS3UoQEMBDzDK7w5D86L8+58zFsLTj5zCH/gfP4AkiyPpw==</latexit>

x

0

<latexit sha1_base64="//vPp9xEiW1EHMr4+Yc15fto6do=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoUEoiFd0IRTddVrAPaEKZTCft0MkkzEyEEvIjbvwVNy4UceFG/BsnbRba9sCFwzn3cu89XsSoVJb1YxTW1jc2t4rbpZ3dvf0D8/CoI8NYYNLGIQtFz0OSMMpJW1HFSC8SBAUeI11vcpf53UciJA35g5pGxA3QiFOfYqS0NDDrzUEi0ooTIDX2/GSSVqFDFDq/gcipwvFqc2CWrZo1A1wmdk7KIEdrYH45wxDHAeEKMyRl37Yi5SZIKIoZSUtOLEmE8ASNSF9TjgIi3WT2XQrPtDKEfih0cQVn6t+JBAVSTgNPd2aHykUvE1d5/Vj5125CeRQrwvF8kR8zqEKYRQWHVBCs2FQThAXVt0I8RgJhpQMt6RDsxZeXSeeiZl/WrPt6uXGbx1EEJ+AUVIANrkADNEELtAEGT+AFvIF349l4NT6Mz3lrwchnjsE/GN+/4iOhJw==</latexit>

Hr(k, ⌘) = a hr(k, ⌘)

To reach the observer: 
free propagation in 
FLRW space-time 

Local radiation zone

<latexit sha1_base64="cr8eZnChZoJVcrMpbvLQwgjKh3M="></latexit>

H 00
r (k, ⌘) +

✓
k2 � a00

a

◆
Hr(k, ⌘) = 16⇡Ga3 ⇧r(k, ⌘)

<latexit sha1_base64="/tVBY9ir7BlC4BW+AeLJqBo8RoA="></latexit>

h+(t, ✓,') =
4

r
(GMc)

5/3
[⇡f(tret)]

2/3
⇣
1 + cos

2 ✓

2

⌘
cos(2�(tret))

h⇥(t, ✓,') =
4

r
(GMc)

5/3
[⇡f(tret)]

2/3
cos ✓ sin(2�(tret))

<latexit sha1_base64="AJY/aPg0zUnNuj9HmZCDuQhVlXQ=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxC3ZREisaFUHDjsoK9QBvKZDpph85MwsxECCFbN76KGxeKuPUN3Pk2TtsgWj0w8PP953Dm/EHMqNKO82ktLa+srq2XNsqbW9s7u/befltFicSkhSMWyW6AFGFUkJammpFuLAniASOdYHI19Tt3RCoaiVudxsTnaCRoSDHSBg1sKAdZX3IYj1OVw0uIqnoOCKcqPzG2XXFqzqygU6tfeHXPhd/ELUQFFNUc2B/9YYQTToTGDCnVc51Y+xmSmmJG8nI/USRGeIJGpGekQJwoP5tdksNjQ4YwjKR5QsMZ/TmRIa5UygPTyZEeq0VvCv/zeokOPT+jIk40EXi+KEwY1BGcxgKHVBKsWWoEwpKav0I8RhJhbcIrmxDcxZP/ivZpzT2rOTf1SsMr4iiBQ3AEqsAF56ABrkETtAAG9+ARPIMX68F6sl6tt3nrklXMHIBfZb1/AXcVmYU=</latexit>

rphys = a(temis)r
<latexit sha1_base64="rmnQW8RvDtcIwJK9+gPhgmEIPK0=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwGITbhToLGLmBjGcF8QBLC3maTLNndO3bnhHBc41+xsVDE1p9h579xkxyi0QcDj/dmmJkXRIIb8LxPJ7eyura+kd8sbG3v7O65+wdNE8aasgYNRajbATFMcMUawEGwdqQZkYFgrWByPfNb90wbHqo7mEasJ8lI8SGnBKzUd49ICc66hkucdLXENFQGiIK07xa9sjcH9sqVq2ql6uNvxc9IEWWo992P7iCksWQKqCDGdHwvgl5CNHAqWFroxoZFhE7IiHUsVUQy00vmD6T41CoDPAy1LQV4rv6cSIg0ZioD2ykJjM2yNxP/8zoxDKu9hKsoBqboYtEwFhhCPEsDD7hmFMTUEkI1t7diOiaaULCZFWwI/vLLf0nzvOxflL3bSrFWzeLIo2N0gkrIR5eohm5QHTUQRSl6RM/oxXlwnpxX523RmnOymUP0C877F36EllY=</latexit>

a(t) ⇠ constant

<latexit sha1_base64="rfXtA/xIGextJ8afJNmhhWLmuvE="></latexit>

dtO =
a(tO)

a(tS)
dtS = (1 + z)dtS

<latexit sha1_base64="29fxK835G//a7SuqoCgT7FLWw+E=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARKkJJpGhcCAU37qxoH9CGMJlO2qGTSZiZCDVk46+4caGIWz/DnX/jtA2i1QMXDufcy733+DGjUlnWpzE3v7C4tFxYKa6urW9smlvbTRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5w4ux37ojQtKI36pRTNwQ9TkNKEZKS565G3hX8Bx2A4FwGng3WVq2j+4PM88sWRVrAmhVqmdO1bHht2LnpARy1D3zo9uLcBISrjBDUnZsK1ZuioSimJGs2E0kiREeoj7paMpRSKSbTh7I4IFWejCIhC6u4ET9OZGiUMpR6OvOEKmBnPXG4n9eJ1GB46aUx4kiHE8XBQmDKoLjNGCPCoIVG2mCsKD6VogHSGehdGZFHYI9+/Jf0jyu2CcV67paqjl5HAWwB/ZBGdjgFNTAJaiDBsAgA4/gGbwYD8aT8Wq8TVvnjHxmB/yC8f4FDdeVZg==</latexit>

fO =
fS

(1 + z)

– amplitude redshifts, plus time dilatation

Turn on expansion in FRW universe.

ds

2 = �dt

2 + a

2(t)d~x2
<latexit sha1_base64="96LwGaUWSdnFXUD9FH9wHEMrDM0=">AAACC3icbVDLSgMxFM34rPVVdekmtAgVscwMRetCKLhxWcE+oJ2WTOa2Dc08SDLFMnTvxl9x40IRt/6AO//G9IFo9cDlHs65l+QeN+JMKtP8NJaWV1bX1lMb6c2t7Z3dzN5+TYaxoFClIQ9FwyUSOAugqpji0IgEEN/lUHcHVxO/PgQhWRjcqlEEjk96AesySpSWOpnsJSZtO98CRY6bp96kt218gr3WEGhyN27bTieTMwvmFNgsFC9KxZKFvxVrTnJojkon89HyQhr7ECjKiZRNy4yUkxChGOUwTrdiCRGhA9KDpqYB8UE6yfSWMT7Sioe7odAVKDxVf24kxJdy5Lt60ieqLxe9ifif14xVt+QkLIhiBQGdPdSNOVYhngSDPSaAKj7ShFDB9F8x7RNBqNLxpXUI1uLJf0nNLlhnBfOmmCuX5nGk0CHKojyy0Dkqo2tUQVVE0T16RM/oxXgwnoxX4202umTMdw7QLxjvXwxnmSk=</latexit>

= a

2(⌘)[�d⌘

2 + d~x

2]



4

eD
y

✓

�

n

eD
x

eD
z

n

eR
z

eR
y

eR
x

J

◆

 eS
x

n

'0

eS
y

eS
z J

◆

Detector frame Radiation frame Source frame

FIG. 2: Detector frame: The two orthogonal arms of the interferometer form the x and y axes in the detector frame while the z axis is defined
by the right circular convention. Angles ✓ and � denote the polar and azimuth angles of the binary in the sky measured in the detector frame.
These angles fix the location of the source in the sky, with respect to the detector. Radiation frame: The z axis of the radiation frame is defined
by the line-of-sight vector n from the detector to the source so that the x � y plane is the plane perpendicular to n (the “sky”); x axis is defined
by the x axis of the detector projected onto the sky. Angles ◆ and  denote the polar and azimuth angles of the total angular momentum vector J
of the binary in the radiation frame. These angles fix the relative orientation of the binary with respect to the detector. Source frame: The z axis
of the source frame is defined by the total angular momentum vector J of the binary and the x axis is defined by the projection of the line of
sight onto the binary plane. The angle '0 describes the angle between the separation vector and the x axis at some reference time. Note that the
radiation pattern of the binary depends on ◆ and '0 (see, e.g., Eq.(2.1)).

signal h. Note that, for a fixed SNR threshold, FF is directly
related to the “distance reach” of a search, and FF3 to the
“volume reach”.

It is evident [see, e.g., Eqs. (2.2), (2.6) and (2.7)] that the
distance/volume reach is a function of not only the intrinsic
parameters (m1,m2) of the binary, but also some of the ex-
trinsic parameters (✓, �, ◆, ,'0). For example the SNR, and
hence the distance/volume reach is the largest towards “face-
on” (◆ = 0, ⇡) binaries and the lowest for “edge-on” (◆ = ⇡/2)
binaries. It is useful to define the e↵ective volume of a search,
defined as the fraction of the volume reach by an optimal
search, averaged over the angles ✓, �, ◆, ,'0 after choosing
appropriate distributions for these angles:

Ve↵ (m1,m2) =
⇢3

subopt

⇢3
opt

, (2.9)

where the bars indicate averages over ✓, �, ◆, ,'0. We can
also define the e↵ective fitting factor FFe↵ , defined as the cube
root of the e↵ective volume

FFe↵ (m1,m2) = Ve↵ (m1,m2)1/3. (2.10)

If a template family has FFe↵ � 0.965, this means that the
(average) loss of search volume due to the mismatch between
the template family and the actual signal is less than ⇠ 10%.
In this paper, we will use FFe↵ = 0.965 as a benchmark for
deciding the e↵ectualness of a template family.

If we interpret the parameter set �max that maximizes the
inner product in Eq. (2.8) as the parameters of the binary,
which can be in general di↵erent from the true parameters
�true, this will result in the following systematic bias in the
estimated parameters:

�� = |�max � �true|, (2.11)

where | | denotes the absolute value.
Similar to the FF and SNR, the systematic biases also de-

pend on the parameters �. We would like to use a single
number (similar to FFe↵) that quantifies the average bias in
estimating the parameters of the binaries that are detectable.

For this purpose we use the ⇢3
subopt weighted average of the

systematic biases and call it the e↵ective bias.

��e↵(m1,m2) =
�� . ⇢3

subopt

⇢3
subopt

, (2.12)

where the bars indicate averages over ✓, �, ◆, ,'0. We use
⇢3

subopt as the weighting factor as it is proportional to the vol-
ume accessible to the search using quadrupole templates and
is therefore proportional to the number of detectable sources.

GW measurements, like any other measurement in the pres-
ence of noise, will also have an associated statistical error.
In the limit of high SNR, one reasonable way of estimating
the expected statistical error (see, e.g., [38] for caveats) is by
using the Cramer-Rao inequality: the error covariance matrix
C↵� is given by

C↵� � ��1
↵� , (2.13)

where �↵� is the Fisher information matrix:

�↵� =
D
@↵x, @�x

E
. (2.14)

Above, @↵x denotes the partial derivative of the waveform
x( f ) with respect to the parameter �↵, and the angle brackets
denote the inner products defined in Eq. (2.5). The rms error in
measuring the parameter �↵ is �↵ = C1/2

↵↵ . A template family
can be considered faithful [1] to the signal if the systematic
bias is considerably smaller than the expected statistical error.
In this paper, we will take (��e↵)↵  �↵ as the benchmark for
the faithfulness of a template family.

