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1) General introduction  

2) From Einsteins equations to GWs: basic linearized theory  
    – wave equation
    – polarizations, etc
    – generation of GWs

           – energy carried by GWs  

3) example: inspiral of compact binary system  
    – wave form  
    – characteristic scales, link with observations

4) The sources: on black holes (BH) and neutron stars (NS)  

5) GWs in an expanding universe; cosmology
 
6) The post-newtonian expansion of Einsteins equations
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Credit: Carl Rodriguez 

• If spins are not aligned wrt orbital angular momentum:
orbital precession around total momentum

• Signal = superposition of orbital harmonics, 
dominant is 2 x orb. freq. 

[Babak et al. 2016; Cotesta et al. 2018, 2020, Ossokine et al. 2020]

[Khan et al. 2020]
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d

Earth-based interferometers

arm length L = 4 km 

frequency range of detection:  
10 Hz < f < 5kHZ

• Black hole coalescing binaries of masses few to hundred solar masses  
• Neutron Star and NS-BH binaries / SN explosions 
• Stochastic GW background

aLIGO/aVirgo 3rd generation (ET, CE…)

arm length L = 3 km 

frequency range of detection:  
1 Hz < f < 104 HZ

http://www.et-gw.eu/index.phphttps://www.ligo.org/

DETECTION TARGETS:

GW WORLDWIDE DETECTORS NETWORK 

TMEX 2020 - Advanced Virgo status   4 

LISA: Laser Interferometer Space Antenna

10
�4

Hz < f < 1 Hz

frequency range of detection:

• no seismic noise  
• much longer arms than on Earth

• Launch in ~2034 
• two masses in free fall per spacecraft  
• 2.5 million km arms 
• picometer displacement of masses

Space-based interferometers

DECI-Hertz Observatories Arm-length ~ 108 m 

LISA collaboration arXiv:1702.00786

See e.g. arXiv:1908.11375
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10Hz < f < 5 kHz

• Shape of the GW signal depends on the properties of the source
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10Hz < f < 5 kHz

• Shape of the GW signal depends on the properties of the source

• From data, [See lectures by E. Chassande-Mottin] can extract properties  
of the source using the detailed theoretical predictions  
of expected signal.  



GW170814	:	le	premier	événement	Virgo !

12

▶ Détecté	le	14	août	2017 à	10:30:53 UTC
▶ Rapport	signal	sur	bruit	combiné	(SNR)	=	18
▶ Taux	de	fausse	alarme	f	<	1	sur	27000	ans

->	une	coalescence	de	binaire	de	trous	noirs
comme	le	premier	événement	découvert	GW150914

• eg GW170814 (first event seen by Virgo)

Observations: 1) Frequency and amplitude increase with t  => initial phase cannot be due to a perturbed system 
returning back to stable equilibrium.  (Oscillations about equilibrium have ~ const frequencies, and decaying amplitudes).  
                   2) Must be dealing with compact objects, not stars whose radius is too large to explain data 
                       [Lectures by S. Bernuzzi].

Here: analytic calculations:  focus on basic linearized perturbation theory, about a Minkowski and FLRW 
background assuming General Relativity.  
Perturbation theory of a different kind (quasi-normal modes) can also be carried out to study the ringdown phase (see 0905.2975 
for a review; and also 2103.14750 for recent progress on ringdown in modified gravity )
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Gravitational waves and cosmology

– FLRW universe: 

ds2 = �dt2 + a2(t)d~x2

– Hubble parameter: H(t) =
ȧ(t)

a(t)

– redshift: 
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1 + z =
a(t0)

a(t)

– Hubble constant today:
<latexit sha1_base64="C/W0/lo24xBIk+Pq0TJfwsGAet4=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hVmN7uYW8JJjRPOAZAmzk9lkyOyDmVkhLPkELx4U8eoXefNvnE0iqGhBQ1HVTXeXnwiuNMYf1srq2vrGZmGruL2zu7dfOjhsqziVlLVoLGLZ9YligkespbkWrJtIRkJfsI4/uc79zj2TisfRnZ4mzAvJKOIBp0Qb6bYxwINSGVfwpVOr1RCuVC8cjB1DMHZx1UW2ITnKsERzUHrvD2OahizSVBClejZOtJcRqTkVbFbsp4olhE7IiPUMjUjIlJfNT52hU6MMURBLU5FGc/X7REZCpaahbzpDosfqt5eLf3m9VAeul/EoSTWL6GJRkAqkY5T/jYZcMqrF1BBCJTe3IjomklBt0imaEL4+Rf+T9nnFvqrgm2q57i7jKMAxnMAZ2OBAHRrQhBZQGMEDPMGzJaxH68V6XbSuWMuZI/gB6+0TM/CNug==</latexit>

