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3-body decays

5th November 2019 Thomas Grammatico - LPNHE

B → hhh pseudo-scalars = 2 degrees of 
freedom

Phase space usually described as Dalitz           
  Plane (DP)

Resonances appear as structures

Isobar model:

Used to parametrise the amplitude
F

i
 strong dynamics

C
i
 complex coefficients

Strong and weak dynamics
give access to Branching 
Fractions (BF), CP 
asymmetries (A

cp
),...



3

Why charmless B decays ?

5th November 2019 Thomas Grammatico - LPNHE

Contributions from both tree and penguin processes

Amplitudes can be comparable → sensitive to CP violation 

Loops involved → probe new physics

Give access to many observables: BFs, A
cp

, CKM phases, polarization fractions...
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Recent LHCb Charmless studies

5th November 2019 Thomas Grammatico - LPNHE

- Amplitude analysis of B0
s
→K0

S
K±π∓ decays   [JHEP 06 (2019) 114]

- Measurement of CP asymmetries in charmless four-body Λ0
b
 and Ξ0

b
 decays [Eur. Phys. J. C79 (2019) 745 ]

- Amplitude analysis of the B0
(s)

→K 0∗ K 0∗  decays and measurement of the branching fraction of the 
B0→K 0∗ K 0∗  decay  [JHEP 07 (2019) 032]

- Study of the B0→ρ(770)0K∗(892)0 decay with an amplitude analysis of B0→(π±π∓)(K+π−) decays
[JHEP 05 (2019) 026]

- First measurement of the CP-violating phase ϕdd
s
 in B0

s
→(K+π−)(K−π+) decays [JHEP 03 (2018) 140]

- Amplitude analysis of the decay B0→K0
S
π+π− and first observation of CP asymmetry in 

B0→K∗(892)−π+    [Phys. Rev. Lett. 120 261801]

- Updated branching fraction measurements of B0
(s)

→K
S
h+h’-    [JHEP 11 (2017) 027 ]

3-body decays but not only !
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Recent LHCb Charmless studies

5th November 2019 Thomas Grammatico - LPNHE

Polarization

- Amplitude analysis of B0
s
→K0

S
K±π∓ decays   [JHEP 06 (2019) 114]

- Measurement of CP asymmetries in charmless four-body Λ0
b
 and Ξ0

b
 decays [Eur. Phys. J. C79 (2019) 745 ]

- Amplitude analysis of the B0
(s)

→K 0∗ K 0∗  decays and measurement of the branching fraction of the 
B0→K 0∗ K 0∗  decay  [JHEP 07 (2019) 032]

- Study of the B0→ρ(770)0K∗(892)0 decay with an amplitude analysis of B0→(π±π∓)(K+π−) decays
[JHEP 05 (2019) 026]

- First measurement of the CP-violating phase ϕdd
s
 in B0

s
→(K+π−)(K−π+) decays [JHEP 03 (2018) 140]

- Amplitude analysis of the decay B0→K0
S
π+π− and first observation of CP asymmetry in 

B0→K∗(892)−π+    [Phys. Rev. Lett. 120 261801]

- Updated branching fraction measurements of B0
(s)

→K
S
h+h’-    [JHEP 11 (2017) 027 ]
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Recent LHCb Charmless studies

5th November 2019 Thomas Grammatico - LPNHE

Will be discussed today

- Amplitude analysis of B0
s
→K0

S
K±π∓ decays   [JHEP 06 (2019) 114]

- Measurement of CP asymmetries in charmless four-body Λ0
b
 and Ξ0

b
 decays [Eur. Phys. J. C79 (2019) 745 ]

- Amplitude analysis of the B0
(s)

→K 0∗ K 0∗  decays and measurement of the branching fraction of the 
B0→K 0∗ K 0∗  decay  [JHEP 07 (2019) 032]

- Study of the B0→ρ(770)0K∗(892)0 decay with an amplitude analysis of B0→(π±π∓)(K+π−) decays
[JHEP 05 (2019) 026]

