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Symmetries

Symmetries of the nuclear Hamiltonian

Rotational

Space inversion

Global gauge space

Translational & Galilean invariance

Time translation

Time reversal

⇒ angular momentum

⇒ parity

⇒ proton and neutron number

⇒ separation of center-of-mass and internal motion

⇒ energy conservation

Approximate symmetry of the nuclear Hamiltonian

Rotation in isospin space ⇒ isospin

Consequences of symmetries

Quantum numbers of states

Selection rules for electromagnetic/weak/strong transitions between states

Correlations (nucleons do not move independently)
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But many nuclear phenomena are interpreted as if symmetries are broken
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deformation (collective rotational bands!)

shape coexistence

fission

clusterisation

pairing (nuclear superfluidity)

Impact of pear-shaped fission fragments on mass-asymmetric fission in actinides
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1Center for Computational Sciences, University of Tsukuba, Tsukuba 305-8571, Japan
2Department of Nuclear Physics and Department of Theoretical Physics, Research School of Physics and Engineering,
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October 7, 2019

Nuclear fission of heavy (actinide) nuclei results pre-
dominantly in asymmetric mass-splits.1 Without quan-
tum shells, which can give extra binding energy to these
mass-asymmetric shapes, the nuclei would fission symmet-
rically. The strongest shell effects are in spherical nu-
clei, so naturally the spherical “doubly-magic” 132Sn nu-
cleus (Z = 50 protons), was expected to play a major role.
However, a systematic study of fission has shown that the
heavy fragments are distributed around Z = 52 to 56,2
indicating that 132Sn is not the only driver. Reconciling
the strong spherical shell effects at Z = 50 with the differ-
ent Z values of fission fragments observed in nature has
been a longstanding puzzle.3 Here, we show that the fi-
nal mass asymmetry of the fragments is also determined
by the extra stability of octupole (pear-shaped) deforma-
tions which have been recently confirmed experimentally
around 144Ba (Z = 56),4, 5 one of very few nuclei with shell-
stabilized octupole deformation.6 Using a modern quan-
tum many-body model of superfluid fission dynamics,7 we
found that heavy fission fragments are produced predomi-
nantly with 52�56 protons, associated with significant oc-
tupole deformation acquired on the way to fission. These
octupole shapes favouring asymmetric fission are induced
by deformed shells at Z = 52 and 56. In contrast, spher-
ical “magic” nuclei are very resistant to octupole defor-
mation, which hinders their production as fission frag-
ments. These findings may explain surprising observa-
tions of asymmetric fission of lighter than lead nuclei.8

Atomic nuclei are usually found in a minimum of energy
“ground-state” which may be deformed due to quantum cor-
relations. Elongation beyond the ground-state costs potential
energy until a maximum is reached at the fission barrier. In-
creasing the elongation beyond the fission barrier decreases
the potential energy and the system follows a fission valley
in the “potential energy surface” until it breaks into two frag-
ments (scission). In the absence of quantum shell effects, all
heavy nuclei preferentially fission into two fragments of sim-
ilar mass (mass-symmetric fission). However, quantum shells
in the fissioning nucleus can result in several valleys to scis-
sion. These may be mass-symmetric or mass-asymmetric.

Although recent progress has been made in describing fis-
sion fragment mass distributions with stochastic based ap-
proaches,9, 10 theoretical description of the first stage of fis-

⇤scamps@nucl.ph.tsukuba.ac.jp
†cedric.simenel@anu.edu.au
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Figure 1: Microscopic calculations of 240Pu asymmetric fis-
sion.
Isodensity surfaces at 0.08 fm�3 (half the saturation density)
have been computed from the full microscopic evolution and
are shown at different times (see Supplementary Information
video). The localisation function Cn of the neutrons (see
Methods) is shown in the projections. Here, scission occurs
at t ' 20 zs, i.e., between 3rd and 4th panels. The quadrupole
and octupole deformation parameters (see Methods) at scis-
sion are b2 ' 0.16, b3 ' 0.22 for the heavy fragment (left)
and b2 ' 0.64, b3 ' 0.4 for the light fragment (right).

sion, from the ground-state deformation to the fission barrier,
remains a challenge.11 However, the study of the dynam-
ics along the fission valleys is now possible with the time-
dependent energy-density functional approach12, 13 including
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Möller, Sierk, Bengtsson, Sagawa, Ichikawa, ADNDT98 (2012) 149

P. Möller et al. / Atomic Data and Nuclear Data Tables 98 (2012) 149–300 155

deformation (collective rotational bands!)

shape coexistence

fission

clusterisation

pairing (nuclear superfluidity)

Impact of pear-shaped fission fragments on mass-asymmetric fission in actinides

Guillaume Scamps⇤1 and Cédric Simenel†2

1Center for Computational Sciences, University of Tsukuba, Tsukuba 305-8571, Japan
2Department of Nuclear Physics and Department of Theoretical Physics, Research School of Physics and Engineering,

Australian National University, Canberra, Australian Capital Territory 2601, Australia
October 7, 2019

Nuclear fission of heavy (actinide) nuclei results pre-
dominantly in asymmetric mass-splits.1 Without quan-
tum shells, which can give extra binding energy to these
mass-asymmetric shapes, the nuclei would fission symmet-
rically. The strongest shell effects are in spherical nu-
clei, so naturally the spherical “doubly-magic” 132Sn nu-
cleus (Z = 50 protons), was expected to play a major role.
However, a systematic study of fission has shown that the
heavy fragments are distributed around Z = 52 to 56,2
indicating that 132Sn is not the only driver. Reconciling
the strong spherical shell effects at Z = 50 with the differ-
ent Z values of fission fragments observed in nature has
been a longstanding puzzle.3 Here, we show that the fi-
nal mass asymmetry of the fragments is also determined
by the extra stability of octupole (pear-shaped) deforma-
tions which have been recently confirmed experimentally
around 144Ba (Z = 56),4, 5 one of very few nuclei with shell-
stabilized octupole deformation.6 Using a modern quan-
tum many-body model of superfluid fission dynamics,7 we
found that heavy fission fragments are produced predomi-
nantly with 52�56 protons, associated with significant oc-
tupole deformation acquired on the way to fission. These
octupole shapes favouring asymmetric fission are induced
by deformed shells at Z = 52 and 56. In contrast, spher-
ical “magic” nuclei are very resistant to octupole defor-
mation, which hinders their production as fission frag-
ments. These findings may explain surprising observa-
tions of asymmetric fission of lighter than lead nuclei.8

Atomic nuclei are usually found in a minimum of energy
“ground-state” which may be deformed due to quantum cor-
relations. Elongation beyond the ground-state costs potential
energy until a maximum is reached at the fission barrier. In-
creasing the elongation beyond the fission barrier decreases
the potential energy and the system follows a fission valley
in the “potential energy surface” until it breaks into two frag-
ments (scission). In the absence of quantum shell effects, all
heavy nuclei preferentially fission into two fragments of sim-
ilar mass (mass-symmetric fission). However, quantum shells
in the fissioning nucleus can result in several valleys to scis-
sion. These may be mass-symmetric or mass-asymmetric.

Although recent progress has been made in describing fis-
sion fragment mass distributions with stochastic based ap-
proaches,9, 10 theoretical description of the first stage of fis-

⇤scamps@nucl.ph.tsukuba.ac.jp
†cedric.simenel@anu.edu.au

0.0

0.1

0.2

0.3

0.4

0.5

t=0

t=15.9 zs

t=19.8 zs

t=20.4 zs

240Pu

C
n

-10

-5

0

 5

 10

 y [fm]

-10

-5

0

 5

 10

 y [fm]

-10

-5

0

 5

 10

 y [fm]

-10

-5

0

 5

 10

 y [fm]

 10 5-5-10-15-20
 z [fm]
0  15  20

 10 5-5-10-15-20
 z [fm]
0  15  20

 10 5-5-10-15-20
 z [fm]
0  15  20

 10 5-5-10-15-20
 z [fm]
0  15  20

Figure 1: Microscopic calculations of 240Pu asymmetric fis-
sion.
Isodensity surfaces at 0.08 fm�3 (half the saturation density)
have been computed from the full microscopic evolution and
are shown at different times (see Supplementary Information
video). The localisation function Cn of the neutrons (see
Methods) is shown in the projections. Here, scission occurs
at t ' 20 zs, i.e., between 3rd and 4th panels. The quadrupole
and octupole deformation parameters (see Methods) at scis-
sion are b2 ' 0.16, b3 ' 0.22 for the heavy fragment (left)
and b2 ' 0.64, b3 ' 0.4 for the light fragment (right).

sion, from the ground-state deformation to the fission barrier,
remains a challenge.11 However, the study of the dynam-
ics along the fission valleys is now possible with the time-
dependent energy-density functional approach12, 13 including

1

ar
X

iv
:1

80
4.

03
33

7v
4 

 [n
uc

l-t
h]

  4
 O

ct
 2

01
9

Scamps & Simenel, Nature 564 (2018) 382

M. Bender (IP2I Lyon) Brisure et restauration de symétries 30 January 2020 3 / 14



Nuclear modeling in the presence of symmetries

Symmetry-conserving approaches

conventional shell-model

(most) conventional ab-initio approaches

. . .

Symmetry-breaking approaches

Self-consistent mean-field models
(either EDF-based or valence space
with schematic interactions)

Cluster models

. . .

Symmetry-breaking & restoration

Projected symmetry-breaking states

Monte-Carlo shell model

. . .

Technically, ”projection” means inserting a
numerical discretization of an operator that
extracts the targeted components when
calculating matrix elements.