III. METHODOLOGY

A. Numerical-relativity simulations

We use two sets of NR waveforms: For mass ratio q  8 we
use waveforms computed by the SpEC code [21–33], kindly

Close to source, as measured by time     of clock of the source, 

time to coalescence
frequency of GW 
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tretS = tS � tc

and the time of coalescence. This can be particularly
important for those binaries that are visible first by
LISA and afterwards by terrestrial interferometers
[18–20], for which a precise determination of the arrival
time of the signal in the LIGO/Virgo band is needed.
The main result of this paper is Eq. (44), showing the

frequency-dependent modification of the phase of the GW
signal due to the time variation of the redshift perturba-
tions. The paper is structured as follows. In Sec. II, we
review the chirp gravitational waveform when the redshift
is kept constant and unperturbed. In Sec. III, we account for
time variations of the redshift: first we concentrate on the
background effect, due to the variation of the cosmological
expansion during the observation time of the binary, and
then we present the consequences of the time variation of
the redshift perturbations due to the inhomogeneities in the
matter distribution at linear order.1 In Sec. IV, we study the
modification of the waveform phasing due to both these
effects. In Sec. V, we proceed to a quantitative analysis:
first we demonstrate that the most relevant contribution to
the waveform comes from the peculiar acceleration of the
binary; we then show qualitatively that this is only
important for space-based detectors, which are capable
to follow the chirp signal for a long enough time at low
frequency; at last, we quantify the effect in the output of
match-filtering commonly used in GW data analysis,
focusing on the case of LISA. We show that the amount
of lost detections due to the use of a waveform template
without the peculiar acceleration of the binary is negligible.
However, the peculiar acceleration introduces a bias in the
determination of the binary parameters such as the time of
coalescence and the masses. In Sec. VI, we conclude.
Throughout the paper we only consider nonspinning

binaries at the lowest Post Newtonian (PN) order (except in
the last section, as specified). We adopt units such that the
speed of light c ¼ 1. The cosmological metric is ds2 ¼
−dt2 þ a2δijdxidxj where t denotes cosmic time, aðtÞ is
the scale factor and H ≡ _a=a is the Hubble factor with
H0 ≡ 100h km= sec =Mpc denoting the Hubble factor
today.

II. BINARY AT COSMOLOGICAL DISTANCE:
UNPERTURBED CONSTANT REDSHIFT

We consider a binary system with individual masses
m1;2, total mass M ≡m1 þm2, symmetric mass ratio
η≡m1m2=M2 and chirp mass Mc ≡ η3=5M. The two
polarizations of the GW signal emitted by the binary in
the transverse-traceless (TT) gauge are (see, e.g., Sec. 4.1
of [21])

hþðtSÞ ¼
4ðGMcÞ

5
3

aðtSÞr
ðπfSÞ

2
3
1þ cos2{

2
cos½ΦSðtSÞ& ð1Þ

h×ðtSÞ ¼
4ðGMcÞ

5
3

aðtSÞr
ðπfSÞ

2
3 cos { sin½ΦSðtSÞ& ð2Þ

where tS is the proper (retarded) time of the source,
aðtSÞr≡ dp is the proper distance [the luminosity distance
being dL ¼ dpð1þ zÞ] and fS is the frequency of the GW
as produced at the source. We have reported only the leading
order in the PN expansion parameter x≡ ðπGMfSÞ2=3.
The evolution of the GW frequency due to back-reaction

of the emission of GWs at leading-order in x is given by
(see e.g. Eq. (4.18) of [21])

dfS
dtS

¼ CðMcÞf
11=3
S ð3Þ

with CðMcÞ≡ 96
5 π

8=3ðGMcÞ5=3. The solution to Eq. (3) is

fSðτSÞ ¼
1

π

!
5

256τS

"
3=8

ðGMcÞ−5=8; ð4Þ

where τS ≡ tc − tS is the time to coalescence at the source,
when fS formally diverges. The phase ΦS at the source is
then

ΦSðtSÞ≡Φc þ 2π
Z

tS

tc
dt0SfSðt0SÞ ¼ −2

!
τS

5GMc

"5
8

þΦc;

ð5Þ

where Φc is the phase at coalescence time tc.
When the GW source is at cosmological distance, the

frequency at the observer fO is related to the one at the
source by the cosmological redshift z via

fS ¼ ð1þ zÞfO: ð6Þ

By definition, the redshift is the quantity that relates the
frequency at the source to the one at the observer in any
cosmology. In a homogeneous and isotropic Friedmann-
Robertson-Walker (FRW) universe, the redshift simply
becomes

1þ z≡ aO
aS

: ð7Þ

However, the inhomogeneities and anisotropies of the real
Universe induce perturbations in the redshift changing the
above expression, as we will see next in Sec. III B.
As for the frequency, the proper time at the source is also

related to the proper time at the observer through the
redshift

1Note that constant perturbations to the redshift do not
generate a shift in the phase since they can be reabsorbed in
the redshifted chirp mass (see discussion in Sec. III).
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source frame chirp mass



• Perturbed FRWL metric (ignoring scalars and vectors):
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• from Einstein equations

source: tensor anisotropic stress

From source to observer:
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Plane waves with redshifting amplitude
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• from source to observer
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still measured in source  
clock; want it in the  
observers clock.

<latexit sha1_base64="EuM7NbGviyaPv6plv5T+azRnDoA=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUhJKIaC9CwYs3K9oPaGPYbDft0s0m7G6UGvo/vHhQxKv/xZv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYWFpeWV1Zza/n1jc2t7cLObkNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/uBy7DcfqFQsEnd6GFM3xD3BAkawNtJ94N2iC1Ryjp+OAu/aKxTtsj0BmidORoqQoeYVvjrdiCQhFZpwrFTbsWPtplhqRjgd5TuJojEmA9yjbUMFDqly08nVI3RolC4KImlKaDRRf0+kOFRqGPqmM8S6r2a9sfif1050UHFTJuJEU0Gmi4KEIx2hcQSoyyQlmg8NwUQycysifSwx0SaovAnBmX15njROys5Z2b45LVYrWRw52IcDKIED51CFK6hBHQhIeIZXeLMerRfr3fqYti5Y2cwe/IH1+QPvEZDR</latexit>

fS = (1 + z)fO

Inspiral of compact binaries at cosmological distance
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Still measured by the source clock, 
we want it in the observer’s clock

<latexit sha1_base64="L2gNm1nupKYCeMSYIVjFZG4GX1E=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWwVVJRNGNUHDjzor2Am0Ik+mkHTqZhJmJUEOfxI0LRdz6KO58G6dpFtr6w8DHf87hnPmDhDOlHefbKq2srq1vlDcrW9s7u1V7b7+t4lQS2iIxj2U3wIpyJmhLM81pN5EURwGnnWB8Pat3HqlULBYPepJQL8JDwUJGsDaWb1f7zRHzs/vpVQ63vl1z6k4utAxuATUo1PTtr/4gJmlEhSYcK9VznUR7GZaaEU6nlX6qaILJGA9pz6DAEVVelh8+RcfGGaAwluYJjXL390SGI6UmUWA6I6xHarE2M/+r9VIdXnoZE0mqqSDzRWHKkY7RLAU0YJISzScGMJHM3IrICEtMtMmqYkJwF7+8DO3Tunted+7Oao1GEUcZDuEITsCFC2jADTShBQRSeIZXeLOerBfr3fqYt5asYuYA/sj6/AFCv5LS</latexit>

�S = �O

The phase is constant 
along null geodesics

<latexit sha1_base64="amVtMc9DxowNTr5v5xVysv2q9fI=">AAAB9XicbZDLSsNAFIYn9VbrrerSzWARKkJJRNGNUHDjzor2Am0sk8mkHTqZhJkTpYa+hxsXirj1Xdz5Nk7bLLT1h4GP/5zDOfN7seAabPvbyi0sLi2v5FcLa+sbm1vF7Z2GjhJFWZ1GIlItj2gmuGR14CBYK1aMhJ5gTW9wOa43H5jSPJJ3MIyZG5Ke5AGnBIx170P3+qLsHD0dGrrtFkt2xZ4Iz4OTQQllqnWLXx0/oknIJFBBtG47dgxuShRwKtio0Ek0iwkdkB5rG5QkZNpNJ1eP8IFxfBxEyjwJeOL+nkhJqPUw9ExnSKCvZ2tj879aO4Hg3E25jBNgkk4XBYnAEOFxBNjnilEQQwOEKm5uxbRPFKFggiqYEJzZL89D47jinFbsm5NStZrFkUd7aB+VkYPOUBVdoRqqI4oUekav6M16tF6sd+tj2pqzspld9EfW5w/ub5F8</latexit>

dtO = (1 + z)dtS

<latexit sha1_base64="C3PD+JIVJufcaxDJbvHjrDyjIuY=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahIpREFL0IBS/erGg/oI1hs920SzebsLtRauj/8OJBEa/+F2/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLSwuLa/kVwtr6xubW8XtnYaKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/cHl2G8+UKlYJO70MKZuiHuCBYxgbaT7wEtvRxeBd112jp4OvWLJrtgToHniZKQEGWpe8avTjUgSUqEJx0q1HTvWboqlZoTTUaGTKBpjMsA92jZU4JAqN51cPUIHRumiIJKmhEYT9fdEikOlhqFvOkOs+2rWG4v/ee1EB+duykScaCrIdFGQcKQjNI4AdZmkRPOhIZhIZm5FpI8lJtoEVTAhOLMvz5PGccU5rdg3J6VqNYsjD3uwD2Vw4AyqcAU1qAMBCc/wCm/Wo/VivVsf09aclc3swh9Ynz8Q8JGQ</latexit>

fS = fO(1 + z)

“Gravitational Waves”, M. Maggiore, Oxford University Press 2008
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From the source to the observer
Time intervals are affected by the expansion dtO = (1 + z)dtS
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=
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If the redshift is constant during the time of observation
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π
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phase is constant along null geodesics
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fS = (1 + z)fO
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Redshift absorbed in a shift in the chirp mass

Luminosity distance
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<latexit sha1_base64="WJaHOybfNBP2dt01AyBvQC+mdYU=">AAACA3icbVBNS8NAEJ3Ur1q/ot70sliEilASEe1FKHjxIlSwH9CGstlu26WbTdjdCG0oePGvePGgiFf/hDf/jds2iFYfDDzem2Fmnh9xprTjfFqZhcWl5ZXsam5tfWNzy97eqakwloRWSchD2fCxopwJWtVMc9qIJMWBz2ndH1xO/PodlYqF4lYPI+oFuCdYlxGsjdS295IWwRxdj9sjdIEK7vHo6Fux807RmQL9JW5K8pCi0rY/Wp2QxAEVmnCsVNN1Iu0lWGpGOB3nWrGiESYD3KNNQwUOqPKS6Q9jdGiUDuqG0pTQaKr+nEhwoNQw8E1ngHVfzXsT8T+vGetuyUuYiGJNBZkt6sYc6RBNAkEdJinRfGgIJpKZWxHpY4mJNrHlTAju/Mt/Se2k6J4VnZvTfLmUxpGFfTiAArhwDmW4ggpUgcA9PMIzvFgP1pP1ar3NWjNWOrMLv2C9fwFgIpYJ</latexit>

Mz = (1 + z)M
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mdet
1,2 (z) = (1 + z)m1,2

BNS system with 

at z=1 has
<latexit sha1_base64="NA1p1RCwJ9tpW2WiKeweHhAlMsM=">AAACCHicbVDLSsNAFJ34rPVVdenCwSK4CkkpGncFN24KFewDmhAmk2k7dJIJMxOhhizd+CtuXCji1k9w5984bYNo9cCFwzn3cu89QcKoVJb1aSwtr6yurZc2yptb2zu7lb39juSpwKSNOeOiFyBJGI1JW1HFSC8RBEUBI91gfDn1u7dESMrjGzVJiBehYUwHFCOlJb9ylLkYsayZ5/4ddCWNYM2s12DTz1wecpX7laplWjNAy6xfOHXHht+KXZAqKNDyKx9uyHEakVhhhqTs21aivAwJRTEjedlNJUkQHqMh6Wsao4hIL5s9ksMTrYRwwIWuWMGZ+nMiQ5GUkyjQnRFSI7noTcX/vH6qBo6X0ThJFYnxfNEgZVBxOE0FhlQQrNhEE4QF1bdCPEICYaWzK+sQ7MWX/5JOzbTPTOu6Xm04RRwlcAiOwSmwwTlogCvQAm2AwT14BM/gxXgwnoxX423eumQUMwfgF4z3L7zTmSE=</latexit>

Mz ⇠ 2.42M�
redshifted / detector frame masses

<latexit sha1_base64="gBDeopmACFxxlRQL/FMdsj97KJY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEFxKSErTuCm7cCBXsA9oSJpNJO3QmE2YmQgnFjb/ixoUibv0Kd/6N0wei1QMXDufcy733hCmjSrvup1VYWl5ZXSuulzY2t7Z37N29phKZxKSBBROyHSJFGE1IQ1PNSDuVBPGQkVY4vJz4rTsiFRXJrR6lpMdRP6ExxUgbKbAPeJB7p5VxV1EOPceH10HeFZHQ48Auu447BXQd/6LqVz34rXhzUgZz1AP7oxsJnHGSaMyQUh3PTXUvR1JTzMi41M0USREeoj7pGJogTlQvn74whsdGiWAspKlEw6n6cyJHXKkRD00nR3qgFr2J+J/XyXRc7eU0STNNEjxbFGcMagEnecCISoI1GxmCsKTmVogHSCKsTWolE4K3+PJf0qw43pnj3vjlWnUeRxEcgiNwAjxwDmrgCtRBA2BwDx7BM3ixHqwn69V6m7UWrPnMPvgF6/0LltuWQw==</latexit>

m1,2 ⇠ 1.4M�
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M ⇠ 1.21M�
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at observer
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fS = (1 + z)fwith
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assuming z is constant during the observation time 
(could lead to a bias for stellar-mass binaries entering 
LISA band and then coalesce in LIGO band), 

<latexit sha1_base64="Ye/v6LMBrgP2jPwspL/PzxybfW0="></latexit>
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5/3f11/3 Phase
depends
on redshifted 
chirp mass [A Sesana 

arXiv:1702.04356]

Extra term in the waveform phase

• if not accounted for, it can introduce a bias on the binary parameters (time to coalescence,..)