H0
Characterizes local  
time-scale in universe  

<latexit sha1_base64="uprteEwI6QM4O5HYLPkRcXmrJAc=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuKqJiHZZcGGXFewDmhAm00k7dCYJMxOhxC78FTcuFHHrb7jzb5w+Ftp64MLhnHu5954w5Uxpx/m2Ciura+sbxc3S1vbO7p69f9BSSSYJbZKEJ7ITYkU5i2lTM81pJ5UUi5DTdji8mfjtByoVS+J7PUqpL3A/ZhEjWBspsI8IOkf1wEGeYgLlnhToNiXjwC47FWcKtEzcOSnDHI3A/vJ6CckEjTXhWKmu66Taz7HUjHA6LnmZoikmQ9ynXUNjLKjy8+n9Y3RqlB6KEmkq1miq/p7IsVBqJELTKbAeqEVvIv7ndTMdVf2cxWmmaUxmi6KMI52gSRioxyQlmo8MwUQycysiAywx0SaykgnBXXx5mbQuKu5Vxbm7LNeq8ziKcAwncAYuXEMN6tCAJhB4hGd4hTfryXqx3q2PWWvBms8cwh9Ynz+Ge5R9</latexit>

c/H0 ⇠ Gpc

Tested particle  
physics

<latexit sha1_base64="DI27TmGjL6XnkmYjSbu2cR4wFOc=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQLCTciWjKgI1lhCQGckfY20ySJbt7x+6eEI5g41+xsVDE1l9h579xk1yhiQ8GHu/NMDMvSjjTxvO+ncLK6tr6RnGztLW9s7vn7h+0dJwqCk0a81i1I6KBMwlNwwyHdqKAiIjDfTS6mfr3D6A0i2XDjBMIBRlI1meUGCt13aMGDjhorZnAPg7OcRYogRvQmnTdslfxZsDLxM9JGeWod92voBfTVIA0lBOtO76XmDAjyjDKYVIKUg0JoSMygI6lkgjQYTZ7YYJPrdLD/VjZkgbP1N8TGRFaj0VkOwUxQ73oTcX/vE5q+tUwYzJJDUg6X9RPOTYxnuaBe0wBNXxsCaGK2VsxHRJFqLGplWwI/uLLy6R1UfGvKt7dZblWzeMoomN0gs6Qj65RDd2iOmoiih7RM3pFb86T8+K8Ox/z1oKTzxyiP3A+fwAVBpXr</latexit>

T . 1TeV

Tested cosmology,
<latexit sha1_base64="GIMeNaVsNegNatq16IaaD94clMo=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCF0uioj0WvHisYD+giWWz3bRLd5OwOxFK6MGLf8WLB0W8+iO8+W/ctjlo64OBx3szzMwLEsE1OM63VVhZXVvfKG6WtrZ3dvfs/YOWjlNFWZPGIladgGgmeMSawEGwTqIYkYFg7WB0PfXbD0xpHkd3ME6YL8kg4iGnBIzUs8uAvQEYX2LXuc9Ozyc485TEmtFJz644VWcGvEzcnFRQjkbP/vL6MU0li4AKonXXdRLwM6KAU8EmJS/VLCF0RAasa2hEJNN+Nntigo+N0sdhrExFgGfq74mMSK3HMjCdksBQL3pT8T+vm0JY8zMeJSmwiM4XhanAEONpIrjPFaMgxoYQqri5FdMhUYSCya1kQnAXX14mrbOqe1l1bi8q9VoeRxGV0RE6QS66QnV0gxqoiSh6RM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwBKY6XHw==</latexit>

t & 10�3sec
<latexit sha1_base64="Z2f9EB6Ims9zd9p9rry7KZgjzr4=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCBymJiPZY8OJFqNAvaELZbCft0t0k7G6EEnrw4l/x4kERr/4Ib/4bt20O2vpg4PHeDDPzgoQzpR3n2yqsrW9sbhW3Szu7e/sH9uFRW8WppNCiMY9lNyAKOIugpZnm0E0kEBFw6ATjm5nfeQCpWBw19SQBX5BhxEJGiTZS3y43scdBKcUEdh0He+c486TAd9Ce9u2KU3XmwKvEzUkF5Wj07S9vENNUQKQpJ0r1XCfRfkakZpTDtOSlChJCx2QIPUMjIkD52fyJKT41ygCHsTQVaTxXf09kRCg1EYHpFESP1LI3E//zeqkOa37GoiTVENHFojDlWMd4lggeMAlU84khhEpmbsV0RCSh2uRWMiG4yy+vkvZF1b2qOveXlXotj6OIyugEnSEXXaM6ukUN1EIUPaJn9IrerCfrxXq3PhatBSufOUZ/YH3+APOPllg=</latexit>