”Special case” of a Generator Coordinate
Method (non-orthogonal CI)
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Symmetry-breaking configurations

Typical situations:

localised finite system (broken translational symmetry)

axial deformation (partially broken rotational symmetry)

non-axial deformation (broken rotational symmetry)

states with finite angular momentum (broken time-reversal )

octupole deformation (broken parity + broken rotational symmetry)

HFB-type pairing (broken global gauge symmetry)

Some rarely addressed situations

absence of more than one plane symmetry

broken signature (angular momentum not in the direction of a major axis )

proton-neutron mixing (broken ”axiality” in isospin)
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Symmetry-breaking + restoration influences many observables

lowest projected state
usually has more broken
symmetries than
mean-field minimum

additional correlation
energy varies quickly for
transitional nuclei
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Coupling of collective and single-particle degrees of freedom

251Md

1/2−
5/2−

9/2−

13/2−

17/2−

21/2−

25/2−

1/2−
5/2−
3/2−

9/2−
7/2−

13/2−
11/2−

17/2−
15/2−

21/2−

19/2−

25/2−

23/2−

Kπ = 1/2−

J rrmsp rrmsn mu Q_s

(fm) (fm) (mu_N) e fm^2

----------------------------------------

7/2 5.8769 6.0193 1.4540 596.84

9/2 5.8769 6.0194 1.8407 232.67

11/2 5.8769 6.0194 2.2308 14.27

13/2 5.8769 6.0194 2.6230 -127.63

15/2 5.8770 6.0194 3.0164 -225.40

17/2 5.8770 6.0195 3.4108 -295.86

19/2 5.8771 6.0195 3.8057 -348.48

21/2 5.8771 6.0196 4.2011 -388.91

23/2 5.8772 6.0196 4.5968 -420.74

25/2 5.8773 6.0197 4.9928 -446.29

transition B(E2) M(M1)

(e^2 fm^4) (mu_N^2)

------------------------------------

9/2 -> 7/2 55214 2.6167 E-04

11/2 -> 7/2 11834 ---

11/2 -> 9/2 55760 3.9979 E-04

13/2 -> 9/2 21953 ---

13/2 -> 11/2 47809 4.8087 E-04

In odd-A nuclei, bands get easily mixed.

Heenen, Bally, Bender, Ryssens, EPJ Web of Conf 131 (2016) 02001;

Bally, Bender, Heenen, to be published

seniority-2 states in 46Ca
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Characteristic pattern emerges
when 2qp states are mixed in

Mixed with collective bands.

Bender, Bally, Heenen, to be published
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Non-standard deformation modes might only show up when breaking & restoring symmetries

Clustering

Dominant configuration in the ground-state of 12C

5. Cluster States in 12C
The structure of the second 0+ state in 12C, the famous Hoyle state, is still one of the hottest
topics in nuclear structure. In [23] we investigated the structure of the Hoyle state using the
FMD approach. The model space consisted of configurations obtained by variation and a full
set of three-α configurations. A UCOM interaction with some phenomenological modifications
regarding the strength of the spin-orbit force and the saturation properties of the two-body
interaction was used in that calculation. We compared the results with a microscopic cluster
model using a phenomenological Volkov interaction. These cluster model calculations reproduced
previous results by Kamimura [24] and are also very close to those obtained by Funaki et al. [25].
We found for both models that the Hoyle state has a very dilute, extended three-α structure.
This is illustrated in Fig. 4 where we show the intrinsic FMD basis states that have the largest
overlap with the ground state and the Hoyle state.

We used these wave functions also to calculate the transition form factor from the ground state
to the Hoyle state. This transition form factor can be directly compared to electron scattering
data [23, 26]. The good agreement of calculation and experiment is a strong confirmation for a
spatially extended structure for the Hoyle state.

5.1. Two-body densities
Observables like radii and form factors are scalar quantities that provide information about
the size of the states but they do not provide direct information about the structure of the
states. The old question whether the Hoyle state should be interpreted as a linear chain of
α-particles, a triangular structure or a gas-like structure can therefore not be answered directly
by these experimental observables. There is also the questions of how we should compare the
wave functions obtained in different many-body approaches like the cluster model, the no-core
shell model or as obtained on the lattice [27].

In case of FMD or the cluster model the individual basis states can be easily interpreted
in terms of the intrinsic structure as shown in Fig. 4. However the eigenstates are linear
combinations of many basis states and the non-orthogonality of the basis states might question
the validity of the obtained picture.

To remedy this situation we propose to use two-body densities to analyze the structure of the
12C eigenstates. In Fig. 5 we show the diagonal part of the two-body density integrated over the
center-of-mass coordinates and summed over all spin-isospin channels which can be expressed
as

ρ(2)(r) =
〈
Ψ

∣∣∑

i<j

δ(r̂i − r̂j − r)
∣∣ Ψ

〉
. (4)

The two-body density ρ(2)(r) tells us about the probability to find a pair of nucleons at a
given distance r. In the case of 12C where we expect an intrinsic α-cluster structure the two-body
density should directly reflect the correlations between the α-clusters. The two-body density
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Figure 4. (Left) Intrinsic FMD basis state that has the largest overlap with the ground state.
(Right) The four intrinsic FMD basis states that have the largest overlaps with the Hoyle state.
The basis states are not orthogonal.
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Parity, angular-momentum & center-of-mass-
projected Fermionic Molecular Dynamics
Chernykh et al, PRL98 (2007) 032501; Neff, JPhys Conf Ser 403 (2012) 012028

MAREVIĆ, EBRAN, KHAN, NIKŠIĆ, AND VRETENAR PHYSICAL REVIEW C 99, 034317 (2019)

FIG. 5. Characteristic intrinsic nucleon densities of the first three 0+ and 2+ collective states in 12C. The corresponding average deformation
parameters (β2, β3), as well as the respective contributions of prolate and/or oblate configurations, are shown. The bottom panel displays states
that exhibit significant contributions from both prolate and oblate configurations, whereas the states shown in the top panel are predominantly
characterized by either prolate or oblate configurations. See text for more details.

plane. These densities are obtained by axial RHB calculations
constrained to the average (β2,β3) values. In each panel we
also include the percentage of prolate or oblate configurations
in the collective wave function.

Only the 0+
1 and 0+

2 states exhibit significant (>20%)
contributions from both prolate and oblate configurations,
while other states predominantly correspond to either prolate
or oblate shapes. In particular, the situation for the 0+

1 state
is rather similar to that observed in the symmetry-restored
Jπ = 0+ energy curve of Fig. 2, where the prolate-deformed
local minimum coexists with the oblate-deformed absolute
minimum. In fact, the maximum of the 0+

1 collective wave
function is also found at the oblate-deformed (β2,β3) =
(−0.4, 0.0) configuration. However, |g(β2,β3)|2 has non-
negligible contributions from configurations in a rather wide
range of deformations: β2 ∈ [−1.2, 1.2] and |β3| ∈ [0.0, 1.4].
Averaging over all these configurations accumulates signif-
icant contributions from prolate configurations that balance
the influence of the oblate maximum, and would ultimately
yield the nearly spherical density distribution. This clearly
does not reflect the actual physical picture of the ground
state of 12C. In contrast, the two plots in the bottom panel
of Fig. 5 reveal the complex structure of the 12C ground state.
The collective wave function of the 2+

1 state is predominantly
spread over (β2 < 0, β3) configurations and the corresponding
density distribution is oblate deformed. This could already
be predicted from the low-energy oblate configurations in the
Jπ = 2+ energy maps of Figs. 1 and 2. Moreover, the average
deformation (β2,β3) = (−0.50, 0.58) of the 4+

1 confirms the

oblate nature of the ground-state band. Note that the present
model is not suitable to investigate the role of triaxiality in
yrast states that was recently inferred experimentally [15] and
further suggested by some theoretical calculations (see, e.g.,
Ref. [13] and references cited therein).

The amplitude of the collective wave function of the 0+
2

state exhibits two maxima: one at small prolate deformations
and the other one at larger oblate deformations. The corre-
sponding density distributions are displayed in the bottom
right panel of Fig. 5. Of course, to obtain the expected
triangular distribution of the Hoyle state [13] one needs to
break axial symmetry, which has not been possible in the
present work. Finally, the Kπ = 0+

3 band originates from the
shoulder at large prolate β2 values in Figs. 1 and 2. In the
intrinsic frame of reference, a large quadrupole deformation
translates into a pronounced linear structure of the 0+

3 and 2+
3

collective states, as shown in the top right panel of Fig. 5. A
homogeneous alignment of 3α particles would be described
by a reflection-symmetric configuration in the intrinsic frame,
that is, the corresponding octupole deformation would be neg-
ligible. Even though the maxima of the 0+

3 and 2+
3 amplitudes

are indeed found at β3 = 0 [see Fig. 4], fluctuations in the
octupole direction are rather pronounced for both states. Con-
sequently, the reflection-asymmetric 8Be + α-like structure is
observed in the intrinsic frame. The formation of linear chain
structures in 12C was previously predicted by microscopic
models [6,7], but they are yet to be confirmed experimentally.
Another interesting feature of these chains is their alleged
susceptibility to bending, which would eventually lead to the

034317-6

Parity & angular-momentum projected axial
relativistic mean field
Marevic, Ebran, E. Khan, T. Niksic, Vretenar, PRC 99, 034317 (2019)

Exotic deformations

Nuclear Tetrahedral Symmetry: Td -Group

Let us recall one of the magic forms introduced long time by Plato.
The implied symmetry leads to the tetrahedral group denoted Td !

A tetrahedron has four equal walls.
Its shape is invariant with respect to
24 symmetry elements. Tetrahedron
is not invariant with respect to the
inversion. Of course nuclei cannot be
represented by a sharp-edge pyramid

... but rather in a form of a regular spherical harmonic expansion:

R(#,') = R0 {1 + ↵3+2(Y3+2 + Y3�2)| {z }
one parameter 3rd order

+↵72

⇥
(Y7+2 + Y7�2) �

q
11
13

(Y7+6 + Y7�6)
⇤

| {z }
one parameter 7th order

}

+ higher order odd�� terms

Jerzy DUDEK, UdS/IPHC CNRS and UMCS Evidence for Octahedral & Tetrahedral Symmetries

Introducing Nuclear Octahedral Symmetry

Let us recall one of the magic forms introduced long time by Plato.
The implied symmetry leads to the octahedral group denoted Oh

An octahedron has 8 equal walls. Its
shape is invariant with respect to 48
symmetry elements that include in-
version. However, the nuclear surface
cannot be represented in the form of
a diamond ! ! ! ! ! ! ! !