• Earth based interferometers are not sensitive to this effect: they do not follow the 
GW source for enough time

• but this effect is relevant for LISA: binaries which stay in band for enough time, with 
low chirp-mass, that enter the detector around ten mHz and go to the LIGO band after 
~5 years

[Inayoshi et al 1702.06529]

[Slide courtesy of Caprini]

<latexit sha1_base64="42WVgEWdXYd7n4DI8BPF4tF97No="></latexit>

�(tret) = �2

✓
tret

5GMz

◆5/8

+ �c



at observer
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perfect degeneracy between source masses, redshift, spins.. (gravity is scale-free) 
The redshift does change the waveform, but in a way that can be exactly compensated by a shift of the masses from their source to detector values 
and by replacing the comoving distance with the luminosity distance.  
Some extra non-gravitational information is necessary to determine z.

Phase
depends
on redshifted 
chirp mass

<latexit sha1_base64="WJaHOybfNBP2dt01AyBvQC+mdYU=">AAACA3icbVBNS8NAEJ3Ur1q/ot70sliEilASEe1FKHjxIlSwH9CGstlu26WbTdjdCG0oePGvePGgiFf/hDf/jds2iFYfDDzem2Fmnh9xprTjfFqZhcWl5ZXsam5tfWNzy97eqakwloRWSchD2fCxopwJWtVMc9qIJMWBz2ndH1xO/PodlYqF4lYPI+oFuCdYlxGsjdS295IWwRxdj9sjdIEK7vHo6Fux807RmQL9JW5K8pCi0rY/Wp2QxAEVmnCsVNN1Iu0lWGpGOB3nWrGiESYD3KNNQwUOqPKS6Q9jdGiUDuqG0pTQaKr+nEhwoNQw8E1ngHVfzXsT8T+vGetuyUuYiGJNBZkt6sYc6RBNAkEdJinRfGgIJpKZWxHpY4mJNrHlTAju/Mt/Se2k6J4VnZvTfLmUxpGFfTiAArhwDmW4ggpUgcA9PMIzvFgP1pP1ar3NWjNWOrMLv2C9fwFgIpYJ</latexit>

Mz = (1 + z)M

• phase information cannot extract z (unless source frame masses known for some reason)

• amplitude information cannot extract z



(LIGO-Virgo):

Hubble diagram

Figure 3: The dimensionless luminosity distance DL/DH. The three curves are for the three
world models, (ΩM, ΩΛ) = (1, 0), solid; (0.05, 0), dotted; and (0.2, 0.8), dashed.
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• Redshift 

• Luminosity distance 

• Hubble parameter

9

where νo and λo are the observed frequency and wavelength, and νe and λe are the emitted.
In special relativity, redshift is related to radial velocity v by

1 + z =

√

√

√

√

1 + v/c

1 − v/c
(9)

where c is the speed of light. In general relativity, (9) is true in one particular coordinate
system, but not any of the traditionally used coordinate systems. Many feel (partly for this
reason) that it is wrong to view relativistic redshifts as being due to radial velocities at all
(eg, Harrison, 1993). I do not agree. On the other hand, redshift is directly observable and
radial velocity is not; these notes concentrate on observables.

The difference between an object’s measured redshift zobs and its cosmological redshift
zcos is due to its (radial) peculiar velocity vpec; ie, we define the cosmological redshift as that
part of the redshift due solely to the expansion of the Universe, or Hubble flow. The peculiar
velocity is related to the redshift difference by

vpec = c
(zobs − zcos)

(1 + z)
(10)

where I have assumed vpec ≪ c. This can be derived from (9) by taking the derivative
and using the special relativity formula for addition of velocities. From here on, we assume
z = zcos.

For small v/c, or small distance d, in the expanding Universe, the velocity is linearly
proportional to the distance (and all the distance measures, eg, angular diameter distance,
luminosity distance, etc, converge)

z ≈
v

c
=

d

DH
(11)

where DH is the Hubble distance defined in (4). But this is only true for small redshifts! It
is important to note that many galaxy redshift surveys, when presenting redshifts as radial
velocities, always use the non-relativistic approximation v = c z, even when it may not be
physically appropriate (eg, Fairall 1992).

In terms of cosmography, the cosmological redshift is directly related to the scale factor
a(t), or the “size” of the Universe. For an object at redshift z

1 + z =
a(to)

a(te)
(12)

where a(to) is the size of the Universe at the time the light from the object is observed, and
a(te) is the size at the time it was emitted.

Redshift is almost always determined with respect to us (or the frame centered on us
but stationary with respect to the microwave background), but it is possible to define the
redshift z12 between objects 1 and 2, both of which are cosmologically redshifted relative to
us: the redshift z12 of an object at redshift z2 relative to a hypothetical observer at redshift
z1 < z2 is given by

1 + z12 =
a(t1)

a(t2)
=

1 + z2

1 + z1
(13)

3

H(z) = H0

�
�M(1 + z)3 + �k(1 + z)2 + ��(1 + z)3(1+w0+wa)e�3waz/(1+z)

DL = c(1 + z)

z�

0

dz�

H(z�)

Hogg, arXiv:astro-ph/9905116 (2000)

For z ⌧ 1
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dL(z) =
c(1 + z)

H0

Z z

0

dz0
⇥
⌦m(1 + z0)3 + ⌦⇤(1 + z0)3(1+w(z0))

⇤1/2
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dL =
cz

H0

 For larger z (ET, LISA), dL depends on other  
cosmological parameters. Can potentially access 
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H(z) = H0

h
⌦m(1 + z0)3 + ⌦⇤(1 + z0)3(1+w(z0))

i1/2

Varying 
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(⌦m, w(z), ..)
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dL

Cosmological parameter determination:
1) their accuracy will depend on accuracy of dL measurement  
2) and require z, with some accuracy.
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• Observed on august 17th 2017, by Adv LIGO + Virgo, binary NS event.  
• Loud, network signal-to-noise ratio of 32.4  
• Coincident GRB observed by Fermi  
   1.7 seconds after the GW merger time

0th order - GW170817 and GRB170817A

• Theoretical framework: No 
cosmology, constant and frequency 
independent speed.  

• How: It makes use of the GW-EM time 
delay to estimate the fractional 
difference between the speed of light 
and GW. Considered uncertainty of 10 s 
in the prompt time.  

• Highlight on the results: Tightest 
constrain on the GW speed.

h(r, ⌘) =
1

dGW
L (⌘)

h(⌘s, r � c

Z ⌘

⌘s

(1 + ↵T )
1/2d⌘)
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z ⇠ 0.01

�3⇥ 10�15  cGW � c

c
 +7⇥ 10�16
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• followed up by multiple EM observatories, and  
an optical counterpart found 
• host galaxy (NGC4993) in the Hydra constellation  

redshift of NGC4993,
Luminosity distance from GW170817
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cz = 3327± 72 km s�1
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dL = 43.8+2.9
�6.9 Mpc

GW170817
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The measurement of the GW polarization is cru-
cial for inferring the binary inclination. This in-
clination, ◆, is defined as the angle between the
line of sight vector from the source to the detec-
tor and the orbital angular momentum vector of
the binary system. For electromagnetic (EM) phe-
nomena it is typically not possible to tell whether a
system is orbiting clockwise or counter-clockwise
(or, equivalently, face-on or face-off), and sources
are therefore usually characterized by a viewing
angle: min (◆, 180� � ◆). By contrast, GW mea-
surements can identify the sense of the rotation,
and thus ◆ ranges from 0 (counter-clockwise) to
180 deg (clockwise). Previous GW detections by
LIGO had large uncertainties in luminosity dis-
tance and inclination (Abbott et al. 2016a) because
the two LIGO detectors that were involved are
nearly co-aligned, preventing a precise polariza-
tion measurement. In the present case, thanks to
Virgo as an additional detector, the cosine of the
inclination can be constrained at 68.3% (1�) con-
fidence to the range [�1.00,�0.81] corresponding
to inclination angles between [144, 180] deg. This
implies that the plane of the binary orbit is almost,
but not quite, perpendicular to our line of sight
to the source (◆ ⇡ 180 deg), which is consistent
with the observation of a coincident GRB (LVC,
GBM, & INTEGRAL 2017 in prep.; Goldstein et
al. 2017, ApJL, submitted; Savchenko et al. 2017,
ApJL, submitted). We report inferences on cos ◆
because our prior for it is flat, so the posterior is
proportional to the marginal likelihood for it from
the GW observations.

EM follow-up of the GW sky localization re-
gion (Abbott et al. 2017c) discovered an opti-
cal transient (Coulter et al. 2017; Soares-Santos
et al. 2017; Valenti et al. 2017; Arcavi et al. 2017;
Tanvir et al. 2017; Lipunov et al. 2017) in close
proximity to the galaxy NGC 4993. The location
of the transient was previously observed by the
Distance Less Than 40 Mpc (DLT40) survey on
2017 July 27.99 UT and no sources were found
(Valenti et al. 2017). We estimate the probability

Figure 1. GW170817 measurement of H0. Marginal-
ized posterior density for H0 (blue curve). Constraints
at 1- and 2� from Planck (Planck Collaboration et al.
2016) and SHoES (Riess et al. 2016) are shown in
green and orange. The maximum a posteriori value
and minimal 68.3% credible interval from this PDF is
H0 = 70.0+12.0

�8.0 km s

�1
Mpc

�1. The 68.3% (1�) and
95.4% (2�) minimal credible intervals are indicated by
dashed and dotted lines.

of a random chance association between the opti-
cal counterpart and NGC 4993 to be 0.004% (see
the Methods section for details). In what follows
we assume that the optical counterpart is associ-
ated with GW170817, and that this source resides
in NGC 4993.

To compute H0 we need to estimate the back-
ground Hubble flow velocity at the position of
NGC 4993. In the traditional electromagnetic cal-
ibration of the cosmic “distance ladder” (Freed-
man et al. 2001), this step is commonly carried
out using secondary distance indicator informa-
tion, such as the Tully-Fisher relation (Sakai et al.
2000), which allows one to infer the background
Hubble flow velocity in the local Universe scaled
back from more distant secondary indicators cal-
ibrated in quiet Hubble flow. We do not adopt
this approach here, however, in order to preserve
more fully the independence of our results from
the electromagnetic distance ladder. Instead we
estimate the Hubble flow velocity at the position

First measurement of H0 using GW170817 vH = H0 ⇥ d

[LIGO-Virgo: 1710.05835]

1� 2�

1) Hubble flow velocity: need to  
account for peculiar velocities,  
caused by local  grav field,  
attraction to nearby galaxies

2

The Hubble constant H0 measures the mean ex-
pansion rate of the Universe. At nearby distances
(d . 50Mpc) it is well approximated by the ex-
pression

vH = H0d, (1)

where vH is the local “Hubble flow” velocity of a
source, and d is the distance to the source. At such
distances all cosmological distance measures (such
as luminosity distance and comoving distance) dif-
fer at the order of vH/c where c is the speed of
light. As vH/c ⇠ 1% for GW170817 we do not
distinguish between them. We are similarly insen-
sitive to the values of other cosmological parame-
ters, such as ⌦m and ⌦⇤.

To obtain the Hubble flow velocity at the posi-
tion of GW170817, we use the optical identifica-
tion of the host galaxy NGC 4993 (Abbott et al.
2017c). This identification is based solely on the
2-dimensional projected offset and is independent
of any assumed value of H0. The position and red-
shift of this galaxy allow us to estimate the appro-
priate value of the Hubble flow velocity. Because
the source is relatively nearby the random relative
motions of galaxies, known as peculiar velocities,
need to be taken into account. The peculiar veloc-
ity is ⇠ 10% of the measured recessional velocity
(see Methods).