T . 100MeV



Gravitational waves and cosmology

Iate-time universe

– Expansion rate
–      , Hubble constant
– 
– beyond    
       dark energy         and dark matter
– modified gravity (modified GW propagation)
– astrophysics; eg BH populations, PISN mass gap?

<latexit sha1_base64="GJFF+YWKWKPP8BdoYRKJSnUd98s=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzTHgxZsRzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJw9EEwsaiqpuuruiVHBjff/LW1ldW9/YzG3lt3d29/YLB4d1k2SaYY0lItHNiBoUXGHNciuwmWqkMhLYiAbXE7/xiNrwRN3bYYqhpD3FY86odVKzfSuxRzuyUyj6JX8K8kOCRVKEOaqdwme7m7BMorJMUGNagZ/acES15UzgON/ODKaUDWgPW44qKtGEo+m9Y3LqlC6JE+1KWTJVf0+MqDRmKCPXKantm0VvIv7ntTIbl8MRV2lmUbHZojgTxCZk8jzpco3MiqEjlGnubiWsTzVl1kWUdyEsvbxM6uel4LLk310UK+V5HDk4hhM4gwCuoAI3UIUaMBDwBC/w6j14z96b9z5rXfHmM0fwB97HN+NJj9c=</latexit>

⌦m

<latexit sha1_base64="5G2GYBOXqwERvvlwL9olKBN6cUg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFO2x4KXHCvYD2qVk02wbmmSXJCvUpX/BiwdFvPqHvPlvzLZFtPXBwOO9GWbmBTFn2rjul5Pb2Nza3snvFvb2Dw6PiscnbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6o0iyS92YaU1/gkWQhI9hkUqP8eDkoltyKOwf6Id4qKcESzUHxsz+MSCKoNIRjrXueGxs/xcowwums0E80jTGZ4BHtWSqxoNpP57fO0IVVhiiMlC1p0Fz9PZFiofVUBLZTYDPWq14m/uf1EhPW/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOwIay9vE7aVxXvuuLeVUv12jKOPJzBOZTBgxuoQwOa0AICY3iCF3h1hPPsvDnvi9acs5w5hT9wPr4BQamNsQ==</latexit>

H(z)
<latexit sha1_base64="HKtXa5L2C/GWXfXe85urdZfEbHQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8mKaI8FLz1WsB/QLiWbZtvQJLskWaEs/QtePCji1T/kzX9jti2irQ8GHu/NMDMvTAQ3FuMvr7CxubW9U9wt7e0fHB6Vj0/aJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDJteKwe7DRhgSQjxSNOic2lxgCjQbmCq3gO9EP8VVKBJZqD8md/GNNUMmWpIMb0fJzYICPacirYrNRPDUsInZAR6zmqiGQmyOa3ztCFU4YoirUrZdFc/T2REWnMVIauUxI7NqteLv7n9VIb1YKMqyS1TNHFoigVyMYofxwNuWbUiqkjhGrubkV0TDSh1sVTciGsvbxO2ldV/6aK768r9doyjiKcwTlcgg+3UIcGNKEFFMbwBC/w6knv2Xvz3hetBW85cwp/4H18AxddjZU=</latexit>

H0

<latexit sha1_base64="wAqi/Vhi4JLqeclAJJ52/MXkNjo=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi2mWhLlwoVLAPaEKZTCbt0JkkzEwKJfRP3LhQxK1/4s6/cdpmodUDA4dzzuXeOUHKmdKO82WV1tY3NrfK25Wd3b39A/vwqKOSTBLaJglPZC/AinIW07ZmmtNeKikWAafdYNyc+90JlYol8aOeptQXeBiziBGsjTSwbe/OhEOce1Kg5s39bGBXnZqzAPpL3IJUoUBrYH96YUIyQWNNOFaq7zqp9nMsNSOczipepmiKyRgPad/QGAuq/Hxx+QydGSVEUSLNizVaqD8nciyUmorAJAXWI7XqzcX/vH6mo7qfszjNNI3JclGUcaQTNK8BhUxSovnUEEwkM7ciMsISE23KqpgS3NUv/yWdi5p7VXMeLquNelFHGU7gFM7BhWtowC20oA0EJvAEL/Bq5daz9Wa9L6Mlq5g5hl+wPr4BuxeTCg==</latexit>