... but rather in a form of a regular spherical harmonic expansion:

R(#,') = R0

�
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⇥
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q
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one parameter 4th order
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Experimental Results [Td -vs.-Oh]

Symmetry Hypotheses:

Tetrahedral: Td

Octahedral: Oh

A1 ! r.m.s.=80.5 keV

A1g ! r.m.s.=1.6 keV
A2u ! r.m.s.=7.5 keV
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Graphical representation of the experimental data from the summary Table.
Curves represent the fit and are not meant ‘to guide the eye’. Markedly, point
[I⇡ = 0+], is a prediction by extrapolation - not an experimental datum.
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Non-standard deformation modes might only show up when breaking & restoring symmetries

Clustering

Dominant configuration in the ground-state of 12C

5. Cluster States in 12C
The structure of the second 0+ state in 12C, the famous Hoyle state, is still one of the hottest
topics in nuclear structure. In [23] we investigated the structure of the Hoyle state using the
FMD approach. The model space consisted of configurations obtained by variation and a full
set of three-α configurations. A UCOM interaction with some phenomenological modifications
regarding the strength of the spin-orbit force and the saturation properties of the two-body
interaction was used in that calculation. We compared the results with a microscopic cluster
model using a phenomenological Volkov interaction. These cluster model calculations reproduced
previous results by Kamimura [24] and are also very close to those obtained by Funaki et al. [25].
We found for both models that the Hoyle state has a very dilute, extended three-α structure.
This is illustrated in Fig. 4 where we show the intrinsic FMD basis states that have the largest
overlap with the ground state and the Hoyle state.

We used these wave functions also to calculate the transition form factor from the ground state
to the Hoyle state. This transition form factor can be directly compared to electron scattering
data [23, 26]. The good agreement of calculation and experiment is a strong confirmation for a
spatially extended structure for the Hoyle state.

5.1. Two-body densities
Observables like radii and form factors are scalar quantities that provide information about
the size of the states but they do not provide direct information about the structure of the
states. The old question whether the Hoyle state should be interpreted as a linear chain of
α-particles, a triangular structure or a gas-like structure can therefore not be answered directly
by these experimental observables. There is also the questions of how we should compare the
wave functions obtained in different many-body approaches like the cluster model, the no-core
shell model or as obtained on the lattice [27].

In case of FMD or the cluster model the individual basis states can be easily interpreted
in terms of the intrinsic structure as shown in Fig. 4. However the eigenstates are linear
combinations of many basis states and the non-orthogonality of the basis states might question
the validity of the obtained picture.

To remedy this situation we propose to use two-body densities to analyze the structure of the
12C eigenstates. In Fig. 5 we show the diagonal part of the two-body density integrated over the
center-of-mass coordinates and summed over all spin-isospin channels which can be expressed
as

ρ(2)(r) =
〈
Ψ

∣∣∑

i<j

δ(r̂i − r̂j − r)
∣∣ Ψ

〉
. (4)

The two-body density ρ(2)(r) tells us about the probability to find a pair of nucleons at a
given distance r. In the case of 12C where we expect an intrinsic α-cluster structure the two-body
density should directly reflect the correlations between the α-clusters. The two-body density
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Figure 4. (Left) Intrinsic FMD basis state that has the largest overlap with the ground state.
(Right) The four intrinsic FMD basis states that have the largest overlaps with the Hoyle state.
The basis states are not orthogonal.
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Parity, angular-momentum & center-of-mass-
projected Fermionic Molecular Dynamics
Chernykh et al, PRL98 (2007) 032501; Neff, JPhys Conf Ser 403 (2012) 012028

MAREVIĆ, EBRAN, KHAN, NIKŠIĆ, AND VRETENAR PHYSICAL REVIEW C 99, 034317 (2019)

FIG. 5. Characteristic intrinsic nucleon densities of the first three 0+ and 2+ collective states in 12C. The corresponding average deformation
parameters (β2, β3), as well as the respective contributions of prolate and/or oblate configurations, are shown. The bottom panel displays states
that exhibit significant contributions from both prolate and oblate configurations, whereas the states shown in the top panel are predominantly
characterized by either prolate or oblate configurations. See text for more details.

plane. These densities are obtained by axial RHB calculations
constrained to the average (β2,β3) values. In each panel we
also include the percentage of prolate or oblate configurations
in the collective wave function.

Only the 0+
1 and 0+

2 states exhibit significant (>20%)
contributions from both prolate and oblate configurations,
while other states predominantly correspond to either prolate
or oblate shapes. In particular, the situation for the 0+

1 state
is rather similar to that observed in the symmetry-restored
Jπ = 0+ energy curve of Fig. 2, where the prolate-deformed
local minimum coexists with the oblate-deformed absolute
minimum. In fact, the maximum of the 0+

1 collective wave
function is also found at the oblate-deformed (β2,β3) =
(−0.4, 0.0) configuration. However, |g(β2,β3)|2 has non-
negligible contributions from configurations in a rather wide
range of deformations: β2 ∈ [−1.2, 1.2] and |β3| ∈ [0.0, 1.4].
Averaging over all these configurations accumulates signif-
icant contributions from prolate configurations that balance
the influence of the oblate maximum, and would ultimately
yield the nearly spherical density distribution. This clearly
does not reflect the actual physical picture of the ground
state of 12C. In contrast, the two plots in the bottom panel
of Fig. 5 reveal the complex structure of the 12C ground state.
The collective wave function of the 2+

1 state is predominantly
spread over (β2 < 0, β3) configurations and the corresponding
density distribution is oblate deformed. This could already
be predicted from the low-energy oblate configurations in the
Jπ = 2+ energy maps of Figs. 1 and 2. Moreover, the average
deformation (β2,β3) = (−0.50, 0.58) of the 4+

1 confirms the

oblate nature of the ground-state band. Note that the present
model is not suitable to investigate the role of triaxiality in
yrast states that was recently inferred experimentally [15] and
further suggested by some theoretical calculations (see, e.g.,
Ref. [13] and references cited therein).

The amplitude of the collective wave function of the 0+
2

state exhibits two maxima: one at small prolate deformations
and the other one at larger oblate deformations. The corre-
sponding density distributions are displayed in the bottom
right panel of Fig. 5. Of course, to obtain the expected
triangular distribution of the Hoyle state [13] one needs to
break axial symmetry, which has not been possible in the
present work. Finally, the Kπ = 0+

3 band originates from the
shoulder at large prolate β2 values in Figs. 1 and 2. In the
intrinsic frame of reference, a large quadrupole deformation
translates into a pronounced linear structure of the 0+

3 and 2+
3

collective states, as shown in the top right panel of Fig. 5. A
homogeneous alignment of 3α particles would be described
by a reflection-symmetric configuration in the intrinsic frame,
that is, the corresponding octupole deformation would be neg-
ligible. Even though the maxima of the 0+

3 and 2+
3 amplitudes

are indeed found at β3 = 0 [see Fig. 4], fluctuations in the
octupole direction are rather pronounced for both states. Con-
sequently, the reflection-asymmetric 8Be + α-like structure is
observed in the intrinsic frame. The formation of linear chain
structures in 12C was previously predicted by microscopic
models [6,7], but they are yet to be confirmed experimentally.
Another interesting feature of these chains is their alleged
susceptibility to bending, which would eventually lead to the

034317-6

Parity & angular-momentum projected axial
relativistic mean field
Marevic, Ebran, E. Khan, T. Niksic, Vretenar, PRC 99, 034317 (2019)

Exotic deformations

Nuclear Tetrahedral Symmetry: Td -Group

Let us recall one of the magic forms introduced long time by Plato.
The implied symmetry leads to the tetrahedral group denoted Td !

A tetrahedron has four equal walls.
Its shape is invariant with respect to
24 symmetry elements. Tetrahedron
is not invariant with respect to the
inversion. Of course nuclei cannot be
represented by a sharp-edge pyramid

... but rather in a form of a regular spherical harmonic expansion:

R(#,') = R0 {1 + ↵3+2(Y3+2 + Y3�2)| {z }
one parameter 3rd order

+↵72

⇥
(Y7+2 + Y7�2) �

q
11
13

(Y7+6 + Y7�6)
⇤

| {z }
one parameter 7th order

}

+ higher order odd�� terms
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Introducing Nuclear Octahedral Symmetry

Let us recall one of the magic forms introduced long time by Plato.
The implied symmetry leads to the octahedral group denoted Oh

An octahedron has 8 equal walls. Its
shape is invariant with respect to 48
symmetry elements that include in-
version. However, the nuclear surface
cannot be represented in the form of
a diamond ! ! ! ! ! ! ! !

... but rather in a form of a regular spherical harmonic expansion:

R(#,') = R0
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Graphical representation of the experimental data from the summary Table.
Curves represent the fit and are not meant ‘to guide the eye’. Markedly, point
[I⇡ = 0+], is a prediction by extrapolation - not an experimental datum.
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Isospin breaking and restoration

physically broken by the Coulomb
interaction, the difference of proton and
neutron masses, and small contributions of
the strong interaction

spuriously broken by mean-field methods,
with some severe consequences for
calculated properties of nuclei close to the
N = Z line.

spurious breaking can be removed by
diagonalizing the symmetry-breaking
Hamiltonian in a basis of isospin-projected
mean-field states.

isospin projection mixes proton and
neutron single-particle states.

controlling the physical isospin breaking
has relevance for tests of the standard
model through the analysis of
superallowed 0+ → 0+ Fermi β decay

Example: rotational bands of 56Ni

SATUŁA, DOBACZEWSKI, NAZAREWICZ, AND RAFALSKI PHYSICAL REVIEW C 81, 054310 (2010)

approach to the SD bands in 56Ni and terminating states in
N = Z isotopes of Ca, Sc, Ti, V, and Cr are presented in
Secs. IV A and IV B, respectively. Finally, Sec. V contains the
conclusions of this work.

II. ISOSPIN SYMMETRY VIOLATION IN A
MEAN-FIELD APPROACH

Let us begin by exposing serious problems with the MF
description of g.s. configurations of odd-odd (o-o) N = Z
nuclei. If, for the sake of simplicity, the Coulomb and time-
odd polarization effects are disregarded and proton-neutron
symmetry is conserved, a deformed MF approach naturally
leads to four-fold degenerate (isospin and Kramers) single-
particle (s.p.) levels. Consequently, the MF g.s. configuration
of the o-o N = Z nucleus is not uniquely defined and depends
on occupation of specific levels. As shown in the upper panel
of Fig. 1, the valence proton and neutron can be arranged
in two distinctively different ways. Indeed, configurations of
the type shown on the left-hand side (aligned configurations),
are symmetric in spin-space coordinates and, therefore, anti-
symmetric (isoscalar) in isospin coordinates. The anti-aligned
configurations depicted on the right-hand side, have a mixed
symmetry in spin-space coordinates and, therefore, also in
isospin coordinates.