- First measurement of the CP-violating phase ϕdd
s
 in B0

s
→(K+π−)(K−π+) decays [JHEP 03 (2018) 140]

- Amplitude analysis of the decay B0→K0
S
π+π− and first observation of CP asymmetry in 

B0→K∗(892)−π+    [Phys. Rev. Lett. 120 261801]

- Updated branching fraction measurements of B0
(s)

→K
S
h+h’-    [JHEP 11 (2017) 027 ]
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Amplitude analysis of B0→ K
S
π+π- decays

5th November 2019 Thomas Grammatico - LPNHE

First observation of CP asymmetry in B0→K*(892)+π - using 3 fb-1

- Could help with the “Kπ puzzle” → contains intermediate states such as B0→K*-π+

- Time integrated → CKM phases not accessible

- BUT direct CP asymmetries between 
flavour-specific (FS) states such as 
B0→K*-π+ and B0→K*+π-  are measured
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Results

5th November 2019 Thomas Grammatico - LPNHE

First observation of CP violation 
in B0→ K*(892)π with ~ 6σ

Stat       syst.    model

[PRL. 120, 261801 (2018)]

Not included by B-
factories in this 

mode

Results in agreement with the 
measurements from the B factories 

(for components that can be 
compared) 

Belle PRD 79 (2009) 072004, BaBar PRD 80 (2009) 112001

Consistent with SM predictions* and previous 
world average:  A(K*(892)π)=-0.23±0.06 (HFLAV)

*[JHEP09 (2008) 038; PRD78 034011 (2008), PRD91, 014011 (2015)]
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Amplitude analysis of B0
s
→K0

S
K±π∓ decays

5th November 2019

- In principle Both B0
s
 and B0

s
 decay to K0

S
K+ π - and K0

S
K- π + :

- B0
s
→K0

S
K+ π -

- B0
s
→K0

S
K- π +

- B0
s
→K0

S
K+ π -

- B0
s
→K0

S
K- π +

- Expect large interference effects and possibly large CP violation

4 different DP if B0
s 
and 

B0
s
 are tagged 

Using run I data →statistics do not allow to use flavour tagging 
(power between 3% and  7% in LHCb) 

→ Time integrated → incoherent sum of B0
s 
and B0

s

- First DP analysis

- Provides a basis 
for future studies

Two independent final states:
 - K0

S
K+π− denoted f

 - K0
S
K−π+ denoted f

Fitted simultaneously

B0
s
/B0

s 
 → f B0

s
/B0

s 
 → f

[HEP 06 (2019) 114]

Using 3 fb-1
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Results

5th November 2019

No significant CP violation observed

Stat   syst   model  *

Consistent with 
theoretical predictions 

and previous LHCb 
results

* uncertainties on BF(B0
s
→K0K±π∓),

 BF(K∗→Kπ)
and, in the case of K 0∗ (1430), the uncertainty of the 
proportion of the (Kπ) 0∗  component due to the K 0∗ (1430) 
resonance  

[Phys. Rev. D 89, 074025]

[New J. Phys.16(2014) 123001]
[JHEP01(2016) 012]
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Branching fraction measurements of 
B0

(s)
→K

S
h+h’-

5th November 2019 Thomas Grammatico - LPNHE

B0 B0
s

K
s
π+π- Favoured Supressed

K
s
K±π∓ Supressed Favoured

K
s
K+K- Favoured Supressed

Unobserved 
B

s
→K

s
K+K-

2.5σ

Decay mode

B type

Using 3 fb-1, all modes observed but B0
S
 → K

s
K+K-

Dataset divided into: 
4 final states 
2 K

S
 reconstruction categories 

3 data-taking periods 

→ 24 invariant-mass distributions

B0

Five BFs are measured relative to that 
of B0→ K

s
π+π-

All are compatible with previous results 

[JHEP 11 (2017) 027]
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Branching fraction measurements of 
B0

