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Correlation functions & mixing

Framework

@ Phase space : (compact) C*° manifold M

0 B @ Dynamical system : C diffeomorphism

f-M—- M

@ Observables (test functions): C* (M)
o Additional structures on M :

o Riemannian metric g
o Lebesgue measure pep (usually not f-invariant)
Nota dx = d,u/eb




Correlation functions & mixing

@ Explicit solutions vs statistical properties

Nicolas Roy Correlation functions

(H.U Berlin) .
@ Test functions : p, ¢ € C> (M)

o discrete time: n€ Z

Ve € C2(M) v Coyln) = [ oo e




Correlation functions & mixing

@ Explicit solutions vs statistical properties

Nicolas Roy Correlation functions

(H.U Berlin) .
@ Test functions : p, ¢ € C> (M)

o discrete time: n€ Z

Ve € C2(M) v Coyln) = [ oo e

? Asymptotic of C, y (n) for n — +o0




Correlation functions & mixing

Def : Lebesgue-Mixing

e R 3 f-invariant measure (i, (Sinai-Ruelle-Bowen),
(HU Berlin) Vo, € C* (M)

C,u (n) = / pb o Fidx — < / godx) < / ¢dus,,,>
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Correlation functions & mixing

Def : Lebesgue-Mixing

e R 3 f-invariant measure pig, (Sinai-Ruelle-Bowen),
(HU Berlin) Vo, € C* (M)

C,u (n) = / pb o Fidx — < / godx) < / ¢dus,,,>

? Speed of convergence, asymptotic of C, y (n)

! Statistical information available if £ sufficiently chaotic




Anosov diffeomorphisms

Def : Anosov Diffeomorphism f : M — M

3 decomposition TM = E; ® E, “Stable @& Unstable”,
f-invariant, 0 < 1

Nicolas Roy
(H.U Berlin)

|df (v)| < 0|v| Vv € Es contracting
|df 1 (v)| < @|v| Vv € E, expanding

>




Anosov diffeomorphisms

Examples
@ Hyperbolic torus automorphisms
Nicolas Roy

(H.U Berlin)

f-m — 19
x — AxmodZ?

with A € SL(n,Z) and |eigenvalues| # 1

@ Perturbations , e.g.
<x>'_><2 1><x>+<%sin(2ﬂ(2x+y))>
y 11 y 0




Anosov diffeomorphisms

@ Hyperbolic toral automorphisms

Nicolas Roy @ Perturbations

(H.U Berlin)

@ Lujep is preserved for toral automorphism but not for
perturbations
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@ Hyperbolic toral automorphisms
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Conjecture : M is infranil manifold




Anosov diffeomorphisms

@ Hyperbolic toral automorphisms

Nicolas Roy @ Perturbations

(H.U Berlin)

@ Lujep is preserved for toral automorphism but not for
perturbations

@ df Anosov = strong restrictions on topology of M
Conjecture : M is infranil manifold

@ Distributions EY and E® only Holder continuous w.r.t point
xeM

>




Anosov diffeomorphisms

f Anosov on M compact = Lebesgue-mixing

Nicolas Roy
(H.U Berlin)

@ Proved by Anosov ['67] in the case e =preserved




Anosov diffeomorphisms

f Anosov on M compact = Lebesgue-mixing
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@ Proved by Anosov ['67] in the case fiep =preserved

Theorem [Liverani&al, Baladi&al]

Let f be Anosov.
Then mixing = exponential mixing




Anosov diffeomorphisms

f Anosov on M compact = Lebesgue-mixing

Nicolas Roy
(H.U Berlin)

@ Proved by Anosov ['67] in the case fiep =preserved

Theorem [Liverani&al, Baladi&al]

Let f be Anosov.
Then mixing = exponential mixing

! Understand asymptotic of C, y (n)




Ruelle Resonances

Theorem
U S @ Resonances : \j € C
X/x x 1= )\0 > |>\1| > |)\2|

Nicolas Roy g X - 5
(H.U Berlin) N N o finite number of \; outside

! H ¥ M

WwW.. - disc D (¢)

X - /

X
X
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Ruelle Resonances

Theorem
@ Resonances : \j € C
x/x x @ 1=2>X>|\| >[N ..
AN X o finite number of \; outside
‘E “‘ disc D (¢)
X
X
X

