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OUTLINE OF THE TALK

1. The Heisenberg Group.
2. A Class of Symbols on the Heisenberg Group.
3. An Algebra of Pseudodifferential Operators, action in S.

4. Action on Sobolev Spaces.



I. The Heisenberg Group

1. Definition
The Heisenberg Group H is defined as R2%*! with the group law

(z,9,5) - (x’, Z/, 8/) = (a:‘ + x’, Y =+ y', s+ s — 2(3:‘|?/) T 2@@’))
(CC, Y, 8)7 (xla yla S/) c Rd X Rd X R = Rd‘|’1

where (|y) denotes the Euclidin scalar product in R,

It is the simplest non commutative Lie group and as such has been
widely studied (Complex Analysis, Harmonic Analysis, PDE’s,
Quantum Mechanic).

d=1: H? = H and
(z,y,8)- (2, = (@ + 2,y +v/, s+ = 2(xy — y2')).



e Lie Algebra of left-invariant vetor fields

A tangent vector field X to H is said to be left-invariant if
vh e H, 7(Xf) =X (m(f))

where 7y, 1s the left-translation defined by
vwe H, 7,(f)(w) = f(h-w)

The vector space of left-invariant vector fields is generated by
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e The Laplace-Kohn Operator
AHd = X? + y?



e The Haar measure

dw = dx dyds (Lebesgue measure).

e >(H) space
fel’H,C) < [|f(w) dw < +oo.

e Sobolev spaces with exponent £ € N
fe H*H,C) < Tio---0T,f € L*(H,C)

for any choice of Ty,---,7, among X and Y.



e The complex setting
weH, w=(x,y,s)=(2,8), z=x+1y € C

- The product law
(2,8)- (2,s) = (z+ 2, s+ +2Tm(z 7).

- The left-invariant vectors fields Lie algebra is generated by

i |
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- The Laplace-Kohn Operator writes
A = Q(Z VAR )



2. The Fourier transform

The Fourier transform on H is defined via the representations
of H. All irreducible representations are unitarily equivalent to
one of the two representations :

- the Bargman representation

- the Schrodinger representation

e The Schrodinger representation
The family of unitary operators (v),), A € R*, w = (z,y,s) € H
defined for f € L*(R) by

o f(€) = eAET2EYR28) p(e _op) Ve € R

gives a representation of H on LQ(R).

A A A (U)\)—lz A =

Vg O V70 = U7l



e The Fourier transform
F(HIN) = fyvnf(w)dw.

maps L'(H) on operators uniformly bounded with respect to A
maps L*(H) on families of /7.5, the space of families of Hilbert-
Schmidt operators such that

ENFHN s dA < oo

e Inversion formula
f(w) =7 fp tr (g F(F)(A)) |AldA,

e Fourier-Plancherel formula
1122y = 77 o IFCH) M) s,y | AldA.



e Fourier transform and left-invariant vector fields

F(ZHN) =F(f)N)oQxr, F(ZF)N) =F(f)(A)oQ,
where

T\Q\Ts = I\ (0 — &) and ThQ\Tx = JIA (O¢ + &) if A>0
T\O\TY = JIA] (0 + &) and ThQ,T5 = /|A] (0: — &) if A<0

and T’ 1s the unitary operator defined by

Tyf(&) = [NV 26, ¢ e RY, f e L*(R).

In particular
F(=Agf)(\) = F(f)(A) o Dy with Dy = 4|\ Ty (—A¢ + )T,

The derivation corresponds to composition on the right-hand side
of the Fourier transform



3. Sobolev spaces with real-valued exponents
One defines Sobolev spaces with real-valued exponents

HYHY) = {f € L*H), F(f)(\)oD; € HS,\}, scR.

Similarly, one can define via the Fourier transform Besov spaces.