(s)
→K

S
h+h’-

5th November 2019 Thomas Grammatico - LPNHE

B0 B0
s

K
s
π+π- Favoured Supressed

K
s
K±π∓ Supressed Favoured

K
s
K+K- Favoured Supressed

Unobserved 
B

s
→K

s
K+K-

2.5σ

Decay mode

B type

Using 3 fb-1, all modes observed but B0
S
 → K

s
K+K-

Dataset divided into: 
4 final states 
2 K

S
 reconstruction categories 

3 data-taking periods 

→ 24 invariant-mass distributions

B0

Five BFs are measured relative to that 
of B0→ K

s
π+π-

All are compatible with previous results 
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Branching fraction measurements of 
B0

(s)
→K

S
h+h’-

5th November 2019 Thomas Grammatico - LPNHE

B0 B0
s

K
s
π+π- Favoured Supressed

K
s
K±π∓ Supressed Favoured

K
s
K+K- Favoured Supressed

Unobserved 
B

s
→K

s
K+K-

2.5σ

Decay mode

B type

Using 3 fb-1, all modes observed but B0
S
 → K

s
K+K-

Dataset divided into: 
4 final states 
2 K

S
 reconstruction categories 

3 data-taking periods 

→ 24 invariant-mass distributions

B0

Five BFs are measured relative to that 
of B0→ K

s
π+π-

All are compatible with previous results 

[JHEP 11 (2017) 027]
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Analysis strategy

5th November 2019 Thomas Grammatico - LPNHE

- Shapes taken from Monte-Carlo, except for combinatorial background

- B
d
 and B

s
 masses and widths from fit to data 

- Gaussian constraints on yields of misidentified signal and partially 
reconstructed background

- Fast Monte-Carlo developed for partially reconstructed background modelling
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Current Status

5th November 2019 Thomas Grammatico - LPNHE

Analysis updated using  
run I + 2016 data ~ 5 fb-1

2016, DD – LHCb unofficial

Goals :
- Use run I + run II data ~ 9 fb-1

- search for B
s
→K

S
K+K-

- Silmultaneous fit :
- 4 final states
- 2 K

s
 reconstruction categories

- 6 data-taking periods

→ 42 invariant-mass distributions

   Analysis ongoing in Paris, Clermont, Bogota and Warwick
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Current Status

5th November 2019 Thomas Grammatico - LPNHE

Analysis performed using  
run I + 2016 data ~ 5 fb-1

2016, DD – LHCb unofficial

Stay tuned !

Goals :
- Use run I + run II data ~ 9 fb-1

- search forB
s
→K

S
K+K- 

- Silmultaneous fit :
- 4 final states
- 2 K

s
 reconstruction categories

- 6 data-taking periods

→ 42 invariant-mass distributions



Extraction of the CKM angle  using 
charmless 3-body -meson decays

γ
B



Why measuring the CKM 
parameters?

2

γ

γ

α

α

dm∆
Kε

Kε

sm∆ & dm∆

ubV

βsin 2

(excl. at CL > 0.95)
 < 0βsol. w/ cos 2

excluded at CL > 0.95

α

βγ

ρ
-1.0 -0.5 0.0 0.5 1.0 1.5 2.0

η

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5
excluded area has CL > 0.95

Summer 18

CKM
f i t t e r

CKM parameters 
Precision measurements 
Test the unitarity of the CKM matrix 

  Over-constrain the triangle⇒

α = [86.4+4.5
−4.3]

∘

β = [22.14+0.69
−0.67]

∘

γ = [72.1+5.4
−5.7]

∘

Measure  
From tree decays   precise value 

From loop decays  probe for new physics

γ
→
→

Least precise parameter



 from tree decaysγ 3

B− fDK−

D0K−

D0K−

rBei(δB−γ)

rDeiδD

rB =
𝒜(B− → D0K−)
𝒜(B− → D0K−)

≈
1
3

VcsV*ub

VusV*cb
≈ 0.1

 - Theoretically clean ( ) 
 - Experimentally challenging  
(small branching fractions) 

 the best experimental precision is obtained 
by combining several measurements.