⇤CDM
<latexit sha1_base64="301vFHGuSkjVe8COQKL3hB3C5Dk=">AAAB63icdZDLSgMxFIbPeK31VnXpJliEuhlS8dJlwY3LCvYC7VAyaaYNTWaGJKPUoa/gxoUibn0hd76NmXYKKvpD4Oc755Bzfj8WXBuMP52l5ZXVtfXCRnFza3tnt7S339JRoihr0khEquMTzQQPWdNwI1gnVoxIX7C2P77K6u07pjSPwlsziZknyTDkAafEZOi+8nDSL5Wxe44zIezihclJNSdlyNXolz56g4gmkoWGCqJ1t4pj46VEGU4FmxZ7iWYxoWMyZF1rQyKZ9tLZrlN0bMkABZGyLzRoRr9PpERqPZG+7ZTEjPTvWgb/qnUTE9S8lIdxYlhI5x8FiUAmQtnhaMAVo0ZMrCFUcbsroiOiCDU2nqINYXEp+t+0Tt3qhYtvzsr1Wh5HAQ7hCCpQhUuowzU0oAkURvAIz/DiSOfJeXXe5q1LTj5zAD/kvH8BlpaN6Q==</latexit>

w(z)

Individual sources
and populations of sources
at cosmological distances
 
e.g.  binary neutron stars (BNS),  
      binary black holes (BBH),
      neutron star- black-hole binary (NS-BH)…



Gravitational waves and cosmology

Iate-time universe

– Expansion rate
–      , Hubble constant
– 
– beyond    
       dark energy         and dark matter
– modified gravity (modified GW propagation)
– astrophysics; eg BH populations, PISN mass gap?

<latexit sha1_base64="GJFF+YWKWKPP8BdoYRKJSnUd98s=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzTHgxZsRzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJw9EEwsaiqpuuruiVHBjff/LW1ldW9/YzG3lt3d29/YLB4d1k2SaYY0lItHNiBoUXGHNciuwmWqkMhLYiAbXE7/xiNrwRN3bYYqhpD3FY86odVKzfSuxRzuyUyj6JX8K8kOCRVKEOaqdwme7m7BMorJMUGNagZ/acES15UzgON/ODKaUDWgPW44qKtGEo+m9Y3LqlC6JE+1KWTJVf0+MqDRmKCPXKantm0VvIv7ntTIbl8MRV2lmUbHZojgTxCZk8jzpco3MiqEjlGnubiWsTzVl1kWUdyEsvbxM6uel4LLk310UK+V5HDk4hhM4gwCuoAI3UIUaMBDwBC/w6j14z96b9z5rXfHmM0fwB97HN+NJj9c=</latexit>

⌦m

<latexit sha1_base64="5G2GYBOXqwERvvlwL9olKBN6cUg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFO2x4KXHCvYD2qVk02wbmmSXJCvUpX/BiwdFvPqHvPlvzLZFtPXBwOO9GWbmBTFn2rjul5Pb2Nza3snvFvb2Dw6PiscnbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6o0iyS92YaU1/gkWQhI9hkUqP8eDkoltyKOwf6Id4qKcESzUHxsz+MSCKoNIRjrXueGxs/xcowwums0E80jTGZ4BHtWSqxoNpP57fO0IVVhiiMlC1p0Fz9PZFiofVUBLZTYDPWq14m/uf1EhPW/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOwIay9vE7aVxXvuuLeVUv12jKOPJzBOZTBgxuoQwOa0AICY3iCF3h1hPPsvDnvi9acs5w5hT9wPr4BQamNsQ==</latexit>

H(z)
<latexit sha1_base64="HKtXa5L2C/GWXfXe85urdZfEbHQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8mKaI8FLz1WsB/QLiWbZtvQJLskWaEs/QtePCji1T/kzX9jti2irQ8GHu/NMDMvTAQ3FuMvr7CxubW9U9wt7e0fHB6Vj0/aJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDJteKwe7DRhgSQjxSNOic2lxgCjQbmCq3gO9EP8VVKBJZqD8md/GNNUMmWpIMb0fJzYICPacirYrNRPDUsInZAR6zmqiGQmyOa3ztCFU4YoirUrZdFc/T2REWnMVIauUxI7NqteLv7n9VIb1YKMqyS1TNHFoigVyMYofxwNuWbUiqkjhGrubkV0TDSh1sVTciGsvbxO2ldV/6aK768r9doyjiKcwTlcgg+3UIcGNKEFFMbwBC/w6knv2Xvz3hetBW85cwp/4H18AxddjZU=</latexit>

