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β-decay studies of neutron-rich nuclei in and around the “island of inversion” have been performed. 
With a systematic investigation of half-lives for the isotonic chains from N = 19 to 22, conspicuous 
kinks observed at Z = 13 provide a clear signature of a boundary on the northern (high-Z ) side of the 
island. Based on the comparison with shell model calculations using Gogny D1S and SDPF-M interactions, 
a newly determined 2+

2 state in 34Si at 4519 keV presents an experimental evidence of triaxiality in this 
region and sheds more light on the structure of the transition across the northern boundary of the island.

 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

Since the pioneering works on the shell structure in nuclei by 
Goeppert-Mayer [1] and Jensen et al. [2], magic numbers have 
played a major role in our understanding of nuclear structure close 
to β-stability. A nucleus with a magic number of nucleons shows 
signs of stability such as a spherical ground state and remarkably 
higher E(2+

1 ) energies and smaller B(E2) values than their neigh-
bors. With nuclear physics studies moving towards nuclei far from 
β-stability, such a picture was firstly broken in the light neutron-
rich nuclei. In 1975, Thibault et al. [3] observed anomalous ground 
state properties in 31Na deviating strongly from the prediction of 
the traditional shell model. Later on, more studies revealed a re-
gion of large deformation around N = 20, Z < 14 [4–8] and inter-
preted these anomalies as the reduction of the N = 20 shell gap, 
which is a result of the intrusion of neutron orbits from the pf
shell into the sd shell. Warburton et al. [9] predicted that nuclei 
with this inversed ground states would constitute a 3 × 3 square 
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with Z = 10 ∼ 12, N = 20 ∼ 22, which was referred to as the “is-
land of inversion”.

In the following years, uncovering the underlying inversion 
mechanism and exploring the scope of the island has been the 
focus of intensive theoretical and experimental investigations. The 
reduction of N = 20 shell gap is now known to be most likely 
caused by the strong nucleon–nucleon tensor interaction [10–13]
and the original border of the “island of inversion” has been 
extended considerably [14–22]. The nuclei 29F [14], 28Ne [15], 
29,30Na [16–19], 31,35,36Mg [20–22], which were originally outside 
the island, have been experimentally confirmed to be inside the 
island recently. Based on these achievements, now many atten-
tions are focused on the further question about how this struc-
ture transition moves along the isotonic or isotopic chains: sharp 
or gradual? The answer to this question will provide a stringent 
test of various model predictions. For a better description of this 
structure transition, theory suggested that the triaxial degree of 
freedom plays an important role in this particular region [23–30]. 
However, due to the limited experimental spectroscopic informa-
tion available in this region, there is yet no decisive evidence of 
triaxiality to date.

http://dx.doi.org/10.1016/j.physletb.2017.07.007
0370-2693/ 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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Fig. 2. (Color online). (a) Experimental half-lives of four isotonic chains from N =
19 to 22 in and around the “island of inversion”. Data are taken from the present 
work and Refs. [35,53], respectively. (b) The theoretical half-lives of four isotonic 
chains obtained by shell model calculations with the Gogny D1S and the SDPF-M 
interactions are compared with experimental data.

sults are in nice agreement with the experimental data, especially 
well reproducing the kinks at Z = 13. On average, the SDPF-M cal-
culations are closer to the experimental data.

A detailed analysis reveals that the half-lives of these neutron-
rich nuclei are very sensitive to the correlation between the wave 
functions of the parent and the daughter nuclei. The Ne, Na, and 
Mg nuclei lie inside the “island of inversion” and all have simi-
lar dominant intrusive wave functions for the parent and daughter 
nuclei in the β-decay. Therefore the trend of their half-lives fol-
lows the general rule, i.e. increasing when heading towards the 
β-stability. When approaching the edge of the “island of inversion”, 
as the ground states of Mg isotopes have dominant intrusive wave 
functions, while the ground states and most of the low-lying ex-
cited states in Al isotopes have dominant normal wave functions, 
the weak correlations between the wave functions of the parent 
and daughter nuclei result in relative long half-lives of the Mg iso-
topes. In contrast, when decaying out of the “island of inversion”, 
both Al and Si nuclei have similar dominant normal wave func-
tions, which give rise to the relative short half-lives of Al isotopes. 
Thus, the kinks occurring at Z = 13 can be mainly ascribed to the 
evolution of the occupation of normal and intruder orbits in the 
nuclei around the edge of “island of inversion”, and therefore con-
sidered as a clear sign for the northern boundary of the island. The 
strong or weak kinks reflect the sharp or gradual structure transi-
tion on the northern side of the island, respectively. For example, 
the sharp structure transition from ∼ 100% intruder configuration 
of 31Mg [20] to ∼ 100% normal configuration of 32Al [49,50] leads 
to the strongest kink observed in the N = 19 isotonic chain. De-
tailed β-decay properties certainly will shed more light on the 
structure transition at the edge of the island. In the following we 
focus on the detailed β-delayed γ -spectroscopy of 34Al.

Shell model calculations [36,51] predicted that 34Al, as a 
boundary nucleus of the “island of inversion”, should exhibit nor-
mal and intruder configurations at similar excitation energies. The 
coexistence of the normal 4− ground state and a intruder 1+ iso-
meric state results in two β-decay paths, which were first reported 
in a previous β-decay study [36]. In Ref. [36], a 54.4(5) ms half-

Fig. 3. (Color online). Level scheme for 34Si populated in the β-decay of 34Al along 
with shell model calculations with the Gogny D1S and the SDPF-M interactions. The 
experimental level in red is newly determined in the present work. The calculated 
0h̄ω components(%) are labeled on the top of the corresponding levels. Energies are 
given in keV.

life of the 4− ground state in 34Al was deduced from the β-decay 
time spectra in coincidence with the 926-keV γ -line in 34Si, while 
a 26(1) ms half-life of the 1+ isomer was obtained in coincidence 
with the positron-annihilation 511-keV γ -line. Since the 511-keV 
γ -line could also be generated by other sources such as the previ-
ously implanted long-lived nuclei and the beam-activated products 
around, the half-life of the 1+ isomer may be overestimated. In 
the more recent experimental works by the same group, a new 
25(4) ms half-life of the 1+ isomer in 34Al was obtained by gat-
ing on the γ -lines of 34Si [52] and the excitation energy of the 1+

isomer was found to be 46.6 keV [53]. Furthermore, with the de-
tection of e+e− pairs, the excited energy of the long-predicted 0+

2
state [54–57] in 34Si was determined and a quadrupole deforma-
tion β ∼0.29 was extracted for this 0+

2 state, which coexists with 
the spherical ground state in 34Si [36].

In the present work, both two β-decay paths are observed 
(shown in Fig. 3). All the previously reported γ transitions follow-
ing the β-decay from the 4− ground state in 34Al [36,58,59] are 
confirmed here. Gating on the 929-keV transition, the β correlated 
decay curve yields a half-life of 51.5(9) ms, which is a little smaller 
than the previously reported value of 54.4(5) ms [36]. In the pre-
vious experiment [36], the 34Al nucleus is produced in the frag-
mentation of a 77.5 MeV/nucleon 36S beam on a 240 mg/cm2 9Be 
target. It is well known that projectile fragmentation can produce 
fragments in not only ground states but also isomeric states. The 
proportion of isomeric to ground states population varies greatly 
with the projectile-fragment combination as well as the incident 
energy and other experimental conditions. Thus, it would be in-
teresting to figure out the origin of this difference in half-life in a 
future experiment.

For the decay path from the 1+ isomer in 34Al, as shown in 
Fig. 4, due to the combination of a high γ -detection efficiency 
and a low background level, a γ line at 1193 keV is found to be 
coincident with the 3326-keV γ ray (2+

1 → 0+
1 ). This 1193-keV 

γ line has been observed in several previous experiments [52,
59–63]. Based on the observed coincidence between the 1193- and 
3326-keV transitions, a level at 4519 keV was established with-
out spin-parity assignment [52,61,62]. The coincidence between 
the 1193- and 3326-keV transitions as well as the observation of 
a 1800-keV deexcited γ -ray transition from the 4519-keV state 
to the 0+

2 state at 2719 keV in the present work further con-
firms the 4519-keV level reported in Refs. [52,61,62]. Gating on 
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Abstract

For the first time the g factor of an isotope beyond N = 20 near the ‘island of inversion’ has been measured. A 34Al radioactive beam was
produced in a one-neutron pickup reaction on a 36S primary beam at 77.5 MeV/u, providing a large spin-polarization for application of the
β-Nuclear Magnetic Resonance (β-NMR) method. The measured g factor of 34Al, |g| = 0.539(2), combined with results from earlier β-decay
studies, allows to firmly assign a ground state spin/parity 4−. Comparison to large scale shell model calculations reveals that a dominant amount
of intruder components is needed in the 34Al wave function to account for the observed large magnetic moment µ = (+)2.156(16)µN . This
reveals Z = 13 to be a true ‘transition number’ between the normal Z = 14 Si isotopes and the abnormal Z = 12 Mg isotopes. The sensitivity of
this odd–odd ground state dipole moment to the N = 20, as well as the N = 28 gap, reveals that both are significantly reduced, despite Z = 13
being outside the conventional island of inversion.
 2007 Elsevier B.V. All rights reserved.

The disappearance of magic numbers is one of the amazing
features discovered in the physics of nuclei far from stability.
A good example is the N ∼ 20 region, where a mass anomaly
in 31,32Na [1] and a large deformation observed for 32

12Mg [2]
were in contrast to the spherical behavior expected for a nucleus
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with magic number N = 20. The unusual properties of these nu-
clei were explained in terms of states with two neutrons excited
across the N = 20 shell gap, called 2p2h (2 particle–2 hole) in-
truder states. The region where such intruder state is the ground
state, is often referred to as the “island of inversion”, and it was
predicted [3] to consist of nine nuclei with 10 ! Z ! 12 and
20 ! N ! 22. Experiments have shown however, that some iso-
topes with N < 20 also belong to the island of inversion, e.g.,
the N = 19 isotones 30

11Na and 31
12Mg [4,5]. This might be ex-

plained by a decrease of the N = 20 shell gap [6,7] for isotopes
below Z = 14, because of the strong T = 0 monopole inter-

0370-2693/$ – see front matter  2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.physletb.2007.11.017
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Fig. 5. Isotopes in and near the island of inversion: intruder dominant ground
states (red), normal ground states (yellow) and mixed configurations (rose).
Isotopes with yet unknown configurations are in light grey and the unknown
isotopes from the initially defined island in dark grey. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web
version of this Letter.)

netic moment µ = (+)2.156(16)µN is much larger than the
values calculated with the most recent large-scale shell model
interactions. This has two causes: the magnetic moment is ex-
tremely sensitive to mixing with intruder configurations in the
wave function (related to the N = 20 shell gap), but also to the
occupation of the ν1p3/2 orbital (related to the N = 28 shell
gap). Contrary to earlier studies suggesting that Al isotopes
have a normal ground state across the N = 20 region, this result
establishes a large mixing of at least 50% of intruder configura-
tions in the 34Al ground state. Furthermore, the subtle interplay
between the effect of reduced N = 20 and N = 28 shell gaps at
Z = 13 observed through the g factor, will provide a severe test
for a further improved effective shell model interaction. This is
indispensable information, that cannot be deduced from bind-
ing energies or from decay and level scheme studies.
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Fig. 7. The intruder contribution of the calculated ground-state wave function for 
the elements Ca (Z=20) through Ni(Z=28), computed by the VS-IMSRG(2) within 
the proton pf neutron pf5/2 g9/2 valence space.

In this work, starting from the h̄ω = 16 MeV harmonic oscil-
lator basis, our calculations are performed in the 15 major shell 
space to derive the effective Hamiltonian in the proton pf and 
neutron pf5/2 g9/2d5/2 valence space above 48Ca core. Note that the 
neutron d5/2 orbital is added to the valence space here, in contrast 
to the calculations in Ref. [15]. The three-body interaction matrix 
elements are restricted up to E3max = 16, where E3max is defined 
as the sum of the three-body oscillator quanta. The center-of-mass 
Hamiltonian coefficient β = 3 is used in the following discussion 
and we observed that the β-dependence is negligibly small. For 
N>35, the calculated S2n are lower than the experiment, which 
was already observed in Ref. [15]. The discrepancy is attributed to 
the many-body correlations beyond the VS-IMSRG(2) approxima-
tion, implying the enhancement of the collectivity in N>35.

It should be noted that the VS-IMSRG results systematically 
overestimate the excitation energies, while the trend of the exper-
iment is well reproduced as shown in earlier works [26,63]. While 
too strong for N<38, the VS-IMSRG δ∗

2n results follow the experi-
mental trends in the IOI region well, as shown in Fig. 6, and thus 
we expect that the underlying physics is mostly captured through 
the VS-IMSRG(2) approximation. Nevertheless, since collectivity is 
an inherently many-body effect, we expect further improvement 
when advancing to the IMSRG(3) truncation for such calculations. 
Indeed implementation of IMSRG(3) has already been carried out 
in the single-reference formulation of the IMSRG for closed-shell 
systems [64], and first results for the VS-IMSRG are currently in 
preparation.

To further examine the extend of the N=40 IOI in the neigh-
boring elements, we expand the VS-IMSRG calculations to cover 
the full region between Ca and Ni. In Fig. 7, the contributions of 
intruder configuration for Cr and neighboring elements are visu-
alized using the calculated ground-state wave function from the 
VS-IMSRG within the proton pf and neutron pf5/2 g9/2 valence 
space above 48Ca. As seen in Fig. 7, towards N=40, the intruder 
configuration increases in the Cr ground states, a sign of IOI be-
havior at N=40 [51]. Also, the number of neutrons across the gap 
is maximized at N=40, consistent with the LNPS calculations [51].

This is similar to the trend in the f7/2 and p3/2 orbitals for 
32Mg [13,26]. Additionally, it is seen that the intruder state con-
figuration is strongest for Cr compared to the neighboring nuclei, 
such as Mn, Fe and Co, shown in Fig. 7, implying that 64Cr is the 
pinnacle of the N=40 IOI. The next strong contribution is seen for 

Mn and Fe, with a similar trend where the intruder contribution is 
the strongest at N=40 followed by N=42. For Fe, this result is in 
agreement with the maximum observed quadrupole deformation 
between 66Fe and 68Fe (i.e. N = 40 and N = 42) from the mean-
field calculations [23]. Another recent work on Mn has shown a 
high pairing gap approaching N=40 attributed to neutron occupy-
ing higher lying orbitals [48]. These results are in line with the 
results from LNPS calculations [51] that show the onset of defor-
mation at N=40 in the Fe chain and at N=38 in Cr isotopes.

4. Conclusion and discussion

Our results reduce the uncertainties of the mass measurements 
for 63−65Cr masses. Moreover, this presents the first high-precision 
direct mass measurements of 64,65Cr. Our results provide com-
pelling evidence for maximal collectivity at 64Cr centering it in an 
island of inversion around N=40. Comparison of our results with 
global mass-models and the ab-initio VS-IMSRG calculations indi-
cates the dominance of the intruder configurations for 64Cr, and 
shows the overall trend of collectivity in the region. The precise 
data provides important constraints to guide the ongoing develop-
ment of ab-initio approaches to nuclear structure. High precision 
mass measurements beyond N=41 would be required to more 
fully probe the N=40 island of inversion. Advancement in the ab 
initio theory in this region will be significant in illuminating the 
nuclear shell structure for the Z = 24 nuclei.
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Mass measurements continue to provide invaluable information for elucidating nuclear structure and 
scenarios of astrophysical interest. The transition region between the Z = 20 and 28 proton shell closures 
is particularly interesting due to the onset and evolution of nuclear deformation as nuclei become more 
neutron-rich. This provides a critical testing ground for emerging ab-initio nuclear structure models. Here, 
we present high-precision mass measurements of neutron-rich chromium isotopes using the sensitive 
electrostatic Multiple-Reflection Time-Of-Flight Mass Spectrometer (MR-TOF-MS) at TRIUMF’s Ion Trap 
for Atomic and Nuclear Science (TITAN) facility. Our high-precision mass measurements of 59,61−63Cr 
confirm previous results, and the improved precision in measurements of 64−65Cr refine the mass surface 
beyond N=40. With the ab initio in-medium similarity renormalization group, we examine the trends 
in collectivity in chromium isotopes and give a complete picture of the N=40 island of inversion from 
calcium to nickel.

 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Mass measurements are essential to derive the binding energy 
of the nucleus needed to understand the nuclear forces that hold 

* Corresponding author.
E-mail address: silwalr@appstate.edu (R. Silwal).

the nucleons together [1], and constrain nuclear reaction rates. 
Such measurements for radioactive nuclei play an important role 
to enhance our knowledge of nuclear structure, for instance, via 
the study of evolution of magicity in the nuclear chart. New con-
tenders of nuclei with magic behavior (typically associated with 
shell gaps in the mass surface, large 2+ excitation energies, re-
duced transition probabilities, among others) were discovered from 
measurements of nuclei far from stability [2,3]. Magic behavior has 

https://doi.org/10.1016/j.physletb.2022.137288
0370-2693/ 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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From detailed spectroscopy of 110Cd and 112Cd following the βþ/electron-capture decay of 110;112In and
the β− decay of 112Ag, very weak decay branches from nonyrast states are observed. The transition rates
determined from the measured branching ratios and level lifetimes obtained with the Doppler-shift
attenuation method following inelastic neutron scattering reveal collective enhancements that are
suggestive of a series of rotational bands. In 110Cd, a γ band built on the shape-coexisting intruder
configuration is suggested. For 112Cd, the 2þ and 3þ intruder γ-band members are suggested, the 0þ3 band is
extended to spin 4þ, and the 0þ4 band is identified. The results are interpreted using beyond-mean-field
calculations employing the symmetry conserving configuration mixing method with the Gogny D1S
energy density functional and with the suggestion that the Cd isotopes exhibit multiple shape coexistence.