4. Littlewood-Paley theory
Once given a dyadic partition of the unity

L=19(8) + £ ¢(277¢)

p=>1

one decomposes a function f € L*(H) as f =x,> 1A, f with

F(A_1f) =F(f)ob(Dy), F(Af)=F(f)op(277Dy).

(Bahouri, Chemin, Gallagher, Gérard, Lemarié, Xu)



II. A Class of Symbols on the Heisenberg Group

1- The 1dea...

Clasical case : The operator of symbol a 1s defined via the inverse
Fourier formula by

Op(a)f(w) = 2m)7" [gae™* f(E)a(z,E)dE, z € R.

Heisenberg case : One wants to define an operator A by

Af(w) =772 g tr () F(FHN)Ax(w)) [AdA, w € H.

Question: How to chose the family of operators A, (w) to get an
algebra of operators which contains the differential operators and
the elements of which act continously on Sobolev spaces?



2- Analysis of two examples

e The operator Z
Zf(w) =72 fgtr (v F(F)A)Q) [AldA,
with

Qr = Th|M(0: — T if A>0
Qx = Ta/|M(0: + T if A <0

— Chose

Ay(w) =Ty op" (a (w, sgn(A)/|AE, | Aln)) T3
where (£,7) — a(w, &, n) belongs to a class of symbols associ-

ated with the Harmonic oscillator (with Weyl-Hormander quan-
tification).

Then, the symbol of 7 is a(w, &, n) = in — &.



e The operator S

We have F(Sf)(\) = iAF(f)(\) whence
Sfw) =7 fgtr (vp-1 F(F)N) i [A[dA

—> The symbols have to depend also on A
Then, the symbol of S'is 2\ .



3- The class of symbols

Let 1 € R. We say that a € Sgy(p) if and only if

-a € C*(H x RY)
-forall k,n € N, p € N, there exists a constant C), ;. > 0 such
that

p—|8] .
© (1A

10500 (s A &Ml cnger) < Cre (14 1M+ €2+ 17)
for |B] < nand (w, \, &,n7) € H x R°.

Examples: in — & € Sg(1) and ¢\ € Sg(2).



III. The Algebra of Pseudodifferential Operators

1. Definition
With a € Sg(1) one associates the operator

Ax(w) = Tyop” (a(w, A, sgn(A)AE, V[AIn) T

Then, one defines the operator Op(a) by
Op(a)f(w) =77 fg tr (v F(F)N) Ar(w)) [M]dA,

Theorem: If a € Sg(u), then Op(a) maps continuously S(H)
into itself. Moreover, Op(a)* and Op(a) o Op(b) are pseudodiffer-

ential operators of order i and p + v respectively if a € Sgp(p)
and b € SH(V)



2. Idea of the proot of the continuity on the Schwartz class

Prove f € S(H) = Op(a)f € L>*(H) 1.e. find ¢} such that
I:=|fptr (0p F(F)(N)An(w)) [MdA < Co. (1)

We have by Cauchy-Schwartz

DN —

I < (fglopaZF ()N + Dy)M[3s|AdA)
X (f I1(1d + D) ™" Ay (w) |5 AldA)*

We consider successively each term.



e First term:

f e SHY —
log F(HN)Ad+ D) las < [IF(F)N)Ad + Dy)*||ms

ClF((1d — Aw)* £) (M) s

IA A

and by the Plancherel formula
R ANFHNIA + D)7 AdN < C[[(Td — Ap)* f[ 22y



e Second term: A standard estimate gives

1(1d + Dy) Ay (w)|las < ([(Id + Dy) ™2 Ax(w)| o2yl (1d + D)2 F||as
< C||(Id + Dy)2 || s
and

M B
Je 10d + D)) 27756 AldA = m%N/R<1+|)‘|(2m+1))2 "INl
< C ( >

meN 1 + ) /R (L+181) 7_k+1d5

with the change of variables 8 = A\(2m + 1).