The original standard siren proposal (Schutz
1986) did not rely on the unique identification of
a host galaxy. By combining information from
⇠ 100 independent GW detections, each with a set
of potential host galaxies, a ⇠ 5% estimate of H0

can be obtained even without the detection of any
transient optical counterparts (Del Pozzo 2012).
This is particularly relevant, as gravitational-wave
networks will detect many binary black hole merg-
ers over the coming years (Abbott et al. 2016a),
and these are not expected to be accompanied by
electromagnetic counterparts. Alternatively, if an
EM counterpart has been identified but the host
galaxy is unknown, the same statistical method
can be applied but using only those galaxies in

a narrow beam around the location of the opti-
cal counterpart. However, such statistical analyses
are sensitive to a number of complicating effects,
including the incompleteness of current galaxy cat-
alogs or the need for dedicated follow-up surveys,
as well as a range of selection effects (Messen-
ger & Veitch 2013). In what follows we exploit
the identification of NGC 4993 as the host galaxy
of GW170817 to perform a standard siren mea-
surement of the Hubble constant (Holz & Hughes
2005; Dalal et al. 2006; Nissanke et al. 2010,
2013).

Analysis of the GW data associated with GW170817
produces estimates for the parameters of the
source, under the assumption that general rela-
tivity is the correct model of gravity (Abbott et al.
2017a). We are most interested in the joint pos-
terior distribution on the luminosity distance and
binary orbital inclination angle. For the analysis in
this paper we fix the location of the GW source on
the sky to the identified location of the counterpart
(Coulter et al. 2017). See the Methods section for
details.

An analysis of the GW data alone finds that
GW170817 occurred at a distance d = 43.8+2.9

�6.9 Mpc
(all values are quoted as the maximum posterior
value with the minimal width 68.3% credible inter-
val). We note that the distance quoted here differs
from that in other studies (Abbott et al. 2017a),
since here we assume that the optical counter-
part represents the true sky location of the GW
source instead of marginalizing over a range of
potential sky locations. The ⇠ 15% uncertainty
is due to a combination of statistical measurement
error from the noise in the detectors, instrumen-
tal calibration uncertainties (Abbott et al. 2017a),
and a geometrical factor dependent upon the cor-
relation of distance with inclination angle. The
GW measurement is consistent with the distance
to NGC 4993 measured using the Tully-Fisher re-
lation, dTF = 41.1 ± 5.8Mpc (Sakai et al. 2000;
Freedman et al. 2001).

2) Distance error large,

3) statistical measurement error  
from noise in detectors +  
instrumentation calibration  
uncertainties:

Errors:
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the two LIGO detectors that were involved are
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tion measurement. In the present case, thanks to
Virgo as an additional detector, the cosine of the
inclination can be constrained at 68.3% (1�) con-
fidence to the range [�1.00,�0.81] corresponding
to inclination angles between [144, 180] deg. This
implies that the plane of the binary orbit is almost,
but not quite, perpendicular to our line of sight
to the source (◆ ⇡ 180 deg), which is consistent
with the observation of a coincident GRB (LVC,
GBM, & INTEGRAL 2017 in prep.; Goldstein et
al. 2017, ApJL, submitted; Savchenko et al. 2017,
ApJL, submitted). We report inferences on cos ◆

because our prior for it is flat, so the posterior is
proportional to the marginal likelihood for it from
the GW observations.

EM follow-up of the GW sky localization re-
gion (Abbott et al. 2017c) discovered an opti-
cal transient (Coulter et al. 2017; Soares-Santos
et al. 2017; Valenti et al. 2017; Arcavi et al. 2017;
Tanvir et al. 2017; Lipunov et al. 2017) in close
proximity to the galaxy NGC 4993. The location
of the transient was previously observed by the
Distance Less Than 40 Mpc (DLT40) survey on
2017 July 27.99 UT and no sources were found
(Valenti et al. 2017). We estimate the probability

Figure 1. GW170817 measurement of H0. Marginal-
ized posterior density for H0 (blue curve). Constraints
at 1- and 2� from Planck (Planck Collaboration et al.
2016) and SHoES (Riess et al. 2016) are shown in
green and orange. The maximum a posteriori value
and minimal 68.3% credible interval from this PDF is
H0 = 70.0+12.0

�8.0 km s

�1
Mpc

�1. The 68.3% (1�) and
95.4% (2�) minimal credible intervals are indicated by
dashed and dotted lines.

of a random chance association between the opti-
cal counterpart and NGC 4993 to be 0.004% (see
the Methods section for details). In what follows
we assume that the optical counterpart is associ-
ated with GW170817, and that this source resides
in NGC 4993.

To compute H0 we need to estimate the back-
ground Hubble flow velocity at the position of
NGC 4993. In the traditional electromagnetic cal-
ibration of the cosmic “distance ladder” (Freed-
man et al. 2001), this step is commonly carried
out using secondary distance indicator informa-
tion, such as the Tully-Fisher relation (Sakai et al.
2000), which allows one to infer the background
Hubble flow velocity in the local Universe scaled
back from more distant secondary indicators cal-
ibrated in quiet Hubble flow. We do not adopt
this approach here, however, in order to preserve
more fully the independence of our results from
the electromagnetic distance ladder. Instead we
estimate the Hubble flow velocity at the position

Does not resolve H0 tension….yet 
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Tested cosmology,
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T . 100MeV

BBN



Generalities

• Different sources for the SGWB can have very different characteristics properties.

ds

2 = �dt

2 + a

2(t)d~x2
<latexit sha1_base64="96LwGaUWSdnFXUD9FH9wHEMrDM0=">AAACC3icbVDLSgMxFM34rPVVdekmtAgVscwMRetCKLhxWcE+oJ2WTOa2Dc08SDLFMnTvxl9x40IRt/6AO//G9IFo9cDlHs65l+QeN+JMKtP8NJaWV1bX1lMb6c2t7Z3dzN5+TYaxoFClIQ9FwyUSOAugqpji0IgEEN/lUHcHVxO/PgQhWRjcqlEEjk96AesySpSWOpnsJSZtO98CRY6bp96kt218gr3WEGhyN27bTieTMwvmFNgsFC9KxZKFvxVrTnJojkon89HyQhr7ECjKiZRNy4yUkxChGOUwTrdiCRGhA9KDpqYB8UE6yfSWMT7Sioe7odAVKDxVf24kxJdy5Lt60ieqLxe9ifif14xVt+QkLIhiBQGdPdSNOVYhngSDPSaAKj7ShFDB9F8x7RNBqNLxpXUI1uLJf0nNLlhnBfOmmCuX5nGk0CHKojyy0Dkqo2tUQVVE0T16RM/oxXgwnoxX4202umTMdw7QLxjvXwxnmSk=</latexit>

= a

2(⌘)[�d⌘

2 + d~x

2]

with
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a(t) ⇠ tp
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p =

1

2

(radiation era)

• In terms of conformal time
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⌘ =

Z
dt

a(t)
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a(⌘) ⇠ ⌘q

comoving Hubble radius 
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1

aH
=

1

ȧ
=

a

a0
=

1

H

• To discuss them (and at the same time recall some basic notation), useful to go back to basics

• Unperturbed FLRW metric
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p =
2

3
(matter era)
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p > 1 (inflation)
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q =
p

1� p
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q = 1 (radiation era)
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q = 2 (matter era)
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and comoving Hubble radius
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H�1 ⇠ a1/q
<latexit sha1_base64="9SfldsYE6+MEUDuRhNs3aV6xev8="></latexit>

ln(H�1) ⇠ 1

q
ln a• Hence so that



Generalities
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FIG. 1: Slices of fluid energy density E/T 4
c at t = 400 T−1

c ,
t = 800 T−1

c and t = 1200 T−1
c respectively, for the η = 0.2

simulation. The slices correspond roughly to the end of the
nucleation phase, the end of the initial coalescence phase and
the end of the simulation.

W ϵ, contracting [∂µT µν ]
fluid

with Uν yields

Ė + ∂i(EV i) + p[Ẇ + ∂i(WV i)]−
∂V

∂φ
W (φ̇+ V i∂iφ)

= ηW 2(φ̇+ V i∂iφ)
2. (5)

The equations of motion for the fluid momentum density
Zi = W (ϵ+ p)Ui read

Żi+∂j(ZiV
j)+∂ip+

∂V

∂φ
∂iφ = −ηW (φ̇+V j∂jφ)∂iφ. (6)

The principal observable of interest to us is the power
spectrum of gravitational radiation resulting from bub-
ble collisions. One approach is to project Tij at every
timestep and then making use of the Green’s function to
compute the final power spectrum [34, 35]; this is quite
costly in computer time. Instead, we use the procedure
detailed in Ref. [36]. We evolve the equation of motion
for an auxiliary tensor uij ,

üij −∇2uij = 16πG(τφij + τ fij), (7)

where τφij = ∂iφ∂jφ and τ fij = W 2(ϵ+ p)ViVj . The phys-
ical metric perturbations are recovered in momentum
space by hij(k) = λij,lm(k̂)ulm(t,k), where λij,lm(k̂) is
the projector onto transverse, traceless symmetric rank 2
tensors. We are most interested in the metric perturba-
tions sourced by the fluid, as the fluid shear stresses gen-
erally dominate over those of the scalar field, although it
will be instructive to also consider both sources together.
Having obtained the metric perturbations, the power

spectrum per logarithmic frequency interval is

dρGW(k)

d ln k
=
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We simulate the system on a cubic lattice of N3 = 10243

points, neglecting cosmic expansion which is slow com-
pared with the transition rate. The fluid is imple-
mented as a three dimensional relativistic fluid [37], with
donor cell advection. The scalar and tensor fields are

evolved using a leapfrog algorithm with a minimal sten-
cil for the spatial Laplacian. Principally we used lat-
tice spacing δx = 1T−1

c and time step δt = 0.1T−1
c ,

where Tc is the critical temperature for the phase tran-
sition. We have checked the lattice spacing dependence
by carrying out single bubble self-collision simulations for
L3 = 2563 T−3

c at δx = 0.5T−1
c , for which the value of

ρGW at t = 2000T−1
c increased by 10%, while the final

total fluid kinetic energy increased by 7%. Simulating
with δt = 0.2T−1

c resulted in changes of 0.3% and 0.2%
to ρGW and the kinetic energy respectively.

Starting from a system completely in the symmet-
ric phase, we model the phase transition by nucleat-
ing new bubbles according to the rate per unit volume
P = P0 exp(β(t − t0)). From this distribution we gener-
ate a set of nucleation times and locations (in a suitable
untouched region of the box) at each of which we insert a
static bubble with a gaussian profile for the scalar field.
The bubble expands and quickly approaches an invariant
scaling profile [23].

We first studied a system with g = 34.25, γ = 1/18,
α =

√
10/72, T0 = Tc/

√
2 and λ = 10/648; this allows

comparison with previous (1 + 1) and spherical studies
of a coupled field-fluid system where the same parameter
choices were used [23]. The transition in this case is rela-
tively weak: in terms of αT , the ratio between the latent
heat and the total thermal energy, we have αTN

= 0.012
at the nucleation temperature TN = 0.86Tc. We also
performed simulations with γ = 2/18 and λ = 5/648, for
which αTN

= 0.10 at the nucleation temperature TN =
0.8Tc, which we refer to as an intermediate strength tran-
sition. We note that αTN

∼ 10−2 is generic for a first
order electroweak transition, while αTN

∼ 10−1 would
imply some tuning [38].

For the nucleation process, we took β = 0.0125Tc,
P0 = 0.01 and t0 = tend = 2000T−1

c . The simulation vol-
ume allowed the nucleation of 100-300 bubbles, so that
the mean spacing between bubbles was of order 100T−1

c .
The wall velocity is captured correctly, but the fluid ve-
locity did not quite reach the scaling profile before col-
liding. Typically, the peak velocity prior to collision is
20-30% below the scaling value for the deflagrations.

For the weak transition we chose η = 0.1, 0.2, 0.4 and
0.6. The first gives a detonation with wall speed vw ≃
0.71, and the others weak deflagrations with vw ≃ 0.44,
0.24, and 0.15 respectively. The shock profiles are found
in Figs. 2 and 3 of Ref. [23]; slices of the total energy
density for one of our simulations are shown in Fig. 1.
The intermediate transition was simulated at η = 0.4,
for which the wall speed is vw ≃ 0.44, very close to the
weak transition with η = 0.2.