DOI: 10.1103/PhysRevLett.123.142502

The shape of a nucleus is one of its most fundamental
properties, and its exploration across the nuclear landscape
provides insight into the mechanisms underlying how
protons and neutrons are organized. Unlike atomic systems,
which are exclusively spherical due to the 1=r potential
generated by the pointlike nucleus, nuclear shapes can be
complicated because the potential is generated by the
nucleons themselves. Minima in the total energy can be
found for shapes that include spherical, axially symmetric
prolate- or oblate-deformed ellipsoids, axially nonsymmet-
ric (triaxial) ellipsoids, etc. Unlike other finite-bodied
quantum-mechanical systems, a nucleus can exhibit differ-
ent shapes for individual states, i.e., shape coexistence.
Shape coexistence, for which the most common form is

the appearance of two distinct shapes, was long viewed as a
rare and exotic phenomenon but has now been discovered
spanning the nuclear chart (see, e.g., Ref. [1] for a recent
review). Typically, the coexisting shapes are associated
with a weakly deformed, and often spherical, ground state
and a more deformed excited state upon which rotational
states can be built. The reason that this form of shape

coexistence is the most prevalent is related to the fact that it
is usually easier to identify a rotational band in a region of
low level density of excited states (built on a spherical
ground state) than vice versa. Since the driving mechanism
behind the development of deformation is the strong
proton-neutron quadrupole-quadrupole interaction at (or
near) closed major shells, where the number of valence
particles is zero (or small), the ground states have spherical
(or weakly deformed) shapes, and the mechanism behind
shape coexistence is often described as involving the
promotion of pairs of particles across the large energy
gap to orbitals above the shell closure. While the energy
required to promote a pair of particles can be high, this may
be offset by the gain in energy that arises from correlations,
especially those associated with pairing, the neutron-proton
interactions, and quadrupole deformation.
It is in the vicinity of closed major shells where the

greatest abundance of shape-coexisting states have been
sought and observed; an example of this occurs in the Sn
region with its Z ¼ 50 closed proton shell [1,2]. The first
nuclei in this region to be considered as candidates for
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of the previously published data [12,13],
as outlined in Ref. [8], yields lifetimes for the 2287,
2706, and 2927 keV levels of τ ¼ 395þ30

−24 , τ ¼ 221þ68
−44 ,

and τ ¼ 245þ500
−110 fs, respectively—the latter two deter-

mined for the first time. The extracted BðE2; 4þ5 → 2þ4 Þ
of 55% 14 W:u: indicates a large collective enhancement.
Similarly, collective enhancements are observed for the
decays of the 2927 keV 5þ level to lower-lying 3þ, 4þ, and
6þ states. Also shown in Fig. 1 is a spectrum of γ rays in
coincidence with the 1253 keV γ ray from the 1871 keV 0þ4
state in 112Cd. The inset displays the 360 keV γ-ray peak
that is assigned as the 2þ6 → 0þ4 transition and a very small
peak from a 285 keV γ ray that is assigned as the 2þ5 → 0þ4
transition. The branching extracted for the latter is
7.9ð33Þ × 10−4, yielding BðE2; 2þ5 → 0þ4 Þ ¼ 34ð15Þ W:u:
with the lifetime from Ref. [14]. Further analysis of
the γ − γ coincidence data reveals a transition from the
2711 keV 4þ state to the 2156 keV 2þ level; its branching is
deduced to be 0.059%0.008, resulting in BðE2;4þ6 →2þ5 Þ¼
77%30W:u: Further examples of coincidence spectra, and
tables of the results, are found in Ref. [6].
The assignment of the levels into bands, as shown in

Figs. 2 and 3, is generally based on the presence of an
enhanced E2 transition or a large relative BðE2Þ value.
Exceptions to this practice are some of the levels associated
with the intruder γ band. (Herein, we follow the convention
of using the label of γ for the 2þ, 3þ, 4þ, etc. ordering of
states, independent of its exact nature as γ vibrational or
nonaxial rotational.) In 110Cd, a sequence formed by the
2287 − 2þ, 2566 − 3þ, 2706 − 4þ, 3008 − 5þ (first
observed in Ref. [15]), and 3240 keV − 6þ states was
observed, with an enhanced 4þ → 2þ transition and a large
6þ → 4þ branch. This sequence of levels is a candidate for
the γ band based on the intruder 0þ2 configuration, expected
if the 0þ2 level is indeed a deformed shape-coexisting state.
In 112Cd, the 2þ and 3þ levels at 2231 and 2403 keV are
considered as intruder γ band candidates; there is insuffi-
cient knowledge of higher spin levels to make suggested
assignments. From the sensitivity achieved with the 112Ag
decay, the 0þ3 band in 112Cd has been extended to spin 4,
and the 0þ4 band has been located based on enhanced
4þ → 2þ and 2þ → 0þ BðE2Þ values (see Ref. [6]).
The collective states are compared to the results of BMF

calculations using the symmetry conserving configuration
mixing method with the Gogny D1S energy density func-
tional, as described in Ref. [16] and outlined in Ref. [6].
This is the first application of this method to the midshell
nuclei in the Z ¼ 50 region that have previously been
described as good spherical vibrators (see, e.g., Ref. [17]).
The BMF effects are taken into account through the exact
angular-momentum and particle-number restoration and
include the possibility of axial and nonaxial shape mixing.
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FIG. 2. The partial experimental level scheme deduced for
110Cd (top) and from the BMF calculation (bottom) showing the
collective, low-lying, positive-parity bands with their in-band and
bandhead decays. The transitions are labeled by BðE2Þ values in
W.u. with uncertainties in parentheses; square brackets indicate
relative values. Quantities in bold italic are newly determined.
Upper limits result from lower limits for the level lifetimes, or
unknown E2=M1 mixing ratios, and the values given assume E2
multipolarity. Also shown are the collective wave function
distributions for the bandheads, plotted in the β − γ plane, with
a color scheme of red for the maximum and blue for the minimum
contribution. The average particle-hole occupation numbers
extracted for protons (π) and neutrons (ν) for the 0þ states are
indicated.
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The occupation numbers are computed in a similar fashion
as in Ref. [18] using the 0s, 0p, 1s0d, 1p0f, and 0g9=2
orbits as the reference to define the particle-hole structure
for both protons and neutrons.
Rather than focus on the details, we concentrate on the

overall gross features of the calculations. Considering that
the calculations have no free parameters, there is remark-
able similarity between the observed and predicted bands
shown in Figs. 2 and 3. For both nuclei, four low-lying
collective 0þ states are predicted with distinct shapes: the
prolate ground state band with β ≈ 0.20, a triaxial-
deformed 0þ2 band with β ≈ 0.4 and γ ≈ 20°, an oblate
0þ3 band with β ≈ 0.30, and a prolate 0þ4 band with
β ≈ 0.25. Two γ bands are also predicted, the lowest-lying

of which has β ≈ 0.20 (similar to the ground state) and
triaxial, and the second band has a deformation nearly
identical to that of the 0þ2 state. The γ bands strongly mix in
the calculations, resulting in enhanced E2 transitions
between the band members. There is also strong mixing
of the spin 4 and 6 states of the 0þ bands with states in other
bands, especially those in close proximity, resulting in a
fragmentation of the E2 decay strength. The 0þ2 states have
enhanced E2 transitions to the 2þ1 states (predicted, 16 and
40 W.u.; observed, <40 and 51" 14 in 110Cd and 112Cd,
respectively), the 0þ3 bandheads have enhanced decays to
the 2þ bandheads of the γ bands (predicted 97 and
108 W.u., observed <1680 and 81" 7 W:u:, respectively),
and the 0þ4 states have enhanced decays to the 2þ member
of the 0þ2 band (23 and 25 W.u. predicted, and exper-
imentally these E2 transitions are favored by approximately
2 orders of magnitude versus other possible E2 transitions).
The predicted energies of the states, as given in Figs. 2 and

3, are generally overestimated; this feature, however, is quite
common in BMF calculations. The ratios of the 4þ to 2þ

energies are 2.63 and 2.38 in 110;112Cd, respectively, whereas
experimentally they appear slightly closer to the vibrational
limit of 2.0 with values of 2.34 and 2.29. The in-bandBðE2Þ
values are also generally greater than observed, suggesting
that the calculated deformation may be slightly too large, as
also reflected in the quadrupole moments of the 2þ1 states;
the observed spectroscopic moments are −0.40ð3Þ and
−0.38ð3Þ eb for 110;112Cd, respectively, and the correspond-
ing predicted values are −0.60 and −0.57 eb.
A remarkable aspect of the present calculations is that

they do not support spherical vibrational interpretations for
the excited states of 110;112Cd; the low-lying states are
predicted to possess significant deformation and none of
the states have vibrational wave functions. Detailed inves-
tigations of the Cd isotopes have revealed systematic
discrepancies that are problematic to reconcile with their
long-standing view as spherical vibrational systems
[4,17,19]. Recently, the spherical vibrational interpretation
was resurrected by considering terms in the Hamiltonian
that mix phonon states, introducing a partial dynamical
symmetry that preserves the typical spherical vibrator
pattern for some states while allowing for departures for
others [20]. In this model, the mixing with shape-coexisting
intruder states remains weak, as reflected in the data [8].
The effect of the phonon mixing essentially interchanges
the positions of the low-spin N þ 1 and N phonon states.
The 0þ3 and 0þ4 states, which would normally be members
of the two- and three-phonon multiplets, respectively,
interchange their characters, as do the 2þ members of
the three- and four-phonon multiplets. The present BMF
calculations suggest an alternative explanation to the “Cd
problem” [20], and the observation of enhanced BðE2Þ
values supports their interpretation as rotational structures
associated with the excited 0þ states.
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matrix. This gives us the three axes of the ellipsoid with
quadrupole momenta Q0 and Q2 in the usual way [2]. One
can then plot this MCSM basis vector as a circle on
the potential energy surface (PES), as shown in Fig. 2. The
overlap probability of this MCSM basis vector with the
eigenstate is indicated by the area of the circle. Thus, one
can pin down each MCSM basis vector on the PES
according to its Q0 and Q2 with its importance by the
area of the circle. Note that the PES in Fig. 2 is obtained by
constrained HF calculation for the same SM Hamiltonian,
and is used for the sake of an intuitive understanding of
MCSM results. This method, called a T-plot [46,47],
enables us to analyze SM eigenstates from the viewpoint
of intrinsic shape. Figure 2(a) shows that the MCSM basis
vectors of the 0þ1 state of 98Zr are concentrated in a tiny
region of the spherical shape, while its 0þ2 state is composed
of basis vectors of prolate shape with Q0 ∼ 350 fm2 [see
Fig. 2(b)]. A similar prolate shape dominates the 0þ1 state of
100Zr with slightly larger Q0, as shown in Fig. 2(c). We
point out the abrupt change of the ground-state property
from Fig. 2(a) to 2(c), and will come back to this point later.
The T-plot shows stable prolate shape for the 0þ1 state from
100Zr to 110Zr [see Fig. 2(d)].
Figure 1(c) displays BðE2; 2þ1 → 0þ1 Þ values, with small

values up to N ¼ 58 and a sharp increase at N ¼ 60,
consistent with experiment [13,20–23]. The effective
charges ðep; enÞ ¼ ð1.3e; 0.6eÞ are used. Because the
BðE2; 2þ1 → 0þ1 Þ value is a sensitive probe of the quadru-
pole deformation, the salient agreement here implies that
the present MCSM calculation produces quite well the
shape evolution as N changes. In addition, theoretical and
experimental BðE2; 2þ2 → 0þ2 Þ values are shown for
N ¼ 54 [24] and 56. The value for N ¼ 56 has been
measured by experiment, discussed in the following Letter
[25], as an evidence of the shape coexistence in 96Zr. The
overall agreement between theory and experiment appears
to be remarkable. It is clear that the 2þ2 → 0þ2 transitions at
N ¼ 54 and 56 are linked to the 2þ1 → 0þ1 transitions in
heavier isotopes, via 2þ1 → 0þ2 transition at N ¼ 58.
Figure 1(d) shows the deformation parameter β2 [1].

The results of IBM [30], HFB [34], and FRDM [38]
calculations are included, exhibiting much more
gradual changes. The MCSM values are obtained from
BðE2; 2þ1 → 0þ1 Þ.

The systematic trends indicated by the 2þ1 level, the ratio
R4=2, the BðE2; 2þ1 → 0þ1 Þ value (or β2), and the T-plot
analysis are all consistent among themselves and in agree-
ment with relevant experiments. We can, thus, identify the
change between N ¼ 58 and 60 as a QPT, where in general
an abrupt change should occur in the quantum structure of
the ground state for a certain parameter [17,18]. The
parameter here is nothing but the neutron number N,
and the transition occurs from a “spherical phase” to a
“deformed phase.” Figure 1(b) demonstrates that the 0þ1
state is spherical up to N ¼ 58, but the spherical 0þ state is
pushed up to the 0þ4 state at N ¼ 60, where the prolate-
deformed 0þ state comes down to the ground state from the
0þ2 state at N ¼ 58. This sharp crossing causes the present
QPT. The discontinuities of various quantities, one of
which can be assigned the order parameter, at the crossing
point imply the first-order phase transition. The shape
transition has been noticed in many chains of isotopes and
isotones, but appears to be rather gradual in most cases, for
instance, from 148Sm to 154Sm. The abrupt change in the
Zr isotopes is exceptional.
We comment on the relation between the QPT and the

modifications of the interaction mentioned above. Without
them, the 2þ1 level is still ∼0.2 MeV at N ¼ 60 close to
Fig. 1(a), while at N ¼ 58 it is higher than the value in
Fig. 1(a). Thus, the present QPT occurs rather insensitively
to the modifications, whereas experimental data can be
better reproduced by them.
We now discuss the origin of such abrupt changes.

Figure 3(a) displays the occupation numbers of proton
orbits for the 0þ1;2 states of 98Zr, the 0þ1 state of 100Zr and
the 0þ1;2 states of

110Zr. From the spherical 0þ1 to prolate 0þ2
states of 98Zr, the occupation number of the proton 0g9=2
increases from 0.4 to 3.5, while those of the pf-shell orbits
decrease. The proton 0g9=2 orbit is more occupied in the
prolate 0þ1 state of 100;110Zr.
Figure 3(b) shows effective single-particle energies

(ESPE) of neutron orbits calculated with the occupation
numbers of the SM eigenstates, shown in Fig. 3(a) (see
Refs. [46,47] for explanations). At a glance, one notices
that the ESPEs from 2s1=2 to 0g7=2 are distributed over a
range of 4 MeV for the 0þ1 state of 98Zr, but are within
2 MeV for the prolate states, such as 0þ2 of 98Zr, 0þ1 of
100Zr, and 0þ1 of 110Zr. We notice also a massive (3.5–5.5)

FIG. 2. T-plots for 0þ1;2 states of 98;100;110Zr isotopes.
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The rapid shape change in Zr isotopes near neutron number N ¼ 60 is identified to be caused by type II
shell evolution associated with massive proton excitations to its 0g9=2 orbit, and is shown to be a quantum
phase transition. Monte Carlo shell-model calculations are carried out for Zr isotopes of N ¼ 50–70 with
many configurations spanned by eight proton orbits and eight neutron orbits. Energy levels and BðE2Þ
values are obtained within a single framework in good agreement with experiment, depicting various
shapes in going from N ¼ 50 to 70. The novel coexistence of prolate and triaxial shapes is suggested.

DOI: 10.1103/PhysRevLett.117.172502

The shape of the atomic nucleus has been one of the
primary subjects of nuclear structure physics [1], and
continues to provide intriguing and challenging questions
in going to exotic nuclei. One such question is the
transition from spherical to deformed shapes as a function
of the neutron (proton) number N (Z), referred to as shape
transition. The shape transition is visible in the system-
atics of the excitation energies of low-lying states, for
instance, the first 2þ levels of even-even nuclei: it turns
out to be high (low) for spherical (deformed) shapes [1–3].
A shell model (SM) calculation is suited, in principle, for
its description, because of the high capability of calculat-
ing those energies precisely. On the other hand, since the
nuclear shape is a consequence of the collective motion of
many nucleons, the actual application of the SM encoun-
tered some limits in the size of the calculation.
In this Letter, we present results of large-scale

Monte Carlo shell model (MCSM) calculations [4] on
even-even Zr isotopes with a focus on the shape transition
from N ¼ 50 to N ¼ 70, e.g., Ref. [5]. Figure 1(a) shows
that the observed 2þ1 level moves up and down within the
1–2 MeV region for N ¼ 50–58, whereas it is quite low
(∼0.2 MeV) for N ≥ 60 [6–16]. Namely, a sharp drop by a
factor of ∼6 occurs at N ¼ 60, which is consistent with the
corresponding BðE2Þ values shown in Fig. 1(c). These
features have attracted much attention, also because no
theoretical approach seems to have reproduced those rapid
changes covering both sides. More importantly, an abrupt
change seems to occur in the structure of the ground state as
a function of N, which can be viewed as an example of the
quantum phase transition (QPT), satisfying its general
definition to be discussed [17,18]. This is quite remarkable,
as the shape transition is, in general, rather gradual. In
addition, there is much interest in those Zr isotopes from
the viewpoint of the shape coexistence [19].

The advanced version of MCSM [26,27] can cover all
Zr isotopes in this range of N with a fixed Hamiltonian,
when taking a large model space, as shown in Table I. The
MCSM, thus, resolves the difficulties of conventional
SM calculation, where the largest dimension reaches
3.7 × 1023, much beyond its current limit. Note that no
truncation on the occupation numbers of these orbits is
made in the MCSM. The structure of Zr isotopes has been
studied by many different models and theories. For in-
stance, a recent large-scale conventional SM calculation
showed a rather accurate reproduction of experimental data
up to N ¼ 58, whereas it was not extended beyond N ¼ 60
[28]. The 2þ1 levels have been calculated in a wider range in
interacting boson model (IBM) calculations, although the
aforementioned rapid change is absent [29,30]. Some
other works were restricted to deformed states [5,31,32],
or indicated gradual shape changes [33–40].
It is, thus, very timely and needed to apply the MCSM to

Zr isotopes, particularly heavy exotic ones. The
Hamiltonian of the present work is constructed from
existing ones, so as to reduce ambiguities. The JUN45
Hamiltonian is used for the orbits, 0g9=2 and below it [41].
The SNBG3 Hamiltonian [42] is used for the T ¼ 1
interaction for 0g7=2, 1d5=2;3=2, 2s1=2, and 0h11=2. Note that
the JUN45 and SNBG3 interactions were obtained by
adding empirical fits to microscopically derived effective
interactions [41,42]. The VMU interaction [43] is taken for
the rest of the effective interaction. The VMU interaction
consists of the central part given by a Gaussian function in
addition to the π- and ρ-meson exchange tensor force [43].
The parameters of the central part were fixed from
monopole components of known SM interactions [43].
The T ¼ 0 part of the VMU interaction is kept unchanged
throughout this work. The T ¼ 1 central part is reduced by
a factor of 0.75 except for 1f7=2 and 2p3=2 orbits. On top of
this, T ¼ 1 two-body matrix elements for 0g9=2 and above
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the wave functions is large and associated with a smooth
shape change. We suggest that this fact is related to the
sudden onset of deformation at N ¼ 60, and that a larger
mixing would give rise to a more gradual transition from a
spherical to a deformed ground state in Sr isotopes.
Information on intrinsic quadrupole properties of indi-

vidual states can be obtained from experimentally deter-
mined matrix elements using the quadrupole sum rule
approach [30,45]. This method relates E2 matrix elements
to deformation parameters Q (overall deformation) and δ
(deviation from axial symmetry, with δ ¼ 0 for maximum
triaxiality) by constructing quadrupole invariants hQ2i and
hQ3 cosð3δÞi. In 98Sr, an abrupt change in deformation is
observed between the ground state [hQ2i ¼ 1.30ð4Þ e2b2]
and the low-lying 0þ2 state [hQ2i ¼ 0.38ð2Þ e2b2]. Since
the matrix elements connecting the 0þ1 state to the 2þ2;3 states
in 96Sr are unknown, the hQ2i value of 0.22(4) e2b2 for this
nucleus constitutes a lower limit. We note, however, that in
the well-studied N ¼ 58 isotone 100Mo [43], higher-lying
2þ states have a minor influence (2%) on the final value of
hQ2i. The behavior of the hQ2i deformation parameters is
consistent with what is obtained for the spectroscopic
quadrupole moments: the deformation of the ground state
in 96Sr and the low-lying 0þ2 state in 98Sr is similar,
supporting the scenario in which these two configurations
interchange atN ¼ 60. The triaxiality parameters hcosð3δÞi
for 0þ1;2 states in

98Sr are both equal to 0.46(13) and suggest
a prolate deformation with a large contribution of the
triaxial degree of freedom corresponding to γ̄ ≃ δ̄ ¼
1=3 arccoshcosð3δÞi ¼ 20°. In view of the similarity
between the 0þ2 state in 98Sr and the 0þ1 state in 96Sr,
one can speculate on a significant contribution of the
triaxial degree of freedom for the 96Sr ground state, that
could explain the reduction of the 2þ1 spectroscopic quadru-
pole moment as compared to the deformation deduced
from the BðE2; 2þ → 0þÞ value.

We have performed extensive beyond-mean-field
calculations using the Gogny D1S interaction in a
five-dimensional collective Hamiltonian (5DCH) formal-
ism [46–49] for the 96Sr and 98Sr isotopes in order to
interpret the experimental results. The comparison of
experimental and theoretical BðE2Þ and Qs values are
summarized in Fig. 2, Table I, and Table II. The calculated
excited states were grouped into band structures (GSB, A,
B) as shown in Fig. 2 according to the evolution of their
spectroscopic quadrupole moments with spin, the K com-
position of the wave function, and the reduced transition
probabilities between states. The experimental spectro-
scopic quadrupole moment of the 2þ1 state in 96Sr, equal
to −22þ33

−31 e fm2, is in agreement with the very small
calculated value Qs ¼ −5.6 e fm2. The calculated
BðE2; 2þ1 → 0þ1 Þ and BðE2; 0þ2 →2þ1 Þ are significantly
higher than the experimental values. The calculations
predict, in general, higher collectivity between states than
experimentally measured as previously observed for the Kr
isotopes with a symmetry-conserving configuration mixing
method using the Gogny force [50]. Two excited bands
(A, B) are predicted above the low-lying 0þ2 state. In the
excited band (B), the large BðE2Þ values are not associated
with a large axial deformation as indicated by the small
spectroscopic quadrupole moments. This band is predicted
to have a large contribution from the triaxial degree of
freedom with a K ¼ 0 component below 50%. It has been
shown that the triaxial degree of freedom is a key element
in the description of neighboring nuclei [5,50]. The excited
band (A) is slightly more deformed with a larger contri-
bution of K ¼ 0. Unfortunately, experimental data con-
cerning higher-lying levels in 96Sr are not yet available,
which does not allow us to verify these predictions.
Similarly, the continuous increase in the quadrupole defor-
mation of the ground-state band, predicted in calculations,
awaits experimental verification.

FIG. 2. Comparison between the theoretical and experimental level schemes of 96Sr (left) and 98Sr (right). The excitation energies (in
keV) are given in brackets. The widths and labels of the arrows represent the measured and calculated BðE2Þ in e2b2. The measured and
calculated spectroscopic quadrupole moments are given in efm2 next to each state.
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Spectroscopic Quadrupole Moments in 96;98Sr: Evidence for Shape Coexistence
in Neutron-Rich Strontium Isotopes at N ¼ 60
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Neutron-rich 96;98Sr isotopes have been investigated by safe Coulomb excitation of radioactive beams at
the REX-ISOLDE facility. Reduced transition probabilities and spectroscopic quadrupole moments have
been extracted from the differential Coulomb excitation cross sections. These results allow, for the first
time, the drawing of definite conclusions about the shape coexistence of highly deformed prolate and
spherical configurations. In particular, a very small mixing between the coexisting states is observed,
contrary to other mass regions where strong mixing is present. Experimental results have been compared to
beyond-mean-field calculations using the Gogny D1S interaction in a five-dimensional collective
Hamiltonian formalism, which reproduce the shape change at N ¼ 60.