(n; ¥, 1/}) + Oe,ga,w (5n)




Ruelle Resonances

Theorem
o @ Resonances : \j € C
X/x x 1= )\0 Z |/\1| Z |)\2|
Nicolas Roy i X .- . o
(H.U Berlin) N X o finite number of \; outside
i ¥ A
.. - disc D (¢)
X /
5 X @ /; polynomial in n
o P; depends on d¥¢, ok for

k < c|loge|

CAO,LZJ (n) = Z /\Jr'" (n; 2 1/}) + Oe,ga,w (5n)




Ruelle Resonances

Cow (M= D A.Pi(np, 1) + O (")

Nicolas Roy
(H.U Berlin)

@ If Ag simple and |\j| <1 = Mixing

'DO (I‘l; @, ¢) = <:u/eb) 90> </~L5rb7 ¢>

[Ajl > €

@ ) «-- spectral decomposition of F:o—pof
but on a «complicated» space F: H — H




o I:_:cpr—>goof

oModeIf:(X)H<2 1)(X)—i—g.Perturb.on’]I'2
y 11 y

@ Resonances (numerics) for ¢ = 0.16

0.5—

Ruelle
Resonances

i
! 0.5
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Ruelle Resonances

) I:_:gp&—mpof

oModeIf:<X>»—>
y

@ Exact computation of spectrum for e =0

21 x + &.Perturb. on T2
11 y

Ocont

on H°, s >0

on C*®




@ Spectral decomposition of

Microlocal approach
o H=A"(L?)
o A pseudodifferential
with variable order

Ruelle
Resonances
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@ Spectral decomposition of

[Faure-R-Sjostrand '08]
Microlocal approach
o H=A"1(L?)
o A pseudodifferential
with variable order

Ruelle
Resonances
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Microlocal Analysis with variable order

Pseudodifferential Operator with variable order

A(p) (x) = / / SN A (x,€) ¢ (y) didé (local)

Nicolas Roy

R @ The symbol A € C* (T*M) satisfies

oL A (x,g)( < G, || O —rlal+ =)

o Type : % <p<l1
o Order function : m € C> (T*M) (in fact m € S°)

>




Microlocal Analysis with variable order

Pseudodifferential Operator with variable order

A(p) (x) = / / SN A (x,€) ¢ (y) didé (local)

Nicolas Roy

R @ The symbol A € C* (T*M) satisfies

oL A (x,g)( < Gy €] plal+1=p)5)

o Type : % <p<l
o Order function : m € C> (T*M) (in fact m € S°)

@ Symbols: A€ S,Qn(x’g) «~ Operators : A e \IJ,’)"(X’E)




Microlocal Analysis with variable order

Pseudodifferential Operator with variable order

A(p) (x) = / / SN A (x,€) ¢ (y) didé (local)

Nicolas Roy

R @ The symbol A € C* (T*M) satisfies

oL A (x,g)( < Gy €] plal+1=p)5)

o Type : % <p<l
o Order function : m € C> (T*M) (in fact m € S°)

@ Symbols: A€ S,Qn(x’g) «~ Operators : A e \IJ,’J"(X’E)
—(2p-1)

@ Symbol well-defined up to S, ~+ Notion of

principal symbol




Microlocal Analysis with variable order

"Theorem”

Nicolas Roy All standard results extend to the case with variable order.

(H.U Berlin) R -
o Composition : A € \UZ”(X’@ and B € \IJZ”(X’@ =
Aé c WZ”'l(X,E)-I—mz(X,f)




Microlocal Analysis with variable order

"Theorem”

Nicolas Roy  All standard results extend to the case with variable order.
(H.U Berlin) L. R -
@ Composition : A € \UZ”(X’S) and B € \IJZ”(X’O .
AB ¢ w;"l(X,E)-i-mz(X,E)
o Continuity :

° E\ 1 C°° (M) — C>= (M) (Smooth functions)
o A: D' (M) — D’ (M) (Distributions)




Microlocal Analysis with variable order

"Theorem”
Nicolas Roy All standard results extend to the case with variable order.
(H.U Berlin) ~ A~
o Composition : A € \UZ”(X’@ and B € \IJ,'O"Z(X’@ =
;Z\B 6 wzn(x,f)-{—mz(x,f)

o Continuity :

° E\ 1 C°° (M) — C>= (M) (Smooth functions)

o A: D' (M) — D’ (M) (Distributions)
o Notion of ellipticity : |A(x, )| > C.|¢|™™) for |¢| > 1




Microlocal Analysis with variable order

Anisotropic Sobolev spaces
@ V order function m(x,§), define

Am (x,€) := (&)™) | () = /1 +[¢].