Fig. 2 (top) shows the time evolution of two quantities
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c at t = 400 T−1

c ,
t = 800 T−1

c and t = 1200 T−1
c respectively, for the η = 0.2

simulation. The slices correspond roughly to the end of the
nucleation phase, the end of the initial coalescence phase and
the end of the simulation.
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ical metric perturbations are recovered in momentum
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timestep and then making use of the Green’s function to
compute the final power spectrum [34, 35]; this is quite
costly in computer time. Instead, we use the procedure
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for an auxiliary tensor uij ,
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P = P0 exp(β(t − t0)). From this distribution we gener-
ate a set of nucleation times and locations (in a suitable
untouched region of the box) at each of which we insert a
static bubble with a gaussian profile for the scalar field.
The bubble expands and quickly approaches an invariant
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α =
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which αTN
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0.8Tc, which we refer to as an intermediate strength tran-
sition. We note that αTN

∼ 10−2 is generic for a first
order electroweak transition, while αTN

∼ 10−1 would
imply some tuning [38].

For the nucleation process, we took β = 0.0125Tc,
P0 = 0.01 and t0 = tend = 2000T−1

c . The simulation vol-
ume allowed the nucleation of 100-300 bubbles, so that
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locity did not quite reach the scaling profile before col-
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t = t?• assume the source operates at some time
Why does it generate a SGWB?

• Causality: produced signal correlated on length/time scales at  
most as large as the causal horizon at that time 

characteristic length-scale of the source 
(typical size of variation of the tensor anisotropic stresses)

Generalities: why a SGWB?  
[standard phase of cosmic expansion]
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• Length scale redshifted to today corresponds to scale
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✓
a(t0)

a(t⇤)

◆

• Compared to the Hubble radius today. Using the Friedmann equations 
(in the radiation era, neglecting changes in effective number of relativistic d of f, and saturating the inequality)
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correlation length tiny compared to present size of universe today.

Why sources in the early universe produce SGWBs?

A GW source acting at time t✻ in the early universe cannot produce a signal 
correlated on length/time scales larger than the causal horizon at that time
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⇤

Angular size on the sky 
today of a region in 

which the SGWB signal 
is correlated `2(T⇤)
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⇥⇤ =
`⇤

dA(z⇤)
Angular diameter distance

Number of uncorrelated regions accessible today
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Suppose a GW detector angular resolution of 10 deg 
<latexit sha1_base64="Lx33je0ywMUCrOQUeub7KQiH0jk=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMgHsKuKPEY8OIxgnlAEsPspDcZMrO7zMwqccl/ePGgiFf/xZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFDzEuuFGYCtWSKUvsOmPrqd+8wGV5lF4Z8YxdiUdhDzgjBor3T/1zjoCtdZcEq/SK5bcsjsDWSZeRkqQodYrfnX6EUskhoYJqnXbc2PTTakynAmcFDqJxpiyER1g29KQStTddHb1hJxYpU+CSNkKDZmpvydSKrUeS992SmqGetGbiv957cQEV92Uh3FiMGTzRUEiiInINALS5wqZEWNLKFPc3krYkCrKjA2qYEPwFl9eJo3zsndZdm8vStVqFkcejuAYTsGDClThBmpQBwYKnuEV3pxH58V5dz7mrTknmzmEP3A+fwCiVpHv</latexit>

z⇤ . 17

<latexit sha1_base64="Qin37SxXcMjgOYIiBd9mKF4ZOIA=">AAACEHicbVA9SwNBEN2L3/ErammzGMQoEvZEUQshYGMZIdFA7gh7m0myZPfu3N0T4pGfYONfsbFQxNbSzn/jJl6hxgcDj/dmmJkXxIJrQ8ink5uanpmdm1/ILy4tr6wW1tavdJQoBnUWiUg1AqpB8BDqhhsBjVgBlYGA66B/PvKvb0FpHoU1M4jBl7Qb8g5n1FipVdjxaj0wtHTX2jtzySnZ9TSXcINJ+dTbTz0lcRu6Q4xbhSIpkzHwJHEzUkQZqq3Ch9eOWCIhNExQrZsuiY2fUmU4EzDMe4mGmLI+7ULT0pBK0H46fmiIt63Sxp1I2QoNHqs/J1IqtR7IwHZKanr6rzcS//Oaiemc+CkP48RAyL4XdRKBTYRH6eA2V8CMGFhCmeL2Vsx6VFFmbIZ5G4L79+VJcnVQdo/K5PKwWKlkccyjTbSFSshFx6iCLlAV1RFD9+gRPaMX58F5cl6dt+/WnJPNbKBfcN6/AIY+ml0=</latexit>

⇥(z⇤ = 1090) ' 0.9 deg

Only the statistical properties of the signal can be accessed
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a⇤ = a(t⇤)

• Angular size of that patch on the sky today?



• Angular size of that patch on the sky today 

(GW detector angular resolution) 

– Can only the statistical properties of the signal 
– Must treat               as a random variable
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hij(~x, t)

Generalities: b) why a SGWB?  
[standard phase of cosmic expansion]

• number of uncorrelated regions today from which we are  receiving  
independent GW signals 
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dA(z⇤) =
1

H0(1 + z⇤)

Z z⇤

0

dz0p
⌦m(1 + z0)3 + ⌦r(1 + z0)4 + ⌦⇤

Why sources in the early universe produce SGWBs?

A GW source acting at time t✻ in the early universe cannot produce a signal 
correlated on length/time scales larger than the causal horizon at that time
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`⇤  H�1
⇤

Angular size on the sky 
today of a region in 

which the SGWB signal 
is correlated `2(T⇤)
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⇥⇤ =
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dA(z⇤)
Angular diameter distance

Number of uncorrelated regions accessible today
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⇥(z⇤ = 1090) ' 0.9 deg

Only the statistical properties of the signal can be accessed
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Why sources in the early universe produce SGWBs?

A GW source acting at time t✻ in the early universe cannot produce a signal 
correlated on length/time scales larger than the causal horizon at that time
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Angular size on the sky 
today of a region in 

which the SGWB signal 
is correlated `2(T⇤)
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dA(z⇤)
Angular diameter distance

Number of uncorrelated regions accessible today
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Only the statistical properties of the signal can be accessed

GW signal (as received today on Earth) due to a  
causal process operating at the EW epoch, is  
composed by the superposition of independent  
signals emitted by at least 1024 uncorrelated regions 

• a GW signal from the early universe cannot possibly be  
resolved beyond its stochastic nature 

• By observing large enough regions of the Universe today (or a given region for long enough time), 
have access to many realisations of the system: replace ensemble averages with volume/time averages  
(over a length scale much larger than the typical GW wavelength, and much smaller than the Horizon)  
[exception in the case of inflation]  
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when a GW source was operating. The precise value of xk can only be determined

within a specific GW generation process; however, since xk � 1, one can still find,

through these equations, the lowest possible frequency emitted by a process operating

at a given time in the universe parametrised by Tp. Therefore, it is possible to associate

to a given GW detection experiment, operating in a given frequency range, the epochs

in the early universe during which a source should have been active to produce GWs

detectable by that experiment. This is shown in Fig. 1 for several GW detectors

(for details, see section 4.4): 1Hz . f . 103 Hz for ground-based interferometers,

10�5 Hz . f . 0.1Hz for LISA, 3 ⇥ 10�9 Hz . f . 10�6 Hz for Pulsar Timing

Arrays, and 3.4 ⇥ 10�19 Hz . f . 7 ⇥ 10�18 Hz for the CMB. In this last case, the

observable frequency window corresponds respectively to the Horizon today and at the

epoch of photon decoupling, c.f. section 4.2: H0/(2⇡)  f  Hdec (a0/adec)/(2⇡), with

Tdec ' 0.26 eV. Note that Eq. (101) does not hold in the case of the CMB, which extends

beyond the radiation era, while Eq. (99) is generically valid. Fig. 1 illustrates how GW

experiments have the potential to probe well separated energy scales and cosmological

epochs that are not directly accessible by any other mean, since the universe was opaque

to photons at that time. Other cosmological probes like e.g. Large Scale Structures, the

CMB and Big Bang Nucleosynthesis (BBN) can probe temperatures Tp . 1 MeV (or

the inflationary epoch for what concerns CMB anisotropies and polarisation), while GW

experiments have in principle access to a wide range of energy scales beyond 1 MeV.

3.4. Gravitational wave spectrum by a generic stochastic source

In section 2.4 we have presented the free solutions for the GW Fourier modes hr(k, ⌘)

at sub- and super-horizon scales. Here we derive the amplitude of the Fourier modes

and the energy density power spectrum Eq. (86) in the presence of a generic stochastic

source of GW acting during the radiation or matter dominated eras⇤.
The tensor anisotropic stress sourcing the GWs can be decomposed, analogously

to hij, in two polarisation states (here and in the following we omit the superscript TT

for brevity):

⇧ij(x, t) =
X

r=+,⇥

Z

d3k

(2⇡)3
⇧r(k, t) e

�ik·x er
ij(k̂) . (102)

For the reasons put forward in section 3.1, it is enough to describe the source

stochastically. Though there are exceptions (as we will see in the following of this

review), here we assume that the properties of statistical homogeneity and isotropy,

gaussianity and the absence of a preferred polarisation, apply for the GW source as

well, as assumed for the GW spectrum (c.f. section 3.1). The power spectrum of the

Fourier components of the tensor anisotropic stress can therefore be written as

h⇧r(k, ⌘)⇧
⇤
p(q, ⇣)i =

(2⇡)3

4
�(3)(k � q) �rp ⇧(k, ⌘, ⇣) . (103)

⇤The solution for a source that acts continuously through the radiation-matter transition requires
numerical integration and goes beyond the illustrative purposes of this sub-section.

• Perturbed FRWL metric (ignoring scalars and vectors):

ds

2 = �dt

2 + a

2(t)[(�ij + hij)dx
i
dx

j ] |hij | ⌧ 1

hi
i = @jh

j
i = 0

• from Einstein equations

source: tensor  
anisotropic stress
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• Fourier transform, and polarisation components +, x 
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Z
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hr(k, t) e

�ik·x erij(ˆk)

SGWB from the early universe: generalities

Fourier decomposition, and polarisation components +, ×

hTT
ij (z, t) =

0

@
h+ h⇥ 0

h⇥ �h+ 0

0 0 0

1

A

ij

cos [!(t� z)]

Free wave traveling 
in the z direction
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The same decomposition can be applied to Πij(x,t)

• The equation decouples for each polarisation mode. In terms of conformal time 

2) Characterisation of the SGWB

k= comoving wave number

Note from Friedmann equation:
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transverse and traceless part of the anisotropic stress. The anisotropic stress is given by

a2 ⇧ij = Tij � p a2 (�ij + hij) , (54)

where Tij denotes the spatial components of the energy-momentum tensor of the source,

and p is the background pressure. In the RHS of Eq. (54), the term in p �ij is a pure trace

that does not contribute to ⇧TT
ij , while the term in p hij cancels out with an identical

term of opposite sign that emerges in the derivation of Eq. (53).

The transverse and traceless part of a tensor is most easily extracted in Fourier

space. Consider the spatial Fourier transform

⇧ij(x, t) =

Z

d3k

(2⇡)3
⇧ij(k, t) e

�ik·x . (55)

The transverse and traceless part of a symmetric tensor is then given by the projection

(see e.g. Ref. [30])

⇧TT
ij (k) = Oij,lm(k̂)⇧lm(k) =



Pil(k̂)Pjm(k̂) � 1

2
Pij(k̂)Plm(k̂)

�

⇧lm(k) , (56)

with

Pij(k̂) = �ij � k̂i k̂j , (57)

where k̂ = k/k is the unit vector in the k direction. The operators Pij are projectors on

the subspace orthogonal to k, satisfying Pijki = 0 and Pij Pjl = Pil. From this it follows

directly that ki ⇧TT
ij = ⇧TT

ii = 0.

The transverse and traceless perturbation hij can be decomposed into the two

polarization states r = +,⇥, as

hij(x, t) =
X

r=+,⇥

Z

d3k

(2⇡)3
hr(k, t) e

�ik·x er
ij(k̂) (58)

where the two polarisation tensors er
ij(k̂) can be taken to be real and to satisfy

er
ij(�k̂) = er

ij(k̂). The condition for hij to be real is then h⇤
r(k, t) = hr(�k, t). The

two polarisation tensors depend only on the unit vector k̂ and are symmetric (er
ij = er

ji),

transverse (k̂i er
ij = 0) and traceless (er

ii = 0). They can be written as

e+
ij(k̂) = m̂i m̂j � n̂i n̂j ,

e⇥
ij(k̂) = m̂i n̂j + n̂i m̂j , (59)

where m̂ and n̂ are two unit vectors that are orthogonal to k̂, and well as to each other.

We then have the orthonormal and completeness relations
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r0

ij(k̂) = 2 �rr0 , (60)
X

r=+,⇥
er

ij(k̂) e
r
lm(k̂) = Pil Pjm + Pim Pjl � Pij Plm , (61)

where the projectors Pij are defined in Eq. (57), and can be written alternatively as

Pij = m̂i m̂j + n̂i n̂j.