DOI: 10.1103/PhysRevLett.116.022701

Throughout the nuclear chart, ground-state properties
such as nuclear radii and shapes tend to evolve gradually as
a function of the nucleon number. However, interactions
between nucleons in an effective mean field may cause a
sudden rearrangement of the entire nucleus when few
protons or neutrons are added, leading to a strong shell
closure or a rapid onset of deformation. One of the major
challenges in modern nuclear structure studies is to fully
understand and describe these abrupt transitions that result
from the delicate interplay between macroscopic (i.e.,

liquid droplike) properties and microscopic (i.e., shell
structure) effects in nuclear matter.
Dramatic shape changes are often interpreted as a result

of an inversion of two distinct quantum configurations of
nucleons associated with different nuclear shapes. These
structures may coexist at low excitation energy, as
observed, for example, in Pb [1], Hg [2], and Kr [3]
isotopes. Systematic studies of transition strengths and
quadrupole moments in the 182–188Hg [4] and 74–76Kr [3,5]
have revealed that both structures tend to strongly mix,
which results, for example, in an almost constant excitation
energy of the first 2þ state in 182–188Hg. The mixing,
reflected both in level energies and transition probabilities,
is most prominent when the configurations invert and
makes the change of the ground state properties more
gradual.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 3.0 License. Further distri-
bution of this work must maintain attribution to the author(s) and
the published article’s title, journal citation, and DOI.
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Shape coexistence in neutron-deficient krypton isotopes
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Shape coexistence in the light krypton isotopes was studied in two low-energy Coulomb excitation experiments
using radioactive 74Kr and 76Kr beams from the SPIRAL facility at GANIL. The ground-state bands in both
isotopes were populated up to the 8+ state via multi-step Coulomb excitation, and several non-yrast states
were observed. Large sets of matrix elements were extracted for both nuclei from the observed γ -ray yields.
Diagonal matrix elements were determined by utilizing the reorientation effect. In both isotopes the spectroscopic
quadrupole moments for the ground-state bands and the bands based on excited 0+

2 states are found to have
opposite signs. The experimental data are interpreted within a phenomenological two-band mixing model and
model-independent quadrupole invariants are deduced for the relevant 0+ states using the complete sets of
matrix elements and the formalism of quadrupole sum rules. Configuration mixing calculations based on triaxial
Hartree-Fock-Bogolyubov calculations with the Gogny D1S effective interaction have been performed and are
compared both with the experimental results and with recent calculations using the Skyrme SLy6 effective
interaction and the full generator-coordinate method restricted to axial shapes.

DOI: 10.1103/PhysRevC.75.054313 PACS number(s): 23.20.Js, 21.60.−n, 25.70.De, 27.50.+e

I. INTRODUCTION

The shape of an atomic nucleus is a fundamental property
reflecting the spatial distribution of the nucleons. Closed-shell
nuclei are always spherical in their ground state because
all orientations in space of the nucleon orbitals are equally
probable. In nuclei with open shells the occupation of certain
shape-driving orbitals tends to polarize the nucleus. To first
order, when describing the nuclear potential by a simple
harmonic oscillator, the binding energy is independent of the
sign of the elongation parameter, and compressed ellipsoidal
(oblate) and elongated (prolate) shapes should be equally
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probable [1]. Calculations performed with more realistic
potentials show that prolate ground states are much more
abundant. This tendency is also confirmed by experiments
showing a strong dominance of prolate ground-state shapes.
This observation can be related to the shell structure of nuclei
and in particular to the strength of the spin-orbit term relative to
the radial term of the nuclear potential [2]. Both experiments
and theory show that the prolate dominance is particularly
evident in heavy nuclei (Z,N > 50), where the shell structure
has changed from a harmonic oscillator type to a Mayer-Jensen
type with a high-j intruder orbital in each major shell. In lighter
nuclei (Z,N < 40) prolate and oblate solutions appear more
evenly in the ground states.

Many neutron-deficient nuclei in the mass A = 70–80
region, especially close to the N = Z line, have a large
quadrupole deformation in their ground state. In addition,
oblate and prolate shapes are predicted to coexist within a
very small energy range of a few hundred keV. This shape
coexistence is due to the competition of large shell gaps in the
particle level scheme for both oblate and prolate deformation at
proton/neutron numbers 34, 36, and 38. The neutron-deficient
Se and Kr isotopes are hence ideal candidates for the study
of shape polarization and shape-mixing properties. Deformed
shell-model calculations predict that the N = Z nuclei 68Se
and 72Kr have oblate ground states with a prolate configuration
coexisting at low excitation energy [3]. The situation is
predicted to be inversed for heavier isotopes, where a prolate
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C. Rotational invariants and the sum-rule method

Finally, the matrix elements are analyzed using a model-
independent description of the nuclear shape in terms of
global quadrupole-deformation parameters. This can be done
by constructing rotational invariants of zero-coupled products
of the E2 operator, which can be linked to the deformation
parameters in the intrinsic frame of the nucleus [8,16].

The electric quadrupole operator E(λ = 2, µ) is a spherical
tensor that can be parameterized in the principal axes frame
using the two parameters Q and δ as:

E(2, 0) = Qcos(δ),

E(2, 1) = E(2,−1) = 0,

E(2, 2) = E(2,−2) = 1√
2
Qsin(δ).

The parameter Q measures the overall deformation and is
equivalent to the elongation parameter β in the Bohr model,
whereas δ is related to the triaxiality parameter γ . The simplest
zero-coupled products of the E2 operator can then be written
as:

〈I‖[E2 × E2]0‖I 〉 = Q2

√
5
,

〈I‖{[E2 × E2]2 × E2}0‖I 〉 = −
√

2
35

Q3cos(3δ).

The E2 invariants can be expressed in the laboratory frame
by an expansion over all possible intermediate states using
Wigner’s 6j symbols:

〈Ii‖[E2 × E2]0‖Ii〉

= ( − 1)2Ii

√
2Ii + 1

∑

j

〈Ii‖M(E2)‖Ij 〉〈Ij‖M(E2)‖Ii〉

×
{

2 2 0

Ii Ii Ij

}
,

〈Ii‖{[E2 × E2]2 × E2}0‖Ii〉

= 1
2Ii + 1

∑

j,k

〈Ii‖M(E2)‖Ij 〉

×〈Ij‖M(E2)‖Ik〉〈Ik‖M(E2)‖Ii〉
{

2 2 2

Ii Ij Ik

}
.

If the relevant matrix elements are experimentally known,
the deformation parameters can be determined in a model-
independent way by summing over all closed loops of E2
matrix elements, including diagonal ones, connected to a
specific state. This method is particularly useful to attribute
shape parameters to 0+ states, which are not directly accessible
in the laboratory frame. Besides statistical errors of the
E2 matrix elements, an additional systematic error comes
from an incomplete knowledge of the matrix elements. Any
loop that is not considered in the sum will reduce the
deformation parameter Q2 and may change the triaxiality
parameter cos(3δ) depending on the relative signs of the
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FIG. 17. Quadrupole deformation parameters obtained by the
sum-rule method for the 0+ states in 74Kr and 76Kr.

unknown matrix elements. The analysis of the rotational
invariants in the present case of 74Kr and 76Kr has therefore
been restricted to the 0+ states, so that only the transitional
matrix elements 〈0i‖M(E2)‖2j 〉 and 〈2i‖M(E2)‖2j 〉 and
the diagonal matrix elements 〈2i‖M(E2)‖2i〉 have to be
considered. In deformed nuclei most of the E2 strength is
exhausted by the first rotational 2+ state. Due to the shape
coexistence and configuration mixing also the excited 2+ states
contribute significantly to the shape parameters of the 0+ states
in the krypton isotopes. Extending the analysis to states of
higher spin seems unreliable because the set of matrix elements
cannot be considered to be complete for higher-spin states.

The resulting quadrupole deformation parameters for the
first and second 0+ states in 74Kr and 76Kr are presented in
Fig. 17. The Q2 parameter is very similar for the ground
states in 74Kr and 76Kr. It seems surprising that in 74Kr the
deformation parameter for the excited oblate 0+

2 state is larger
than that of the prolate ground state, even though the absolute
value of the experimental quadrupole moment is larger for
the prolate 2+

1 than for either of the non-yrast 2+ states. The
difference between the ground state and excited 0+

2 state is
even more pronounced in 76Kr. The extremely large Q2 value
of the 0+

2 state is related to the strong coupling of this state to all
three 2+ states, in particular to the 2+

2 state. It is interesting to
note in this context that the experimental quadrupole moment
of the oblate 2+

3 state is indeed very large, and also the analysis
in the two-band mixing model suggests a rather large oblate
deformation, so that there seems to be experimental evidence
for an increase in oblate deformation from 74Kr to 76Kr.

The parameter cos(3δ) suggests an almost purely prolate
shape for the ground state of 76Kr and a mostly prolate shape
with some triaxiality for the ground state of 74Kr. An oblate
triaxial shape is found for the excited 0+

2 state in 76Kr and
maximum triaxiality for the 0+

2 state in 74Kr. The results
found for the triaxiality parameter cos(3δ) are in qualitative
agreement with the findings of the two-band mixing model.
The mixing of prolate and oblate configurations leads to a
certain triaxiality of the 0+ states. In the case of 74Kr the
maximum mixing between a large prolate and smaller oblate
deformation could introduce a slight triaxiality in the ground
state, but affect the shape of the 0+

2 state much stronger,
resulting in a shape with large triaxiality. The results again
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The quadrupole collectivity of low-lying states and the anomalous behavior of the 0+
2 and 2+

3 levels in 
72Ge are investigated via projectile multi-step Coulomb excitation with GRETINA and CHICO-2. A total 
of forty six E2 and M1 matrix elements connecting fourteen low-lying levels were determined using 
the least-squares search code, gosia. Evidence for triaxiality and shape coexistence, based on the 
model-independent shape invariants deduced from the Kumar–Cline sum rule, is presented. These are 
interpreted using a simple two-state mixing model as well as multi-state mixing calculations carried out 
within the framework of the triaxial rotor model. The results represent a significant milestone towards 
the understanding of the unusual structure of this nucleus.

 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

The structure of low-lying states in even–even Ge isotopes has 
been the subject of intense scrutiny for many years due to the 
inherent challenge of interpreting their systematics as a function 
of mass A. These nuclei possess at least one excited 0+ state in 
their low-energy spectrum that differs from the ground state in 
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its properties. Systematically, the energy of the 0+
2 level varies 

parabolically with A and reaches a minimum in 72Ge, where it 
becomes the first excited state. The existence of even-mass nuclei 
with a Jπ = 0+ first excited state is an uncommon phenomenon 
which, to date, has been observed in only a few nuclei located 
near or at closed shells: 16O [1], 40Ca [2,3], 68Ni [4,5], 90Zr [6], 
180,182Hg [7–9], 184,186,188,190,192,194Pb [10–15]. There are also ex-
amples of such nuclei where a subshell appears to play a role 
similar to a closed shell such as 96,98Zr [16,17]. These cases have 
all been explained as resulting from shape coexistence due to the 
presence of intruder configurations; i.e., configurations involving 
the excitation of at least one pair of nucleons across a shell or 
subshell energy gap [18].

The structure of 72Ge is highly unusual in that this nucleus is 
far from closed shells and, yet, possesses a 0+ first excited state. It 
shares this distinction with only two other known nuclei: 72Kr [19]

http://dx.doi.org/10.1016/j.physletb.2016.01.036
0370-2693/ 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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Fig. 4. (Color online.)
〈
Q 2〉

and 〈cos 3δ〉 quantities for the 0+
1 and 0+

2 states in the 
Ge isotopes. The ‘old’ data (open symbols) are taken from Ref. [18].

a well-defined shape transition occurs when going from mass 70 
to 72; i.e., the ground-state configuration for 70Ge becomes the 0+

2
excitation in 74,76Ge and vice versa for the 0+

1 levels in the latter 
two nuclei, the results of the present investigation (filled symbols) 
indicate a more subtle transition and show that the 0+

1 and 0+
2

states in 72Ge have essentially the same 
〈
Q 2〉 value. This is in con-

trast to previous investigations (see open symbols for 72Ge), partly 
because of the 0+

2 → 2+
3 ME, which was determined here for the 

first time, and found to contribute significantly to the sum rule. It 
should be noted that, while the mean value of the shape parameter 
is almost the same for these two 0+ states, it does not necessar-
ily follow that they are characterized by the same shape. In fact, 
the identical magnitude of the 

〈
Q 2〉 values can be interpreted as 

a consequence of mixing of two distinct (or unperturbed) config-
urations characterizing these states, each being associated with a 
different shape. Within a simple two-state mixing model, the 0+

1
and 0+

2 states can be expressed as linear combinations of two un-
mixed 0+

u1,u2 basis levels with different mixing amplitudes and 
unique deformations [44]. Assuming no interaction between the 
intrinsic states; i.e., 〈Iu1| |M(E2)| |Iu2〉 = 0, and using the four MEs 
connecting the 0+

1,2 to the 2+
1,3 mixed states, the intrinsic, unmixed 

basis states, initially separated by "int = 32 keV, are shifted by 
330 keV with respect to one another by a mixing ME of 345 keV. 
The wavefunction of the mixed 0+

1 state contains an amplitude 
cosθ0 = 0.72(3) of the unmixed ground-state wavefunction, which 
indicates maximum mixing [cos2θ0 = 0.52(4)], and is consistent 
with values derived in two-neutron and alpha transfer measure-
ments [45]. In principle, the mixing strength can also be deter-
mined on the basis of the known E0 monopole strength between 
the two 0+ states [ρ2(E0; 0+

2 → 0+
1 ) × 103 = 9.18(2) in 72Ge] [46]. 

This would however, require knowledge of the difference in the 
mean-square charge radii of the two configurations which is at 
present unavailable. Thus, while the simple two-state mixing cal-
culations describe the mixing between configurations of the 0+

states reasonably well, ambiguities associated with the influence 
of the highly-mixed 2+ “subspace” (comprising the 2+

1 , 2+
2 , and 

2+
3 states), as evidenced by the various decay branches and mag-

nitudes of the linking MEs (see Table 1), remain to be addressed. 
Hence, a complete description requires, at the minimum, a three-
band mixing calculation that takes into account the contributions 
of the 2+ states with, in addition, the inclusion of triaxiality, as 
indicated by the 〈cos 3δ〉 analysis of Fig. 4.

In order to quantify the role of triaxiality and present a better 
understanding of shape coexistence in the low-lying states, a re-
vised version of the triaxial rotor model with independent inertia 
and electric quadrupole tensors [47–51] was applied to the newly 
deduced E2 MEs of 72Ge. This version is a departure from the stan-
dard use of irrotational flow moments of inertia; e.g., the Davydov–
Filippov rotor model [52]. Using this model, the E2 MEs for states 
within the ground and quasi-γ bands were calculated [53] with 
a minimum set of assumptions and compared to the experimen-
tal results. The three model parameters required to describe the 
E2 MEs of a triaxial rotor include the deformation, Q 0, the asym-
metry of the electric quadrupole tensor, γ , and the mixing angle 
of the inertia tensor, &. These parameters are determined ana-
lytically in this study from the 〈01||M(E2)||21〉, 〈01||M(E2)||22〉, 
and 〈21||M(E2)||21〉 experimental MEs (cf. Ref. [49]) and result in 
Q 0 = 1.45 eb, γ = 27.0◦ , and & = −23.2◦ .

The results of triaxial rotor model calculations [53], designated 
as (TRM), are compared with the data in Figs. 5 and 6. For com-
pleteness, calculations for a symmetric rotor (Symm) and triaxial 
rotor with irrotational flow moments of inertia (DF) [52] are also 
included. All three versions of the rotor model equally reproduce 
the ground [Fig. 5(a)] and quasi-γ intra-band transitions [Fig. 5(b)]. 
Beyond this point, however, the symmetric rotor (Symm) has little 
to no value in describing the data. For the quasi-γ to ground inter-
band transitions, the TRM and DF calculations appear to perform 
equally well, predicting large values when the experimental values 
are large and likewise when they are small (see Fig. 6). However, 
there is a consistent failure to reproduce the 〈61||M(E2)||42〉 and 
〈41||M(E2)||62〉 MEs (see indices 8 and 11 in Fig. 6); these "I = 2, 
"K = 2 transitions have been shown to be very sensitive to inter-
ference effects [49,51]. With the exception of the 42 state, perhaps 
the most important outcome is the ability of the TRM calculations 
to reproduce the static quadrupole moments; i.e., the diagonal E2
MEs 〈Ii ||M(E2)||Ii〉. This is presented in Figs. 5(c) and 5(d), where 
both the experimental 〈Ii ||M(E2)||Ii〉 values and the general trend 
with spin are in good agreement with expectations of a triaxial 
rotor.

Configuration mixing between two triaxial rotor models was 
utilized [54] to investigate further the nature of the first excited 
0+

2 level and the 2+
3 state possibly built upon it, and to deter-

mine their impact on the E2 MEs of the ground and quasi-γ
bands. A simple approach was adopted to extract the model pa-
rameters without any effort to further adjust the parameters for 
better agreement. This approach was to factorize the solution into 
two 2 × 2 subspaces in order to solve the "K = 2 triaxial mix-
ing (see above) and "K = 0 configuration mixing. Then, using 
the parameters from these solutions, the E2 MEs for the full 
4 × 4 space were calculated. The "K = 0 configuration mixing was 
solved using the 〈01||M(E2)||21〉, 〈21||M(E2)||02〉, 〈01||M(E2)||23〉, 
and 〈02||M(E2)||23〉 experimental MEs. The adopted parameters 
for the configuration mixing are Q 01 = 1.93 b, Q 02 = 0.57 b, 
θI=0,"K=0 = 43.2◦ , and θI=2,"K=0 = 21.1◦ . From the "K = 0 con-
figuration mixing alone, the MEs 〈21||M(E2)||21〉, 〈23||M(E2)||23〉, 
and 〈21||M(E2)||23〉 are predicted to be 0.66, −0.28, and −0.17 eb, 
respectively, but the corresponding experimental values are −0.16, 
−0.02, and 0.24 eb. Hence, "K = 0 configuration mixing alone is 
not sufficient to describe the data and suggest including "K = 2
triaxial mixing.

The triaxial and configuration mixing solutions were combined 
to give the following overall adopted parameters: Q 01 = 1.93 b, 
γ1 = 27◦ , and &1 = −23.2◦ for the first triaxial rotor, Q 02 = 0.57 b, 
γ2 = 30◦ , and &2 = −30◦ for the second one (30◦ was assumed for 
simplicity), and θI=0,"K=0 = 43.2◦ and θI=2,"K=0 = 21.1◦ for the 
configuration mixing. This approximation scheme results in calcu-
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A search for shape isomers in the 66Ni nucleus was performed, following old suggestions of various
mean–field models and recent ones, based on state-of-the-art Monte Carlo shell model (MCSM), all
considering 66Ni as the lightest nuclear system with shape isomerism. By employing the two-neutron
transfer reaction induced by an 18O beam on a 64Ni target, at the sub-Coulomb barrier energy of 39 MeV, all
three lowest-excited 0þ states in 66Ni were populated and their γ decay was observed by γ-coincidence
technique. The 0þ states lifetimes were assessed with the plunger method, yielding for the 0þ2 , 0

þ
3 , and 0þ4

decay to the 2þ1 state the BðE2Þ values of 4.3, 0.1, and 0.2 Weisskopf units (W.u.), respectively. MCSM
calculations correctly predict the existence of all three excited 0þ states, pointing to the oblate, spherical,
and prolate nature of the consecutive excitations. In addition, they account for the hindrance of the E2
decay from the prolate 0þ4 to the spherical 2þ1 state, although overestimating its value. This result makes
66Ni a unique nuclear system, apart from 236;238U, in which a retarded γ transition from a 0þ deformed state
to a spherical configuration is observed, resembling a shape-isomerlike behavior.