δγ/γ ∝ 10−7

⇒

𝒜b→u

𝒜b→c
= rBei(δB−γ)

III.4 Extraction of the CKM angle � 71

Figure III.6: Feynman diagrams of the favoured B� ! D0K� decay (left) and the
suppressed B� ! D0K� decay (right).
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between b ! c and b ! u transitions. The decay of the B
± to the D

0, which
proceeds via a b ! c transition, is singly Cabibbo suppressed, and thus it is
favoured compared to the decay of the B± to the D0 that proceeds via a b ! u

transition and is suppressed both by colour and the CKM matrix element Vub

(see diagrams Fig. III.6). The ratio of the corresponding amplitudes is related
to � by

Ab!u

Ab!c
= rBe

�B±�
, (III.59)

where rB is the ratio of magnitudes, �B the strong phase di↵erence between Ab!u

and Ab!c, and the +(-) sign is associated with the decay of a meson containing
a b (b) quark. The sensitivity to the relative phase of the two interfering

amplitudes is governed by the magnitude of their ratio. For B
± !

( )

D
0
K

±

modes, rB is approximately given by
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where the factor 1/3 is due to colour suppression. Other similar modes can be

used to extract �, such as B± !
( )

D
0
⇡
±, but with reduced sensitivity to the

phases due to a smaller value of rB.
Recalling that that the D

0 and D
0 have access to the same final states fD

and f
D
, two di↵erent paths exist to reach the final state of the B-meson. In the

case of the B
� !

( )

D
0
K

� decay mode, these paths are B
� ! D

0(! f
D)K�

and B
� ! D

0(! f
D)K� (similarly for the CP -conjugate decays), so that the

amplitudes can be written as
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).

(III.61)
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favoured

CP violation measurement requires interference



LHCb  combinationγ 4
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]° [γ

68.3%

95.5%

LHCb
Preliminary

 decays0
sB
 decays0B
 decays+B

Combination

B decay D decay Method Ref. Dataset
†

Status since last com-
bination [3]

B+ ! DK+ D ! h+h� GLW [14] Run 1 & 2 Minor update
B+ ! DK+ D ! h+h� ADS [15] Run 1 As before
B+ ! DK+ D ! h+⇡�⇡+⇡� GLW/ADS [15] Run 1 As before
B+ ! DK+ D ! h+h�⇡0 GLW/ADS [16] Run 1 As before
B+ ! DK+ D ! K0

Sh
+h� GGSZ [17] Run 1 As before

B+ ! DK+ D ! K0
Sh

+h� GGSZ [18] Run 2 New
B+ ! DK+ D ! K0

SK
+⇡� GLS [19] Run 1 As before

B+ ! D⇤K+ D ! h+h� GLW [14] Run 1 & 2 Minor update
B+ ! DK⇤+ D ! h+h� GLW/ADS [20] Run 1 & 2 Updated results
B+ ! DK⇤+ D ! h+⇡�⇡+⇡� GLW/ADS [20] Run 1 & 2 New
B+ ! DK+⇡+⇡� D ! h+h� GLW/ADS [21] Run 1 As before
B0 ! DK⇤0 D ! K+⇡� ADS [22] Run 1 As before
B0! DK+⇡� D ! h+h� GLW-Dalitz [23] Run 1 As before
B0 ! DK⇤0 D ! K0

S⇡
+⇡� GGSZ [24] Run 1 As before

B0
s ! D⌥

s K
± D+

s ! h+h�⇡+ TD [25] Run 1 Updated results
B0! D⌥⇡± D+! K+⇡�⇡+ TD [26] Run 1 New

† Run 1 corresponds to an integrated luminosity of 3 fb�1 taken at centre-of-mass energies of 7 and 8 TeV
. Run 2 corresponds to an integrated luminosity of 2 fb�1 taken at a centre-of-mass energy of 13 TeV .

In agreement with world averages (CKMfitter, UTfit, HFLAV). 
Supersedes the previous LHCb measurement. 
Most precise determination of γ from a single experiment to date.