H0

<latexit sha1_base64="wAqi/Vhi4JLqeclAJJ52/MXkNjo=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi2mWhLlwoVLAPaEKZTCbt0JkkzEwKJfRP3LhQxK1/4s6/cdpmodUDA4dzzuXeOUHKmdKO82WV1tY3NrfK25Wd3b39A/vwqKOSTBLaJglPZC/AinIW07ZmmtNeKikWAafdYNyc+90JlYol8aOeptQXeBiziBGsjTSwbe/OhEOce1Kg5s39bGBXnZqzAPpL3IJUoUBrYH96YUIyQWNNOFaq7zqp9nMsNSOczipepmiKyRgPad/QGAuq/Hxx+QydGSVEUSLNizVaqD8nciyUmorAJAXWI7XqzcX/vH6mo7qfszjNNI3JclGUcaQTNK8BhUxSovnUEEwkM7ciMsISE23KqpgS3NUv/yWdi5p7VXMeLquNelFHGU7gFM7BhWtowC20oA0EJvAEL/Bq5daz9Wa9L6Mlq5g5hl+wPr4BuxeTCg==</latexit>

⇤CDM
<latexit sha1_base64="301vFHGuSkjVe8COQKL3hB3C5Dk=">AAAB63icdZDLSgMxFIbPeK31VnXpJliEuhlS8dJlwY3LCvYC7VAyaaYNTWaGJKPUoa/gxoUibn0hd76NmXYKKvpD4Oc755Bzfj8WXBuMP52l5ZXVtfXCRnFza3tnt7S339JRoihr0khEquMTzQQPWdNwI1gnVoxIX7C2P77K6u07pjSPwlsziZknyTDkAafEZOi+8nDSL5Wxe44zIezihclJNSdlyNXolz56g4gmkoWGCqJ1t4pj46VEGU4FmxZ7iWYxoWMyZF1rQyKZ9tLZrlN0bMkABZGyLzRoRr9PpERqPZG+7ZTEjPTvWgb/qnUTE9S8lIdxYlhI5x8FiUAmQtnhaMAVo0ZMrCFUcbsroiOiCDU2nqINYXEp+t+0Tt3qhYtvzsr1Wh5HAQ7hCCpQhUuowzU0oAkURvAIz/DiSOfJeXXe5q1LTj5zAD/kvH8BlpaN6Q==</latexit>

w(z)

Individual sources
and populations of sources
at cosmological distances
 
e.g.  binary neutron stars (BNS),  
      binary black holes (BBH),
      neutron star- black-hole binary (NS-BH)…

Stochastic background of GWs  
of cosmological origin

Very early universe

– quantum processes during  
    inflation  
– primordial black holes 
– Phase transitions in Early  
    universe 
– topological defects, eg  
    cosmic strings 
– …..

t & tPl



GWs & properties of the very early universe t & tPl

• SGWB: superposition of GWs arriving at random times and from random directions,  
 overlapping so much that individual waves not detectable

• Analogue of the CMB of photons, but crucial difference due to the weakness of GW interactions

• not individual sources, but observation of a stochastic GW background (SGWB) of cosmological origin

<latexit sha1_base64="lCWH4ZFry/FkUnnmyFWQxBAcpCk=">AAACGXicbVDLSsNAFJ34rPUVdelmsAgupExUtOCm4EZwU6EvaEKYTCft0JkkzEyEGvobbvwVNy4Ucakr/8Zpm0VtPXDhcM693HtPkHCmNEI/1tLyyuraemGjuLm1vbNr7+03VZxKQhsk5rFsB1hRziLa0Exz2k4kxSLgtBUMbsZ+64FKxeKorocJ9QTuRSxkBGsj+Taq+1mXkhF0FRPwHCEEM1cKeDeCp9C9ho+ztuMg5NslVEYTwEXi5KQEctR8+8vtxiQVNNKEY6U6Dkq0l2GpGeF0VHRTRRNMBrhHO4ZGWFDlZZPPRvDYKF0YxtJUpOFEnZ3IsFBqKALTKbDuq3lvLP7ndVIdVryMRUmqaUSmi8KUQx3DcUywyyQlmg8NwUQycyskfSwx0SbMognBmX95kTTPys5lGd1flKqVPI4COARH4AQ44ApUwS2ogQYg4Am8gDfwbj1br9aH9TltXbLymQPwB9b3L6uTnYo=</latexit>

Tdec ⇠ 3000K, zdec ⇠ 1100

– reminder: particles which decouple from primordial plasma at                or t ⇠ tdec T ⇠ Tdec

they are coupled and interactions obliterate all information.