DOI: 10.1103/PhysRevLett.118.162502

The concept of potential energy surface (PES) is central
in many areas of physics. Usually, the PES displays the
potential energy of the system as a function of its geometry.
As an example, the PES of a molecule expressed in such
coordinates as bond length, valence angles, etc., can be
used for finding the minimum energy shape or calculating
chemical reaction rates [1]. The idea of potential energy
surface in deformation space has also been widely applied
to the nucleus at a given spin. For an even-even nucleus at
spin 0, the lowest PES minimum corresponds to the ground
state (g.s.), while there may exist additional (secondary)
minima in which excited 0þ states can reside: they can be
interpreted as ground states of different shapes [2–6]. When
a secondary minimum is separated from the main minimum
by a high barrier, in the extreme case a long-lived isomer,
called shape isomer, can be formed [7]. Shape isomerism at
spin zero, so far, has clearly been observed only in actinide
nuclei - these isomers decay mainly by fission, and in

two cases only, 236U and 238U, by very retarded γ-ray
branches [8–11].
The existence of shape isomers in lighter systems has

been a matter of debate for a long time. Already in the
1980s, a study based on microscopic Hartree-Fock plus
BCS calculations, in which a large number of nuclei was
surveyed, identified ten isotopes in which a deformed 0þ

state is separated from a spherical structure by a signifi-
cantly high barrier: 66Ni and 68Ni, 190;192Pt, 206;208;210Os,
and 194;196;214Hg [12]. Other investigations [13,14], which
used a nonaxial Hartree-Fock-Bogoliubov approach,
selected a rather restricted number of candidates, among
which the lightest were 66;68Ni, 74;76Kr, 78;80;98Sr,
80;82;100Zr, and 86Mo. Quite recently, Möller et al. [15]
presented a global study of potential energy surfaces in
7206 nuclei from A ¼ 31 to A ¼ 290 by employing a
well-benchmarked macroscopic-microscopic finite-range
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liquid-drop model [16]. Here, secondary PES minima at
spin 0 were found in a few tens of nuclei, among which
66Ni was also present. To summarize, 66Ni is the lightest
system for which all three models, discussed above, suggest
the existence of a pronounced secondary PES minimum
which may give rise to shape isomerism.
Recently, state-of-the-art shell model calculations became

capable of calculating shape coexistence in nuclei with
masses A ¼ 60–100 [17–22]. In particular, it became pos-
sible to assess transition probabilities between states of
different shapes, and to search for retarded decays which
would be the signature of a shape-isomerlike structure.
Monte Carlo shell model (MCSM) studies [23–26] have
been performed for the neutron-rich 68–78Ni isotopes and
coexistence of low-lying spherical, oblate, and strongly
deformed prolate shapes has been found in 68Ni and 70Ni
[17,18]. A significant hindrance for the E2 transition
deexciting the prolate deformed 0þ state was predicted in
68Ni only. On the experimental side, the lifetimes of the
supposedly well-deformed prolate 0þ states, located at 2511
and 1567 keV in 68Ni [27,28] and 70Ni [29,30], respectively,
were assessed in a very recent β-decay study of 68Co and
70Co [31].Nohindrancewas observed in both cases, pointing
to a substantial mixing (or a low potential barrier) between
deformed and spherical configurations in 68Ni and 70Ni
isotopes.
At this point, we turned our attention to 66Ni, for which

mean-field calculations already predicted a secondary PES
deep minimum [12–16]. We performed new theoretical and
experimental studies of 66Ni low-lying states, with a particular
focus on 0þ states. The theoretical investigation was carried
out within the Monte Carlo shell model [23–26], using the
same Hamiltonian and model space as the ones previously
employed for 68–78Ni [17]. Figure 1 shows the potential energy
surface of 66Ni, obtained similarly to Refs. [17,18,32].
In comparison with 68Ni, the barrier height is similar, but
the prolate minimum is lower in 66Ni, due to stronger p − n
interaction coming from more neutron holes in the N ¼ 40
closed shell. As a consequence, a more strict hindrance to the
decay to themain spherical minimum, from the prolate one, is
expected in 66Ni. The circles on the plot of Fig. 1 indicate the
intrinsic quadrupole moments of a given basis vector of the
MCSM eigenstate, and their size implies the overlap proba-
bility of this basis vector with the eigenwave function [17,18].
In Fig. 1, the circles are concentrated in spherical (0þ1 and

0þ3 ), oblate (0þ2 ), and prolate (0þ4 ) domains, with β2 ≈ 0.0,
−0.2, and 0.3, respectively. While the local minimum in the
prolate domain is profound, due to a shell evolution of type II
[18], the one in the oblate domain is very shallow, being
almost a shoulder.
With respect to the 0þ1 state, the 0þ2;4 states are found to be

composed of sizable excitations of protons, from f7=2 to
f5=2 and p3=2;1=2, as well as neutrons, from f5=2 and p3=2;1=2

to g9=2 and d5=2. In the 0þ2 state, ∼1 proton and ∼1.5

neutrons are excited, whereas these numbers are doubled in
the 0þ4 state. This large difference in particle-hole excita-
tions leads to very different deformations between 0þ2 and
0þ4 states. On the contrary, the 0þ1;3 and 2þ1 states have
similar occupation numbers, being spherical.
The reduced probabilities for E2 transitions deexciting

the 0þ2 oblate, 0þ3 spherical, and 0þ4 prolate states to the
spherical 2þ1 state are 4.1, 0.01, and 0.006 Weisskopf units
(W.u.), respectively. While the retardation of the 0þ4 decay
arises from the prolate to spherical shape change, the
hindrance of the spherical 0þ3 decay is caused by cancella-
tion effects in the E2 transition matrix elements due to
different structures within spherical states.
Experimentally, a first inspection of 66Ni data, established

prior to our study, already shows remarkable features in line
with theMCSMcalculations: three excited 0þ states (out of a
total of 6 excitations below 3 MeV) have been located at
2444, 2664, and 2965 keV by using a (t,p) reaction [33]. Out
of those, the first two were confirmed by the discrete γ-ray
studies of [27,34,35] and their energieswere determinedwith
higher precision at 2443 and 2671 keV. On the contrary, the
0þ4 state was not observed. We propose that these three 0þ

excited states correspond to the three0þ excitations predicted
by theMCSMcalculations at 1971 (oblate), 2596 (spherical),
and 3296 keV (prolate), respectively [see Figs. 2(d) and (e)].
This experiment-theory correspondence is supported by two
independent observations: (i) both experiment [27,35,36]
and MCSM calculations show that, out of the four 0þ states
in 66Ni, the β decay of the 1þ ground state of 66Co feeds only
the spherical ground state and the 0þ3 state, what points to
similarly spherical (although configuration-wise different)
structures of these two states; (ii) in the (t,p) reaction study
[33], the population of the 0þ2 and 0þ3 states is strongly

FIG. 1. Potential energy surface (PES) for the lowest 0þ states
of 66Ni, as a function of prolate and oblate quadrupole moments.
Circles on the PES represent shapes in the MCSM basis vectors:
white (orange) circles for 0þ1 (0þ3 ) spherical states, green (red) for
0þ2 oblate (0þ4 prolate) states, respectively.
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78Ni revealed as a doubly magic 
stronghold against nuclear deformation
R. Taniuchi1,2, C. Santamaria2,3, P. Doornenbal2*, A. Obertelli2,3,4, K. Yoneda2, G. Authelet3, H. Baba2, D. Calvet3, F. Château3,  
A. Corsi3, A. Delbart3, J.-M. Gheller3, A. Gillibert3, J. D. Holt5, T. Isobe2, V. Lapoux3, M. Matsushita6, J. Menéndez6,  
S. Momiyama1,2, T. Motobayashi2, M. Niikura1, F. Nowacki7, K. Ogata8,9, H. Otsu2, T. Otsuka1,2,6, C. Péron3, S. Péru10,  
A. Peyaud3, E. C. Pollacco3, A. Poves11, J.-Y. Roussé3, H. Sakurai1,2, A. Schwenk4,12,13, Y. Shiga2,14, J. Simonis4,12,15,  
S. R. Stroberg5,16, S. Takeuchi2, Y. Tsunoda6, T. Uesaka2, H. Wang2, F. Browne17, L. X. Chung18, Z. Dombradi19, S. Franchoo20,  
F. Giacoppo21, A. Gottardo20, K. Hadyńska-Klęk21, Z. Korkulu19, S. Koyama1,2, Y. Kubota2,6, J. Lee22, M. Lettmann4, C. Louchart4, 
R. Lozeva7,23, K. Matsui1,2, T. Miyazaki1,2, S. Nishimura2, L. Olivier20, S. Ota6, Z. Patel24, E. Şahin21, C. Shand24, P.-A. Söderström2, 
I. Stefan20, D. Steppenbeck6, T. Sumikama25, D. Suzuki20, Z. Vajta19, V. Werner4, J. Wu2,26 & Z. Y. Xu22

Nuclear magic numbers correspond to fully occupied energy shells of protons or neutrons inside atomic nuclei. Doubly 
magic nuclei, with magic numbers for both protons and neutrons, are spherical and extremely rare across the nuclear 
landscape. Although the sequence of magic numbers is well established for stable nuclei, experimental evidence has 
revealed modifications for nuclei with a large asymmetry between proton and neutron numbers. Here we provide a 
spectroscopic study of the doubly magic nucleus 78Ni, which contains fourteen neutrons more than the heaviest stable 
nickel isotope. We provide direct evidence of its doubly magic nature, which is also predicted by ab initio calculations 
based on chiral effective-field theory interactions and the quasi-particle random-phase approximation. Our results also 
indicate the breakdown of the neutron magic number 50 and proton magic number 28 beyond this stronghold, caused 
by a competing deformed structure. State-of-the-art phenomenological shell-model calculations reproduce this shape 
coexistence, predicting a rapid transition from spherical to deformed ground states, with 78Ni as the turning point.

Characterization of the few doubly magic nuclei, known and predicted, 
provides a benchmark for our knowledge of the fundamental forces 
that drive the evolution of shell closures with proton-to-neutron asym-
metry1,2. With reliable and globally applicable interactions, accurate 
predictions of the location of the two-neutron drip line and the limits 
of the nuclear landscape can be made3. These, in turn, are critical for 
nucleosynthesis models, which rely on nuclear structure inputs.

An initial characterization of magicity is often provided by the excita-
tion energy of the first JΠ = 2+ (J, angular momentum; Π, parity) state, 

+E(2 )1 , as illustrated in Fig. 1 in a Segrè chart (a two-dimensional  
grid in which nuclei are arranged by their proton (Z) and neutron (N) 
numbers). Magic nucleon numbers (2, 8, 20, 28, 50, 82 and 126), which 
were first correctly reproduced theoretically for stable isotopes by intro-
ducing a strong spin–orbit interaction4,5, stand out in the chart, as 
excitation from the ground state requires promoting nucleons across 
major nuclear shells, and therefore more energy, given the large energy 
gaps involved. Further experimental observables, such as nuclear bind-
ing energies, charge radii or reduced γ-ray-transition probabilities, are 
indispensable for a comprehensive characterization of a nucleus. 
However, their acquisition is experimentally challenging.

With the extension of studies to unstable, radioactive isotopes (RIs) 
with a large neutron excess—also termed ‘exotic’ nuclei—magic num-
bers emerged as a local feature. In such nuclei, nuclear shell structure 

changes, sometimes drastically, as a function of proton (neutron) num-
ber along isotonic (isotopic) chains, revealing interesting properties 
of the underlying nuclear forces. For instance, it was recognized that 
several canonical neutron magic numbers6–9, such as N = 8, 20 and 
28, disappear far from stability, while new ones have been claimed at 
N = 16 (ref. 10) and N = 32, 34 (refs 1,2,11).

Shifts of these magic numbers challenge nuclear theory, and cer-
tain cases can be explained by drifts of single-particle orbitals (SPOs) 
with varying nucleon number12. The central potential of the nucleon–
nucleon effective interaction and the tensor force contribute strongly 
to this evolution13,14. Also three-nucleon forces, which originate from 
the composite nature of nucleons, have a substantial impact15,16. So 
far, a coherent picture of the nuclear shell structure and its evolution 
towards the most neutron-rich nuclei remains elusive.

The isotope 78Ni (28 protons and 50 neutrons) is a unique case, 
included in all motivations for planned and operating next-gener-
ation RI-beam in-flight facilities, such as the Radioactive Isotope 
Beam Factory (RIBF) in Japan, the Facility for Rare Isotope Beams 
(FRIB) in the USA and the Facility for Antiproton and Ion Research 
(FAIR) in Germany. Predictions regarding the neutron drip-line 
location3 of even–even nuclei, for which the two-neutron separation 
energy becomes negative (also shown in Fig. 1), have revealed that 
78Ni is the only neutron-rich doubly magic nucleus presently lacking 
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spectroscopic information on excited states that can be reached with 
current and next-generation facilities.

After the first production17 of 78Ni, enormous efforts have been made 
to investigate its structure. Previous measurements indirectly inferred 
persistent N = 50 (refs 18–22) and Z = 28 (refs 23–25) shell closures at 
78Ni. This notion has been supported theoretically by ab initio predic-
tions26. Conversely, studies of 66Cr (Z = 24) and 70,72Fe (Z = 26) 
revealed constantly low +21  excitation energies, which question the 
N = 50 shell closure for proton numbers below Z = 28 (refs 27,28). 
Likewise, several studies supported a reduction of the Z = 28 proton 
shell gap towards and beyond N = 50 (refs 29–33). A vanishing of the 
proton and neutron shell closures would be accompanied by an onset 
of deformation, implying considerable consequences, such as shape 
coexistence and gain in nuclear binding energy. The former signifies 
the occurrence of several quantum states of different shapes lying close 
and low in energy; the latter slants the two-neutron drip line and 
accordingly shifts the limits of nuclear existence towards heavier iso-
topes. Hitherto, no ultimate conclusion on the magic character of 78Ni 
has existed. Here, we provide first direct evidence from in-beam γ-ray 
spectroscopy in prompt coincidence with proton knockout reactions 
of fast RI beams.

Production of RI beams
The experiment was carried out at RIBF, which combines three 
injectors with four coupled cyclotrons. Neutron-rich RI beams were  
produced by induced relativistic in-flight fission of a 238U primary beam 
with energy of 345 MeV per nucleon on a 3-mm-thick beryllium produc-
tion target, located at the F0 focus of the BigRIPS fragment separator34 
shown in Fig. 2a. 79Cu and 80Zn particles, produced at rates of 5 and 290 
particles per second, respectively, were identified on an event-by-event 
basis from focal plane F3 to F7, before being guided to the MINOS reac-
tion target system35 (see Fig. 2b) located at F8, with a remaining energy 
of approximately 250 MeV per nucleon (61% of the speed of light).

γ-ray detection after secondary reaction
MINOS was composed of a 102(1)-mm-thick (all uncertainties 
correspond to one standard deviation, s.d.) liquid-hydrogen target 
and a time-projection chamber to reconstruct the reaction vertices.  
This allowed to overcome inaccuracies in the Doppler reconstruc-
tion that originated from the thick target (see Methods for details). 
The γ-ray spectrometer DALI236 surrounded MINOS to detect 
prompt de-excitation γ-rays with high efficiency. Secondary-reaction  
species were subsequently identified with the ZeroDegree spectrom-
eter from F8 to F11. An overview of the facility and the experimental 
setup, including all the focal points, is provided in Fig. 2 together with 
obtained particle identification plots.

γ-rays from the 79Cu(p, 2p) 78Ni reaction
The total reaction cross-sections for the production of 78Ni following 
the 79Cu(p, 2p)78Ni and 80Zn(p, 3p)78Ni reactions were 1.70(42) and 
0.016(6) mb, respectively, yielding 937 and 815 events. The energies of 
coincident prompt γ-rays were corrected for the Doppler shift in the 
spectra shown in Fig. 3. For the (p, 2p) reaction channel, the most 
intense γ-ray transition was observed at 2,600(33) keV with a signifi-
cance level (S.L.) of 7.5, and was tentatively assigned to the →+ +2 01 gs 
decay of 78Ni. Four weaker transitions, located at 583(10) keV, 
1,103(14) keV, 1,540(25) keV and 2,110(48) keV, were identified. All 
decay strengths (corrected for the γ-ray-energy-dependent detection 
efficiency of DALI2) and confidence levels are summarized in 
Extended Data Table 1 and Extended Data Fig. 2. Sufficient statistics 
allowed us to establish prompt coincidences between the 2,600-keV 
transition and all the weaker transitions (Fig. 3b), as well as a possible 
coincidence between the 583-keV transition and the 2,110-keV tran-
sition (Extended Data Fig. 1b). Conversely, no coincidence was 
observed between the 583-keV and 1,103-keV transitions (Extended 
Data Fig. 1b, c). These are therefore considered to decay independently 
into the proposed +21  state. On account of its correspondence to the 
theoretical descriptions discussed below, the 583-keV line is tentatively 
assigned to the →+ +4 21 1  transition. This leads to a ratio of R4/2 = 1.22(2) 
between +E(2 )1  and +E(4 )1 , which is comparable to those of the  
well known doubly magic nuclei 40Ca (1.35), 48Ca (1.18), 56Ni (1.45), 
132Sn (1.09) and 208Pb (1.06).

γ-rays from 80Zn(p, 3p)78Ni
Although similar numbers of (p, 2p) and (p, 3p) events were detected, 
the findings were largely different. A transition remained visible at 
1,067(17) keV in the (p, 3p) spectrum (Fig. 3d), but no other promi-
nent peak was observed in the energy range up to 2,600 keV, with 
transitions reported for the (p, 2p) channel having an S.L. of only 
around 1. A surprising additional strength above the →+ +2 01 gs decay 
revealed a transition at 2,910(43) keV (S.L. = 3.5), which is either 
weakly or not populated in the (p, 2p) channel. This cannot be inter-
preted as a decay into the +21  state owing to the low intensity of the peak 
at 2,600 keV. Instead, it is ascribed to the decay of a second 2+ state to 
the 0+ ground state. This level placement is further corroborated by 
the spectrum for γ-ray-detection multiplicities of Mγ < 4 (Fig. 3c), 
which shows an enhanced peak-to-total ratio of decays from low-lying 
levels—in this case the 2,910-keV transition. By applying similar argu-
ments, the 1,067-keV transition has too large intensity to correspond 
to the 1,103-keV transition observed in the (p, 2p) channel, and is 
therefore considered to feed the 2,910-keV level. Taking all  
these observations into account, the level scheme shown in Fig. 4b is 
proposed for 78Ni.
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Fig. 1 | Experimental +E(2 )1  systematics of the even–even nuclear 
landscape. Shown are known +E(2 )1  of even–even isotopes40 and the value 
for 78Ni obtained in the present study. Canonical magic numbers are 
indicated by dashed lines and doubly magic nuclei are labelled. 68Ni, for 

which the number of neutrons, N = 40, matches the harmonic-oscillator 
shell closure, is also marked. The predicted two-neutron drip line and its 
uncertainties3 are shown in blue.
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Shape Coexistence is predicted in 78Ni but still no firm proof
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Zn isotopes?

▸ Relativistic mean-field: 
Cit. “The Zn isotopic chain is abundant in phenomena of 
shape coexistence” 
W.Z. Jiang et al., EPJA 25, 29 (2005) 

▸ Covariant density functional theory: 
Cit. “Shape coexistence does not show up clearly 
in Zn isotopes” 
N.J. Abu Awwad et al., PRC 101, 064322 (2020) 

▸ Little experimental evidence in stable 
isotopes: 
A. Passoja et al., NPA 438, 413 
(1985) 
M. Rocchini et al., PRC 103, 
014311 (2021) 
M. Koizumi et al., NPA 730, 46 
(2004) 

▸ No firm proof in the 
radioactive, neutron-rich 
isotopes
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Background: Selenium and germanium nuclei are associated with both triaxiality and shape coexistence. The
relative influence of these deformation effects on the low-lying nuclear structure remains the subject of much
discussion with additional attention drawn to 76Se and 76Ge due to the potential for the observation of neutrinoless
double-β decay.
Purpose: Experimental observables related to the deformation of 76Se are lacking in precision. The purpose of
the present paper is to provide electric quadrupole matrix elements with improved precision in order to determine
the deformation of low-lying states in a model-independent manner.
Methods: Sub-barrier Coulomb excitation was employed at the reaccelerated beam facility of the National
Superconducting Cyclotron Laboratory using the JANUS setup. Using this method nineteen E2 matrix elements
were extracted.
Results: Extracted matrix elements agree within uncertainties with those in the literature but with improved
precision. Through both a comparison with geometric models and a model-independent evaluation of E2 matrix
elements using rotational invariants, the ground state of 76Se is best described as having a significant triaxial
component, but is not maximally triaxially deformed.
Conclusions: Selenium-76 exhibits a significant degree of triaxiality in its ground state. A detailed comparison
with configuration-interaction calculations indicates that this can be well reproduced theoretically.

DOI: 10.1103/PhysRevC.99.054313

I. INTRODUCTION

Atomic nuclei exhibit the bulk property of deformation,
commonly assuming nonspherical shapes far from nuclear
magic numbers. It is becoming increasingly clear that ax-
ially symmetric prolate and oblate extremes of quadrupole
deformation are not sufficient to describe many nuclei with
triaxial components to the deformation often found to be
significant. One area of the nuclear landscape where the role
of axially asymmetric deformation has long been inferred to
be important is the selenium germanium region. The low-
lying γ band in these isotopes—associated with a triaxial vi-
brational mode—is indicative of this, whereas the staggering
of the band members has been used to infer the rigidity of
this triaxial deformation (see, e.g., Ref. [1]). More recently,
comprehensive Coulomb excitation analyses using state-of-
the-art γ -ray detection arrays have cemented this picture of
triaxial deformation in, for example, 72Ge [2].

Understanding the role of deformation in these isotopes
is made a more pressing issue by its influence on the cal-
culation of the nuclear matrix element for the hypothesized
neutrinoless double-β decay process with 76Ge being an
excellent candidate for observation [3,4]. Differing ground-
state deformations in the parent (76Ge) and daughter (76Se)

*henderson64@llnl.gov

nuclei result in a reduced spatial overlap between the initial-
and the final-state configurations. Any reduction in overlap
will inhibit the process as inferred more explicitly through
theoretical calculations (see, e.g., Ref. [5]).