Because of their isoscalar character, aligned configurations
are not affected by the isospin projection. On the other
hand, the projection lifts the degeneracy of T = 0 and T = 1
components of aligned configurations as it is illustrated in
the lower panel of Fig. 1. Due to the repulsive character of the
nuclear symmetry energy, the isovector (isoscalar) components
of the anti-aligned configurations are shifted up (down) in
energy. Hence, isospin restoration changes the structure of
the ground states of o-o N = Z nuclei without affecting the

aligned configuration

π πνν

anti-aligned configuration
ν π or ν πorν π ν π

T=0

Isospin projection

T=1

T=0ν π ν π

Mean-field

νν π π

four-fold degeneracy of the sp levels

FIG. 1. The upper panel schematically shows two possible g.s.
configurations of an odd-odd N = Z nucleus, as described by the
conventional deformed MF theory. These degenerate configurations
are called aligned (left) and anti-aligned (right), depending on what
levels are occupied by the valence particles. The lower panel shows
what happens if the isospin-symmetry is restored. The aligned
configuration is isoscalar; hence, it is insensitive to the isospin
projection. The anti-aligned configuration represents a mixture of
the T = 0 and T = 1 states. The isospin projection removes the
degeneracy by shifting the T = 0 component down.

f7/2

f5/2
p3/2

neutrons protons

4p-4h

Band 1

[303]7/2

[321]1/2
Nilsson

f7/2

f5/2
p3/2

neutrons protons

g9/2

πp-hBand 2

[303]7/2

[321]1/2

[440]1/2

f7/2

f5/2
p3/2

neutrons protons

g9/2

νp-h Band 2

[303]7/2

[321]1/2

[440]1/2

or?

T=0

T=1

νp-hπp-h

Band 2 with isospin projection

FIG. 2. The upper panel schematically shows the s.p. configura-
tion corresponding to the SD Band 1 in 56Ni, which is based on a
4p4h excitation with respect to the doubly magic core. The middle
panel depicts two possible configurations of Band 2 involving a single
proton (left) or neutron (right) promoted to the 0g9/2 shell. To facilitate
the discussion, we also show the relevant asymptotic Nilsson quantum
numbers associated with deformed orbitals involved. The lower panel
illustrates the isospin splitting induced by the isospin-symmetry
restoration.

ground states of e-e N = Z nuclei. In other words, it does
affect the binding-energy staggering along the N = Z line.

Another example that nicely illuminates problems with
isospin encountered in MF approaches is the case of two
SD bands observed in the doubly magic nucleus 56Ni [22].
Following Ref. [22], we label them as Band 1 and Band 2.
Band 1 is interpreted as a four-particle four-hole configuration
formed by promoting two protons and two neutrons from
the 0f7/2 shell to 0f5/2 shell. Within deformed MF model,
where it is more natural to use the notion of Nilsson orbitals,
Band 1 is obtained by emptying the neutron and proton
[303]7/2 Nilsson extruder orbitals and occupying the prolate-
driving [321]1/2 levels. This interpretation, not involving
the 0g9/2 shell, is strongly supported by both state-of-the-art
shell-model (SM) calculations [22,29] in the 0h̄ω fp space and
the self-consistent cranked-HF theory [22]. Both approaches
appear to reproduce satisfactorily the excitation energy and
moment of inertia (MoI) of this band. The p-h configuration
of this band is depicted schematically in the upper panel of
Fig. 2.

Band 2, on the other hand, cannot be reproduced within the
fp SM space. This band has also a larger MoI as compared
to the Band 1, and it is becoming yrast around spin I ∼ 12h̄.
These two facts strongly suggest that its structure must involve
at least one particle in the prolate-driving [440]1/2 Nilsson

054310-2

Satu la, Dobaczewski, Nazarewicz, Rafalski, PRC 81 (2010) 054310

Example: Isospin correction to Fermi decays

4

configuration mixing in A=19 and 37 corrects, to large
extent, the irregular behavior of �V

ISB versus A obtained
for these two cases in MR-DFT, see Fig. 2.

Table I summarizes the results of DFT-NCCI calcula-
tions. It contains the results for the calculated values of
�V
ISB, the average values of nucleus independent reduced

lifetime F̄t0 defined, for a single transition, as:

Ft0 ⌘ Ftmirror
⇣
1 +

fA

fV
%2
⌘
, (6)

the extracted values of Vud, and the result of the uni-
tarity test. Note that the DFT-NCCI theory for Vud is
convergent with respect to addition of higher order ISB
terms as depicted in Fig. 3 and that the final Vud matrix
element

Vud = 0.9736 ± 0.0016

lies within 1
2� from the value assessed from superallowed

0+ ! 0+ Fermi transitions, which is Vud = 0.97417 ±
0.00021 [1]. In the calculations of F̄t0 and Vud we used
the radiative corrections and phase-space factors taken
from Ref. [2]. The experimental data were taken from:
Ref. [28] for A=19, Ref. [29] for A=21, Ref. [3] for A=35,
and Ref. [6] for A=37. Recent half-life measurement in
21Na [30] was not included in the analysis since the com-
plementary �-asymmetry experiment aiming to extract ⇢
value for this decay is not yet completed.
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FIG. 2. (Color online) ISB corrections to the Fermi branch of
ground-state beta decay in T = 1/2 mirror nuclei calculated
using variants C (blue dots), LO (green squares), and NLO
(orange triangles) of our MR-DFT model in comparison with
the nuclear shell model (NSM) results (gray diamonds) taken
from Ref. [2]. Black crosses mark the DFT-NCCI results for
A=19, 21, 35, and 37 decays, see Tab. I.

In summary, we performed systematic study of isospin
impurities to the nuclear wave functions in T=1/2 mir-
ror nuclei using MR-CDDFT that includes, apart of the
Coulomb interaction, the class-III ISB interaction ad-
justed to reproduce the Nolen-Schiffer anomaly in MDEs.

TABLE I. ISB corrections �V
ISB to the Fermi transitions in

A=19, 21, 35, and 37 calculated using the NSM [2] and the
C, LO, and NLO variants of DFT-NCCI model. Last three
rows show the results for F̄t0, Vud, and for the unitarity test
obtained by averaging over the results in A=19, 21, 35 and
37.

A NSM C LO NLO
19 0.415(39) 0.2311(70) 0.412(19) 0.430(22)

�V
ISB 21 0.348(27) 0.2514(74) 0.387(17) 0.415(21)

35 0.493(46) 0.474(14) 0.647(29) 0.688(34)
37 0.734(61) 0.714(21) 0.973(44) 1.042(52)

F̄t0 6162(15) 6166(18) 6156(18) 6152(21)
Vud 0.9727(14) 0.9725(14) 0.9732(14) 0.9736(16)
unitarity 0.9967(31) 0.9961(31) 0.9976(31) 0.9983(35)

FIG. 3. (Color online) Vud matrix element calculated from
the T = 1/2, A =19, 21, 35, and 37 mirror decays by means
of the NSM [2] and the three variants C, LO, and NLO of the
DFT-NCCI model. Right point represents the Vud obtained
from superallowed Fermi beta decays taken from Ref. [1].

We have investigated the impurities using three vari-
ants of the model including different ISB forces, namely:
(i) involving only the Coulomb force, (ii) involving the
Coulomb and LO contact ISB forces, and (iii) involving
the Coulomb and local ISB forces up to NLO. We have
demonstrated, for the first time, that the class-III inter-
action very strongly increases isospin mixing, see Fig. 1.
Our results show that the NLO theory is convergent and
brings much smaller increase of ↵ISB as compared to the
LO theory.

We have also demonstrated that the class-III ISB force
has a profound impact on the isospin-symmetry-breaking
corrections �V

ISB to the Fermi matrix elements of ground-
state decays of T=1/2 mirror nuclei which constitute a
theoretical input for the precision tests of the electroweak
sector of the SM. In order to assess the effect quantita-

Konieczka, P. Baczyk, Satu la, arXiv:1909.09350
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Need for specific functionals

N & Z projecction of an HFB state of 18O
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Need for specific functionals

N & Z projecction of an HFB state of 18O

energy as a function of deformation

general EDF

z+µ = +i
|uµ|
|vµ|

z−
µ = −i

|uµ|
|vµ|

eiϕN̂

eηN̂

Lacroix, Duguet, Bender, PRC 79 (2009) 044318

Bender, Duguet, Lacroix, PRC 79 (2009) 044319

Duguet, Bender, Bennaceur, Lacroix, Lesinski, PRC 79 (2009) 044320

J-projetion of a HF state of 25Mg

E
(M

eV
)

mα

mβ = 24, mγ = 2mα

E
(M

eV
)

mα

mβ = 24, mγ = 2mα

energy decomposition of one pathological state
as a function of discretisation of the projector

Left: density-dependent EDF

right: non-density-dependent EDF from
generating operator

predictive well-defined EDFs turn out to be
difficult to construct; necessary operator
structure has not yet been identified.

Bender, Heenen, unpublished
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difficult to construct; necessary operator
structure has not yet been identified.

Bender, Heenen, unpublished
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Bande rotationnelle du 256Rf

Le 256Rf est un noyau qui a la structure très similaire à celui du 254No, la surface

dénergie potentielle et les spectres rotationnelles sont présentés dans la Fig. 5.12 et Fig.

5.13. On voir que les occupations des orbites sphériques sont remplis principalement

les trois premiers couches pour protons et neutrons voir Tab. 5.2.

triaxial HF, axial J projection
Bounseng Bounthong, thèse, Strasbourg, 2016
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TABLE I. Different PGCM approximation schemes used to com-
pute the structure of calcium isotopes.

Label Energy minimization Collective coordinates

PGCM1 HFB (β2, γ )
PGCM2 PNVAP (β2, γ )
PGCM3 PNVAP (β2, γ , δnn )

where C = 3r2
0 A5/3

8π
, r0 = 1.2 fm, and A is the total mass number

(including core and valence space particles). Additionally,
electromagnetic transitions and moments are calculated with
the effective charge ep for protons and en for neutrons. In the
p f shell, we choose the standard values 1.5 and 0.5 for protons
and neutrons, respectively [8,9].