<latexit sha1_base64="yYhpLHglBpz17zMIjR+M3AT5cFc=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFe5ENIVFwMYygvmQ5Ah7e5Nkye7dsTsnhCO/wsZCEVt/jp3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqjk0eSxj3QmYASkiaKJACZ1EA1OBhHYwvp357SfQRsTRA04S8BUbRmIgOEMrPeIN9rMQ+LRfrrhVdw66SrycVEiORr/81QtjniqIkEtmTNdzE/QzplFwCdNSLzWQMD5mQ+haGjEFxs/mB0/pmVVCOoi1rQjpXP09kTFlzEQFtlMxHJllbyb+53VTHNT8TERJihDxxaJBKinGdPY9DYUGjnJiCeNa2FspHzHNONqMSjYEb/nlVdK6qHpXVff+slKv5XEUyQk5JefEI9ekTu5IgzQJJ4o8k1fy5mjnxXl3PhatBSefOSZ/4Hz+AO3nkHY=</latexit>

t < tdec
<latexit sha1_base64="nTzyrL9+RhOo8h2u2E5U10MX/jg=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtCcpePFYoa2VNpTNZtou3U3C7kYoob/CiwdFvPpzvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKHiELcONwE6ikMpA4EMwvp35D0+oNI+jppkk6Es6jPiAM2qs9Ni8afazENm0X664VXcOskq8nFQgR6Nf/uqFMUslRoYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa2lEJWo/mx88JWdWCckgVrYiQ+bq74mMSq0nMrCdkpqRXvZm4n9eNzWDmp/xKEkNRmyxaJAKYmIy+56EXCEzYmIJZYrbWwkbUUWZsRmVbAje8surpH1R9a6q7v1lpV7L4yjCCZzCOXhwDXW4gwa0gIGEZ3iFN0c5L86787FoLTj5zDH8gfP5A449kDg=</latexit>

T > Tdec

give snapshot of state of universe  
at that time

• In thermal equilibrium when
 For light/massless particles 
 at temperature T

Number density 
of particles

X-section
for interaction

typical velocity
n ⇠ T 3

v ⇠ 1
H

2 ⇠ T
4
M

�2
Pl� ⇠ H

rate of process
maintaining thermal
equilibrium

<latexit sha1_base64="N5fUu5ifJWb4cqsUfKq0iVUb4NY=">AAACBXicbVDLSgMxFM34rPVVdamLYBFcDTNStG6k4MIuK9gHdIaSSTNtaJIZkkyhTLtx46+4caGIW//BnX9jpi2i1QMhJ+fcy809Qcyo0o7zaS0tr6yurec28ptb2zu7hb39hooSiUkdRyySrQApwqggdU01I61YEsQDRprB4Drzm0MiFY3EnR7FxOeoJ2hIMdJG6hSOvBvEOYKeohyK7OqZ13g4hlew2ikUHduZAjp26bJcKrvwW3HnpAjmqHUKH143wgknQmOGlGq7Tqz9FElNMSOTvJcoEiM8QD3SNlQgTpSfTreYwBOjdGEYSXOEhlP1Z0eKuFIjHphKjnRfLXqZ+J/XTnRY9lMq4kQTgWeDwoRBHcEsEtilkmDNRoYgLKn5K8R9JBHWJri8CcFdXPkvaZzZ7rnt3JaKlfI8jhw4BMfgFLjgAlRAFdRAHWBwDx7BM3ixHqwn69V6m5UuWfOeA/AL1vsXmBaXUw==</latexit>

� ⇠ n�|v| > H

and drop out when

• Gravitons 
✓
�

H

◆

graviton

⇠
✓

T

MPl

◆3

<latexit sha1_base64="T4BtwLI73XuMuT5mb37fNIzHrWQ="></latexit>

� ⇠ G2
NT 2 ⇠ T 2

M4
Pl

• Neutrinos: � ⇠ G2
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– gravitons decoupled below Planck scale!
– do not loose memory of conditions when produced
– retain spectrum/shape/typical frequency & intensity of physics at corresponding high energy scales.