Reproducing the germanium selenium region microscop-
ically provides a challenge for nuclear theory. The f pg
shell itself is large, but small-amplitude excitations into the
2d5/2 orbital are known to play an important role in driving
quadrupole deformation and are typically too computationally
expensive to include in calculations. Over the past decade,
however, Hamiltonians have been developed to tackle this
region of the nuclear landscape with examples pertinent to this
paper being the JUN45 [6] and the j j44b (see Appendix A in
Ref. [7]) interactions.

In order to provide a clearer picture of the role of de-
formation in the selenium isotopes, more extensive and pre-
cise experimental data are required. In particular, transition
matrix elements connecting low-lying states are known to
be sensitive to deformation effects and might be reproduced
theoretically by, for example, shell-model calculations with
the aforementioned interactions. Here, we present results from
a sub-barrier Coulomb excitation measurement of 76Se per-
formed on a high-Z target to allow for multistep excitation.
This methodology allows us access to multiple E2 matrix el-
ements connecting low-lying states, improving precision over
literature values. The new more precise results are then used to
construct a series of rotationally invariant quantities related to

2469-9985/2019/99(5)/054313(8) 054313-1 ©2019 American Physical Society
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commonly assuming nonspherical shapes far from nuclear
magic numbers. It is becoming increasingly clear that ax-
ially symmetric prolate and oblate extremes of quadrupole
deformation are not sufficient to describe many nuclei with
triaxial components to the deformation often found to be
significant. One area of the nuclear landscape where the role
of axially asymmetric deformation has long been inferred to
be important is the selenium germanium region. The low-
lying γ band in these isotopes—associated with a triaxial vi-
brational mode—is indicative of this, whereas the staggering
of the band members has been used to infer the rigidity of
this triaxial deformation (see, e.g., Ref. [1]). More recently,
comprehensive Coulomb excitation analyses using state-of-
the-art γ -ray detection arrays have cemented this picture of
triaxial deformation in, for example, 72Ge [2].

Understanding the role of deformation in these isotopes
is made a more pressing issue by its influence on the cal-
culation of the nuclear matrix element for the hypothesized
neutrinoless double-β decay process with 76Ge being an
excellent candidate for observation [3,4]. Differing ground-
state deformations in the parent (76Ge) and daughter (76Se)

*henderson64@llnl.gov

nuclei result in a reduced spatial overlap between the initial-
and the final-state configurations. Any reduction in overlap
will inhibit the process as inferred more explicitly through
theoretical calculations (see, e.g., Ref. [5]).

Reproducing the germanium selenium region microscop-
ically provides a challenge for nuclear theory. The f pg
shell itself is large, but small-amplitude excitations into the
2d5/2 orbital are known to play an important role in driving
quadrupole deformation and are typically too computationally
expensive to include in calculations. Over the past decade,
however, Hamiltonians have been developed to tackle this
region of the nuclear landscape with examples pertinent to this
paper being the JUN45 [6] and the j j44b (see Appendix A in
Ref. [7]) interactions.

In order to provide a clearer picture of the role of de-
formation in the selenium isotopes, more extensive and pre-
cise experimental data are required. In particular, transition
matrix elements connecting low-lying states are known to
be sensitive to deformation effects and might be reproduced
theoretically by, for example, shell-model calculations with
the aforementioned interactions. Here, we present results from
a sub-barrier Coulomb excitation measurement of 76Se per-
formed on a high-Z target to allow for multistep excitation.
This methodology allows us access to multiple E2 matrix el-
ements connecting low-lying states, improving precision over
literature values. The new more precise results are then used to
construct a series of rotationally invariant quantities related to

2469-9985/2019/99(5)/054313(8) 054313-1 ©2019 American Physical Society
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FIG. 6. 〈Q2〉 and 〈δ〉 calculated using the invariant values de-
scribed in Eqs. (2) and (3) for the 0+

1 (solid symbols) and 0+
2

(open symbols) states in stable selenium isotopes. 76Se values were
deduced from the matrix elements determined in the present pa-
per, whereas 74,78,80,82Se were determined from data presented in
Refs. [8,19,26–28]. Note that, as discussed in the text, uncertainties
correspond to matrix-element uncertainties only and do not incorpo-
rate any uncertainties in convergence.

assume that

〈cos(3δ)〉 ≈ 〈Q3cos(3δ)〉
(〈Q2〉)3/2

. (4)

Invariants were thereby determined for stable selenium iso-
topes and the 〈δ〉 and 〈Q2〉 parameters are presented in Fig. 6
in (〈Q2〉, 〈δ〉) space, in analogy to the (β, γ ) space often used
to represent the Bohr deformation parameters. The use of the
present data to determine the shape invariants rather than that
available in the literature results in a 30% reduced uncertainty
in the determination of 〈cos(3δ)〉 for the 0+

1 state. For the 0+
2

state, a better than 60% improvement in precision is found for
both 〈Q2〉 and 〈cos(3δ)〉. Note that 〈2+

3 | E2 |2+
3 〉 has not been

determined in any stable selenium isotope. The contribution
of this matrix element to the ground-state 〈cos(3δ)〉 values is
expected to be small due to 〈0+

1 | E2 |2+
3 〉 being small in all

cases where it has been measured. In the case of the 0+
2 state,

however, the contribution can be significant due to the larger
magnitude of the 〈0+

2 | E2 |2+
3 〉 matrix element. The 〈δ〉 values

for the 0+
2 states presented in Fig. 6 (open symbols) might,

therefore, not be converged.
The 〈cos(3δ)〉 parameter, as previously stated, relates to the

degree of triaxiality of the state in question—in this case, the
0+

1 and 0+
2 states. A value of δ = 60◦ [〈cos(3δ)〉 = −1] cor-

responds to an axially symmetric oblate shape, and a value of
δ = 0◦ [〈cos(3δ)〉 = 1] corresponds to an axially symmetric
prolate shape. The 〈Q〉 parameter, meanwhile, relates to the
absolute magnitude of deformation. From Fig. 6, therefore, it

TABLE III. Experimental B(E2) transition strengths and spec-
troscopic quadrupole moments for 76Se compared to those calculated
using the configuration interaction in the j j44 model space with
two different interactions using an isoscalar effective charge: eπ =
1.8, eν = 0.8. Experimental values from this paper (see Table II).
See the text for details.

B(E2; I → F ) (e2 fm4) Expt. j j44b JUN45

2+
1 → 0+

1 838 (14) 788 678
2+

2 → 0+
1 23.8 (10) 2.4 44.2

2+
2 → 2+

1 820 (30) 1073 273
Qs(I ) (eb)

2+
1 −0.35 (4) +0.08 +0.49

2+
2 +0.19 (4) −0.09 −0.42

4+
1 −0.29 (4) +0.27 +0.27

is clear that, although the absolute degree of deformation in
selenium isotopes increases from A = 82 → 74, the nuclear
shapes never stabilize into an axially symmetric rotor. Instead,
the nuclei exhibit a significant—albeit not maximal—degree
of triaxiality. Note that the presented invariant values are only
sensitive to the average degree of triaxiality and not to the
degree of rigidity of the triaxial deformation. Higher-order
invariant quantities than those expressed in Eqs. (2) and (3)
can also be constructed to quantify the rigidity of the Q and δ
values but require an even larger collection of matrix elements
than presented here.

A. Shell-model calculations

A microscopic comparison to the present data can be
made through comparison with configuration interaction (CI)
calculations in the so-called j j44 model space, which is made
up of the 0 f5/2, 1p3/2, 1p1/2, and 0g9/2 orbitals for both
protons and neutrons. Calculations were performed using the
shell-model code NUSHELLX [29] using both the JUN45 [6]
and the j j44b (see Appendix A in Ref. [7]) Hamiltonians with
an isoscalar effective charge of eπ + eν = 2.6. These calcula-
tions were previously presented more broadly for low-lying
states in 76Se [18] and 76Ge [7] with a detailed description
of the calculations presented in Appendix A of the latter
reference. Here, we will focus on the transition strengths most
pertinent to the present results.

Table III shows transition strengths for the lowest-lying 2+

states and quadrupole moments for the 2+
1 , 2+

2 , and 4+
1 states

determined both experimentally and in the CI calculations.
The 2+

1 → 0+
1 transition strength is relatively well reproduced

with the j j44b Hamiltonian providing the best agreement.
Similarly, the j j44b interaction provides the best reproduction
of the 2+

2 → 2+
1 transition strength, albeit overestimating the

relative strength as compared to the 2+
1 → 0+

1 transition. The
2+

2 → 0+
1 strength is underpredicted by the j j44b interaction,

however, with the JUN45 providing the better agreement.
If one were to interpret these results in the context of the
Davydov-Filippov model (Fig. 5), the j j44b calculations
would appear to predict near-maximal triaxiality, whereas the
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The quadrupole collectivity of low-lying states and the anomalous behavior of the 0+
2 and 2+

3 levels in 
72Ge are investigated via projectile multi-step Coulomb excitation with GRETINA and CHICO-2. A total 
of forty six E2 and M1 matrix elements connecting fourteen low-lying levels were determined using 
the least-squares search code, gosia. Evidence for triaxiality and shape coexistence, based on the 
model-independent shape invariants deduced from the Kumar–Cline sum rule, is presented. These are 
interpreted using a simple two-state mixing model as well as multi-state mixing calculations carried out 
within the framework of the triaxial rotor model. The results represent a significant milestone towards 
the understanding of the unusual structure of this nucleus.

 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

The structure of low-lying states in even–even Ge isotopes has 
been the subject of intense scrutiny for many years due to the 
inherent challenge of interpreting their systematics as a function 
of mass A. These nuclei possess at least one excited 0+ state in 
their low-energy spectrum that differs from the ground state in 
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its properties. Systematically, the energy of the 0+
2 level varies 

parabolically with A and reaches a minimum in 72Ge, where it 
becomes the first excited state. The existence of even-mass nuclei 
with a Jπ = 0+ first excited state is an uncommon phenomenon 
which, to date, has been observed in only a few nuclei located 
near or at closed shells: 16O [1], 40Ca [2,3], 68Ni [4,5], 90Zr [6], 
180,182Hg [7–9], 184,186,188,190,192,194Pb [10–15]. There are also ex-
amples of such nuclei where a subshell appears to play a role 
similar to a closed shell such as 96,98Zr [16,17]. These cases have 
all been explained as resulting from shape coexistence due to the 
presence of intruder configurations; i.e., configurations involving 
the excitation of at least one pair of nucleons across a shell or 
subshell energy gap [18].

The structure of 72Ge is highly unusual in that this nucleus is 
far from closed shells and, yet, possesses a 0+ first excited state. It 
shares this distinction with only two other known nuclei: 72Kr [19]

http://dx.doi.org/10.1016/j.physletb.2016.01.036
0370-2693/ 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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Fig. 4. (Color online.)
〈
Q 2〉

and 〈cos 3δ〉 quantities for the 0+
1 and 0+

2 states in the 
Ge isotopes. The ‘old’ data (open symbols) are taken from Ref. [18].

a well-defined shape transition occurs when going from mass 70 
to 72; i.e., the ground-state configuration for 70Ge becomes the 0+

2
excitation in 74,76Ge and vice versa for the 0+

1 levels in the latter 
two nuclei, the results of the present investigation (filled symbols) 
indicate a more subtle transition and show that the 0+

1 and 0+
2

states in 72Ge have essentially the same 
〈
Q 2〉 value. This is in con-

trast to previous investigations (see open symbols for 72Ge), partly 
because of the 0+

2 → 2+
3 ME, which was determined here for the 

first time, and found to contribute significantly to the sum rule. It 
should be noted that, while the mean value of the shape parameter 
is almost the same for these two 0+ states, it does not necessar-
ily follow that they are characterized by the same shape. In fact, 
the identical magnitude of the 

〈
Q 2〉 values can be interpreted as 

a consequence of mixing of two distinct (or unperturbed) config-
urations characterizing these states, each being associated with a 
different shape. Within a simple two-state mixing model, the 0+

1
and 0+

2 states can be expressed as linear combinations of two un-
mixed 0+

u1,u2 basis levels with different mixing amplitudes and 
unique deformations [44]. Assuming no interaction between the 
intrinsic states; i.e., 〈Iu1| |M(E2)| |Iu2〉 = 0, and using the four MEs 
connecting the 0+

1,2 to the 2+
1,3 mixed states, the intrinsic, unmixed 

basis states, initially separated by "int = 32 keV, are shifted by 
330 keV with respect to one another by a mixing ME of 345 keV. 
The wavefunction of the mixed 0+

1 state contains an amplitude 
cosθ0 = 0.72(3) of the unmixed ground-state wavefunction, which 
indicates maximum mixing [cos2θ0 = 0.52(4)], and is consistent 
with values derived in two-neutron and alpha transfer measure-
ments [45]. In principle, the mixing strength can also be deter-
mined on the basis of the known E0 monopole strength between 
the two 0+ states [ρ2(E0; 0+

2 → 0+
1 ) × 103 = 9.18(2) in 72Ge] [46]. 

This would however, require knowledge of the difference in the 
mean-square charge radii of the two configurations which is at 
present unavailable. Thus, while the simple two-state mixing cal-
culations describe the mixing between configurations of the 0+

states reasonably well, ambiguities associated with the influence 
of the highly-mixed 2+ “subspace” (comprising the 2+

1 , 2+
2 , and 

2+
3 states), as evidenced by the various decay branches and mag-

nitudes of the linking MEs (see Table 1), remain to be addressed. 
Hence, a complete description requires, at the minimum, a three-
band mixing calculation that takes into account the contributions 
of the 2+ states with, in addition, the inclusion of triaxiality, as 
indicated by the 〈cos 3δ〉 analysis of Fig. 4.

In order to quantify the role of triaxiality and present a better 
understanding of shape coexistence in the low-lying states, a re-
vised version of the triaxial rotor model with independent inertia 
and electric quadrupole tensors [47–51] was applied to the newly 
deduced E2 MEs of 72Ge. This version is a departure from the stan-
dard use of irrotational flow moments of inertia; e.g., the Davydov–
Filippov rotor model [52]. Using this model, the E2 MEs for states 
within the ground and quasi-γ bands were calculated [53] with 
a minimum set of assumptions and compared to the experimen-
tal results. The three model parameters required to describe the 
E2 MEs of a triaxial rotor include the deformation, Q 0, the asym-
metry of the electric quadrupole tensor, γ , and the mixing angle 
of the inertia tensor, &. These parameters are determined ana-
lytically in this study from the 〈01||M(E2)||21〉, 〈01||M(E2)||22〉, 
and 〈21||M(E2)||21〉 experimental MEs (cf. Ref. [49]) and result in 
Q 0 = 1.45 eb, γ = 27.0◦ , and & = −23.2◦ .

The results of triaxial rotor model calculations [53], designated 
as (TRM), are compared with the data in Figs. 5 and 6. For com-
pleteness, calculations for a symmetric rotor (Symm) and triaxial 
rotor with irrotational flow moments of inertia (DF) [52] are also 
included. All three versions of the rotor model equally reproduce 
the ground [Fig. 5(a)] and quasi-γ intra-band transitions [Fig. 5(b)]. 
Beyond this point, however, the symmetric rotor (Symm) has little 
to no value in describing the data. For the quasi-γ to ground inter-
band transitions, the TRM and DF calculations appear to perform 
equally well, predicting large values when the experimental values 
are large and likewise when they are small (see Fig. 6). However, 
there is a consistent failure to reproduce the 〈61||M(E2)||42〉 and 
〈41||M(E2)||62〉 MEs (see indices 8 and 11 in Fig. 6); these "I = 2, 
"K = 2 transitions have been shown to be very sensitive to inter-
ference effects [49,51]. With the exception of the 42 state, perhaps 
the most important outcome is the ability of the TRM calculations 
to reproduce the static quadrupole moments; i.e., the diagonal E2
MEs 〈Ii ||M(E2)||Ii〉. This is presented in Figs. 5(c) and 5(d), where 
both the experimental 〈Ii ||M(E2)||Ii〉 values and the general trend 
with spin are in good agreement with expectations of a triaxial 
rotor.

Configuration mixing between two triaxial rotor models was 
utilized [54] to investigate further the nature of the first excited 
0+

2 level and the 2+
3 state possibly built upon it, and to deter-

mine their impact on the E2 MEs of the ground and quasi-γ
bands. A simple approach was adopted to extract the model pa-
rameters without any effort to further adjust the parameters for 
better agreement. This approach was to factorize the solution into 
two 2 × 2 subspaces in order to solve the "K = 2 triaxial mix-
ing (see above) and "K = 0 configuration mixing. Then, using 
the parameters from these solutions, the E2 MEs for the full 
4 × 4 space were calculated. The "K = 0 configuration mixing was 
solved using the 〈01||M(E2)||21〉, 〈21||M(E2)||02〉, 〈01||M(E2)||23〉, 
and 〈02||M(E2)||23〉 experimental MEs. The adopted parameters 
for the configuration mixing are Q 01 = 1.93 b, Q 02 = 0.57 b, 
θI=0,"K=0 = 43.2◦ , and θI=2,"K=0 = 21.1◦ . From the "K = 0 con-
figuration mixing alone, the MEs 〈21||M(E2)||21〉, 〈23||M(E2)||23〉, 
and 〈21||M(E2)||23〉 are predicted to be 0.66, −0.28, and −0.17 eb, 
respectively, but the corresponding experimental values are −0.16, 
−0.02, and 0.24 eb. Hence, "K = 0 configuration mixing alone is 
not sufficient to describe the data and suggest including "K = 2
triaxial mixing.

The triaxial and configuration mixing solutions were combined 
to give the following overall adopted parameters: Q 01 = 1.93 b, 
γ1 = 27◦ , and &1 = −23.2◦ for the first triaxial rotor, Q 02 = 0.57 b, 
γ2 = 30◦ , and &2 = −30◦ for the second one (30◦ was assumed for 
simplicity), and θI=0,"K=0 = 43.2◦ and θI=2,"K=0 = 21.1◦ for the 
configuration mixing. This approximation scheme results in calcu-
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Neutrinoless double-beta (0νββ) decay is one of the most
promising experimental techniques capable of probing the
fundamental properties of the neutrino [1]. The observation
of this rare weak-interaction process would signal a
violation of total lepton number conservation and establish
the Majorana nature of the neutrino, e.g., that the neutrino
is its own antiparticle. In addition, the measured 0νββ half-
life would potentially provide experimental access to the
absolute neutrino mass scale, provided that the nuclear
matrix elements (NME) mediating the decay are reliably
known. However, results of nuclear structure calculations
of the NMEs differ by up to a factor of 3 [2,3], depending
on the methodology. This translates into an order of
magnitude variation in the decay lifetime. Experimental
input from a nuclear structure perspective to constrain these
calculations is, thus, essential as this would allow models to
be selected or developed based on reproducible bench-
marking criteria.
In this regard, wave functions of leading 0νββ candidates

have been probed in a campaign of experiments utilizing
transfer reactions to determine nucleon occupancies in a

consistent way [4,5]. These studies have provided critical
information for comparison with theory, especially on
contributions to the wave functions from competing sin-
gle-particle orbitals. In much the same way, recent inelastic
neutron scattering measurements have provided spectro-
scopic information on the structure of low-lying states
[6,7], with implications on the kinematic phase space
available for the 0νββ process. However, all these studies
lack the required level of sensitivity to collective degrees of
freedom that have been shown to significantly impact the
calculated NMEs. For example, deformation due to quadru-
pole correlations has been found to reduce the calculated
NME strengths [8–11], especially when the parent and
daughter nuclei have different shapes. On the other hand,
NMEs are enhanced when the deformations are similar
[11,12]. Moreover, it has been demonstrated that the
calculated NMEs are largest when spherical symmetry is
assumed in both parent and daughter nuclei [13]. Hence,
the proper treatment of deformation and the role of axial
asymmetry are essential for reliably calculating the NMEs
for 0νββ decay.