The space-time behavior of GWs is determined by Eq. (53), with solutions

depending on the particular source considered. Most examples of cosmological sources
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• In general the SGWB is 
 
– homogenous and isotropic  
          (inherited from FLRW universe)  
 
– unpolarised  
          (absence of significant source of parity violation  
           in the universe)  
 
– gaussian  
          (formed by emission from many uncorrelated regions)  

therefore characterized by the 2-point function 

• We access today the GW signal from many independent horizon volumes: hij(x,t) 
must be treated as a random variable 

• The universe is homogeneous and isotropic, so the GW source is operating 
everywhere at the same time with the same average properties (“a-causal” initial 
conditions from inflation)  

• Under the ergodic hypothesis, the ensemble average can be substituted with 
volume / time averages: we identify this average with the volume / time one 
necessary to define the GW energy momentum tensor (lecture one) 

• Notable exception: SGWB from inflation (intrinsic quantum fluctuations that 
become classical (stochastic) outside the horizon)
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renders the metric perturbation, of quantum origin, equivalent to a stochastic variable

after Hubble crossing. The perturbations re-enter progressively the Hubble radius during

the radiation and matter dominated eras, leading to a GW signal which is intrinsically

stochastic.

In general, the stochastic GW background from sources in the early universe is

assumed to be statistically homogeneous and isotropic, unpolarised and Gaussian. The

reasons behind these assumptions are easily understood, as we will explain next (for a

thorough discussion see also [18]).

Statistical homogeneity and isotropy is inherited from the same property of the

FLRW universe, be it during inflation or afterwards during the thermal era. It implies

that the two-point spatial correlation function satisfies

hhij(x, ⌘1)hlm(y, ⌘2)i = ⇠ijlm(|x � y|, ⌘1, ⌘2) , (79)

where hij(x, ⌘1) is the tensor perturbation of Eq. (62), and h...i denotes the ensemble

average (that becomes an average over volume/time under the ergodic hypothesis).

In the case presented before about a phase transition operating during the radiation

dominated era for example, even though the GW signal is given by the superposition of

the signals emitted from many uncorrelated regions, the (statistical) homogeneity and

isotropy of the universe causes these regions to have, essentially, the same characteristics,

e.g. the temperature and particle densities. Therefore the phase transition happens

everywhere in the universe at the same time and with the same outcome, so that the

produced GW background is statistically homogeneous and isotropic. The same holds

for the irreducible GW background generated during inflation, because the tensor metric

perturbations representing the GWs, are generated over the homogeneous and isotropic

FLRW background.

The GW cosmological backgrounds are assumed typically to be unpolarised, as a

consequence of the absence of a significant source of parity violation in the universe. If

the process sourcing the GWs is based on interactions that are symmetric under parity,

the outcome is a GW background for which the two polarisations +, ⇥, are uncorrelated.

In terms of the Fourier amplitudes of Eq. (58), this means hh+(k, ⌘)h⇥(k, ⌘)i = 0. The

connection with the parity symmetry is made more explicit by introducing the helicity

basis ✏±i (k̂) = (m̂ ± i n̂)i/
p
2, where m̂, n̂ are the unit vectors used in Eq. (59). Out of

the usual e+,⇥
ij polarisation tensors defined in Eq. (59), one can construct a basis for the

transverse-traceless tensor space representing the two independent helicity states ±2:

e±2
ij = (e+

ij ± i e⇥
ij)/2. The basis transforms as e0±2

ij = e±2i✓e±2
ij under rotation by an angle

✓ around the k̂ axis (see e.g. [44, 45]). An arbitrary symmetric rank two transverse-

traceless tensor is in general a mixture of both helicity states, and can be expressed as

a linear combination in this basis, hij = h+2 e
+2
ij + h�2 e

�2
ij . Using these definitions, one

can easily derive that hh+2(k, ⌘)h+2(k, ⌘)�h�2(k, ⌘)h�2(k, ⌘)i = hh+(k, ⌘)h⇥(k, ⌘)i = 0,

where the last equality holds if the background is unpolarised (see e.g. [46]). The absence

of a net polarisation is therefore equivalent to the condition that the two independent

helicity modes are produced, on the average, with the same amplitude, i.e. with identical
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The same decomposition can be applied to Πij(x,t)

• In terms of the Fourier amplitudes               :
<latexit sha1_base64="UeRtkdmw7U6Ba/3CMtPEmQ6U05E=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSEmKqMuCG5cV7AOaECbTSTt08mDmRggh/oobF4q49UPc+TdO2yy09cCFwzn3cu89fiK4Asv6NtbWNza3tis71d29/YND8+i4p+JUUtalsYjlwCeKCR6xLnAQbJBIRkJfsL4/vZ35/UcmFY+jB8gS5oZkHPGAUwJa8szaxMtl0cgdP8DT4sJhQM49s241rTnwKrFLUkclOp755YximoYsAiqIUkPbSsDNiQROBSuqTqpYQuiUjNlQ04iETLn5/PgCn2llhINY6ooAz9XfEzkJlcpCX3eGBCZq2ZuJ/3nDFIIbN+dRkgKL6GJRkAoMMZ4lgUdcMgoi04RQyfWtmE6IJBR0XlUdgr388irptZr2VdO6v6y3W2UcFXSCTlED2egatdEd6qAuoihDz+gVvRlPxovxbnwsWteMcqaG/sD4/AH9JZRJ</latexit>

hr(k, ⌘)



• the 2-point function  
homogeneity and isotropy,  unpolarised 

• We access today the GW signal from many independent horizon volumes: hij(x,t) 
must be treated as a random variable 

• The universe is homogeneous and isotropic, so the GW source is operating 
everywhere at the same time with the same average properties (“a-causal” initial 
conditions from inflation)  

• Under the ergodic hypothesis, the ensemble average can be substituted with 
volume / time averages: we identify this average with the volume / time one 
necessary to define the GW energy momentum tensor (lecture one) 

• Notable exception: SGWB from inflation (intrinsic quantum fluctuations that 
become classical (stochastic) outside the horizon)
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expectation values. If this is not the case, the GW background can be chiral and must

arise from some parity-violating source. We will present an example of such chiral

background in section 6.1.2.

Gaussianity also follows straightforwardly in most cases of GW backgrounds formed

by the emission of many uncorrelated regions. As discussed above, since the signal is

composed by a large number of sources that were independent at the moment of the

GW emission, by the central limit theorem one can expect the outcome signal given

by the superposition of all independent signals, to have a Gaussian distribution [18].

Gaussianity also applies in the case of the irreducible background generated during

inflation, again because of the quantum nature of this background: in the simplest

scenarios, the tensor metric perturbation can be quantised as a free field, and hence

with Gaussian probability distribution for the amplitudes⇤.
Note that, although the properties of statistical homogeneity and isotropy,

gaussianity, and absence of net polarisation, are satisfied to a good approximation for

most cosmological sources, there can be exceptions. For example, a certain level of large-

scale anisotropy in the universe is allowed by present CMB constraints [36]. A typical

example of GW source from the early universe, leading to a statistically anisotropic

GW background, is the excitation of a gauge field during inflation (although this has

been studied mainly for the scalar mode, see e.g. [48, 49, 50]). The GW background

generated by gauge field dynamics during inflation is also non-Gaussian, since the GW

source is quadratic in the fields [51], and it can be polarised if the interaction between

the gauge field and the inflaton is parity-breaking [52, 53] (in this case the inflaton is a

pseudo-scalar). We will discuss precisely this later in Section 6.1.2.

3.2. Characterization of a stochastic gravitational wave background

In the following we introduce di↵erent quantities that are used to characterize the power

spectrum of a stochastic GW background. The Fourier amplitudes hr(k, ⌘) of Eq. (58),

are considered to be random variables. For a statistically homogeneous and isotropic,

unpolarised and Gaussian GW background, their power spectrum can be written as

hhr(k, ⌘)h
⇤
p(q, ⌘)i =

8⇡5

k3
�(3)(k � q) �rp h

2
c(k, ⌘) , (80)

where hc is dimensionless, real and depends only on the time ⌘ and the comoving wave-

number k = |k|. The delta function in k, q, and the fact that hc does not depend on the

direction k̂, are consequences of statistical homogeneity and isotropy; the delta function

in the polarisation states r, p is a consequence of the absence of a net polarisation, and

gaussianity implies that the above expectation value contains all the relevant information

on the statistical distribution of the random variables hr(k, ⌘). We do not need to

investigate therefore higher-point correlation functions, as for a Gaussian field even-

point correlation functions can be rewritten in as powers of h2
c(k, ⌘), while odd-point

⇤In reality, there is always a small degree of deviation from gaussianity in the inflationary
perturbations, as they are created over a dynamical quasi-de Sitter background that also evolves (even
if slowly) during inflation [47]. In practice, the amount of non-gaussianity is ‘slow-roll suppressed’.
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<latexit sha1_base64="V+o2TyNe964p3PArwQByrjATPz8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOZpNJ5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS+m/mtJ6oNU/LRThIaCjyQLGYEWyc1h72Mjaa9csWv+nOgVRLkpAI56r3yV7evSCqotIRjYzqBn9gww9oywum01E0NTTAZ4wHtOCqxoCbM5tdO0ZlT+ihW2pW0aK7+nsiwMGYiItcpsB2aZW8m/ud1UhvfhBmTSWqpJItFccqRVWj2OuozTYnlE0cw0czdisgQa0ysC6jkQgiWX14lzYtqcFX1Hy4rtds8jiKcwCmcQwDXUIN7qEMDCIzgGV7hzVPei/fufSxaC14+cwx/4H3+ANXoj0w=</latexit>

hij

<latexit sha1_base64="LUDvMMSWSM8BeW9CzatcvDr5gAU="></latexit>

e+ij(k̂) = m̂i m̂j � n̂i n̂j

e⇥ij(k̂) = m̂i n̂j + n̂i m̂j

<latexit sha1_base64="rsn84XDQSCfaK6t1X92PLZkUcik=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseCF48V7Ae0oWy2m3bJZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g2iu7nffeLaiEQ94jTlfkzHSoSCUbRSNx8EIYlmw2rNrbsLkHXiFaQGBVrD6tdglLAs5gqZpMb0PTdFP6caBZN8VhlkhqeURXTM+5YqGnPj54tzZ+TCKiMSJtqWQrJQf0/kNDZmGge2M6Y4MaveXPzP62cY3vq5UGmGXLHlojCTBBMy/52MhOYM5dQSyrSwtxI2oZoytAlVbAje6svrpHNV9xp19+G61mwWcZThDM7hEjy4gSbcQwvawCCCZ3iFNyd1Xpx352PZWnKKmVP4A+fzBxwBj2k=</latexit>

k

<latexit sha1_base64="mItJD4Fbj/oUEXj0TNzMKIn+13Q=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bjw4jGCeUCyhNlJbzJkZnaZmRXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7RT3t3bPzisHB23TJJphk2WiER3ImpQcIVNy63ATqqRykhgOxrfzfz2E2rDE/VoJymGkg4Vjzmj1kntvBfFRE77lapf8+cgqyQoSBUKNPqVr94gYZlEZZmgxnQDP7VhTrXlTOC03MsMppSN6RC7jioq0YT5/NwpOXfKgMSJdqUsmau/J3IqjZnIyHVKakdm2ZuJ/3ndzMa3Yc5VmllUbLEozgSxCZn9TgZcI7Ni4ghlmrtbCRtRTZl1CZVdCMHyy6ukdVkLrmv+w1W1Xi/iKMEpnMEFBHADdbiHBjSBwRie4RXevNR78d69j0XrmlfMnMAfeJ8/HwuPaw==</latexit>m

<latexit sha1_base64="1LF45X10yc9HPw76Hq/gciZF0o4=">AAAB7nicbVDLSgNBEOzxGeMr6tHLYBA8hV1R9Bjw4jGCeUCyhNlJbzJkdnaZmRXCko/w4kERr36PN//GSbIHTSxoKKq66e4KUymM9bxvsra+sbm1Xdop7+7tHxxWjo5bJsk0xyZPZKI7ITMohcKmFVZiJ9XI4lBiOxzfzfz2E2ojEvVoJykGMRsqEQnOrJPaeS+MqJr2K1Wv5s1BV4lfkCoUaPQrX71BwrMYleWSGdP1vdQGOdNWcInTci8zmDI+ZkPsOqpYjCbI5+dO6blTBjRKtCtl6Vz9PZGz2JhJHLrOmNmRWfZm4n9eN7PRbZALlWYWFV8sijJJbUJnv9OB0MitnDjCuBbuVspHTDNuXUJlF4K//PIqaV3W/Oua93BVrdeLOEpwCmdwAT7cQB3uoQFN4DCGZ3iFN5KSF/JOPhata6SYOYE/IJ8/IJCPbA==</latexit>n

The same decomposition can be applied to Πij(x,t)

• Hence

Characterisation of a SGWB

{

Statistical 
homogeneity and 

isotropy

Gaussianity: the two-point 
correlation function is 

enough to fully describe 
the SGWB

Unpolarised

Power spectrum of the GW amplitude

Related to the variance of the 
GW amplitude in real space

For freely propagating sub-Hubble modes, and taking the time-average:
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hc(k, ⌘) /
1

a2(⌘)
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hhr(k, ⌘)h
⇤
p(q, ⌘)i =

8⇡5

k3
�(3)(k� q) �rp h

2
c(k, ⌘)
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hhij(x, ⌘)hij(x, ⌘)i = 2

Z +1

0

dk

k
h2
c(k, ⌘)
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hhr(k, ⌘)h
⇤
p(q, ⌘)i =

1

a2(⌘)
[hAr(k)A

⇤
p(q)i+ hBr(k)B

⇤
p(q)i]
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correlations are simply vanishing. The factor 8⇡5 in Eq. (80) has been chosen so that

Eqs. (58) and (60) give

hhij(x, ⌘)hij(x, ⌘)i = 2

Z +1

0

dk

k
h2

c(k, ⌘) , (81)

where the factor 2 in the RHS is a convention motivated by the fact that the LHS involves

contributions from two independent polarizations (we adopt here the same convention

as [24, 17], while the one adopted in [54] di↵ers by a factor 2). It appears from the

above equation that hc(k, ⌘) represents a characteristic GW amplitude per logarithmic

wave-number interval and per polarization state, at a time ⌘.