γ = (74.0+5.0
−5.8)

∘
LHCb combination 

98 experimental observables, 40 free parameters in the fit 
hadronic parameters ( , ) also extracted along with  
Frequentist treatment

rB δB γ
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LHCb-CONF-2018-002

Run 2 measurements were performed with an 
integrated luminosity of 2fb-1 @13TeV.  
Analyses with the full 6fb-1 dataset still to come.

http://inspirehep.net/record/1674660
http://inspirehep.net/record/1674660


Extraction of the CKM angle  using 
charmless 3-body decays of  mesons

γ
B

• theoretical method developed by B. Bhattacharya, M. 
Imbeault and D. London


• combine information coming from several charmless modes


• potentially sensitive to new physics


• goal of the study: extract  with its uncertaintyγ

5

Phys. Lett. B728 (2014) 206-209

http://inspirehep.net/record/1222496
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Experimental observables          
functions of measured amplitudes

Theoretical amplitudes 
functions of theoretical parameters +  
based on flavour-SU(3) symmetry

γ

Fit to extract         γ

Inputs 
measured amplitudes over the DP

In a nutshell
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Experimental observables          
functions of measured amplitudes

Theoretical amplitudes 
functions of theoretical parameters +  
based on flavour-SU(3) symmetry

γ

Fit to extract         γ

Inputs 
measured amplitudes over the DP

use BABAR analysis results

In a nutshell



Experimental inputs 7

                   
        
B0 → K0

SK0
SK0

S B0 → K+π0π− B+ → K+π+π−

B0 → K0
SK+K− B0 → K0

Sπ+π−

BABAR amplitude-analysis results of 5 decay modes 

3) Phys. Rev. D78 (2009) 1120042) Phys. Rev. D83 (2011) 1120101) Phys. Rev. D85 (2012) 054023

4) Phys. Rev. D78 (2012) 112010 5) Phys. Rev. D80 (2009) 112001

1) 2) 3)

4) 5)

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.78.012004
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.83.112010
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.85.054023
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.85.112010
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.80.112001


Experimental inputs 7

Total amplitude of the decay modelled as a coherent sum of partial amplitudes.

𝒜(m2
12, m2

23) =
N

∑
j=1

cjeiϕjFj(m2
12, m2

23)

Lineshape 
Strong dynamics

Isobar parameters 
Weak and strong interactions

                   
        
B0 → K0

SK0
SK0

S B0 → K+π0π− B+ → K+π+π−

B0 → K0
SK+K− B0 → K0

Sπ+π−

BABAR amplitude-analysis results of 5 decay modes 

3) Phys. Rev. D78 (2009) 1120042) Phys. Rev. D83 (2011) 1120101) Phys. Rev. D85 (2012) 054023

4) Phys. Rev. D78 (2012) 112010 5) Phys. Rev. D80 (2009) 112001

1) 2) 3)

4) 5)

Description of the amplitude in the DP: the isobar model

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.78.012004
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.83.112010
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.85.054023
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.85.112010
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.80.112001
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Experimental observables          
functions of measured amplitudes

Theoretical amplitudes 
functions of theoretical parameters +  
based on flavour-SU(3) symmetry

γ

Fit to extract         γ

Inputs 
measured amplitudes over the DP 
use BABAR analysis results

use BABAR analysis results



Observables 9

From the experimental amplitudes we construct 
momentum-dependent observables

     branching ratio  

     direct ACP 

           indirect ACP

X(m2
13, m2

23)
def= |𝒜(m2

13, m2
23) |2 + |𝒜(m2

13, m2
23) |2

Y(m2
13, m2

23)
def= |𝒜(m2

13, m2
23) |2 − |𝒜(m2

13, m2
23) |2

Z(m2
13, m2

23)
def= Im[𝒜*(m2

13, m2
23)𝒜(m2

13, m2
23)]