Nicolas Roy
(H.U Berlin)




Microlocal Analysis with variable order

Anisotropic Sobolev spaces
@ V order function m(x,§), define

Am (x,€) 1= {£)™*4),

Nicolas Roy
(H.U Berlin)

o A€ 5,;"(*’5) is elliptic

(€ =/1+1¢f




Microlocal Analysis with variable order

Anisotropic Sobolev spaces

@ V order function m(x,§), define

Am (x,€) := (&)™) | () = /1 +[¢].

o A€ S,L"(X’f) is elliptic
o Quantize ~ A, € \IJ,')"(X’E), invertible on C*° (M) and
D' (M) and A7l e v, ™)
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Microlocal Analysis with variable order

Anisotropic Sobolev spaces

@ V order function m(x,§), define

Am (x,€) := (&)™) | () = /1 +[¢].

o A€ S,L"(X’f) is elliptic
o Quantize ~ A, € \IJ,T(X’E), invertible on C*° (M) and
D' (M) and A7l e v, ™)

@ Anisotropic Sobolev spaces :

Nicolas Roy
(H.U Berlin)

Hm(X,E) _ A;Il (L2)




Microlocal Analysis with variable order

Anisotropic Sobolev spaces

@ V order function m(x,§), define

Am (x,€) := (&)™) | () = /1 +[¢].

o A€ S,L"(X’f) is elliptic
o Quantize ~ A, € \IJ,T(X’E), invertible on C*° (M) and
D' (M) and A7l e v, ™)

@ Anisotropic Sobolev spaces :

Nicolas Roy
(H.U Berlin)

Hm(X,E) _ A;Il (L2)

o Continuity : if Be \UZ’(X’O then
B : HS(Xvé) — HS(X,&)-ITI(X,&)




o Aim ;

Cow(M =D A.Pi(np, 1)+ Oy (")
[Ajl > €

@ )\; «-- spectral decomposition of F:o— @of on H™x9)

o F is quasicompact on H™(x:€)
o HmM(xE) — /2\;'1 (LZ)

o Am = w’pn(ng)

o Study AFA=1 on 12

Quasicompaci
of F

|
|
|
|
|
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Quasicompacity of F

Theorem (Open Math. J. 2008)
Ve >0, Im(x,£), IA € W),
Nicolas Roy O = Af:_ = = rE + k

(H.U Berlin) /X 5 :
e Rl <e lx
N ; N :
@ k. compact , ey
) 1
\ % X3 ;
Q quasicompact on L? y x -
~~ F quasicompact on H™(x:€) ‘

~ Jordan dec. ~ Resonances

C¢,w(")=/90F" B)dx= 3 AP () + O ()

|)\ |>5




Quasicompacity of F - idea of proof

(]

Wanted : A € qu(x,g) with symbol A(x,§) := <§>m(X7§)

o Work with P := F~1Q = (f:—l,Z\f:> At
0 B @ Egorov Theorem : F~1AF ¢ WZ’OF(X’O with symbol Ao F

where F: T"M — T*M lifts f 1 - M —= M
F(x,&) = (f"1(x),Df* (¢))

The inverse A1 € W, ™) has symbol 1

o Thus: P e \UZ’OF(X’O_m has symbol

(]

_AoF
A

P




AoF
A
o if moF(x,6) —m <0 = P bounded in [? and

o Pe \IJZ'OF(X’Q_'" has symbol P =

P=R+K

with
HRH < limsup |P(x,8)|+ 0
B (xgeT*m
and K smoothing

@ Need to construct an escape function (for F)

Quasicompaci
of F

|
|
|
|
|

AoF <A
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Escape function : Ao F < A

Quasicompaci
of F

|
|
|
|
|
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