PHYSICAL REVIEW LETTERS 123, 102501 (2019)
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spin, rigid triaxial deformation in 76Ge was obtained for the first time from the analysis of the statistical
fluctuations of the quadrupole asymmetry deduced from the measured E2 matrix elements. These newly
determined shape parameters are important input and constraints for calculations aimed at providing, with
suitable accuracy, the nuclear matrix elements relevant to 0νββ.
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Neutrinoless double-beta (0νββ) decay is one of the most
promising experimental techniques capable of probing the
fundamental properties of the neutrino [1]. The observation
of this rare weak-interaction process would signal a
violation of total lepton number conservation and establish
the Majorana nature of the neutrino, e.g., that the neutrino
is its own antiparticle. In addition, the measured 0νββ half-
life would potentially provide experimental access to the
absolute neutrino mass scale, provided that the nuclear
matrix elements (NME) mediating the decay are reliably
known. However, results of nuclear structure calculations
of the NMEs differ by up to a factor of 3 [2,3], depending
on the methodology. This translates into an order of
magnitude variation in the decay lifetime. Experimental
input from a nuclear structure perspective to constrain these
calculations is, thus, essential as this would allow models to
be selected or developed based on reproducible bench-
marking criteria.
In this regard, wave functions of leading 0νββ candidates

have been probed in a campaign of experiments utilizing
transfer reactions to determine nucleon occupancies in a

consistent way [4,5]. These studies have provided critical
information for comparison with theory, especially on
contributions to the wave functions from competing sin-
gle-particle orbitals. In much the same way, recent inelastic
neutron scattering measurements have provided spectro-
scopic information on the structure of low-lying states
[6,7], with implications on the kinematic phase space
available for the 0νββ process. However, all these studies
lack the required level of sensitivity to collective degrees of
freedom that have been shown to significantly impact the
calculated NMEs. For example, deformation due to quadru-
pole correlations has been found to reduce the calculated
NME strengths [8–11], especially when the parent and
daughter nuclei have different shapes. On the other hand,
NMEs are enhanced when the deformations are similar
[11,12]. Moreover, it has been demonstrated that the
calculated NMEs are largest when spherical symmetry is
assumed in both parent and daughter nuclei [13]. Hence,
the proper treatment of deformation and the role of axial
asymmetry are essential for reliably calculating the NMEs
for 0νββ decay.
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determine the nuclear charge distribution via an intermedi-
ate-state expansion over the experimental E2 matrix ele-
ments. This allows the collective quadrupole invariants to
be expressed as functions of the two charge deformation
parameters, Q and δ. Specifically, the quadrupole invariant
hQ2i provides an average measure of the static and
dynamic intrinsic quadrupole deformation of a charged
ellipsoid, i.e., the overall deviation from sphericity. It is
equivalent to the elongation parameter β in the Bohr
Hamiltonian [43]. Similarly, the quadrupole asymmetry
hcos 3δi describes the departure from axial symmetry;
the parameter hδi¼ 1

3arccosðhcos3δiÞ is analogous to the
collective-model asymmetry angle γ. Furthermore, higher-
order invariants can similarly be constructed using the
J ¼ 0, 2, 4 coupling schemes [37,42]. In particular, the
relative stiffness in the hQ2i and hcos 3δi invariants can be
determined by evaluating their statistical fluctuations, or
dispersion, σhQ2i and σhcos 3δi over a range of reduced
matrix elements. The latter quantities allow for the unam-
biguous determination of whether a nucleus is rigidly
deformed and/or rigidly asymmetric.
Figures 3(a) and 3(b) present the expectation values of

hQ2i for levels within the ground-state and γ bands, derived
from the measured E2 matrix elements. From Fig. 3, it is
clear that the hQ2i values are the same in both sequences
and that they are also constant with spin within errors.
This spin independence of the hQ2i invariant implies the
presence of strong correlations between the low-lying
states, as expected in view of the rotational-like behavior
exhibited by the E2 matrix elements. Furthermore, the
notable similarity of hQ2i values for the ground-state and γ
bands indicates a uniform deformation over the entire spin
range that averages a value of ∼0.30 e2b2, corresponding to
an average quadrupole deformation of β ≈ 0.28. Here, the
transformation β ¼ 4π

ffiffiffiffiffiffiffiffiffiffi
hQ2i

p
=3ZR2 has been applied with

R ¼ 1.2A1=3, Z and A being the atomic and mass numbers
[42]. This value agrees with recent symmetry conserving

configuration mixing (SCCM) calculations with the Gogny
D1S interaction that predict β ¼ 0.3 [26]. Moreover, the
overall constancy of the hQ2i values over the entire spin
range in both sequences affirms the general conclusion
that the ground-state and γ bands are built on the same
deformation. The dispersion of the quadrupole deforma-
tion, σhQ2i, for the ground-state and γ bands can be found
in Figs. 3(c) and 3(d), respectively. Here, three independent
values, calculated based on the different J¼0, 2, 4 coupling
schemes [44], are presented for each level.
The magnitude of the quadrupole asymmetry, hcos 3δi,

for levels in the ground-state and γ bands is presented
in Fig. 4. Oblate, triaxial, and prolate shapes correspond
to hcos 3δi values of −1 (δ ¼ 60°), 0 (δ ¼ 30°), and
1 (δ ¼ 0°), respectively. The agreement between the four
independent values of hcos 3δi indicates convergence of the
present dataset. Furthermore, the near constancy of this
asymmetry parameter over the measured spin range for
both bands confirms the presence of strong correlations
between the E2 properties and, hence, the same deforma-
tion, as anticipated for collective behavior. Compared to the
hQ2i invariant, however, hcos 3δi appears to exhibit a small
increase with spin, although a constant value is not ruled
out within the quoted errors [Fig. 4(a)]. The average value
of hcos 3δi ∼ 0.15 for the ground-state band corresponds to
a deformation hδi of ∼27°, in line with expectations for a
well-defined triaxial shape. Within the quoted errors, the
hcos 3δi behavior for the γ band is the same [Fig. 4(b)],
and the average value of 0.24 corresponds to a deformation
parameter hδi of ∼25°. Hence, the quadrupole asymmetry,
as determined from the hcos 3δi invariant, provides com-
pelling evidence for triaxial deformation in both the
ground-state and γ bands, in agreement with the interpre-
tation proposed in Ref. [18] based on the pattern reported
for the energy staggering in the latter sequence. The
present conclusions are also in line with calculations
within the TPSM (γ ≈ 30°) [25] and SCCM (γ ≈ 25°)
[26] frameworks.
As noted above, the nature of triaxial deformation can

only be inferred from a higher-order invariant, e.g., the
statistical fluctuation, or dispersion, σhcos 3δi which deter-
mines the degree of rigidity—or softness—in the γ degree
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The electromagnetic structure of 66Zn at low excitation energy was investigated via low-energy Coulomb
excitation at INFN Legnaro National Laboratories, using the Gamma Array of Legnaro Infn Laboratories for
nuclEar spectrOscopy (GALILEO) γ -ray spectrometer coupled to the SPIDER (Silicon PIe DEtectoR). A set of
reduced E2, E3, and M1 matrix elements was extracted from the collected data using the GOSIA code, yielding
12 reduced transition probabilities between the low-spin states and the spectroscopic quadrupole moment of
the 21

+ state. The B(E2) values for transitions depopulating the 02
+ state have been determined for the first

time, allowing for the lifetime of this state to be deduced and, consequently, the ρ2(E0; 02
+ → 01

+) monopole
transition strength to be extracted. In addition, the B(E3; 31

− → 01
+) value has been determined for the first time

in a Coulomb excitation experiment. The obtained results resolve the existing discrepancies between literature
lifetimes and demonstrate that 66Zn cannot be described by using simple collective models. Therefore, new
state-of-the-art beyond-mean-field and large-scale shell-model calculations were performed in order to interpret
the structure of this nucleus. Both the experimental and theoretical results suggest that the triaxial degree of
freedom has an important impact on electromagnetic properties of 66Zn, while the unique features of the 02

+

state indicate its distinct and rather isolated structure.
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I. INTRODUCTION

The collective properties of stable zinc isotopes have been
in focus of detailed experimental and theoretical studies for
the past decades. Being located only two protons above the

*mrocchin@uoguelph.ca

magic Ni nuclei (Z = 28) and close to the neutron mid-
shell between N = 28 and N = 50, these nuclei provide ideal
opportunities to study the interplay of microscopic and macro-
scopic degrees of freedom in nuclear matter, particularly with
respect to shape coexistence and shape transition phenomena.
The former has been established in the neighboring Se, Ge,
and Ni isotopes [1–5], while no clear evidence has yet been
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respect to shape coexistence and shape transition phenomena.
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FIG. 10. Experimental level scheme of 66Zn compared with those from BMF and SM calculations (see the text for details).

calculations, the previous ones did not take into account the
angular momentum projection of the energies and the full
interplay of quadrupole-octupole degrees of freedom. It was
demonstrated that including the latter led to a significant
increase of the B(E3; 31

− → 01
+) value in 64Zn [82].

FIG. 11. Collective wave functions for selected states in 66Zn,
obtained within the SCCM framework. The energy of each state (in
keV) is given on topleft of each CFW. The colored frames are used
to present the suggested band assignments.

Nevertheless, since the ground state of 66Zn is triaxially
deformed, this puzzle will remain unsolved until full
triaxial quadrupole-octupole calculations can eventually
be performed.

C. Large-scale shell-model calculations

Prior to the present study, several large-scale shell-model
calculations were performed for 66Zn using various cores and
model spaces. In Refs. [37,38,83], the measured B(E2) values
in 66Zn were compared with shell-model predictions using
both 56Ni and 40Ca inert cores. The authors concluded that
the role of the neutron 0g9/2 orbital is particularly important
in the Zn isotopes and that further refinements in the effective
nucleon-nucleon interaction were required to better describe
their structure. However, the calculated B(E2) values were
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Global Calculations of Ground-State Axial Shape Asymmetry of Nuclei
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Important insight into the symmetry properties of the nuclear ground-state (gs) shape is obtained from
the characteristics of low-lying collective energy-level spectra. In the 1950s, experimental and theoretical
studies showed that in the gs many nuclei are spheroidal in shape rather than spherical. Later, a
hexadecapole component of the gs shape was identified. In the 1970–1995 time frame, a consensus
that reflection symmetry of the gs shape was broken for some nuclei emerged. Here we present the first
calculation across the nuclear chart of axial symmetry breaking in the nuclear gs. We show that we fulfill a
necessary condition: Where we calculate axial symmetry breaking, characteristic gamma bands are
observed experimentally. Moreover, we find that, for those nuclei where axial asymmetry is found, a
systematic deviation between calculated and measured masses is removed.

DOI: 10.1103/PhysRevLett.97.162502 PACS numbers: 21.10.Gv, 21.10.Dr, 21.10.Re, 21.60.!n

Much about nuclear properties at excitation energies up
to a few MeV is learned by calculating the nuclear ground-
state shape and the low-lying energy levels and other prop-
erties corresponding to this shape. There are innumerable
theoretical nuclear-structure studies in limited regions of
nuclei that locally describe known properties well. How-
ever, for many important applications, such as modeling
the properties of the hundreds of different fission-fragment
nuclei in a nuclear reactor or the properties of the thou-
sands of nuclei involved in stellar nucleosynthesis pro-
cesses, for example the rapid-neutron capture process,
models that have predictive power and are global, unified,
and universal are required. By global and unified we mean
that the model describes nuclei from very light (normally
16O) to the heaviest nuclei with a consistent set of pa-
rameters for all studied properties and all nuclei. By uni-
versal we mean that several nuclear properties such as
nuclear ground-state masses, shapes, low-lying energy lev-
els, !-decay transition rates, and fission barriers are well
described by the model. At present, there are only two
models on record that are global, unified, and universal,
namely the Hartree-Fock-Bogoliubov model as imple-
mented by the Pearson-Goriely collaboration [1,2] and
the macroscopic-microscopic finite-range droplet model
(FRDM) or finite-range liquid-drop model (FRLDM) [3–
6]. As shown in the literature, the FRDM and FRLDM have
been more universally applied [4,6]. In terms of nuclear
masses, all three approaches extrapolate to previously un-
known regions of nuclei with encouraging stability [2,4].

Although axial asymmetry of rapidly rotating nuclei has
been studied for a long time, less attention has been given
to axial asymmetry in the nuclear ground state, and pre-
vious results are very sparse. Several different calculations,
for example Refs. [7–9], predict that some neutron-
deficient rare-earth nuclei with N " 76 are triaxially de-

formed in the ground state. However, very different results
are obtained for the magnitude of the effect. For 138Sm, it is
found that axial asymmetry lowers the ground-state energy
by 0.7 MeV in Ref. [9] but only by about 0.2 MeV in
Refs. [7,8]. Furthermore, the models were not applied
globally throughout the chart of the nuclides. Therefore,
no specific general conclusions could be drawn. This is
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also hinted at by the comment: ‘‘one can therefore con-
clude that triaxial shapes for medium-mass and heavy
nuclei are rather rare—if they exist at all’’ in a compre-
hensive review article on nuclear shapes [10].

Here we present somewhat different and more conclu-
sive results obtained in our unified, universal FRLDM,
which has very well-tested properties and excellent ex-
trapolatability. We perform the first global calculation of
axial asymmetry of the static nuclear ground-state shape
and are, therefore, able to draw specific conclusions on this
asymmetry. A complete description of the model and ex-
tensive discussions of its previous accomplishments can be
found in Refs. [3,4,11–14]. More recently, an improved,
very detailed description of the fission barrier was obtained
within the model [6,15]. For consistency, we use here the
parameter set obtained in this latest study. However, the
effect of the new parameters on the results presented here is
minute; the main effect is on fission barrier heights. We
also revisit our previous results on reflection asymmetry
[3]. By analyzing the effect of reflection asymmetry on the
nuclear ground-state mass in the same format as applied
here to axial asymmetry, we better understand the signifi-
cance of the earlier and current results on symmetry
breaking.

We calculate three-dimensional nuclear potential-
energy surfaces for 7206 nuclei from the proton drip line
to the neutron drip line for nuclei from nucleon number
A ! 31 (below which the effect of axial asymmetry is
negligible) to A ! 290. For compatibility with previous
studies, we use the so-called Nilsson perturbed-spheroid
shape parametrization or " parametrization. We use the
deformation grid "2 ! "0:0; 0:025; . . . ; 0:45#, ! !
"0:0; 2:5; . . . 60:0#, and "4 ! "$0:12;$0:10; . . . ; 0:12#, al-
together 6175 grid points. When "4 ! 0, the shape is
exactly ellipsoidal, that is, the nuclear surface is described
by the equation:

 

x2

a2
% y2

b2 %
z2

c2 ! 1: (1)

For ! ! 0, the shape is rotationally symmetric around the z
axis, that is, a ! b, and for ! ! 60& it is rotationally
symmetric around the x axis, that is, b ! c. For intermedi-
ate values of !, the shape is axially asymmetric, or triaxial,
with a < b < c. When "4 ! 0, a hexadecapole component
is superimposed on the shape described by Eq. (1). The
definition of the shape given in Ref. [3] assures that the
hexadecapole component transforms like a tensor. We find
that some nuclear ground states are neither oblate nor

  

 − 0.55 
 − 0.50 
 − 0.45 
 − 0.40 
 − 0.35 
 − 0.30 
 − 0.25 
 − 0.20 
 − 0.15 
 − 0.10 
 − 0.05 
 − 0.01 

∆Eγ (MeV) Effect of Axial Asymmetry
on Nuclear Mass

0 20 40 60 80 100 120 140 160 
Neutron Number N 

0 

20 

40 

60 

80 

100 

120 
P

ro
to

n 
N

um
be

r 
Z

 

0+
2+
4+

6+

8+

10+
12+

GS band

2+
3+

4+
5+ 6+

7+

γ  band
0+
2+
4+

6+

(8+)

GS band

2+
3+

4+
(5+)

γ  band

0+
2+

(4+)

GS band

2(+)
(3+)

γ  band

108Ru

140Gd
194Pt
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experiment, we show a measured spectrum [16]. All three spectra exhibit characteristic ! bands. This can be thought of as a necessary
condition: ! bands should be present when the shapes are axially asymmetric.
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Global Calculations of Ground-State Axial Shape Asymmetry of Nuclei
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Important insight into the symmetry properties of the nuclear ground-state (gs) shape is obtained from
the characteristics of low-lying collective energy-level spectra. In the 1950s, experimental and theoretical
studies showed that in the gs many nuclei are spheroidal in shape rather than spherical. Later, a
hexadecapole component of the gs shape was identified. In the 1970–1995 time frame, a consensus
that reflection symmetry of the gs shape was broken for some nuclei emerged. Here we present the first
calculation across the nuclear chart of axial symmetry breaking in the nuclear gs. We show that we fulfill a
necessary condition: Where we calculate axial symmetry breaking, characteristic gamma bands are
observed experimentally. Moreover, we find that, for those nuclei where axial asymmetry is found, a
systematic deviation between calculated and measured masses is removed.

DOI: 10.1103/PhysRevLett.97.162502 PACS numbers: 21.10.Gv, 21.10.Dr, 21.10.Re, 21.60.!n

Much about nuclear properties at excitation energies up
to a few MeV is learned by calculating the nuclear ground-
state shape and the low-lying energy levels and other prop-
erties corresponding to this shape. There are innumerable
theoretical nuclear-structure studies in limited regions of
nuclei that locally describe known properties well. How-
ever, for many important applications, such as modeling
the properties of the hundreds of different fission-fragment
nuclei in a nuclear reactor or the properties of the thou-
sands of nuclei involved in stellar nucleosynthesis pro-
cesses, for example the rapid-neutron capture process,
models that have predictive power and are global, unified,
and universal are required. By global and unified we mean
that the model describes nuclei from very light (normally
16O) to the heaviest nuclei with a consistent set of pa-
rameters for all studied properties and all nuclei. By uni-
versal we mean that several nuclear properties such as
nuclear ground-state masses, shapes, low-lying energy lev-
els, !-decay transition rates, and fission barriers are well
described by the model. At present, there are only two
models on record that are global, unified, and universal,
namely the Hartree-Fock-Bogoliubov model as imple-
mented by the Pearson-Goriely collaboration [1,2] and
the macroscopic-microscopic finite-range droplet model
(FRDM) or finite-range liquid-drop model (FRLDM) [3–
6]. As shown in the literature, the FRDM and FRLDM have
been more universally applied [4,6]. In terms of nuclear
masses, all three approaches extrapolate to previously un-
known regions of nuclei with encouraging stability [2,4].

Although axial asymmetry of rapidly rotating nuclei has
been studied for a long time, less attention has been given
to axial asymmetry in the nuclear ground state, and pre-
vious results are very sparse. Several different calculations,
for example Refs. [7–9], predict that some neutron-
deficient rare-earth nuclei with N " 76 are triaxially de-

formed in the ground state. However, very different results
are obtained for the magnitude of the effect. For 138Sm, it is
found that axial asymmetry lowers the ground-state energy
by 0.7 MeV in Ref. [9] but only by about 0.2 MeV in
Refs. [7,8]. Furthermore, the models were not applied
globally throughout the chart of the nuclides. Therefore,
no specific general conclusions could be drawn. This is
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FIG. 1 (color online). Calculated potential-energy surface ver-
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horizontal line at " " 0, the shapes grow increasingly prolate
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also hinted at by the comment: ‘‘one can therefore con-
clude that triaxial shapes for medium-mass and heavy
nuclei are rather rare—if they exist at all’’ in a compre-
hensive review article on nuclear shapes [10].

Here we present somewhat different and more conclu-
sive results obtained in our unified, universal FRLDM,
which has very well-tested properties and excellent ex-
trapolatability. We perform the first global calculation of
axial asymmetry of the static nuclear ground-state shape
and are, therefore, able to draw specific conclusions on this
asymmetry. A complete description of the model and ex-
tensive discussions of its previous accomplishments can be
found in Refs. [3,4,11–14]. More recently, an improved,
very detailed description of the fission barrier was obtained
within the model [6,15]. For consistency, we use here the
parameter set obtained in this latest study. However, the
effect of the new parameters on the results presented here is
minute; the main effect is on fission barrier heights. We
also revisit our previous results on reflection asymmetry
[3]. By analyzing the effect of reflection asymmetry on the
nuclear ground-state mass in the same format as applied
here to axial asymmetry, we better understand the signifi-
cance of the earlier and current results on symmetry
breaking.