Stochastic GW Background:

=> Direct access to earliest stages in the evolution of the universe, which we cannot access  
through EM radiation.  
=> Predictions based on physics beyond the standard model of particle physics (and possibly beyond GR)
=> Corollary: 1) predictions uncertain (based on untested physics)  
                     2) if SGWB of cosmological origin detected, then huge discovery potential

Sources?  
– quantum processes during inflation 
– primordial black holes 
– Phase transitions in Early universe
– topological defects, eg cosmic strings
– …..

Tested particle physics
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1) General introduction  

2) From Einsteins equations to GWs: basic linearized theory  
    – wave equation
    – polarizations, etc
    – generation of GWs

           – energy carried by GWs  

3) example: inspiral of compact binary system  
    – wave form  
    – characteristic scales, link with observations

4) The sources: on black holes (BH) and neutron stars (NS)  

5) The post-newtonian expansion of Einsteins equations
 
6) GWs in an expanding universe; cosmology



Sections 2 and part of 3 will be handwritten











































Summary: taking into account the energy loss into gravitational radiation,
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Wave-form
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FIG. 2: Detector frame: The two orthogonal arms of the interferometer form the x and y axes in the detector frame while the z axis is defined
by the right circular convention. Angles ✓ and � denote the polar and azimuth angles of the binary in the sky measured in the detector frame.
These angles fix the location of the source in the sky, with respect to the detector. Radiation frame: The z axis of the radiation frame is defined
by the line-of-sight vector n from the detector to the source so that the x � y plane is the plane perpendicular to n (the “sky”); x axis is defined
by the x axis of the detector projected onto the sky. Angles ◆ and  denote the polar and azimuth angles of the total angular momentum vector J
of the binary in the radiation frame. These angles fix the relative orientation of the binary with respect to the detector. Source frame: The z axis
of the source frame is defined by the total angular momentum vector J of the binary and the x axis is defined by the projection of the line of
sight onto the binary plane. The angle '0 describes the angle between the separation vector and the x axis at some reference time. Note that the
radiation pattern of the binary depends on ◆ and '0 (see, e.g., Eq.(2.1)).

signal h. Note that, for a fixed SNR threshold, FF is directly
related to the “distance reach” of a search, and FF3 to the
“volume reach”.

It is evident [see, e.g., Eqs. (2.2), (2.6) and (2.7)] that the
distance/volume reach is a function of not only the intrinsic
parameters (m1,m2) of the binary, but also some of the ex-
trinsic parameters (✓, �, ◆, ,'0). For example the SNR, and
hence the distance/volume reach is the largest towards “face-
on” (◆ = 0, ⇡) binaries and the lowest for “edge-on” (◆ = ⇡/2)
binaries. It is useful to define the e↵ective volume of a search,
defined as the fraction of the volume reach by an optimal
search, averaged over the angles ✓, �, ◆, ,'0 after choosing
appropriate distributions for these angles:

Ve↵ (m1,m2) =
⇢3

subopt

⇢3
opt

, (2.9)

where the bars indicate averages over ✓, �, ◆, ,'0. We can
also define the e↵ective fitting factor FFe↵ , defined as the cube
root of the e↵ective volume

FFe↵ (m1,m2) = Ve↵ (m1,m2)1/3. (2.10)

If a template family has FFe↵ � 0.965, this means that the
(average) loss of search volume due to the mismatch between
the template family and the actual signal is less than ⇠ 10%.
In this paper, we will use FFe↵ = 0.965 as a benchmark for
deciding the e↵ectualness of a template family.

If we interpret the parameter set �max that maximizes the
inner product in Eq. (2.8) as the parameters of the binary,
which can be in general di↵erent from the true parameters
�true, this will result in the following systematic bias in the
estimated parameters:

�� = |�max � �true|, (2.11)

where | | denotes the absolute value.
Similar to the FF and SNR, the systematic biases also de-

pend on the parameters �. We would like to use a single
number (similar to FFe↵) that quantifies the average bias in
estimating the parameters of the binaries that are detectable.

For this purpose we use the ⇢3
subopt weighted average of the

systematic biases and call it the e↵ective bias.

��e↵(m1,m2) =
�� . ⇢3

subopt

⇢3
subopt

, (2.12)

where the bars indicate averages over ✓, �, ◆, ,'0. We use
⇢3

subopt as the weighting factor as it is proportional to the vol-
ume accessible to the search using quadrupole templates and
is therefore proportional to the number of detectable sources.