Pairing degrees of freedom can be explored by constraining
the expectation value of a pair creation operator with respect
to the intrinsic states. In this work, we use an operator that
couples pairs within a given orbit ă ≡ (na, la, ja, sa, ta) to a
good total angular momentum J and total isospin T [48,49],

[P̂†]JT
MJ MT

=
∑

ă

[P̂†
ă ]JT

MJ MT

= 1√
2

∑

ă

√
2 ja + 1[c†

ăc†
ă]JT

MJ MT
, (12)

where the creation operators are JT coupled according to

[c†
ăc†

b̆
]JT
MJ MT

=
√

1 − δăb̆(−1)J+T

1 + δăb̆

∑

mja mjb
mta mtb

c†
ac†

b

×
〈
jamja jbmjb

∣∣JMJ
〉〈 1

2 mta
1
2 mtb

∣∣T MT
〉
. (13)

Both isoscalar (T = 0, J = 1) pn pairing and isovector (T =
1, J = 0) pp, nn, and pn pairing can be explored with these
operators. In this work, we only study the nn-pairing channel
(T = 1, MT = 1, J = 0, MJ = 0) because only neutrons are
present in the calcium chain in the p f shell, i.e., the intrinsic
wave functions can be constrained to

δnn = 1
2 ⟨%(q)|[P̂]01

01 + [P̂†]01
01|%(q)⟩. (14)

In Table I, we summarize and label the different PGCM
schemes that are examined in the present work depending
on the type of energy minimization scheme used (HFB or
PNVAP) and the collective coordinates explored. In all cases,
particle-number (proton and neutron) and angular-momentum
(three Euler angles) projections were performed. The number
of integration points taken to discretize the integrals over
the gauge and Euler angles was large enough as to ensure
a full convergence in the nominal expectation values of the
particle-number and angular-momentum operators computed
with the GCM wave functions [Eq. (2)]. The PGCM calcu-
lations were performed using the newly developed software
TAURUS [50].
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FIG. 1. Total energy surfaces (TES) as a function of the
quadrupole degrees of freedom, (β2, γ ) calculated for the nucleus
48Ca using the following approaches: (a) HFB, (b) PNVAP, and
their corresponding particle number and angular momentum pro-
jected (PNAMP, J = 0) total energy surfaces, (c) HFB+PNAMP, and
(d) PNVAP+PNAMP. Surfaces are normalized to their respective
minimum, i.e., (a) −6.446 MeV, (b) −7.195 MeV, (c) −6.896 MeV,
and (d) −7.209 MeV. Contour lines are separated by 0.2 MeV.

III. RESULTS

A. 48Ca

In this section, we illustrate our methodology taking the
nucleus 48Ca as an example. It is noteworthy that, as it will
be demonstrated below, it represents one of the most difficult
cases for our model.

As mentioned in the previous section, the first step in our
method is the construction of a set of quasiparticle states
through a series of constrained HFB/PNVAP calculations. It
is important to point out that in a restricted valence space the
range of admissible values for the constraints is much more
limited than in a no-core implementation. Indeed, working
with a handful of particles and single-particle states, it is not
possible to build a many-body wave function that satisfies any
arbitrary values of the constraints. For example, the largest β2
value reachable in the model space is quite small compared
to the values used in traditional EDF calculations. In the
present work, the bounds of the constraints are determined
heuristically.

The total energy as a function of the quadrupole degrees
of freedom, (β2, γ ) is represented in Fig. 1. In the top panels,
the HFB [Fig. 1(a)] and PNVAP [Fig. 1(b)] total energy
surfaces (TES) are shown. As expected in this doubly magic
nucleus, in both cases the absolute minimum is located at
the spherical configuration and the energy rises quickly with
β2 and is almost independent of γ ; also we observe that
the PNVAP surface is slightly softer. At the spherical point,
the pairing collapses in the HFB calculation, which is thus
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FIG. 3. Energy spectrum for 48Ca calculated exactly (within
the ISM framework) and with PGCM methods using the KB3G
interaction in the p f shell.

wave functions with (a) intrinsically rotating states through
cranking calculations [52,53]; and/or (b) multi-quasiparticle
excitations obtained through the blocking mechanism [25,26].
Both improvements will be explored in the future but are
beyond the scope of the present work.

Electric quadrupole transitions and moments are also com-
puted and the results of the most relevant ones are written
in Table II. We observe a slight overestimation of the exact
results in most of the transitions and moments. Furthermore,
the PGCM3 method shows, as expected, the best agreement,
and lower values of the spectroscopic quadrupole moments
are obtained whenever the pairing correlations are better
described (PNVAP vs. HFB minimization).

We now analyze two complementary aspects of the nuclear
wave functions obtained by the PGCM framework, namely,

TABLE II. Reduced transition probabilities, B(E2), and electric
spectroscopic quadrupole moments Q calculated with different meth-
ods using proton (1.5) and neutron (0.5) effective charges. The B(E2)
are given in units of e2fm4 whereas the Q are expressed in units of
efm2.

PGCM1 PGCM2 PGCM3 ISM

B(E2 : 2+
1 → 0+

1 ) 12.7 12.7 12.7 11.5
B(E2 : 2+

1 → 0+
2 ) 0.8 0.9 1.0 1.0

B(E2 : 2+
2 → 0+

1 ) 0.0 0.0 0.0 0.0
B(E2 : 2+

2 → 0+
2 ) 30.4 24.5 23.0 21.6

B(E2 : 4+
1 → 2+

1 ) 5.6 5.7 2.5 2.0
Q(2+

1 ) +5.0 +4.8 +4.4 +4.1
Q(2+

2 ) −11.4 −9.8 −9.3 −8.6
Q(4+

1 ) +10.8 +9.1 +8.3 +7.5
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FIG. 4. Collective wave functions |F!
σ (q)|2 [Eq. (15)] in the q =

(β2, γ ) plane for the lowest 0+, 2+, and 4+ states in 48Ca computed
with the PGCM2 approximation. These functions are normalized to∑

q |F γ
σ (q)|2 = 1.

the collective wave functions (c.w.f.) and the occupation
numbers of the spherical single-particle orbits. The c.w.f. are
useful quantities to reveal the role of the different collective
degrees of freedom explored with constrained calculations
and they are routinely computed in MREDF methods based
on Skyrme, Gogny, and covariant functionals. These func-
tions give the most relevant contributions of the collective
coordinates in each individual nuclear state [10,13,30] and are
defined as

∣∣F!
σ (q)

∣∣2 =
∣∣∣∣∣
∑

Kλ

G!
σ ;λu!

λ;qK

∣∣∣∣∣

2

. (15)

In Fig. 4, we plot the c.w.f. for 0+
1,2, 2+

1,2, and 4+
1,2 states in

the (β2, γ ) plane computed with the PGCM2 method. We first
note that the ground state is flat in almost the whole range
of deformations although the maximum contribution is found
around the spherical point, as we could expect for a doubly
magic nucleus. This behavior is consistent with the degener-
acy of the projected TES [Fig. 1(d)]. The 2+

1 c.w.f. is also
relatively smooth and we find a considerable mixing of oblate
and γ = 20◦ deformed states at the edges of the available β2
deformations. The rest of the c.w.f. represented in Fig. 4 are
also localized at (or nearby) the border of the β2 coordinate.
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FIG. 7. Excitation energies as a function of the angular momentum calculated with ISM (black bullets), PGCM1 (blue circles), PGCM2

(red filled diamonds), and PGCM3 (green asterisks) for even calcium isotopes.

deteriorates in the midshell but it is improved by the inclusion
of the pairing fluctuations within the PGCM3 method. We also
notice in that case a better description of the exact spectra in
odd-mass nuclei. The effect of pairing on the final spectra
can be studied by comparing the PGCM approximations
based on the HFB solutions with those based on the PNVAP
ones. For even-mass nuclei, the PGCM1 approach produces
systematically larger excitation energies in even nuclei that are
subsequently reduced in the PGCM2,3 methods. For odd-mass
nuclei, the PGCM2 approach gives systematically larger exci-
tation energies that are corrected once the pairing fluctuations
are included. Consequently, the PGCM3 calculations provide
almost the exact spectra in the odd calcium isotopes.

For even-mass isotopes, we display in Fig. 9 the systemat-
ics of the lowest excitations with an even value of J . Again, we
observe a very good reproduction of the exact results by the
PGCM methods. In particular, these approximations are able
to reproduce the main trends, e.g., the peaks at N = 28 and
32 in the 2+

1,2 states associated with shell closures, the sudden
decrease of the 0+

2 energy at N = 34, or the bell-shaped 4+
1

excitation energies. However, the PGCM1,2 approximations
have problems in describing the 0+

2 and 4+
1 excitation en-

ergies in the vicinity of 48Ca. This discrepancy is partially
corrected by the addition of the pairing fluctuations (PGCM3)
although there is some room left to improvements, which
could be corrected through the inclusion of additional degrees
of freedom such as the rotational frequency or the explicit
multi-quasiparticle excitations. Nevertheless, the PGCM3 ap-
proximation is almost on top of the exact results in most of the
excitation energies shown in Fig. 9.

The study of the occupation numbers performed above for
48Ca can be extended to all even calcium isotopes. For the
sake of simplicity, we only represent in Fig. 10 the difference
between the ISM and the PGCM3 methods for the two first
0+ and 2+ states. We observe that the difference for the
ground and the 2+

1 states are almost negligible in the whole
isotopic chain. Slightly larger differences are found for 0+

2
and 2+

2 in the midshell nuclei (46−52Ca), consistently with
the discrepancies shown above for ground and excited state
energies. However, these differences are smaller than 0.1
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FIG. 8. Same as Fig. 7 but for odd calcium isotopes.

particles in most of the cases. Therefore, these results prove
the ability of the PGCM methods to describe the underlying
single-particle structure of the nuclear wave functions by
exploring coordinates that depict, a priori, collective degrees
of freedom.

These results suggest that, for all the values of the angular
momentum J examined here, the lowest eigenstates of the
full many-body Hilbert J subspaces can be well approxi-
mated by the variational mixing of few selected correlated
many-body states. As described in Sec. II, our approximated
wave functions are built as optimal superpositions of the
symmetry-projected quasiparticle states included in our trial
set. This is equivalent to the diagonalization of the Hamilto-
nian in the subspace spanned by the set of projected states
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FIG. 9. Excitation energies for even calcium isotopes in the
p f shell computed exactly and with PGCM1,2,3 variational
approximations.