As discussed at the beginning of subsection 3.1, for free waves at sub-Hubble scales

(those detectable today), the average in the LHS of Eq. (80) can be taken both as a

volume average over su�ciently large regions compared to the GW wavelengths, and a

time average over several periods of oscillation (i.e. the average under which GWs can

be defined, following what presented in subsection 2.3). The time behaviour of the GW

Fourier amplitudes for sub-Hubble modes is given by Eq. (67). Inserting this solution

into Eq. (80), and keeping in mind that the presence of the delta function imposes k = q,

one can average out the terms that are oscillatory in time, and find

hhr(k, ⌘)h
⇤
p(q, ⌘)i =

1

a2(⌘)
[hAr(k)A

⇤
p(q)i + hBr(k)B

⇤
p(q)i] . (82)

The above equation, together with Eq. (80), shows that for free waves inside the Hubble

radius, hc(k, ⌘) / 1/a(⌘) after the oscillatory terms are averaged out.

Besides hc, a quantity of prime interest to characterize a stochastic GW

background, is the spectrum of GW energy density per logarithmic wave-number

interval, d⇢GW/dlogk. The energy density in GWs is given by the 00-component of

the energy-momentum tensor, see Eq. (48)

⇢GW =
hḣij(x, t) ḣij(x, t)i

32⇡G
=

hh0
ij(x, ⌘)h

0
ij(x, ⌘)i

32⇡Ga2(⌘)
=

Z +1

0

dk

k

d⇢GW

dlogk
, (83)

where in the second equality we have converted the derivatives with respect to the

physical time t into derivatives with respect to the conformal time ⌘, while the third

equality defines d⇢GW/dlogk. Again, we have seen from the discussion in subsection

2.3 (c.f. also what presented in [30, 24]) that, even for a deterministic GW signal,

the energy-momentum tensor of GWs cannot be localized inside a volume smaller

than the GW typical wavelength, but can only be defined by performing an average

over volume and/or time (over several wavelengths and/or frequencies for its Fourier

components). For a stochastic background generated in the early universe, invoking the

ergodic hypothesis, the average performed in Eq. (83) corresponds to the usual ensemble

average of Eq. (80).

An expression for the GW energy density power spectrum d⇢GW/dlogk valid for

free waves inside the Hubble radius, can be found from Eq. (83), inserting the time

behaviour of the GW Fourier modes given by Eq. (67). The first step is to postulate

• In terms of which can express GW energy density,  given by 

spectrum of GW energy  
density per logarithmic  
wave-number interval 

• GW energy density parameter. In terms of present day physical frequency
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that the same structure of Eq. (80) holds for the power spectrum of the conformal time

derivatives of the Fourier modes hr(k, ⌘),

hh0
r(k, ⌘)h

0
p
⇤(q, ⌘)i = 8⇡5

k3
�(3)(k � q) �rp h

0
c
2(k, ⌘) , (84)

where we have defined a new characteristic amplitude h0
c
2(k, ⌘), analogous to h2

c(k, ⌘).

One then substitutes solution (67) in the above equation. Again, because of the delta

function imposing k = q, it is straightforward to average out the terms that oscillate in

time (as we did to derive Eq. (82)). Besides, one can neglect the H2 term arising due

to the conformal time derivative of (67), with respect to the term k2, since in the case

under analysis, k � H. One then finds a simple relation among the amplitudes:

h0
c
2(k, ⌘) ' k2 h2

c(k, ⌘) . (85)

With this identity, one can evaluate Eq. (83) with the help of Eqs. (58), (60) and (84),

to find
d⇢GW

dlogk
=

k2 h2
c(k, ⌘)

16⇡Ga2(⌘)
. (86)

Furthermore, we have seen before that hc(k, ⌘) / 1/a(⌘) for sub-Hubble modes. Thus, as

expected for massless degrees of freedom, the GW energy density is diluted as radiation

with the expansion of the universe, ⇢GW / a�4.

In order to make connection with observations, it is necessary to evaluate the

GW background today in terms of the present-day physical frequency f = k/(2⇡ a0),

corresponding to the comoving wave-number k redshifted to today (we remind that a

subscript “0” indicates a quantity evaluated at the present time). The characteristic

GW amplitude per logarithmic frequency interval today, is then given by

hc(f) = hc(k, ⌘0) , (87)

which corresponds to the definition given in Ref. [17]. A stochastic background is often

characterized also by its spectral density

Sh(f) =
h2

c(f)

2f
, (88)

which has dimension Hz�1. This quantity is directly comparable to the noise in a

detector, parametrised by Sn(f). We will use the spectral density in section 4.4, when

discussing the sensitivity of interferometric experiments to stochastic backgrounds.

The spectrum of GW energy density per logarithmic frequency interval, can be

conveniently normalized as

⌦GW(f) =
1

⇢c

d⇢GW

dlogf
, (89)

where ⇢c = 3H2/(8⇡G) is the critical energy density at time t. The quantity traditionally

considered by cosmologists is h2 ⌦(0)
GW, because it is independent of the observational

uncertainty on the value of H0. Eqs. (86 - 88) with f = k/(2⇡ a0) give (note the factor

two di↵erence with respect to e.g. [54])

⌦(0)
GW(f) =

4⇡2

3H2
0

f 3 Sh(f) . (90)

critical energy density of universe.

⇢c = 3H2
0/8⇡G
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⌦gw(t0, f) =
f

⇢c

d⇢gw
df

(t0, f)

Statistical properties



GW background from cosmic strings 
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  – line-like topological defects, formed in a symmetry breaking phase transition  

[Kibble ’76]

G� H

    provided the vacuum manifold contains non-contractible loops

Cosmic strings: some basics

 – A lot of input/interplay with other branches of physics:
        • difficult to see cosmic strings in the sky

    • “easier” to see strings in the lab (vortex loops in He4, He3, superconductors, strings in NLC...)

 – Generically formed at the end of hybrid-like inflation [Jeannerot et al 03]

 –  if formed, should still exist today, they cannot disappear!

 – Numerous potentially observable signatures:
Gravitational wave emission; 
CMB anisotropies & B-modes; 
lensing,....
particle emission 
electromagnetic radiation

or in brane inflation [Jones et al, 
Sarangi and Tye]

 [Planck paper XXV]Gµ  few ⇥ 10�7

(cosmic super-strings) 
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  – Typical example:  strings in the Abelian Higgs model

• Degenerate vacuum/ground state with 

3

Strings or Vortices

Example: scalar field        with   V = !(" *" #$2)2
!

U(1)  invariance                 is spontaneously broken by

      choice of phase 
 ! "!e

i#

 !"# = $e
i%

Degenerate vacuum/ground state with

String/vortex is a linear defect

around which

changes by

     (n = winding number)

!

  2n!

! = 0

! = "/2

! = "

! = 3"/2

 ! = 0

in core

Examples:

  • cosmic strings

  • vortices in He-II

  • flux tubes in superconductors

• U(1) invariance                   broken by choice of phase. 

3

Strings or Vortices

Example: scalar field        with   V = !(" *" #$2)2
!

U(1)  invariance                 is spontaneously broken by

      choice of phase 
 ! "!e

i#

 !"# = $e
i%

Degenerate vacuum/ground state with

String/vortex is a linear defect

around which

changes by

     (n = winding number)

!

  2n!

! = 0

! = "/2

! = "

! = 3"/2

 ! = 0

in core

Examples:

  • cosmic strings

  • vortices in He-II

  • flux tubes in superconductors

3

Strings or Vortices

Example: scalar field        with   V = !(" *" #$2)2
!

U(1)  invariance                 is spontaneously broken by

      choice of phase 
 ! "!e

i#

 !"# = $e
i%

Degenerate vacuum/ground state with

String/vortex is a linear defect

around which

changes by

     (n = winding number)

!

  2n!

! = 0

! = "/2

! = "

! = 3"/2

 ! = 0

in core

Examples:

  • cosmic strings

  • vortices in He-II

  • flux tubes in superconductors 3

Strings or Vortices

Example: scalar field        with   V = !(" *" #$2)2
!

U(1)  invariance                 is spontaneously broken by

      choice of phase 
 ! "!e

i#

 !"# = $e
i%

Degenerate vacuum/ground state with

String/vortex is a linear defect

around which

changes by

     (n = winding number)

!

  2n!

! = 0

! = "/2

! = "

! = 3"/2

 ! = 0

in core

Examples:

  • cosmic strings

  • vortices in He-II

  • flux tubes in superconductors

( winding number)

infinite, or 
closed loops

G = U(1) M = S1 �1(M) = Z

3

Strings or Vortices

Example: scalar field        with   V = !(" *" #$2)2
!

U(1)  invariance                 is spontaneously broken by

      choice of phase 
 ! "!e

i#

 !"# = $e
i%

Degenerate vacuum/ground state with

String/vortex is a linear defect

around which

changes by

     (n = winding number)

!

  2n!

! = 0

! = "/2

! = "

! = 3"/2

 ! = 0

in core

Examples:

  • cosmic strings

  • vortices in He-II

  • flux tubes in superconductors

• String/vortex is a linear defect around which      changes by  

• Energy/unit length of string:  µn
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S = �µ

�
d2⇤

⇥
�det(�ab)

GUT:
r �M�1

� 10�32cm
Gµ � G�2 � GM2

� 10�7

• Scales: 

– Approx. dynamics of relativistic string: action = area of world-sheet

• Prototypical model of infinitely thin strings: Nambu-Goto strings

• only one free parameter 

• intercommutation:

Gµ

n(⇥, t)

• Network of strings will contain (horizon-size
and smaller) loops, and infinite strings.

• cusps: points at which the string itself instantaneously goes at the speed of light: 

• kinks (discontinuity in tangent vector of string)

• network reaches an attractor, self-similar, 
scaling solution. Exists for all times
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GLOSSARY 

READ MORE 
 
 
Publication describing the analysis:  http://arxiv.org/abs/1310.2384 
 

Cosmic strings in Wikipedia: http://en.wikipedia.org/wiki/Cosmic_string 
 

Cambridge cosmology group: cosmic strings and other defects  
 

http://www.damtp.cam.ac.uk/research/gr/public/cs_home.html 
 

The Higgs theory in Wikipedia:  http://en.wikipedia.org/wiki/Higgs_mechanism 
 

Imaging vortices:  http://www.aps.org/units/dfd/pressroom/papers/gaff09.cfm 
 

More about Advanced LIGO:  https://www.advancedligo.mit.edu/ 
 

More about Advanced Virgo:  https://wwwcascina.virgo.infn.it/advirgo/ 

Predicted gravitational waveform produced by a cosmic string cusp. 

In spite of all our efforts, no evidence of a cosmic 
string signal has been found in LIGO/Virgo data. As 
often in experimental physics, a null result does not 
mean we didn't learn anything. Knowing our search 
sensitivity, we can use the fact we did not detect 
anything to constrain the properties of cosmic 
strings. The constraints we obtained are the most 
stringent to date for some regions of the cosmic 
string parameter space. This new result places 
limits on physical models of cosmic strings and 
could be used to generate more accurate 
simulations of a string network. 
 