GW measurements, like any other measurement in the pres-
ence of noise, will also have an associated statistical error.
In the limit of high SNR, one reasonable way of estimating
the expected statistical error (see, e.g., [38] for caveats) is by
using the Cramer-Rao inequality: the error covariance matrix
C↵� is given by

C↵� � ��1
↵� , (2.13)

where �↵� is the Fisher information matrix:

�↵� =
D
@↵x, @�x

E
. (2.14)

Above, @↵x denotes the partial derivative of the waveform
x( f ) with respect to the parameter �↵, and the angle brackets
denote the inner products defined in Eq. (2.5). The rms error in
measuring the parameter �↵ is �↵ = C1/2

↵↵ . A template family
can be considered faithful [1] to the signal if the systematic
bias is considerably smaller than the expected statistical error.
In this paper, we will take (��e↵)↵  �↵ as the benchmark for
the faithfulness of a template family.

III. METHODOLOGY

A. Numerical-relativity simulations

We use two sets of NR waveforms: For mass ratio q  8 we
use waveforms computed by the SpEC code [21–33], kindly

and the signal observed at at the detector is  
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Fig. 1 GW waveforms from the Effective one body analytical model (left) and numerical relativity
simulations (right) for binary. The different lines in the left panel indicates the three phases of the
waveform. Figure from [? ].

assuming z ⌧ 1). The reader is referred to e.g. [? ? ? ] for an in-depth presentation.
For a standard siren of total mass M = m1+m2, simple dimensional arguments give
a characteristic frequency f ⇠ c

3/GM. In fact, the frequency of the emitted GW
increases with time during the inspiral (figure 1) and, assuming the merger occurs at
the innermost stable circular orbit (ISCO), the corresponding merger frequency is

fmerger =
1

63/2p

✓
c

3

GM

◆
. (16)

A typical BNS with m1,2 ⇠ 1.4M� has fmerger ⇠ 1.5 kHz, which falls in the upper
part of the LIGO-Virgo frequency band. For supermassive BBH with M ⇠ 106

M�,
fmerger ⇠ 10�3Hz which falls in the LISA band.

If GWs from an inspiraling binary system enter the frequency band of a detector
at observed frequency flow, the observation time (or time to merger) is given by

T ⇠ 10�3
f
�8/3
low

✓
c

3

GM

◆5/3

. (17)

where

M =
(m1m2)3/5

(m1 +m2)1/5 (18)

is the source-frame chirp mass. As expected, the heavier the binary, the smaller the
observation time. For a BNS entering the LIGO-Virgo detector window at observed
frequency f ⇠ 20 Hz, the observation time is T ⇠ 4 min. A BBH with M ⇠ 30M�
would be observed for T ⇠ 0.01 s.

Finally, at a distance dL from the source, the amplitude of the GW emitted with
frequency f is

h ⇠ 4c

dL

✓
GM

c3

◆5/3
(p f )2/3. (19)

M=total mass
Follows from Keplers laws

• Merger frequency: Assuming merger at innermost stable circular orbit (ISCO)

– Inspiral phase, neglecting expansion (z<<1)

(dominant quadrupolar mode calculated to lowest order in the Newtonian expansion,  for  
point particles of mass m1 and m2;  no tidal effects, no spins,…, assuming circular orbit; and using quadrupole formula)
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Evolution of the frequency
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What about the waveform?

x0(t) = R(t) cos

(
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t0

dt
′
ωS(t
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)

y0(t) = R(t) sin
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)

φ(t) ≡
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dt
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ωGW(t′) =

∫ t

t0

dt
′2ωS(t

′)We define the phase

dEorbit

dt
= −P

Solution
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Step 1:  circular orbit

We assume that the relative coordinate         describes a circle

The trajectory is fixed         no backreaction from GW emission

x0(t)

h+(t, θ,ϕ) =
4

r
(GMc)

5/3(πfGW)2/3
1 + cos2 θ

2
cos

(

2πfGWtret + 2ϕ
)

h×(t, θ,ϕ) =
4

r
(GMc)

5/3(πfGW)2/3 cos θ sin
(

2πfGWtret + 2ϕ
)

θ

ϕ

x0(t) = R cos (ωBt+ π/2)

y0(t) = R sin (ωBt+ π/2)

fGW =
ωGW

2π
=

2ωB

2π
Mc =

(m1m2)3/5

(m1 +m2)1/5
chirp mass