Observables 9

From the experimental amplitudes we construct 
momentum-dependent observables

     branching ratio  

     direct ACP 

           indirect ACP

X(m2
13, m2

23)
def= |𝒜(m2

13, m2
23) |2 + |𝒜(m2

13, m2
23) |2

Y(m2
13, m2

23)
def= |𝒜(m2

13, m2
23) |2 − |𝒜(m2

13, m2
23) |2

Z(m2
13, m2

23)
def= Im[𝒜*(m2

13, m2
23)𝒜(m2

13, m2
23)]

13 observables for the 5 modes
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Experimental observables          
functions of measured amplitudes

Theoretical amplitudes 
functions of theoretical parameters +  γ

Fit to extract         γ

Inputs 
measured amplitudes over the DP 
use BABAR analysis results

use BABAR analysis results
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Experimental observables          
functions of measured amplitudes

Theoretical amplitudes 
functions of theoretical parameters +  γ

Fit to extract         γ

Inputs 
measured amplitudes over the DP 
use BABAR analysis results

use BABAR analysis results

based on flavour-SU(3) symmetry



Theoretical amplitudes
11

Phys. Rev. D.84.034040

γ from 3-body decays: Nobs < Nparams

 modes: several diagramsB → Khh

tree electroweak penguin
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Amplitude symmetrisation 12

Fully symmetric DP divided into 6 regions 
containing the same information
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Different final-state symmetrisations are possible 
(fully symmetric, totally antisymmetric, mixed states)

Both theoretical and experimental amplitudes 
must be symmetrised in the same way

Fully-symmetrised amplitudes
Choice for this work 
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Parameter counting 
th. params. exp. observables

4 modes 10 11
5 modes 11 13
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Experimental observables          
functions of measured amplitudes

Theoretical amplitudes 
functions of theoretical parameters +  
based on flavour-SU(3) symmetry

γ

Fit to extract         γ

Inputs 
measured amplitudes over the DP 
use BABAR analysis results

use BABAR analysis results
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Experimental observables          
functions of measured amplitudes

Theoretical amplitudes 
functions of theoretical parameters +  
based on flavour-SU(3) symmetry

γ

Fit to extract         γ

Inputs 
measured amplitudes over the DP 
use BABAR analysis results

use BABAR analysis results

X, Y, Z . . . = fi(𝒜fs, 𝒜fs) X, Y, Z . . . = f′�j(th . parms; γ)
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Cov matrix: 
11x11 (13x13)

• Observables ( ) for all the modes. 

• Covariance matrix including the correlations.  
• Scan on γ: fix γ to consecutive values and evaluate 

the other parameters minimising a χ2 function. 
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Combining several points 16

Extract γ using the 
maximum number 
of points in the DP.

But, due to very high correlations between 
certain points we are limited to the use of 
3 points simultaneously

corr > 99.9%

Using the maximum amount of information. 
Improving the validity of flavour SU(3) hyp.

Cov matrix: 
33x33 (39x39)

In practice 
• Several hundred combinations of 3 points randomly scattered over the DP. 
• For each set of points:  

• γ scan (500 fits with random initial parameters). 
• Extract minima and statistical uncertainties  

• Combine results of all the scans.
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501 sets of random 3-points combinations 
for each set: hundreds of fits randomising 
initial values of parameters 
fit convergence = 100% 

αSU(3) = 1

Baseline results

γWorldAverage = (73.5+4.2
−5.1)

∘

 for the different 3-point setŝγ

Table I: The minima found with four decay modes (↵SU(3) = 1). For each minimum �i, the central value
for � is given (µ), along with the asymmetric experimental uncertainty on the left- and right-hand sides
(�L, �R).