Choose k£ large enough
e 11+ Dy) 2 A (w) [ AldA < C



e Conclusion of the prootf:

I <O Cy|(1d = Aw)* fll 2.

e Dealing with derivatives and multiplication by w: One uses
Z, Op(a)] = Op(b1), [Z, Op(a)] = Op(by),
1z, Op(a)] = Op(c1), [z, Op(a)] = Op(ca),
is,0p(a)] = —Op(dya),
with
b1 = Za+AOpa+10ca), by = Za+AOha—idea) € Sg(pu+1),

1/(1 1/(1
L= (Zﬁna — 8§a) , 2= (Zﬁna + Oca| € Sg(p —1),
Ora € SH(K).




IV. The Action on Sobolev Spaces

Theorem : There exists a constant C' such that if a is a symbol
of order y, then

1Op(a)|| £ s (v1), (1)) <

Schedule of the proof:

e Reduction to the case of a fixed regularity index 0 < s < 1 by
use of the Laplace-Kohn operator.

e Case of special symbols called reduced (treated by Littlewood-
Paley theory) .

e Approximation of any symbol by reduced symbols (via Fourier
series).

(Proof inspired by the proof of Coifman-Meyer in the classical case)



1- The method: the classical case

e Classical case: Consider a dyadic partition of the unity

L= (g + % 9(27)

Then a(x,&) = a(x, V(&) + = alx, &)p(27FE)

peN
Use Fourier series to write

ba(z,€) = alw, v(§) = % b ()™ (), v =1

b, !
bp(x,€) = a(x,2°) (&) = ¥ bi(x)e™ p(&), ¢¢ = 1.

keN

Then a(z, &) = 5 ty(x, €),
te = by (2)p(§)e™ + % bi(z)e” "H(277¢).

peN

The boundedness of Op(¢;.) comes from standard theory and the
convergence of the ¢;. series is due to symbol estimates.



e Adaptation to Heisenberg case

- Dyadic unity partition in (y, n)
- Expansion in Fourier series

e Main difficulties
- Reduced symbols are more difficult to treat:
op" (2PN (€ +17) # 27PN - 82))

One uses Mehler’s formula to see how different these two opera-
tors really are.

- The symbols depend on A and one need another microlocalisa-
tion in A.



2- Decomposition of the symbol
Dyadic partition of the unity
a(lw,\,&,n) = alw, Ny, (&€ +n°) + X alw, A, £, )¢ (27%(&% + 1))
= boa(w, A &) + % byw, A, 2776, 27)
with
GE )+ 2 o2+ = L

Fourier series expansion
bo(w, A, &) = & D (w, \)o (2 +1p7),
keZ

Dyadic decomposition in A
by(w, A) = ShyT (w)e DN + S B (w)e G277 ).

reN,jeZ br

Islo ]}



At the end:
a(w, X, &,n) = kzjtk,j(w, A &m)

Y

trj(w, A €)= S0 (W) (N Dy, m) + 3 by (w)g! (277 N2y (€, 7).

p’/]" p?””

with ¢/ (X) = e7P(X), ¢7(A) = e o(N),
OF (&, n) = MY (2 +?), OE(g, ) = EMg (277(¢2 + %)), peN.

3- Analysis of reduced symbols

e Convergence of the . ; series

It comes from symbolic estimates as 1n the classical case.

e Action of Op(t}, ;) on Sobolev spaces

It comes from the use of Mehler’s formula and Littlewood-Paley
theory on the Heisenberg group.



CONCLUSION
e Applications

- Wave front
- Microlocal defect measures

- Phase-space and semi-classical analysis

e Extensions
- Stratified Lie groups

e Related works

- Stein, Taylor and the Weyl correspondence.
- Greinier et all. (80’s): Laguerre calculus on the Heigroup.
- Ruzhansky (2007): symbolic calculus on compact Lie groups.

- Van Erp (2008): symbolic calculus on the Heisenberg group related to con-

tact manifolds.
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