 

This plot shows the detection efficiency as a function of the cusp 
signal amplitude. It tells you the fraction of cosmic string cusp events 
of a given amplitude that our search should be able to find. 

In 2011 the LIGO and Virgo detectors stopped 
taking data and major detector upgrades are 
currently being installed. The advanced detectors 
should resume observation in 2015/16 with greater 
sensitivity than before. This offers a great 
opportunity for cosmic string searches since 
potential signals with much lower amplitudes should 
become visible. Advanced LIGO and Advanced 
Virgo should be able to provide a decisive input 
whether cosmic strings do or do not exist. 

Visit our website at  
http://www.ligo.org/ 

This plot presents existing constraints on cosmic string parameters: 
the string tension Gµ, the loop size parameter ε and the probability p 
that two string segments interact when they meet. Our analysis is 
able to reject the regions filled in red. For comparison, other 
constraints derived from searches of a GW background from cosmic 
strings (pulsar / CMB / LIGO stochastic) are given fixing p at 1e-3. 

Field theories: Frameworks used to describe subatomic particles in particle physics. 
 

Phase transition: Thermodynamical transformation of a system from one state to 
another. An example of a phase transition is when water cools and becomes ice. 
 

Cosmic microwave background (CMB): Soon after the Big Bang, when the first 
atoms formed, the Universe became transparent. The electromagnetic radiation 
that escaped at that time appears as a faint background in the microwave region of 
the radio spectrum. The temperature fluctuations of this background contain the 
imprint of the Universe content as it was at this time. 
 

String theory: Framework in which elementary particles are described by tiny linear 
objects evolving in a multi-dimensional space. String theory is a candidate for a 
theory of everything since it naturally unifies all fundamental forces. 
 

Gravitational waveform: A curve describing how the disturbance caused by a 
gravitational wave varies with time. 
 

Detector sensitivity: Ability to detect a signal. Detectors with lower noise are able to 
detect weaker signals, and therefore have higher (or greater) sensitivity. 
 

Match-filtering: When the gravitational waveform of the signal is known it can be 
used as a template to optimally filter the data and extract the expected signal. 
 

Multivariate analysis: Analysis technique where multiple parameters are used 
simultaneously to statistically enhance an effect of interest. This multi-dimensional 
approach differs from standard analyses where parameters are used one at a time 

[Damour+Vilenkin 2001]

• Cosmic string loops produce 2 types of GW signals 

1) sharp, non-gaussian bursts of gravitational waves from kinks and cusps. Their  
characteristic form is directly searched for by LIGO and Virgo.   
[use match-filtering techniques]  



• Cosmic string loops produce 2 types of GW signals 

1) sharp, non-gaussian bursts of gravitational waves from kinks and cusps. Their  
characteristic form is directly searched for by LIGO and Virgo.   
[use match-filtering techniques]  

2) A stochastic GW background ranging over many decades in frequency

Constraining cosmic string models using gravitational-wave data 13

draw a scenario about such an observation. First, fixing the string tension Gµ at 10�8,

we see that the experimental observation time is compatible with the GW rate predicted

by model 3 while it is less likely with models 1 and 2. Second, the detected signal would

be most likely attributed to a cusp propagating on a string loop produced in the radiation

era. However, the signal must be emitted at a low redhift, in the matter era, to provide

a wave amplitude su�ciently high to be detected with confidence. Finally, in Fig.2, we

see that the chance of detection is increased for higher values of Gµ.

4.2. Stochastic gravitational-wave background

A stochastic background of gravitational waves is expected to arise from the

superposition of unresolved GW signals from cosmic string cusps and kinks. The GW

spectrum is measured using the energy density:

⌦
GW

(f) =
f

⇢
c

d⇢
GW

df
, (38)

where d⇢
GW

is the energy density of GWs in the frequency range f to f + df and ⇢
c

is the critical energy density of the Universe. This spectrum can be probed using data

from di↵erent types of experiments. Pulsar timing experiments are able to test the

spectrum at nano-Hertz frequencies while LIGO and Virgo detectors are sensitive in the

10 Hz-1000 Hz band.

In order to determine the stochastic GW spectrum resulting from the incoherent

superposition of cosmic string bursts, we follow the method outlined in [36]. The GW

energy density is given by:

⌦M

GW

(f) =
4⇡2

3H2

0

f 3

Z
z

max

z

min

dz

Z
h

⇤

h

min

(z)

dh h2

d2RM

dzdh
(h, z, f), (39)

where the predicted rate is the sum of the cusp and kink contribution and is given by

Eq. 31. To compute the integrals in Eq. 39 we adopt the numerical method descibed in

Sec. 3.3. As observed in [31], the spectrum must be computed after removing powerful

and rare bursts which can be individually resolved. Consequently, the h integration is

performed up to a maximum strain amplitude h⇤ determined by solving the equation
Z

h

max

(z

min

)

h

⇤
dh

Z
z

max

z

min

dz
d2RM

dzdh
(h, z, f) = f. (40)

In Fig. 3, the spectrum for cusp and kinks signals is plotted for the three models under

consideration and taking Gµ = 10�8. In the bottom plot of Fig. 3, the maximum value

for the strain amplitude to consider in the integration, h⇤, is plotted as a function of

the frequency. It shows that, at LIGO-Virgo frequencies, the spectrum originates from

GWs with strain amplitudes below ⇠ 10�28. In Fig. 4, the contribution of the di↵erent

loops to the GW spectrum is plotted for models 1 and 3. At LIGO-Virgo frequencies

the GW energy is dominated by the contribution of loops in the radiation era while, at

pulsar timing frequencies, loops in the matter era contribute the most. For model 3, as

already noted in Sec. 3.3 and Sec. 4.1, there is an important contribution from small

loops all over the spectrum which is not the case for model 1 and 2.

which can be probed by  e.g. pulsar timing at nHz frequencies, LIGO/Virgo…,  
Sum of all the GWs emitted by oscillating loops

[Damour+Vilenkin 2001]

• Crucial quantity: 

` ! `+ d`

n(`, t)d`

number density of loops with length between
at time t

[C.Ringeval]
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Figure 1. Cosmic string SGWB curves (all in red) near various relevant values of Gµ. The dashed
orange curve is the EPTA sensitivity, and the darkest red curve just below is for Gµ = 10�10. The
dash-dotted dark orange curve is the (projected) SKA sensitivity, and the dark red curve just below
is for Gµ = 10�13. The dotted black curve is the LISA PLS; the red curve whose peak passes
through it, and the light red curve just below, are for Gµ = 10�15 and 10�17 respectively. The Pn

are inferred from simulation [54], and the loop number density is from Model II.

5.1.1 The high frequency regime

As we can see from the SGWB curves shown in figure 1, the spectrum becomes flat at very
high frequencies. This can be understood analytically using a scaling number density of
loops as well as a simplified cosmological background that describes the evolution of the
Universe deep in the radiation era. The combination of these two facts allows us to find an
expression (following Method I) for the spectrum of the form

⌦plateau

gw (ln f)I =
64⇡G2µ2⌦

rad

3

 1X

n=1

Pn

!✓Z
dx nr(x)

◆
. (5.1)

This shows that indeed the SGWB is flat in this regime, but also that it only depends on
two properties of the network of strings: the averaged total power emitted by a loop, and
the total number of loops. Applying this to Model II, we find

⌦plateau

gw

(ln f)I ⇡ 8.04⌦
rad

r
Gµ

�
. (5.2)

This is a relevant result as it tells us that the value of the high-frequency plateau only
depends on Gµ and the total �. In particular, it does not depend on the exact form of
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Figure 2. Idem as figure 1, but with Pn / n�4/3 and using the loop number density from Model
III [128].

the loop’s power spectrum, nor on if the GW emission is dominated by cusps or kinks, but
rather depends only on the total radiation emitted by the loops.

Similarly, we can perform the same kind of computation using Method II. Starting with
eq. (4.11), and taking the cosmological background to be in the radiation era, we find 13

a good agreement for the plateau with the expression found in eq. (5.2). This is expected,
given that the plateau only depends on quantities that must be identical in both methods.
However, given the different nature of the calculations performed in both methods, this is
a good consistency check.

5.2 Radiation-to-matter transition

Numerical simulations studying the strings scaling have typically been performed in fixed
backgrounds: pure radiation domination and pure matter domination [54, 82, 101, 128].
The usual simplified approach would be to just switch between the two loop distributions
at radiation–matter equality; however, in reality we expect the network to smoothly evolve
between the two regimes. In fact, the string network evolves rather slowly and, as pointed
out in [100], does not reach scaling regime with matter background up until the current
accelerated expansion starts. This may have a significant impact on the number density of
loops in the matter era.

13Note that in order to make this comparison, one should express the result in terms of the total power
emitted �. We give in appendix A the calculation of � in terms of the parameters Nq, g1, g2.
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FIG. 1. Predictions of the gravitational-wave energy density spectra using di↵erent models for the loop distribution function
n(�, z) and varying the number of kinks per loop oscillation Nk. The string tension Gµ is fixed to 10�8. Top-left: model A,
Nk = 100. Top-right: model B, Nk = 100. Bottom-left: model C-1, Nk = 1. Bottom-right: model C-1, Nk = 100. For model
C-1, we use the following model parameters (see Supplemental Material): �rad = 0.45, �mat = 0.295, crad = 0.15, cmat = 0.019;
the subscripts refer to the radiation and matter eras, respectively. We also show the energy density spectra of the three di↵erent
components and 2-� power-law integrated (PI) curves [40] for the O3 isotropic stochastic search [27], and projections for the
HLV network at design sensitivity, and the A+ detectors [41].

using the cosmic string waveform in Eq. 1. Then, result-
ing candidates are filtered to retain only those detected in
more than one detector within a time window accounting
for the di↵erence in the gravitational-wave arrival time
between detectors. Finally, double- and triple-coincident
events are ranked using a likelihood function ⇤(x), where
x is a set of parameters used to discriminate true cosmic
string signals from noise [44]. The burst search is per-
formed separately for cusps, kinks and kink-kink collision
waveforms, integrating T

obs

= 273.5 days of data when at
least two detectors are operating simultaneously.

The left panel of Fig. 2 presents the cumulative dis-
tribution of coincident O3 burst events as a function of
the likelihood ratio ⇤ for the cusp, kink and kink-kink
collision searches. To estimate the background noise as-
sociated with each search, time shifts are applied to each
detector strain data such that no real gravitational-wave
event can be found in coincidence. For this study, we use
300 time-shifts, totaling T

bkg

= 225 years of data con-
taining only noise coincident events, the distribution of
which is represented in the left panel of Fig. 2 with a

±1� shaded band. The candidate events, obtained with
no time shift, are all compatible with the noise distribu-
tion within ±2�. The cusp, kink and kink-kink collision
waveforms are very similar, resulting in the loudest events
being the same for the three searches. The ten loudest
events were carefully scrutinized. They all originate from
a well-known category of transient noise a↵ecting all de-
tectors, that are broadband and very short-duration noise
events of unknown instrumental origin [45, 46].

From the non-detection result, we measure the LIGO–
Virgo sensitivity to cosmic string signals by perform-
ing the burst search analysis over O3 data with injec-
tions of simulated cusp, kink and kink-collision wave-
forms. The amplitudes of injected signals comfortably
cover the range where none to almost all the signals
are detected. To recover injected signals, we use the
loudest-event method described in [47], where the de-
tection threshold is set to the level of the highest-ranked
event found in the search: log

10

(⇤) ' 15.0, 15.1, and
15.1 for cusps, kinks, and kink-kink collisions, respec-
tively. The resulting e�ciencies "i(Ai) as a function of
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FIG. 3. Advanced LIGO–Virgo exclusion contours at 95% C.L. on the cosmic string parameter space, (Nk, Gµ), derived
from the stochastc search (pink), the burst search (turquoise) and both searches. Four models are considered to describe the
distribution of cosmic string loops: model A (top-left), model B (top-right), model C-1 (bottom-left) and model C-2 (bottom-
right). Note that the stochastic result combines the data of O1, O2 and O3 while the burst search only includes O3 data. We
also report limits from other experiments: pulsar timing arrays (PTA), cosmic microwave background (CMB) and Big Bang
nucleosynthesis [56].

new model, dubbed model C, that interpolates between
models A and B. For the first time, we have studied the
e↵ect of kink-kink interactions, which is relevant for large
numbers of kinks, and investigated the e↵ect of a large
number of cusps, as both e↵ects are favored by cosmic
string simulations.
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