{PJ
MK PN PZ Pπ |"(q)⟩,∀ qK}. In practice, however, because of

the linear redundancy among the projected states, the dimen-
sion of the subspace within which the Hamiltonian is effec-
tively diagonalized is much smaller. In Table IV, we com-
pare the dimensions of the exact diagonalization using Slater
determinants coupled to J with the dimensions of the GCM
diagonalization using the natural basis states for even and odd
calcium isotopes (the dimensions are symmetric with respect
to particles and holes). For simplicity, we compare again only
the PGCM3 and ISM methods. The number of intrinsic states,
|"(β2, γ )⟩, is between NGCM = 120–150 in the midshell nu-
clei in this case. Because K mixing is also performed, the
actual number of states mixed within the GCM framework
for each angular momentum is NGCM × (2J + 1). We observe
in Table IV a large reduction of this number whenever the
corresponding natural bases are extracted, i.e., a substantial
redundancy given by the linear dependence of the projected
states is obtained. It is important to point out that at the edges
of the valence space (42−58Ca, 43−57Ca) the dimensions of the
natural bases are the same or almost the same as the bases
built with Slater determinants coupled to J . Therefore, in those
cases the ISM and PGCM methods are necessarily equiva-
lent and that explains the perfect agreement between exact
diagonalizations and the variational approaches. However, for
systems in the midshell, the number of many-body states in
the natural bases are two orders of magnitude smaller than the
shell-model bases and still the description is very good. Some
pros and cons of this procedure can be mentioned. The main
advantage of the PGCM methods are their scalability with the
number of configurations/shells in the valence space. In this
sense, these methods can be used in a broader context. We also
see that these techniques are straightforwardly extendable by
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Figure 5.12 – Surface d’énergie potentielle du 254No, 256Rf et 246Fm calcul avec inter-

action effective Kuo-Herling [102, 103], la séparation des lignes du contour est 1 MeV,

0.25 MeV pour les lignes pointillées.
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Bande rotationnelle du 256Rf

Le 256Rf est un noyau qui a la structure très similaire à celui du 254No, la surface

dénergie potentielle et les spectres rotationnelles sont présentés dans la Fig. 5.12 et Fig.

5.13. On voir que les occupations des orbites sphériques sont remplis principalement

les trois premiers couches pour protons et neutrons voir Tab. 5.2.

triaxial HF, axial J projection
Bounseng Bounthong, thèse, Strasbourg, 2016
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TABLE I. Different PGCM approximation schemes used to com-
pute the structure of calcium isotopes.

Label Energy minimization Collective coordinates

PGCM1 HFB (β2, γ )
PGCM2 PNVAP (β2, γ )
PGCM3 PNVAP (β2, γ , δnn )

where C = 3r2
0 A5/3

8π
, r0 = 1.2 fm, and A is the total mass number

(including core and valence space particles). Additionally,
electromagnetic transitions and moments are calculated with
the effective charge ep for protons and en for neutrons. In the
p f shell, we choose the standard values 1.5 and 0.5 for protons
and neutrons, respectively [8,9].

Pairing degrees of freedom can be explored by constraining
the expectation value of a pair creation operator with respect
to the intrinsic states. In this work, we use an operator that
couples pairs within a given orbit ă ≡ (na, la, ja, sa, ta) to a
good total angular momentum J and total isospin T [48,49],

[P̂†]JT
MJ MT

=
∑

ă

[P̂†
ă ]JT

MJ MT

= 1√
2

∑

ă

√
2 ja + 1[c†

ăc†
ă]JT

MJ MT
, (12)

where the creation operators are JT coupled according to

[c†
ăc†

b̆
]JT
MJ MT

=
√

1 − δăb̆(−1)J+T

1 + δăb̆

∑

mja mjb
mta mtb

c†
ac†

b

×
〈
jamja jbmjb

∣∣JMJ
〉〈 1

2 mta
1
2 mtb

∣∣T MT
〉
. (13)

Both isoscalar (T = 0, J = 1) pn pairing and isovector (T =
1, J = 0) pp, nn, and pn pairing can be explored with these
operators. In this work, we only study the nn-pairing channel
(T = 1, MT = 1, J = 0, MJ = 0) because only neutrons are
present in the calcium chain in the p f shell, i.e., the intrinsic
wave functions can be constrained to

δnn = 1
2 ⟨%(q)|[P̂]01

01 + [P̂†]01
01|%(q)⟩. (14)

In Table I, we summarize and label the different PGCM
schemes that are examined in the present work depending
on the type of energy minimization scheme used (HFB or
PNVAP) and the collective coordinates explored. In all cases,
particle-number (proton and neutron) and angular-momentum
(three Euler angles) projections were performed. The number
of integration points taken to discretize the integrals over
the gauge and Euler angles was large enough as to ensure
a full convergence in the nominal expectation values of the
particle-number and angular-momentum operators computed
with the GCM wave functions [Eq. (2)]. The PGCM calcu-
lations were performed using the newly developed software
TAURUS [50].
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FIG. 1. Total energy surfaces (TES) as a function of the
quadrupole degrees of freedom, (β2, γ ) calculated for the nucleus
48Ca using the following approaches: (a) HFB, (b) PNVAP, and
their corresponding particle number and angular momentum pro-
jected (PNAMP, J = 0) total energy surfaces, (c) HFB+PNAMP, and
(d) PNVAP+PNAMP. Surfaces are normalized to their respective
minimum, i.e., (a) −6.446 MeV, (b) −7.195 MeV, (c) −6.896 MeV,
and (d) −7.209 MeV. Contour lines are separated by 0.2 MeV.

III. RESULTS

A. 48Ca

In this section, we illustrate our methodology taking the
nucleus 48Ca as an example. It is noteworthy that, as it will
be demonstrated below, it represents one of the most difficult
cases for our model.

As mentioned in the previous section, the first step in our
method is the construction of a set of quasiparticle states
through a series of constrained HFB/PNVAP calculations. It
is important to point out that in a restricted valence space the
range of admissible values for the constraints is much more
limited than in a no-core implementation. Indeed, working
with a handful of particles and single-particle states, it is not
possible to build a many-body wave function that satisfies any
arbitrary values of the constraints. For example, the largest β2
value reachable in the model space is quite small compared
to the values used in traditional EDF calculations. In the
present work, the bounds of the constraints are determined
heuristically.

The total energy as a function of the quadrupole degrees
of freedom, (β2, γ ) is represented in Fig. 1. In the top panels,
the HFB [Fig. 1(a)] and PNVAP [Fig. 1(b)] total energy
surfaces (TES) are shown. As expected in this doubly magic
nucleus, in both cases the absolute minimum is located at
the spherical configuration and the energy rises quickly with
β2 and is almost independent of γ ; also we observe that
the PNVAP surface is slightly softer. At the spherical point,
the pairing collapses in the HFB calculation, which is thus
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FIG. 3. Energy spectrum for 48Ca calculated exactly (within
the ISM framework) and with PGCM methods using the KB3G
interaction in the p f shell.

wave functions with (a) intrinsically rotating states through
cranking calculations [52,53]; and/or (b) multi-quasiparticle
excitations obtained through the blocking mechanism [25,26].
Both improvements will be explored in the future but are
beyond the scope of the present work.

Electric quadrupole transitions and moments are also com-
puted and the results of the most relevant ones are written
in Table II. We observe a slight overestimation of the exact
results in most of the transitions and moments. Furthermore,
the PGCM3 method shows, as expected, the best agreement,
and lower values of the spectroscopic quadrupole moments
are obtained whenever the pairing correlations are better
described (PNVAP vs. HFB minimization).

We now analyze two complementary aspects of the nuclear
wave functions obtained by the PGCM framework, namely,

TABLE II. Reduced transition probabilities, B(E2), and electric
spectroscopic quadrupole moments Q calculated with different meth-
ods using proton (1.5) and neutron (0.5) effective charges. The B(E2)
are given in units of e2fm4 whereas the Q are expressed in units of
efm2.

PGCM1 PGCM2 PGCM3 ISM

B(E2 : 2+
1 → 0+

1 ) 12.7 12.7 12.7 11.5
B(E2 : 2+

1 → 0+
2 ) 0.8 0.9 1.0 1.0

B(E2 : 2+
2 → 0+

1 ) 0.0 0.0 0.0 0.0
B(E2 : 2+

2 → 0+
2 ) 30.4 24.5 23.0 21.6

B(E2 : 4+
1 → 2+

1 ) 5.6 5.7 2.5 2.0
Q(2+

1 ) +5.0 +4.8 +4.4 +4.1
Q(2+

2 ) −11.4 −9.8 −9.3 −8.6
Q(4+

1 ) +10.8 +9.1 +8.3 +7.5
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FIG. 4. Collective wave functions |F!
σ (q)|2 [Eq. (15)] in the q =

(β2, γ ) plane for the lowest 0+, 2+, and 4+ states in 48Ca computed
with the PGCM2 approximation. These functions are normalized to∑

q |F γ
σ (q)|2 = 1.

the collective wave functions (c.w.f.) and the occupation
numbers of the spherical single-particle orbits. The c.w.f. are
useful quantities to reveal the role of the different collective
degrees of freedom explored with constrained calculations
and they are routinely computed in MREDF methods based
on Skyrme, Gogny, and covariant functionals. These func-
tions give the most relevant contributions of the collective
coordinates in each individual nuclear state [10,13,30] and are
defined as

∣∣F!
σ (q)

∣∣2 =
∣∣∣∣∣
∑

Kλ

G!
σ ;λu!

λ;qK

∣∣∣∣∣

2

. (15)

In Fig. 4, we plot the c.w.f. for 0+
1,2, 2+

1,2, and 4+
1,2 states in

the (β2, γ ) plane computed with the PGCM2 method. We first
note that the ground state is flat in almost the whole range
of deformations although the maximum contribution is found
around the spherical point, as we could expect for a doubly
magic nucleus. This behavior is consistent with the degener-
acy of the projected TES [Fig. 1(d)]. The 2+

1 c.w.f. is also
relatively smooth and we find a considerable mixing of oblate
and γ = 20◦ deformed states at the edges of the available β2
deformations. The rest of the c.w.f. represented in Fig. 4 are
also localized at (or nearby) the border of the β2 coordinate.
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FIG. 7. Excitation energies as a function of the angular momentum calculated with ISM (black bullets), PGCM1 (blue circles), PGCM2

(red filled diamonds), and PGCM3 (green asterisks) for even calcium isotopes.

deteriorates in the midshell but it is improved by the inclusion
of the pairing fluctuations within the PGCM3 method. We also
notice in that case a better description of the exact spectra in
odd-mass nuclei. The effect of pairing on the final spectra
can be studied by comparing the PGCM approximations
based on the HFB solutions with those based on the PNVAP
ones. For even-mass nuclei, the PGCM1 approach produces
systematically larger excitation energies in even nuclei that are
subsequently reduced in the PGCM2,3 methods. For odd-mass
nuclei, the PGCM2 approach gives systematically larger exci-
tation energies that are corrected once the pairing fluctuations
are included. Consequently, the PGCM3 calculations provide
almost the exact spectra in the odd calcium isotopes.