We calculate three-dimensional nuclear potential-
energy surfaces for 7206 nuclei from the proton drip line
to the neutron drip line for nuclei from nucleon number
A ! 31 (below which the effect of axial asymmetry is
negligible) to A ! 290. For compatibility with previous
studies, we use the so-called Nilsson perturbed-spheroid
shape parametrization or " parametrization. We use the
deformation grid "2 ! "0:0; 0:025; . . . ; 0:45#, ! !
"0:0; 2:5; . . . 60:0#, and "4 ! "$0:12;$0:10; . . . ; 0:12#, al-
together 6175 grid points. When "4 ! 0, the shape is
exactly ellipsoidal, that is, the nuclear surface is described
by the equation:

 

x2

a2
% y2

b2 %
z2

c2 ! 1: (1)

For ! ! 0, the shape is rotationally symmetric around the z
axis, that is, a ! b, and for ! ! 60& it is rotationally
symmetric around the x axis, that is, b ! c. For intermedi-
ate values of !, the shape is axially asymmetric, or triaxial,
with a < b < c. When "4 ! 0, a hexadecapole component
is superimposed on the shape described by Eq. (1). The
definition of the shape given in Ref. [3] assures that the
hexadecapole component transforms like a tensor. We find
that some nuclear ground states are neither oblate nor
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FIG. 2 (color). Calculated lowering of the nuclear ground-state energy when axial symmetry is broken, relative to calculations
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experiment, we show a measured spectrum [16]. All three spectra exhibit characteristic ! bands. This can be thought of as a necessary
condition: ! bands should be present when the shapes are axially asymmetric.
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INFN GRIFFIN @TRIUMF
▸ ISAC facility: Radioactive Ion Beam production using the ISOL technique 

▸ ISAC-I ⟹ Non-reaccelerated beams (20-40 keV) ⟹ GRIFFIN 

▸ ISAC-II ⟹ Post-accelerated beams (up to ~10 MeV/A) ⟹ TIGRESS 

▸ GRIFFIN (Gamma-Ray Infrastructure For Fundamental Investigations of Nuclei): 
High-efficiency γ-ray spectrometer equipped with many ancillary devices

A.B. Garnsworthy et al., NIMA 918, 9 (2019) 
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GRIFFIN 
γ-rays
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A.B. Garnsworthy et al., NIMA 918, 9 (2019) 

▸ ISAC facility: Radioactive Ion Beam production using the ISOL technique 

▸ ISAC-I ⟹ Non-reaccelerated beams (20-40 keV) ⟹ GRIFFIN 

▸ ISAC-II ⟹ Post-accelerated beams (up to ~10 MeV/A) ⟹ TIGRESS 

▸ GRIFFIN (Gamma-Ray Infrastructure For Fundamental Investigations of Nuclei): 
High-efficiency γ-ray spectrometer equipped with many ancillary devices
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Tape
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β-tagging

A.B. Garnsworthy et al., NIMA 918, 9 (2019) 

▸ ISAC facility: Radioactive Ion Beam production using the ISOL technique 

▸ ISAC-I ⟹ Non-reaccelerated beams (20-40 keV) ⟹ GRIFFIN 

▸ ISAC-II ⟹ Post-accelerated beams (up to ~10 MeV/A) ⟹ TIGRESS 

▸ GRIFFIN (Gamma-Ray Infrastructure For Fundamental Investigations of Nuclei): 
High-efficiency γ-ray spectrometer equipped with many ancillary devices
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Tape

A.B. Garnsworthy et al., NIMA 918, 9 (2019) 

▸ ISAC facility: Radioactive Ion Beam production using the ISOL technique 

▸ ISAC-I ⟹ Non-reaccelerated beams (20-40 keV) ⟹ GRIFFIN 

▸ ISAC-II ⟹ Post-accelerated beams (up to ~10 MeV/A) ⟹ TIGRESS 

▸ GRIFFIN (Gamma-Ray Infrastructure For Fundamental Investigations of Nuclei): 
High-efficiency γ-ray spectrometer equipped with many ancillary devices
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Shielded 
Tape Box

A.B. Garnsworthy et al., NIMA 918, 9 (2019) 

▸ ISAC facility: Radioactive Ion Beam production using the ISOL technique 

▸ ISAC-I ⟹ Non-reaccelerated beams (20-40 keV) ⟹ GRIFFIN 

▸ ISAC-II ⟹ Post-accelerated beams (up to ~10 MeV/A) ⟹ TIGRESS 

▸ GRIFFIN (Gamma-Ray Infrastructure For Fundamental Investigations of Nuclei): 
High-efficiency γ-ray spectrometer equipped with many ancillary devices
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▸ ISAC facility: Radioactive Ion Beam production using the ISOL technique 

▸ ISAC-I ⟹ Non-reaccelerated beams (20-40 keV) ⟹ GRIFFIN 

▸ ISAC-II ⟹ Post-accelerated beams (up to ~10 MeV/A) ⟹ TIGRESS 

▸ GRIFFIN (Gamma-Ray Infrastructure For Fundamental Investigations of Nuclei): 
High-efficiency γ-ray spectrometer equipped with many ancillary devices
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DESCANT 
Neutrons

▸ ISAC facility: Radioactive Ion Beam production using the ISOL technique 

▸ ISAC-I ⟹ Non-reaccelerated beams (20-40 keV) ⟹ GRIFFIN 

▸ ISAC-II ⟹ Post-accelerated beams (up to ~10 MeV/A) ⟹ TIGRESS 

▸ GRIFFIN (Gamma-Ray Infrastructure For Fundamental Investigations of Nuclei): 
High-efficiency γ-ray spectrometer equipped with many ancillary devices

DESCANT + GRIFFIN
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A.B. Garnsworthy et al., NIMA 918, 9 (2019) 

▸ 74Zn via 74Cu β-decay [ T1/2 = 1.63(5) s ], Beam intensity ≈ 1.5･103 pps 

▸ GRIFFIN: 12 of 16 available clovers at 14.5 cm from the target 

▸ εγ(1332.5 keV) = 7.8%, εγ(300 keV) = 16.6% 

▸ P/T (addback + BGO suppressors) = 45.5% 

▸ Tape cycle: 5 T1/2 on, 1 s off, 0.5 s background, 1 s tape movement

Our Experiment on 74Zn with GRIFFIN
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▸ γ-γ Angular Correlations with GRIFFIN: 
J.K. Smith et al., NIMA 922, 47 (2019) 

▸ Rhombicuboctahedron geometry ⇒ Up to 52 opening angles 

▸ Event mixing technique ⇒ No need to know # of pairs for each opening 
angle and relative efficiencies of the detectors 

▸ Finite sizes of the detectors ⇒ Detailed GEANT4 simulations 

▸ Definitive spin assignments at the 99% CL

J.K. Smith, A.D. MacLean, W. Ashfield et al. Nuclear Inst. and Methods in Physics Research, A 922 (2019) 47–63

population of low spin states. We note also that for cascades in which
the second transition involves a higher multipolarity, the intermediate
lifetime will be longer and so the above assumption of Gii(t) ˘ 1 will not
hold for such cases.

It is a simple procedure to fit an experimental distribution with
Eq. (3), but the data gathered by large arrays of detectors are distorted
by several experimental factors: uneven distribution of detectors in ✓,
different detector efficiencies, finite detector size, and the lifetimes of
intermediate states. These factors mean that the uncorrected coefficients
obtained from the fitted experimental data do not describe the true
physical angular correlation of the � rays. These effects typically act to
attenuate the asymmetry in the observed angular distributions. Various
techniques have been developed to account for these effects in order
to extract accurate coefficients from experimental data. In cases where
the lifetime of the intermediate state is negligible (the 2+ states in 60Ni,
152Gd and 66Zn are sufficiently short-lived, see Table 2), the uneven
distribution of detectors and different efficiencies can be deconvoluted
from the data by counting the crystal pairs at various opening angles
and normalizing individual detector signals for the detector-specific,
energy-dependent (and sometimes time-dependent) efficiency. This data
processing can be difficult and time-consuming, especially for low-
statistics peaks or if the efficiency varies over time. In the past, an
accounting of the effects of finite detector size has been done by defining
attenuation factors Qll , such that

al =
cl
Qll

(5)

where cl is the coefficient of Pl extracted from a fit of Eq. (3) to the
data. The Qll values are specific to the detector size, shape, distance
from the source, and the energy of the particular � ray. The attenuation
coefficients can be calculated in advance but such calculations depend
heavily on the particular detector array setup and the energies of the
specific � rays involved in the cascade. Examples of such calculations
for detectors with simple geometry can be found in Refs. [4,5]. While
these factors can be calculated analytically for certain detector shapes,
the coefficients were often calculated numerically with Monte Carlo
simulations [4,6,7]. The use of a full simulation in the present work will
allow the calculation of differences in these coefficients due to changes
in the physical setup of the experiment and incorporate modern cross-
section information for the relevant materials.

In this article, we discuss the analysis procedures developed to
extract physically relevant angular correlation coefficients from data
collected with the high-purity germanium clover detectors used in the
Gamma-Ray Infrastructure For Fundamental Investigations of Nuclei
(GRIFFIN) [8,9], described briefly in Section 2. These methods are,
however, generally applicable to large arrays of �-ray detectors. First,
in Section 3, we present an adaptation of an event-mixing technique
to remove energy- and time-dependent efficiency differences between
the detectors. In Sections 4.1, 4.2, 4.3, and 4.4, we describe a series
of methods utilizing simulations to correct for the finite detector sizes
with increasing levels of parameterization and approximation. While
some methods reduce the achievable precision and accuracy of the
measured values they also dramatically reduce the computational cost
of each individual measurement. Finally, in Sections 5 and 4.5 we make
comparisons between the methods and summarize the results.

2. Experimental details - GRIFFIN

Since the analysis techniques described herein are demonstrated
through application to data recorded with the GRIFFIN spectrometer,
we give here a brief description of the facility and refer the reader to
other publications [8–10] for further details.

GRIFFIN is an array of 16 High-Purity Germanium (HPGe) clover
detectors arranged in a rhombicuboctahedron geometry (Fig. 1) around
the location at which the radioactive beam is implanted. Each clover

Table 1
Angles between HPGe crystal pairs in the GRIFFIN geometry with the HPGe detectors at a
source-to-detector distance of 11 cm. Two independent sets of crystal pairs at 86.2 degrees
have different geometries but angular differences that are the same to four decimal places.
The same is true for the two independent sets of crystal pairs at 93.8 degrees. See text for
more details of pair counting.
Angle (˝) Num. of Angle (˝) Num. of

Pairs Pairs

0.0 64 91.5 128
18.8 128 93.8 48
25.6 64 93.8 64
26.7 64 97.0 64
31.9 64 101.3 64
33.7 48 103.6 96
44.4 128 106.9 64
46.8 96 109.1 96
48.6 128 110.1 64
49.8 96 112.5 64
53.8 48 113.4 64
60.2 96 115.0 96
62.7 48 116.9 64
63.1 64 117.3 48
65.0 96 119.8 96
66.5 64 126.2 48
67.5 64 130.2 96
69.9 64 131.4 128
70.9 96 133.2 96
73.1 64 135.6 128
76.4 96 146.3 48
78.7 64 148.1 64
83.0 64 152.3 64
86.2 64 154.4 64
86.2 48 160.2 128
88.5 128 180.0 64

Fig. 1. A rhombicuboctahedron (bold outline) is the basis of the array geometry for the
GRIFFIN HPGe clovers. The front of each clover is placed against the square face. Each
clover contains four crystals, indicated by the thinner dividing lines on the square faces.
The crystal pairs i * iii and i * iv span the same range of opening angles, but the pairs
ii * iii and ii * iv do not.

contains four electrically-independent crystals for a total of 64 individ-
ual HPGe crystals in the spectrometer. In typical operation, the TRIUMF-
ISAC facility provides beams of radioactive isotopes that are stopped
at the center of the array and subsequently decay. The distribution of
radioactivity on the tape has a diameter of less than 5 mm. In addition
to the HPGe clover detectors which detect the � rays, ancillary detectors
are available which can detect emitted beta, alpha, proton, and neutron
radiation. The configuration of the HPGe clovers is also variable: the
clovers can be arranged in a close-packed, high-efficiency geometry
with the front face of each detector at a source-to-detector distance of
11 cm, or an optimized peak-to-total geometry with full Compton and
background suppression shields and the HPGe detectors at a distance of
14.5 cm from the source. Some ancillary detectors require the removal
of one or more clover detectors. The particular detector configuration
thus varies based on the experimental needs.
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▸ 74Cu β-decay @ORNL, 3 clovers 

J.L. Tracy Jr. et al., PRC 98, 034309 (2018) 

▸ 170 γ-rays 

▸ 50 levels (29 new) 

▸ log(ft) values 

▸ Tentative spin assignments based on decay 
patterns, intensities, log(ft) values, and in a 
few cases model predictions (shell model and 
vibrational model)
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Axial Shape Asymmetry and Configuration Coexistence in Neutron-Rich 74ZnINFN γ-γ Angular Correlations: the (02+)
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Axial Shape Asymmetry and Configuration Coexistence in Neutron-Rich 74ZnINFN
▸ New, definitive spin assignment for: 

▸ 22+, 02+, 31+, 23+ states

Experimental Results in a Nutshell
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Axial Shape Asymmetry and Configuration Coexistence in Neutron-Rich 74ZnINFN
▸ New, definitive spin assignment for: 
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Axial Shape Asymmetry and Configuration Coexistence in Neutron-Rich 74ZnINFN
▸ By Silvia Lenzi, Frédéric Nowacki, Duc D. Dao 

▸ LNPS interaction, pf shell for protons, 1p3/20f5/21p1/20g9/21d5/2 orbitals for neutrons 

▸ DNO-SM: Constrained Hartree-Fock shell-model calculations 
D.D. Dao and F. Nowacki, PRC 105, 054314 (2022) 

▸ Excellent agreement both for the spectra and the relative B(E2) values

New Large-Scale Shell-Model Calculations

In-band transi,ons in 
the calculated 
spectrum are labelled 
with the respec,ve 
B(E2) values in 
Weisskopf units

2–3 in weak transitions are observed. These transitions,
however, arise from overlaps of small components in the
wave functions. From the in-band BðE2Þ values, summa-
rized in Fig. 3, β ¼ 0.23 for the ground-state and γ bands
were calculated (in agreement with the PES), and a lower
β ¼ 0.20 for the band built on the 0þ2 state. The hindrance
of transition probabilities calculated between the band built
on the 0þ2 state and g.s.b. [BðE2; 0þ2 → 2þ1 Þ ¼ 0.58 W.u.
and BðE2; 2þ3 → 0þ1 Þ ¼ 0.03 W.u.] excludes a β-vibrational
origin of the former [47], and is instead compatible with a
configuration-coexistence scenario with weak mixing.
Further details regarding the shapes of specific states

were obtained within two different approaches. Figure 4
presents the normalized probability to find a specific ðβ; γÞ
deformation in each state. Alternatively, from the Kumar
quadrupole sum rules [48–50], hβi ¼ 0.24 and hγi ¼ 24°
for the ground state and hβi ¼ 0.22, hγi ¼ 20° for the 0þ2
state were obtained. The results of these two procedures are
consistent, and confirm the picture of a triaxially deformed

ground state coexisting with a band built on the 0þ2 state,
which is slightly less deformed than the ground state but
exhibits an extended softness in the γ degree of freedom
towards the axial prolate shape. The fluctuations σ in both β
and γ [50] are important for both states: σβð0þ1 Þ ¼ %0.04,
σγð0þ1 Þ ¼ ðþ11°;−13°Þ, σβð0þ2 Þ ¼ %0.04, and σγð0þ2 Þ ¼
ðþ12°;−20°Þ. The difference between σγ values for the 0

þ
1

and 0þ2 states can be explained by the presence of important
components in the 0þ2 band members’ wave functions,
which lie on the prolate axis; these are absent for the g.s.b.
(Fig. 4). Even though the mean β and γ values extracted
from the sum rules are very similar for both states, the
underlying distributions in the ðβ; γÞ plane are substantially
different, leading us to assert that the configurations
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FIG. 3. Partial experimental level scheme of 74Zn (Exp)
compared with shell-model calculations (SM) and shell-model
calculations in a deformed Hartree-Fock basis (DNO-SM). The
states are labeled with their spin, parity, and energy (in keV) and
organized in bands. Only in-band transitions are displayed, and
their labels correspond to calculated BðE2Þ values in W.u.

FIG. 4. Normalized probability to find a deformation ðβ; γÞ in
specific 74Zn states represented with circles on the PES, whose
radii are proportional to the probability.

TABLE I. Energies Eγ , branching ratios Iγ , mixing ratios δðE2=M1Þ, and relative BðE2Þ values BrelðE2Þ measured in the present
Letter, together with branching ratios from Ref. [40]. Relative and absolute BðE2Þ values obtained from the present LSSM calculations
(full diagonalization) are also given. Relative BðE2Þ values of 100 are assumed for normalizing transitions.

Jπi → Jπf Eγ (keV) Iγ Iprevγ [40] δðE2=M1Þ Bexp
rel ðE2Þ BSM

rel ðE2Þ BSM
abs ðE2Þ (W.u.)

2þ2 → 2þ1 1064.32(10) 100.0(12) 100.0(6) −1.13ð6Þ 100(5) 100 9.7
2þ2 → 0þ1 1670.07(20) 49.3(10) 49.4(4) 9.24(19) 22 2.1
3þ1 → 2þ2 428.73(18) 6.5(4) 9.3(4) −0.8þ0.2

−1.5 100þ120
−30 100 40

3þ1 → 4þ1 680.75(15) 7.10(19) 10.5(4) −1.0þ0.3
−0.8 14þ7

−5 7.8 3.1
3þ1 → 2þ1 1493.2(3) 100.0(18) 100.0(11) −0.57þ0.06

−0.07 1.9þ0.4
−0.3 8.8 3.5

−2.7ð5Þa 6.8(4)
2þ3 → 0þ2 359.2(6) 2.0(4) 100(20) 100 17
2þ3 → 2þ2 478.13(15) 6.8(7) 6.5(10) þ0.9þ0.8

−0.3 37þ24
−15 15 2.6

2þ3 → 4þ1 729.94(19) 3.1(7) 4.5(10) 2.4 0.4
2þ3 → 2þ1 1542.5(3) 37(3) 29.4(14) þ2.4þ1.8

−1.0 1.09þ0.15
−0.26 0.18 0.03

2þ3 → 0þ1 2148.73(16) 100(8) 100.0(27) 0.66(5) 0.18 0.03
aSecond solution.

PHYSICAL REVIEW LETTERS 130, 122502 (2023)
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Axial Shape Asymmetry and Configuration Coexistence in Neutron-Rich 74ZnINFN
▸ Shapes of the 01+, 02+ states calculated from 

quadrupole sum rules 
A. Poves, F. Nowacki, and Y. Alhassid, PRC 101, 054307 (2020)

Calculated Shapes from Shell Model
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Axial Shape Asymmetry and Configuration Coexistence in Neutron-Rich 74ZnINFN
▸ Shapes of the 01+, 02+ states calculated from 

quadrupole sum rules 
A. Poves, F. Nowacki, and Y. Alhassid, PRC 101, 054307 (2020) 

▸ Triaxial ground state (similar dispersions to those in 
76Ge‼)
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Evidence for Rigid Triaxial Deformation in 76Ge from a Model-Independent Analysis
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An extensive, model-independent analysis of the nature of triaxial deformation in 76Ge, a candidate for
neutrinoless double-beta (0νββ) decay, was carried out following multistep Coulomb excitation. Shape
parameters deduced on the basis of a rotational-invariant sum-rule analysis provided considerable insight
into the underlying collectivity of the ground-state and γ bands. Both sequences were determined to be
characterized by the same β and γ deformation parameter values. In addition, compelling evidence for low-
spin, rigid triaxial deformation in 76Ge was obtained for the first time from the analysis of the statistical
fluctuations of the quadrupole asymmetry deduced from the measured E2 matrix elements. These newly
determined shape parameters are important input and constraints for calculations aimed at providing, with
suitable accuracy, the nuclear matrix elements relevant to 0νββ.

DOI: 10.1103/PhysRevLett.123.102501

Neutrinoless double-beta (0νββ) decay is one of the most
promising experimental techniques capable of probing the
fundamental properties of the neutrino [1]. The observation
of this rare weak-interaction process would signal a
violation of total lepton number conservation and establish
the Majorana nature of the neutrino, e.g., that the neutrino
is its own antiparticle. In addition, the measured 0νββ half-
life would potentially provide experimental access to the
absolute neutrino mass scale, provided that the nuclear
matrix elements (NME) mediating the decay are reliably
known. However, results of nuclear structure calculations
of the NMEs differ by up to a factor of 3 [2,3], depending
on the methodology. This translates into an order of
magnitude variation in the decay lifetime. Experimental
input from a nuclear structure perspective to constrain these
calculations is, thus, essential as this would allow models to
be selected or developed based on reproducible bench-
marking criteria.
In this regard, wave functions of leading 0νββ candidates

have been probed in a campaign of experiments utilizing
transfer reactions to determine nucleon occupancies in a

consistent way [4,5]. These studies have provided critical
information for comparison with theory, especially on
contributions to the wave functions from competing sin-
gle-particle orbitals. In much the same way, recent inelastic
neutron scattering measurements have provided spectro-
scopic information on the structure of low-lying states
[6,7], with implications on the kinematic phase space
available for the 0νββ process. However, all these studies
lack the required level of sensitivity to collective degrees of
freedom that have been shown to significantly impact the
calculated NMEs. For example, deformation due to quadru-
pole correlations has been found to reduce the calculated
NME strengths [8–11], especially when the parent and
daughter nuclei have different shapes. On the other hand,
NMEs are enhanced when the deformations are similar
[11,12]. Moreover, it has been demonstrated that the
calculated NMEs are largest when spherical symmetry is
assumed in both parent and daughter nuclei [13]. Hence,
the proper treatment of deformation and the role of axial
asymmetry are essential for reliably calculating the NMEs
for 0νββ decay.

