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Correlation funtions & mixing
FrameworkPhase spae : (ompat) C∞ manifold MDynamial system : C∞ di�eomorphismf : M → MObservables (test funtions): C∞ (M)Additional strutures on M :Riemannian metri gLebesgue measure µleb (usually not f -invariant)Nota dx = dµleb
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Correlation funtions & mixing
Expliit solutions vs statistial propertiesCorrelation funtionsTest funtions : ϕ,ψ ∈ C∞ (M)disrete time : n ∈ Z

∀ϕ,ψ ∈ C∞ (M)  Cϕ,ψ (n) =

ˆM ϕ.ψ ◦ f ndxAsymptoti of Cϕ,ψ (n) for n → +∞
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Correlation funtions & mixing
Def : Lebesgue-Mixing
∃ f -invariant measure µsrb (Sinai-Ruelle-Bowen),
∀ϕ,ψ ∈ C∞ (M)Cϕ,ψ (n) =

ˆ

ϕ.ψ ◦ f ndx −→n→∞

(
ˆ

ϕdx) (
ˆ

ψdµsrb)Speed of onvergene, asymptoti of Cϕ,ψ (n)Statistial information available if f su�iently haoti
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Anosov di�eomorphismsDef : Anosov Di�eomorphism f : M → M
∃ deomposition TM = Es ⊕ Eu �Stable ⊕ Unstable�,f -invariant, θ < 1

{

|df (v)| ≤ θ |v | ∀v ∈ Es ontrating
∣

∣df −1 (v)
∣

∣ ≤ θ |v | ∀v ∈ Eu expanding
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Anosov di�eomorphisms
ExamplesHyperboli torus automorphismsf : T

d → T
dx 7→ A.x modZ

dwith A ∈ SL (n,Z) and |eigenvalues| 6= 1Perturbations , e.g.
( xy )

7→

( 2 11 1 )( xy )

+

(

ε2π sin (2π (2x + y))0 )
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Anosov di�eomorphismsExamplesHyperboli toral automorphismsPerturbationsRemarks
µleb is preserved for toral automorphism but not forperturbations
∃f Anosov ⇒ strong restritions on topology of MConjeture : M is infranil manifoldDistributions E u and E s only Holder ontinuous w.r.t pointx ∈ M
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Anosov di�eomorphismsConjeturef Anosov on M ompat ⇒ Lebesgue-mixingProved by Anosov ['67℄ in the ase µleb =preservedTheorem [Liverani&al, Baladi&al℄Let f be Anosov.Then mixing =⇒ exponential mixingUnderstand asymptoti of Cϕ,ψ (n)..... Ruelle-Polliott resonanes .....
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Ruelle ResonanesTheorem Resonanes : λj ∈ C1 = λ0 ≥ |λ1| ≥ |λ2| ...�nite number of λj outsidedis D (ε)Pj polynomial in nPj depends on ∂kϕ, ∂kψ fork ≤  |log ε|Cϕ,ψ (n) =
∑

|λj | > ε

λnj .Pj (n;ϕ,ψ) + Oε,ϕ,ψ (εn)
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Ruelle Resonanes
Cϕ,ψ (n) =

∑

|λj | > ε

λnj .Pj (n;ϕ,ψ) + Oε,ϕ,ψ (εn)RemarksIf λ0 simple and |λj 6=0| < 1 ⇒ MixingP0 (n;ϕ,ψ) = 〈µleb, ϕ〉 〈µsrb, ψ〉
λj L99 spetral deomposition of F̂ : ϕ 7→ ϕ ◦ fbut on a �ompliated� spae F̂ : H → H
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Ruelle ResonanesF̂ : ϕ 7→ ϕ ◦ fModel f :

( xy )

7→

( 2 11 1 )( xy )

+ ε.Perturb. on T
2Resonanes (numeris) for ε = 0.16
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Ruelle ResonanesF̂ : ϕ 7→ ϕ ◦ fModel f :

( xy )

7→

( 2 11 1 )( xy )

+ ε.Perturb. on T
2Exat omputation of spetrum for ε = 0

on L2 on Hs , s > 0 on C∞
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Ruelle ResonanesSpetral deomposition ofF̂ : H → H
ϕ 7→ ϕ ◦ f[Faure-R-Sjöstrand '08℄Miroloal approahH = Â−1 (L2)Â pseudodi�erentialwith variable order
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Miroloal Analysis with variable orderPseudodi�erential Operator with variable orderÂ (ϕ) (x) =

ˆ ˆ e iξ(x−y)A (x , ξ)ϕ (y) dxdξ (loal)The symbol A ∈ C∞ (T ∗M) satis�es
∣

∣

∣
∂αξ ∂

βx A (x , ξ)∣∣
∣
≤ Cα,β |ξ|m(x ,ξ)−ρ|α|+(1−ρ)|β|Type : 12 < ρ < 1Order funtion : m ∈ C∞ (T ∗M) (in fat m ∈ S0r )Symbols : A ∈ Sm(x ,ξ)