For even-mass isotopes, we display in Fig. 9 the systemat-
ics of the lowest excitations with an even value of J . Again, we
observe a very good reproduction of the exact results by the
PGCM methods. In particular, these approximations are able
to reproduce the main trends, e.g., the peaks at N = 28 and
32 in the 2+

1,2 states associated with shell closures, the sudden
decrease of the 0+

2 energy at N = 34, or the bell-shaped 4+
1

excitation energies. However, the PGCM1,2 approximations
have problems in describing the 0+

2 and 4+
1 excitation en-

ergies in the vicinity of 48Ca. This discrepancy is partially
corrected by the addition of the pairing fluctuations (PGCM3)
although there is some room left to improvements, which
could be corrected through the inclusion of additional degrees
of freedom such as the rotational frequency or the explicit
multi-quasiparticle excitations. Nevertheless, the PGCM3 ap-
proximation is almost on top of the exact results in most of the
excitation energies shown in Fig. 9.

The study of the occupation numbers performed above for
48Ca can be extended to all even calcium isotopes. For the
sake of simplicity, we only represent in Fig. 10 the difference
between the ISM and the PGCM3 methods for the two first
0+ and 2+ states. We observe that the difference for the
ground and the 2+

1 states are almost negligible in the whole
isotopic chain. Slightly larger differences are found for 0+

2
and 2+

2 in the midshell nuclei (46−52Ca), consistently with
the discrepancies shown above for ground and excited state
energies. However, these differences are smaller than 0.1
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FIG. 8. Same as Fig. 7 but for odd calcium isotopes.

particles in most of the cases. Therefore, these results prove
the ability of the PGCM methods to describe the underlying
single-particle structure of the nuclear wave functions by
exploring coordinates that depict, a priori, collective degrees
of freedom.

These results suggest that, for all the values of the angular
momentum J examined here, the lowest eigenstates of the
full many-body Hilbert J subspaces can be well approxi-
mated by the variational mixing of few selected correlated
many-body states. As described in Sec. II, our approximated
wave functions are built as optimal superpositions of the
symmetry-projected quasiparticle states included in our trial
set. This is equivalent to the diagonalization of the Hamilto-
nian in the subspace spanned by the set of projected states
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FIG. 9. Excitation energies for even calcium isotopes in the
p f shell computed exactly and with PGCM1,2,3 variational
approximations.

{PJ
MK PN PZ Pπ |"(q)⟩,∀ qK}. In practice, however, because of

the linear redundancy among the projected states, the dimen-
sion of the subspace within which the Hamiltonian is effec-
tively diagonalized is much smaller. In Table IV, we com-
pare the dimensions of the exact diagonalization using Slater
determinants coupled to J with the dimensions of the GCM
diagonalization using the natural basis states for even and odd
calcium isotopes (the dimensions are symmetric with respect
to particles and holes). For simplicity, we compare again only
the PGCM3 and ISM methods. The number of intrinsic states,
|"(β2, γ )⟩, is between NGCM = 120–150 in the midshell nu-
clei in this case. Because K mixing is also performed, the
actual number of states mixed within the GCM framework
for each angular momentum is NGCM × (2J + 1). We observe
in Table IV a large reduction of this number whenever the
corresponding natural bases are extracted, i.e., a substantial
redundancy given by the linear dependence of the projected
states is obtained. It is important to point out that at the edges
of the valence space (42−58Ca, 43−57Ca) the dimensions of the
natural bases are the same or almost the same as the bases
built with Slater determinants coupled to J . Therefore, in those
cases the ISM and PGCM methods are necessarily equiva-
lent and that explains the perfect agreement between exact
diagonalizations and the variational approaches. However, for
systems in the midshell, the number of many-body states in
the natural bases are two orders of magnitude smaller than the
shell-model bases and still the description is very good. Some
pros and cons of this procedure can be mentioned. The main
advantage of the PGCM methods are their scalability with the
number of configurations/shells in the valence space. In this
sense, these methods can be used in a broader context. We also
see that these techniques are straightforwardly extendable by
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FIG. 1. The particle-number projected potential energy surfaces of
Ca48 and Ti48 in the deformation (�2, �) plane for the interaction

EM1.8/2.0 with emax = 8, ~! = 16 MeV (see text). Neighboring
contour lines are separated by 1 MeV.

The weights FJZN(Qi) are determined by the variational prin-
ciple, which leads to the Hill-Wheeler-Gri�n equation [24].
To solve this equation, we first diagonalize the norm ma-
trix and construct the orthonormal natural basis by removing
states with eigenvalues below some cuto↵ value. Then, we
diagonalize the Hamiltonian in the reduced subspace.

We note that because we are always using Hamiltonians in
our approach, we do not su↵er from spurious divergences and
discontinuities that a↵ect GCM applications based on nuclear
energy density functionals [45, 46].

Results and discussion. Figure 1 displays the potential
energy surfaces for Ca48 and Ti48 in the plane of defor-
mation parameters (�2, �) that are produced by the second
set of number-projected quasiparticle vacua, before angular-
momentum projection. The underlying IMSRG-evolved
Hamiltonian comes from the EM1.8/2.0 interaction with
emax = 8 and ~! = 16 MeV. The quadrupole-deformation
parameters are defined as �2 ⌘ 4⇡/(3AR2

0)
p

q20 + 2q22 with
R0 = 1.2A1/2, where A is the mass number, and � ⌘
arctan

p
2q22/q20. For convenience, we use the bare rather

than the evolved quadrupole operators to define �2 and �; this
has no e↵ect on our computed observables. The figure shows
that Ca48 has a pronounced energy minimum at a spherical
shape, and that the energy of Ti48 has a similarly pronounced
minimum at a prolate shape with �2 ⇠ 0.2 and � = 0.0. The
e↵ect of triaxiality on the low-lying states of both nuclei and
on the NME should be negligible.

We compute all quantities with the chiral interactions dis-
cussed above, and with a range of values for emax and ~! (see
supplemental material for details.) For the EM1.8/2.0 interac-
tion, which produces satisfactory ground-state and separation
energies through mass A ⇠ 80 [47–49], we obtain extrapo-
lated ground state energies of -418.26 MeV and -422.27 MeV
for Ca48 and Ti48 , respectively. Our calculation reproduces
the ordering for the ground states of the two nuclei, but our
Q-value Q��=5.57 MeV is somewhat larger than the experi-
mental value 4.26 MeV.

Figure 2 shows the low-lying spectrum of Ti48 for the
same interactions. The spectrum is clearly rotational, though
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FIG. 2. The low-lying energy spectrum in Ti48 from the IM-
SRG+GCM calculation, with interactions and oscillator frequencies
labeled EM�/⇤(~!). The rightmost column contains experimental
data [50].

slightly stretched. Importantly, we reproduce the collective
B(E2 : 2+1 ! 0+1 ) reasonably well in all cases. The inclu-
sion of non-collective configurations from isoscalar pairing,
not shown in the figure, slightly compresses the spectra and
changes the B(E2 : 2+1 ! 0+1 ) by 5-6%, e.g., from 101 e2 fm4

to 96 e2 fm4 for the EM1.8/2.0 interaction.
The energies of the low-lying states are converged to within

a few percent with respect to the basis size (see supplemen-
tal material). For example, the excitation energies of the 2+

states in Ti48 obtained with EM1.8/2.0 or EM2.0/2.0 with
~! = 16 MeV di↵er by no more than 3 % from emax = 6
through emax = 10. For other observables, the convergence
is less obvious. The part of the E2 operator induced by the
IMSRG flow alters the B(E2)’s by less than 10%, suggest-
ing that the matrix elements of this long-range operator are
baked into the reference ensemble. We thus do not expect the
di↵erences between the E2’s in the middle two spectra to be
significantly reduced by expanding the number of shells. Sur-
prisingly, even a drastic change of the coe�cients (cI , cF) that
specify the contributions of Ca48 and Ti48 in the reference en-
semble from (0.5, 0.5) to (0.1, 0.9) changes the g.s. energy
by a mere 100-200 keV, excited states by 5% or less, and the
B(E2) by only 1%.

TABLE I. The NME M0⌫ for the decay Ca48 ! Ti48 from the IM-
SRG+GCM calculation. The results labeled by */† are from non-
standard reference ensembles with mixing weights (1/3, 2/3) and
(0.1, 0.9), respectively. For other cases the weights are (1/2, 1/2).

NME

Interaction ~! emax = 6 emax = 8 emax = 10

EM1.8/2.0 12 0.85 0.70 0.64
EM1.8/2.0 16 1.03 0.78 0.66

EM2.0/2.0 16 1.02 0.68 0.75

EM1.8/2.0⇤ 16 0.81
EM1.8/2.0† 16 0.80
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trix and construct the orthonormal natural basis by removing
states with eigenvalues below some cuto↵ value. Then, we
diagonalize the Hamiltonian in the reduced subspace.

We note that because we are always using Hamiltonians in
our approach, we do not su↵er from spurious divergences and
discontinuities that a↵ect GCM applications based on nuclear
energy density functionals [45, 46].

Results and discussion. Figure 1 displays the potential
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mation parameters (�2, �) that are produced by the second
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has no e↵ect on our computed observables. The figure shows
that Ca48 has a pronounced energy minimum at a spherical
shape, and that the energy of Ti48 has a similarly pronounced
minimum at a prolate shape with �2 ⇠ 0.2 and � = 0.0. The
e↵ect of triaxiality on the low-lying states of both nuclei and
on the NME should be negligible.

We compute all quantities with the chiral interactions dis-
cussed above, and with a range of values for emax and ~! (see
supplemental material for details.) For the EM1.8/2.0 interac-
tion, which produces satisfactory ground-state and separation
energies through mass A ⇠ 80 [47–49], we obtain extrapo-
lated ground state energies of -418.26 MeV and -422.27 MeV
for Ca48 and Ti48 , respectively. Our calculation reproduces
the ordering for the ground states of the two nuclei, but our
Q-value Q��=5.57 MeV is somewhat larger than the experi-
mental value 4.26 MeV.