PHYSICAL REVIEW LETTERS 123, 102501 (2019)
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pole correlations has been found to reduce the calculated
NME strengths [8–11], especially when the parent and
daughter nuclei have different shapes. On the other hand,
NMEs are enhanced when the deformations are similar
[11,12]. Moreover, it has been demonstrated that the
calculated NMEs are largest when spherical symmetry is
assumed in both parent and daughter nuclei [13]. Hence,
the proper treatment of deformation and the role of axial
asymmetry are essential for reliably calculating the NMEs
for 0νββ decay.
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determine the nuclear charge distribution via an intermedi-
ate-state expansion over the experimental E2 matrix ele-
ments. This allows the collective quadrupole invariants to
be expressed as functions of the two charge deformation
parameters, Q and δ. Specifically, the quadrupole invariant
hQ2i provides an average measure of the static and
dynamic intrinsic quadrupole deformation of a charged
ellipsoid, i.e., the overall deviation from sphericity. It is
equivalent to the elongation parameter β in the Bohr
Hamiltonian [43]. Similarly, the quadrupole asymmetry
hcos 3δi describes the departure from axial symmetry;
the parameter hδi¼ 1

3arccosðhcos3δiÞ is analogous to the
collective-model asymmetry angle γ. Furthermore, higher-
order invariants can similarly be constructed using the
J ¼ 0, 2, 4 coupling schemes [37,42]. In particular, the
relative stiffness in the hQ2i and hcos 3δi invariants can be
determined by evaluating their statistical fluctuations, or
dispersion, σhQ2i and σhcos 3δi over a range of reduced
matrix elements. The latter quantities allow for the unam-
biguous determination of whether a nucleus is rigidly
deformed and/or rigidly asymmetric.
Figures 3(a) and 3(b) present the expectation values of

hQ2i for levels within the ground-state and γ bands, derived
from the measured E2 matrix elements. From Fig. 3, it is
clear that the hQ2i values are the same in both sequences
and that they are also constant with spin within errors.
This spin independence of the hQ2i invariant implies the
presence of strong correlations between the low-lying
states, as expected in view of the rotational-like behavior
exhibited by the E2 matrix elements. Furthermore, the
notable similarity of hQ2i values for the ground-state and γ
bands indicates a uniform deformation over the entire spin
range that averages a value of ∼0.30 e2b2, corresponding to
an average quadrupole deformation of β ≈ 0.28. Here, the
transformation β ¼ 4π

ffiffiffiffiffiffiffiffiffiffi
hQ2i

p
=3ZR2 has been applied with

R ¼ 1.2A1=3, Z and A being the atomic and mass numbers
[42]. This value agrees with recent symmetry conserving

configuration mixing (SCCM) calculations with the Gogny
D1S interaction that predict β ¼ 0.3 [26]. Moreover, the
overall constancy of the hQ2i values over the entire spin
range in both sequences affirms the general conclusion
that the ground-state and γ bands are built on the same
deformation. The dispersion of the quadrupole deforma-
tion, σhQ2i, for the ground-state and γ bands can be found
in Figs. 3(c) and 3(d), respectively. Here, three independent
values, calculated based on the different J¼0, 2, 4 coupling
schemes [44], are presented for each level.
The magnitude of the quadrupole asymmetry, hcos 3δi,

for levels in the ground-state and γ bands is presented
in Fig. 4. Oblate, triaxial, and prolate shapes correspond
to hcos 3δi values of −1 (δ ¼ 60°), 0 (δ ¼ 30°), and
1 (δ ¼ 0°), respectively. The agreement between the four
independent values of hcos 3δi indicates convergence of the
present dataset. Furthermore, the near constancy of this
asymmetry parameter over the measured spin range for
both bands confirms the presence of strong correlations
between the E2 properties and, hence, the same deforma-
tion, as anticipated for collective behavior. Compared to the
hQ2i invariant, however, hcos 3δi appears to exhibit a small
increase with spin, although a constant value is not ruled
out within the quoted errors [Fig. 4(a)]. The average value
of hcos 3δi ∼ 0.15 for the ground-state band corresponds to
a deformation hδi of ∼27°, in line with expectations for a
well-defined triaxial shape. Within the quoted errors, the
hcos 3δi behavior for the γ band is the same [Fig. 4(b)],
and the average value of 0.24 corresponds to a deformation
parameter hδi of ∼25°. Hence, the quadrupole asymmetry,
as determined from the hcos 3δi invariant, provides com-
pelling evidence for triaxial deformation in both the
ground-state and γ bands, in agreement with the interpre-
tation proposed in Ref. [18] based on the pattern reported
for the energy staggering in the latter sequence. The
present conclusions are also in line with calculations
within the TPSM (γ ≈ 30°) [25] and SCCM (γ ≈ 25°)
[26] frameworks.
As noted above, the nature of triaxial deformation can

only be inferred from a higher-order invariant, e.g., the
statistical fluctuation, or dispersion, σhcos 3δi which deter-
mines the degree of rigidity—or softness—in the γ degree
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FIG. 3. Magnitude of the quadrupole invariant hQ2i for the
ground-state and γ bands. The bottom figures present the
statistical fluctuation of the quadrupole deformation σhQ2i. Here,
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▸ Shapes of the 01+, 02+ states calculated from 

quadrupole sum rules 
A. Poves, F. Nowacki, and Y. Alhassid, PRC 101, 054307 (2020) 

▸ Triaxial ground state (similar dispersions to those in 
76Ge‼) 

▸ Different shape for the 02+: Less deformed and more 
prolate
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▸ Occupation difference with respect to the Fermi configuration for each orbital in the 

chosen model space:

Occupation Numbers from Shell Model
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▸ Occupation difference with respect to the Fermi configuration for each orbital in the 

chosen model space: 

▸ Which is the intruder state? Neutrons from the pf shell and percentage of 0p0h 
configuration:

Occupation Numbers from Shell Model
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▸ Occupation difference with respect to the Fermi configuration for each orbital in the 

chosen model space: 

▸ Which is the intruder state? Neutrons from the pf shell and percentage of 0p0h 
configuration:
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▸ Strong 23+ ⟶ 02+ ⟹ Hint of Configuration Coexistence 

▸ Strong 31+ ⟶ 22+ ⟹ Hint of a quasi γ-band at low excitation energy and Triaxiality 

▸ New Large-Scale Shell-Model calculations support this interpretation 

▸ Inversion of “normal” and intruder configurations ⟹ 74Zn seems to be in the N = 40 
Island of Inversion, which extends further north in the chart of the nuclides

Conclusions
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First Evidence of Axial Shape Asymmetry and Configuration Coexistence in 74Zn:
Suggestion for a Northern Extension of the N = 40 Island of Inversion
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The excited states of N ¼ 44 74Zn were investigated via γ-ray spectroscopy following 74Cu β decay. By
exploiting γ-γ angular correlation analysis, the 2þ2 , 3

þ
1 , 0

þ
2 , and 2þ3 states in 74Zn were firmly established.

The γ-ray branching and E2=M1 mixing ratios for transitions deexciting the 2þ2 , 3
þ
1 , and 2þ3 states were

measured, allowing for the extraction of relative BðE2Þ values. In particular, the 2þ3 → 0þ2 and 2þ3 → 4þ1
transitions were observed for the first time. The results show excellent agreement with new microscopic
large-scale shell-model calculations, and are discussed in terms of underlying shapes, as well as the role of
neutron excitations across the N ¼ 40 gap. Enhanced axial shape asymmetry (triaxiality) is suggested to
characterize 74Zn in its ground state. Furthermore, an excited K ¼ 0 band with a significantly larger
softness in its shape is identified. A shore of the N ¼ 40 “island of inversion” appears to manifest above
Z ¼ 26, previously thought as its northern limit in the chart of the nuclides.

DOI: 10.1103/PhysRevLett.130.122502

The atomic nucleus can possess states at low excitation
energy that have different shapes than the ground state,
which is referred to as shape coexistence [1,2]. While this
phenomenon seems to be ubiquitous, its most striking
manifestations tend to appear in nuclei that have neutron
or proton numbers corresponding to shell and subshell
closures. Here, the energy gained through correlations
can sometimes offset the spherical mean-field shell gaps,
leading to the appearance of deformed low-energy
“intruder” states in the “normal,” near spherical, structure
of the nucleus. In certain regions of the nuclear chart,
referred to as “islands of inversion” (IOIs), the intruder

configurations descend in excitation energy below the
normal ones, thus becoming the ground states. Under-
standing the ordering of the configurations, i.e., mapping
their relative energies, permits tests of theoretical calcu-
lations of correlation energies. Currently, four IOIs are
experimentally confirmed, associated with the neutron shell
closures N ¼ 8, 20, 28, and 40 [3].
Configurations leading to distinct shapes are often

discussed in terms of axially symmetric prolate or oblate
shapes coexisting with spherical states [1,2], but may also
involve deviations from axial symmetry. The effects of
nonaxiality have been observed for rapidly rotating nuclei
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The excited states of N ¼ 44 74Zn were investigated via γ-ray spectroscopy following 74Cu β decay. By
exploiting γ-γ angular correlation analysis, the 2þ2 , 3

þ
1 , 0

þ
2 , and 2þ3 states in 74Zn were firmly established.

The γ-ray branching and E2=M1 mixing ratios for transitions deexciting the 2þ2 , 3
þ
1 , and 2þ3 states were

measured, allowing for the extraction of relative BðE2Þ values. In particular, the 2þ3 → 0þ2 and 2þ3 → 4þ1
transitions were observed for the first time. The results show excellent agreement with new microscopic
large-scale shell-model calculations, and are discussed in terms of underlying shapes, as well as the role of
neutron excitations across the N ¼ 40 gap. Enhanced axial shape asymmetry (triaxiality) is suggested to
characterize 74Zn in its ground state. Furthermore, an excited K ¼ 0 band with a significantly larger
softness in its shape is identified. A shore of the N ¼ 40 “island of inversion” appears to manifest above
Z ¼ 26, previously thought as its northern limit in the chart of the nuclides.

DOI: 10.1103/PhysRevLett.130.122502

The atomic nucleus can possess states at low excitation
energy that have different shapes than the ground state,
which is referred to as shape coexistence [1,2]. While this
phenomenon seems to be ubiquitous, its most striking
manifestations tend to appear in nuclei that have neutron
or proton numbers corresponding to shell and subshell
closures. Here, the energy gained through correlations
can sometimes offset the spherical mean-field shell gaps,
leading to the appearance of deformed low-energy
“intruder” states in the “normal,” near spherical, structure
of the nucleus. In certain regions of the nuclear chart,
referred to as “islands of inversion” (IOIs), the intruder

configurations descend in excitation energy below the
normal ones, thus becoming the ground states. Under-
standing the ordering of the configurations, i.e., mapping
their relative energies, permits tests of theoretical calcu-
lations of correlation energies. Currently, four IOIs are
experimentally confirmed, associated with the neutron shell
closures N ¼ 8, 20, 28, and 40 [3].
Configurations leading to distinct shapes are often

discussed in terms of axially symmetric prolate or oblate
shapes coexisting with spherical states [1,2], but may also
involve deviations from axial symmetry. The effects of
nonaxiality have been observed for rapidly rotating nuclei

PHYSICAL REVIEW LETTERS 130, 122502 (2023)
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▸ Stable Ge (N = 38 - 44) ⟹ ν excitations across N = 40, small-deformation 

M. Honma, T. Otsuka, T. Mizusaki, and M. Hjorth-Jensen, PRC 80, 064323 (2009) 

▸ Radioactive 82Ge ⟹ ν excitations across N = 50, large-deformation 
J. K. Hwang et al., PRC 84, 024305 (2011)

02+ States in the Ge, Zn and Ni Isotopes

32 34 36 38 40 42 44 46 48 50
0

1

2

3

4

En
er

gy
 [M

eV
]

Neutron Number

Ge
Zn
Ni

02
+

▸ Ni (N = 36 - 42), Multiple Shape Coexistence: 
S. Leoni et al., PRL 118, 162502 (2017) - S. Leoni et al., Acta Physica Polonica B 50, 605 (2019) - N. Marginean et al., PRL 125, 102502 (2020) 

▸ 02+ in 64,66,68Ni ⟹ ν excitations across N = 40, small-deformation 

▸ 04+ in 64,66Ni, 03+ in 68Ni, 02+ in 70Ni ⟹ π excitations across Z = 28, large-deformation

Small, filled dots: firm 
Jπ assignment 

Open dots: tentative Jπ 
assignment 

Circled dots: evidence 
or suggestions for 
Shape Coexistence 

Large, filled dots: our 
new results 

Data from NNDC 
Brookhaven ENSDF 
and XUNDL databases

Multitude of p-h excitations across 
shell and sub shell gaps, with 

different features and deformations
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Energy Systematics
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31+ ⟶ 21+ ⟶ 01+
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Extension of the N=40 IoI

1

TABLE I: Occupation of the neutron intruder orbitals and percentage of particle-hole excitations across the N = 40 gap in the

ground states and first excited 0
+

states of the Zinc isotopes.The red bold number indicates places where the extra intruder

population is larger than 1 particule in average in the ground state and delimits the contour of the Island of Inversion.

Nucleus state IPM SM 0p0h

⌫g9/2 ⌫d5/2 ⌫g9/2 ⌫d5/2

68
Ni 0

+
1 0 0 0.80 0.10 62

0
+
2 0 0 2.10 0.10 17

70
Ni 0+

1 2 0 2.86 0.17 55
0
+
2 2 0 4.47 0.41 21

72
Ni 0

+
1 4 0 4.52 0.34 61

0
+
2 4 0 5.18 0.18 12

74
Ni 0

+
1 6 0 5.96 0.43 58

0
+
2 6 0 5.65 0.73 44

76
Ni 0

+
1 8 0 7.84 0.36 90

0
+
2 8 0 7.39 0.77 92

78
Ni 0

+
1 10 0 9.83 0.19 99

0
+
2 10 0 7.79 2.33 94

70
Zn 0+

1 0 0 2.60 0.17 4
0
+
2 0 0 2.66 0.25 12

72
Zn 0+

1 2 0 3.99 0.35 4
0
+
2 2 0 3.97 0.29 12

74
Zn 0+

1 4 0 5.13 0.47 13
0
+
2 4 0 4.35 0.50 34

76
Zn 0

+
1 6 0 5.79 0.52 54

0
+
2 6 0 6.12 0.47 47

78
Zn 0

+
1 8 0 7.67 0.48 93

0
+
2 8 0 7.73 0.44 92

80
Zn 0

+
1 10 0 9.72 0.30 100

0
+
2 10 0 9.74 0.28 100
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N = 40
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Zn: Relativistic Mean-Field
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Zn: Covariant Density Functional theory
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Ni Isotopes & Z = 28

liquid-drop model [16]. Here, secondary PES minima at
spin 0 were found in a few tens of nuclei, among which
66Ni was also present. To summarize, 66Ni is the lightest
system for which all three models, discussed above, suggest
the existence of a pronounced secondary PES minimum
which may give rise to shape isomerism.
Recently, state-of-the-art shell model calculations became

capable of calculating shape coexistence in nuclei with
masses A ¼ 60–100 [17–22]. In particular, it became pos-
sible to assess transition probabilities between states of
different shapes, and to search for retarded decays which
would be the signature of a shape-isomerlike structure.
Monte Carlo shell model (MCSM) studies [23–26] have
been performed for the neutron-rich 68–78Ni isotopes and
coexistence of low-lying spherical, oblate, and strongly
deformed prolate shapes has been found in 68Ni and 70Ni
[17,18]. A significant hindrance for the E2 transition
deexciting the prolate deformed 0þ state was predicted in
68Ni only. On the experimental side, the lifetimes of the
supposedly well-deformed prolate 0þ states, located at 2511
and 1567 keV in 68Ni [27,28] and 70Ni [29,30], respectively,
were assessed in a very recent β-decay study of 68Co and
70Co [31].Nohindrancewas observed in both cases, pointing
to a substantial mixing (or a low potential barrier) between
deformed and spherical configurations in 68Ni and 70Ni
isotopes.
At this point, we turned our attention to 66Ni, for which

mean-field calculations already predicted a secondary PES
deep minimum [12–16]. We performed new theoretical and
experimental studies of 66Ni low-lying states, with a particular
focus on 0þ states. The theoretical investigation was carried
out within the Monte Carlo shell model [23–26], using the
same Hamiltonian and model space as the ones previously
employed for 68–78Ni [17]. Figure 1 shows the potential energy
surface of 66Ni, obtained similarly to Refs. [17,18,32].
In comparison with 68Ni, the barrier height is similar, but
the prolate minimum is lower in 66Ni, due to stronger p − n
interaction coming from more neutron holes in the N ¼ 40
closed shell. As a consequence, a more strict hindrance to the
decay to themain spherical minimum, from the prolate one, is
expected in 66Ni. The circles on the plot of Fig. 1 indicate the
intrinsic quadrupole moments of a given basis vector of the
MCSM eigenstate, and their size implies the overlap proba-
bility of this basis vector with the eigenwave function [17,18].
In Fig. 1, the circles are concentrated in spherical (0þ1 and

0þ3 ), oblate (0þ2 ), and prolate (0þ4 ) domains, with β2 ≈ 0.0,
−0.2, and 0.3, respectively. While the local minimum in the
prolate domain is profound, due to a shell evolution of type II
[18], the one in the oblate domain is very shallow, being
almost a shoulder.
With respect to the 0þ1 state, the 0þ2;4 states are found to be

composed of sizable excitations of protons, from f7=2 to
f5=2 and p3=2;1=2, as well as neutrons, from f5=2 and p3=2;1=2

to g9=2 and d5=2. In the 0þ2 state, ∼1 proton and ∼1.5

neutrons are excited, whereas these numbers are doubled in
the 0þ4 state. This large difference in particle-hole excita-
tions leads to very different deformations between 0þ2 and
0þ4 states. On the contrary, the 0þ1;3 and 2þ1 states have
similar occupation numbers, being spherical.
The reduced probabilities for E2 transitions deexciting

the 0þ2 oblate, 0þ3 spherical, and 0þ4 prolate states to the
spherical 2þ1 state are 4.1, 0.01, and 0.006 Weisskopf units
(W.u.), respectively. While the retardation of the 0þ4 decay
arises from the prolate to spherical shape change, the
hindrance of the spherical 0þ3 decay is caused by cancella-
tion effects in the E2 transition matrix elements due to
different structures within spherical states.
Experimentally, a first inspection of 66Ni data, established

prior to our study, already shows remarkable features in line
with theMCSMcalculations: three excited 0þ states (out of a
total of 6 excitations below 3 MeV) have been located at
2444, 2664, and 2965 keV by using a (t,p) reaction [33]. Out
of those, the first two were confirmed by the discrete γ-ray
studies of [27,34,35] and their energieswere determinedwith
higher precision at 2443 and 2671 keV. On the contrary, the
0þ4 state was not observed. We propose that these three 0þ

excited states correspond to the three0þ excitations predicted
by theMCSMcalculations at 1971 (oblate), 2596 (spherical),
and 3296 keV (prolate), respectively [see Figs. 2(d) and (e)].
This experiment-theory correspondence is supported by two
independent observations: (i) both experiment [27,35,36]
and MCSM calculations show that, out of the four 0þ states
in 66Ni, the β decay of the 1þ ground state of 66Co feeds only
the spherical ground state and the 0þ3 state, what points to
similarly spherical (although configuration-wise different)
structures of these two states; (ii) in the (t,p) reaction study
[33], the population of the 0þ2 and 0þ3 states is strongly

FIG. 1. Potential energy surface (PES) for the lowest 0þ states
of 66Ni, as a function of prolate and oblate quadrupole moments.
Circles on the PES represent shapes in the MCSM basis vectors:
white (orange) circles for 0þ1 (0þ3 ) spherical states, green (red) for
0þ2 oblate (0þ4 prolate) states, respectively.
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Figure 3 displays the partial level schemes of 64Ni, 66Ni, 68Ni and 70Ni,
focusing on the decay of the 0+ states, as follows from the most recent ex-
perimental investigation [28]. Comparison with MCSM calculations is also
given for the prolate deformed shapes, clearly showing the good reproduc-
tion of the evolution of the excitation energy spectrum of these deformed
structures along the Ni isotopic chain. The top panel gives the systematics of
the B(E2; 0+prolate ! 2+1 ) values, experimental and from MCSM calculations,
for the even Ni nuclei with 62  A  70. A minimum value seems to be
reached for 66Ni, in agreement with the observation of the shape-isomer-like
structure in this nucleus. In the left part of the figure, MCSM calculations
are shown also for 62Ni. According to these calculations, 62Ni is the first
in the Ni neutron-rich chain to exhibit a coexistence of spherical and de-
formed configurations, manifested by the appearance of a multitude of 0+
states (nine below 6 MeV, as shown in Fig. 3) with different deformations.
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Fig. 3. (Colour on-line) Experimental partial decay schemes of 64Ni, 66Ni, 68Ni and
70Ni, focusing on the decay of the 0+ states [28], in comparison with predictions
from Monte Carlo Shell Model (MCSM) calculations for the prolate structures. On
the left, MCSM calculations for 62Ni, showing the expected excited 0+ states below
6 MeV. Cartoons for prolate and oblate nuclear shapes are also given. Top panel:
systematics of the B(E2; 0+prolate ! 2+1 ) values, experimental and from MCSM
calculations, for the even Ni nuclei with 62  A  70.
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