ρ ! Operators : Â ∈ Ψ
m(x ,ξ)
ρSymbol well-de�ned up to Sm−(2ρ−1)

ρ  Notion ofprinipal symbol
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Miroloal Analysis with variable order
�Theorem�All standard results extend to the ase with variable order.Composition : Â ∈ Ψ

m1(x ,ξ)
ρ and B̂ ∈ Ψ

m2(x ,ξ)
ρ ⇒ÂB̂ ∈ Ψ

m1(x ,ξ)+m2(x ,ξ)
ρContinuity :Â : C∞ (M) → C∞ (M) (Smooth funtions)Â : D ′ (M) → D ′ (M) (Distributions)Notion of elliptiity : |A (x , ξ)| ≥ C . |ξ|m(x ,ξ) for |ξ| ≫ 1
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Miroloal Analysis with variable orderAnisotropi Sobolev spaes
∀ order funtion m (x , ξ), de�neAm (x , ξ) := 〈ξ〉m(x ,ξ) , 〈ξ〉 =

√1 + |ξ|2.Am ∈ Sm(x ,ξ)
ρ is elliptiQuantize  Âm ∈ Ψ

m(x ,ξ)
ρ , invertible on C∞ (M) andD ′ (M) and Â−1m ∈ Ψ
−m(x ,ξ)
ρAnisotropi Sobolev spaes :Hm(x ,ξ) = Â−1m (L2)Continuity : if B̂ ∈ Ψ

m(x ,ξ)
ρ thenB̂ : Hs(x ,ξ) → Hs(x ,ξ)−m(x ,ξ)
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m(x ,ξ)
ρ thenB̂ : Hs(x ,ξ) → Hs(x ,ξ)−m(x ,ξ)



MiroloalAnalysisapproahtoRuellePolliottResonanesNiolas Roy(H.U Berlin)CorrelationfuntionsAnosovdi�eomor-phismsRuelleResonanesMiroloalAnalysisQuasiompaityof F̂

Miroloal Analysis with variable orderAnisotropi Sobolev spaes
∀ order funtion m (x , ξ), de�neAm (x , ξ) := 〈ξ〉m(x ,ξ) , 〈ξ〉 =

√1 + |ξ|2.Am ∈ Sm(x ,ξ)
ρ is elliptiQuantize  Âm ∈ Ψ

m(x ,ξ)
ρ , invertible on C∞ (M) andD ′ (M) and Â−1m ∈ Ψ
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Quasiompaity of F̂Aim :Cϕ,ψ (n) =
∑

|λj | > ε

λnj .Pj (n;ϕ,ψ) + Oε,ϕ,ψ (εn)
λj L99 spetral deomposition of F̂ : ϕ 7→ ϕ ◦ f on Hm(x ,ξ)F̂ is quasiompat on Hm(x ,ξ)Hm(x ,ξ) = Â−1m (L2)Âm ∈ Ψ

m(x ,ξ)
ρStudy ÂF̂ Â−1 on L2
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Quasiompaity of F̂Theorem (Open Math. J. 2008)
∀ε > 0, ∃m (x , ξ), ∃ Â ∈ Ψ

m(x ,ξ)
ρ ,Q̂ := ÂF̂ Â−1 = r̂ε + k̂ε

‖r̂ε‖L2 ≤ εk̂ε ompatQ̂ quasiompat on L2
 F̂ quasiompat on Hm(x ,ξ)
 Jordan de.  ResonanesCϕ,ψ (n) =

ˆ

ϕ.F̂ n (ψ) dx =
∑

|λj |>ελnj Pj (n;ϕ,ψ) + O (εn)
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Quasiompaity of F̂ : idea of proofWanted : Â ∈ Ψ
m(x ,ξ)
ρ with symbol A (x , ξ) := 〈ξ〉m(x ,ξ)Work with P̂ := F̂−1Q̂ =

(F̂−1ÂF̂) Â−1Egorov Theorem : F̂−1ÂF̂ ∈ Ψ
m◦F (x ,ξ)
ρ with symbol A ◦ Fwhere F : T ∗M → T ∗M lifts f −1 : M → MF (x , ξ) =

(f −1 (x) ,Df t (ξ)
)The inverse Â−1 ∈ Ψ

−m(x ,ξ)
ρ has symbol 1AThus : P̂ ∈ Ψ

m◦F (x ,ξ)−m
ρ has symbolP =

A ◦ FA
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Quasiompaity of F̂ : idea of proofP̂ ∈ Ψ
m◦F (x ,ξ)−m
ρ has symbol P =

A ◦ FAif m ◦ F (x , ξ) −m ≤ 0 =⇒ P̂ bounded in L2 andP̂ = R̂ + K̂with
∥

∥

∥
R̂∥

∥

∥L2 ≤ lim sup
(x ,ξ)∈T∗M |P (x , ξ)| + δand K̂ smoothingNeed to onstrut an esape funtion (for F )A ◦ F < A
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Quasiompaity of F̂ : idea of proofEsape funtion : A ◦ F < A
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