Figure 2 shows the low-lying spectrum of Ti48 for the
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slightly stretched. Importantly, we reproduce the collective
B(E2 : 2+1 ! 0+1 ) reasonably well in all cases. The inclu-
sion of non-collective configurations from isoscalar pairing,
not shown in the figure, slightly compresses the spectra and
changes the B(E2 : 2+1 ! 0+1 ) by 5-6%, e.g., from 101 e2 fm4

to 96 e2 fm4 for the EM1.8/2.0 interaction.
The energies of the low-lying states are converged to within

a few percent with respect to the basis size (see supplemen-
tal material). For example, the excitation energies of the 2+

states in Ti48 obtained with EM1.8/2.0 or EM2.0/2.0 with
~! = 16 MeV di↵er by no more than 3 % from emax = 6
through emax = 10. For other observables, the convergence
is less obvious. The part of the E2 operator induced by the
IMSRG flow alters the B(E2)’s by less than 10%, suggest-
ing that the matrix elements of this long-range operator are
baked into the reference ensemble. We thus do not expect the
di↵erences between the E2’s in the middle two spectra to be
significantly reduced by expanding the number of shells. Sur-
prisingly, even a drastic change of the coe�cients (cI , cF) that
specify the contributions of Ca48 and Ti48 in the reference en-
semble from (0.5, 0.5) to (0.1, 0.9) changes the g.s. energy
by a mere 100-200 keV, excited states by 5% or less, and the
B(E2) by only 1%.
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EM1.8/2.0 12 0.85 0.70 0.64
EM1.8/2.0 16 1.03 0.78 0.66

EM2.0/2.0 16 1.02 0.68 0.75

EM1.8/2.0⇤ 16 0.81
EM1.8/2.0† 16 0.80

Access to 0νββ matrix element.
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methods such as Lanczos to extract a few low-lying states
at a much-reduced numerical cost. This might be particularly
useful when addressing large model spaces and/or particle
numbers associated with realistic cases of interest. Second,
the prefactor αnφ associated with the direct integration over
the gauge angle to perform the particle number projection
can be scaled down by performing the latter on the basis of
recurrence relations [69].

Last but not least, there probably is a systematic con-
vergence of the result, as in standard truncated CI calcula-
tions [52], as a function of the maximum unperturbed energy
of the 2qp and 4qp included in the ansatz for a given single-
particle basis size (# here). This means that, given a targeted
accuracy, the dimensionality and the numerical cost might
be significantly scaled down by exploiting this additional
convergence parameter and complementing the calculation by
an appropriately designed formula to extrapolate the results to
the untruncated limit. Such a systematic study has not been
performed within the scope of the present paper but could be
envisioned in the future.

VI. ADDITIONAL OBSERVABLES

To complete our study, the discussion is extended to other
observables.

A. Effective pairing gap

We start with the computation of the effective pairing
gap [70,71]

$eff(g) = g

#∑

k=1

√
⟨a†

ka
†
k̄
ak̄ak⟩ − 1

4
⟨(a†

kak + a
†
k̄
ak̄)⟩2, (20)

which generalizes the BCS gap $(g) and where the expectation
values are to be computed for any ground-state wave function
of interest.

In Fig. 9, the effective gap obtained in the exact case
is compared with that obtained from various approximate
many-body methods of present interest. We observe that
truncated CI calculations based on (non)optimized projected
0qp and 4qp configurations provide results that are below
0.05% (1.5%) error for all coupling strengths g (g > gc) and
are much superior to the other methods shown.

B. One-body entropy

States obtained via the presently proposed method are
strongly entangled in the sense that they correspond to a
complex mixing of independent-particle states. As a matter of
fact, exact solutions are known to be highly correlated states,
resulting into extended diffusion of single-particle occupation
numbers across the Fermi energy. To quantify the deviation of
these many-body states from any independent-particle state,
the single-particle entropy defined as

S

kB

= −2
#∑

k=1

{⟨a†
kak⟩ ln⟨a†

kak⟩ + (1 − ⟨a†
kak⟩) ln(1 − ⟨a†

kak⟩)}

(21)

FIG. 9. Ground-state effective pairing gap [Eq. (20)] as a function
of g for N = 16. Top panel shows exact results (black solid line)
against BCS (purple dashed line), PAV-BCS (red dot-dashed line),
and MBPTN (green filled squares). Lower panel shows exact results
against truncated CI based on nonoptimized (red cross) or optimized
(blue circles) projected 0qp, 2qp, and 4qp configurations.

is computed. Exact results are compared in Fig. 10 with those
obtained from various approximate many-body methods of
present interest. Again, truncated CI calculations based on
(non)optimized projected 0qp and 4qp configurations provide

FIG. 10. Same as Fig. 9 for the one-body entropy.
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Fig. 2. Absolute ground-state binding energies (top) and two-neutron separation energies (bottom) along O, Ca and Ni isotopic chains. Results are displayed for second-order 
BMBPT ( ), second-order NCSM-PT ( ), large-scale IT-NCSM ( ), GSCGF-ADC(2) ( ), MR-IMSRG(2) ( ) and CR-CC(2,3) ( ). Experimental value are shown as black bars [34].

MR-IMSRG and GSCGF calculations are systematically displayed. 
While the IMSRG flow is truncated at the two-body level, i.e., 
yielding the IMSRG(2) approximation [12,15,20], GSCGF includes 
skeleton self-energy diagrams up to second order, i.e., yielding 
the so-called ADC(2) approximation [17,43]. Finally, closed-shell 
CC calculations performed at the CR-CC(2,3) level [41] are added 
whenever available. Each of these many-body methods systemat-
ically incorporates large classes of perturbation theory diagrams 
beyond second-order BMBPT.

We find that second-order BMBPT ground-state energies are in 
very good agreement with the more sophisticated methods for 
all systems under consideration, i.e., the relative deviation does 
not exceed 2%. In particular all methods are similar and in good 
agreement with IT-NCSM in O isotopes. MR-IMSRG(2) and NCSM-
PT (when available) do provide a stronger binding compared to 
second-order BMBPT. On the other hand, GSCGF-ADC(2) results are 
very comparable to second-order BMBPT while being often slightly 
less bound. Of course, it will be of great interest to perform this 
comparison again once proper third-order and/or particle-number-
restored BMBPT are systematically available. The consistency of 
the absolute binding energies and two-neutron separation energies 
provided by all the many-body methods further confirms that dis-
crepancies with experimental data, e.g., the systematic overbinding 
in Ca and Ni isotopes or the incorrect behavior of S2N around 56Ni, 
reflect the shortcomings of the employed chiral Hamiltonian. CR-
CC(2,3) calculations further incorporates the effect of triple excita-
tions that are absent from MR-IMSRG(2), GSCGF-ADC(2) or second-
and third-order BMBPT. Corresponding results demonstrate that a 
highly-accurate description of mid-mass systems requires the in-
corporation of triples, i.e., six-quasi-particle excitations in the lan-
guage of BMBPT. The leading contributions of this type appear 
at fourth order in the BMBPT expansion. In addition, one should 
eventually consider the explicit inclusion of the 3N interaction 
without resorting to the NO2B approximation, as demonstrated in 
the CC context [44,45].

Fig. 3 provides the computational runtime in CPU hours of 
second- and third-order BMBPT calculations for several isotopic 
chains. The tin isotopic chain is included here for the record even 
though the corresponding results were not displayed in Figs. 1
and 2 due to the poor performance of the chiral Hamiltonian and 
to the lack of convergence of the calculation with respect to the 
E3max = 14 truncation in this mass region. BMBPT calculations 
were performed on an Intel Xeon X5650 computing node with 12 

Fig. 3. Computational runtime versus mass number from BMBPT(2) ( ), BMBPT(3∗) 
( ), MR-IMSRG(2) ( ) and ADC(2) calculations.

cores at 2.67 GHz. The runtime is essentially independent of the 
mass number of the system for fixed values of emax and E3max. 
A typical run requires only up to 15 CPUh for open-shell nuclei 
and as little as 6 CPUh in closed-shell nuclei. The reduction in the 
closed-shell case is achieved by exploiting that the Bogoliubov ma-
trix V (U ) becomes zero for particle (hole) states when the grand 
potential is normal ordered, i.e., one recovers the benefit of an ex-
plicit partition between particle and hole states. Since our code is 
designed to treat systems with pairing we do not make use of op-
timizations that are only valid in the limiting case of HF-MBPT. 
Therefore, the employed BMBPT code is a factor of 5–10 slower 
than a fully-optimized HF-MBPT code.

Most importantly, Fig. 3 demonstrates that third-order BMBPT 
calculations generate results similar to state-of-the-art medium-
mass approaches at a computational cost that is about two or-
ders of magnitude smaller, e.g., MR-IMSRG(2) requires roughly 
2000 CPUh per run when applied to an open-shell system. The 
computational advantage of low-order BMBPT calculations over 
non-perturbative approaches could make BMBPT a particularly 
useful tool to provide cheap systematic tests of newly generated 
chiral EFT Hamiltonians over a wide range of nuclei.

5. Conclusions

We presented the first full-fledged ab initio application of Bo-
goliubov many-body perturbation theory to finite nuclei. Expand-
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Outlook

Why breaking & restoring symmetries?

Symmetry breaking configurations simplify the interpretation of numerous nuclear
phenomena

Breaking & restoring symmetries instead of using symmetry-conserving schemes can
enormously reduce numerical cost because of much quicker convergence with the number of
(much richer) configurations to be considered.

Necessary developments concerning EDF methods

breaking additional symmetries to describe exotic shapes and/or exotic rotational
phenomena

combined restoration of many broken symmetries

Construct EDF that is well-defined for symmetry restoration

Transfer of ”breaking & restoring symmetries” to other frameworks

valence-space symmetry-restored GCM with shell-model Hamiltonians.

ab-initio calculations of singly- doubly-open shell nuclei (Green’s functions, Coupled-Cluster,
Many-Body Perturbation Theory, Multi-Reference In-Medium-Similarity- Renormalization
Group, No-core shell model, . . . )

Time-dependent approaches (EDF-based and others)

Advancing all areas will require reinforcement with young motivated scientists.
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