Minimum µ �L �R

�1 12.9� 4.3� 8.4�

�2 36.6� 6.1� 6.6�

�3 68.9� 8.6� 8.6�

�4 223.2� 7.5� 10.9�

�5 266.4� 10.8� 9.2�

�6 307.5� 8.1� 6.9�

Fig1_general_4modes_120bins_withBadResolved.pdf

Figure 1: The minima found with four decay modes (↵SU(3) = 1). For each of the 501 sets of random
combinations of three points in the Dalitz plot, a �2 scan for � is performed and the minima �min are
found. The histogram shows the accumulation of the minima across all 501 scans.

value of � [2].
Since each combination of three points carries di↵erent information, the form of the �2 scans vary

from one combination of points to the next. The central values fluctuate, and, in some instances, not
all of the six minima are present. The distribution of the minima across the scans is shown in Figure 1,
and the rates at which the minima are found are given in Table II; each of them is found in more than
90% of scans.

6

̂γ

central 
value

"statistical" 
uncertainties

̂γ1 ̂γ2 ̂γ3 ̂γ4 ̂γ5 ̂γ6 [deg]
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Influence of "poorly resolved" minima
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Poorly resolved minimum: the statistical 
uncertainty cannot be extracted. 

 not included in the average for the 
baseline result
⇒

Including the poorly 
resolved minimaBaseline combination
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Influence of  breakingSU(3)f

Syst = | ̂γ baseline − ̂γ 5modes |

The baseline fit does not take into account   breaking. 
 Extract  again with the 5 modes, letting  float in the fit.

SU(3)f
⇒ γ αSU(3)
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Table VI: The minima found with five decay modes, allowing ↵SU(3) to vary in the fit. For each minimum
�i, the central value for � is given (µ), along with the asymmetric experimental uncertainty on the left-
and right-hand sides (�L, �R). The quantities |µ� µall| and |µ4modes � µ5modes| are taken as estimates
of the systematic uncertainties due to poorly resolved minima and flavour SU(3) breaking, respectively.

Minimum µ �L �R |µ� µall| |µ4modes � µ5modes|
�1 11.9� 5.8� 9.1� 1.3� 1.0�

�2 39.2� 6.3� 6.7� 1.2� 2.6�

�3 71.3� 9.5� 9.3� 0.4� 2.4�

�4 223.9� 7.4� 9.5� 0.1� 0.7�

�5 265.0� 11.0� 10.0� 1.2� 1.3�

�6 308.4� 8.8� 7.0� 0.6� 0.9�

Fig4_general_5modes_120bins_withBadResolved.pdf

Figure 4: The minima found with five decay modes, with ↵SU(3) free to vary in the fit. For each of the
401 sets of random combinations of three points in the Dalitz plot, a �2 scan for � is performed and the
minima �min are found. The histogram shows the accumulation of the minima across all 401 scans.

13

̂γ

̂γ [deg]



Summary of systematic 
uncertainties

20

 "Statistical" error dominates⇒

Table III: Summary of the systematic uncertainties.

Minimum Poorly resolved minima Flavour SU(3) breaking

�1 0.8� 1.0�

�2 0.3� 2.6�

�3 0.2� 2.4�

�4 0.7� 0.7�

�5 1.4� 1.3�

�6 0.7� 0.9�

6 Studies of flavour SU(3) breaking

The assumption of flavour SU(3), and specifically that ↵SU(3) = 1, is tested in two further ways. The
first involves comparing the amplitudes of two modes related by flavour SU(3) as a function of position
in the Dalitz plane. The second consists of determining the value of ↵SU(3) over the Dalitz plane from
fits to the amplitude models.

6.1 Comparison of the amplitudes of B0 ! KSK+K� and B+ ! K+⇡+⇡�

From inspection of the last two lines of Eq. 3, there is a linear relationship between the fully symmetric
amplitudes for B0 ! K0

SK
+K� and B+ ! K+⇡+⇡�:

Afs(B
0 ! K+K0K�) = ↵SU(3) Afs(B

+ ! K+⇡+⇡�) . (10)

The value of the parameter ↵SU(3), a measure of the amount of the local flavour SU(3)-breaking, can
be inferred by comparing the values of the amplitudes of these modes at di↵erent points on the Dalitz
plane [10]. We define the following ratio:

R(s13, s23) =

����
Afs(B+ ! K+⇡+⇡�; s13, s23) + Afs(B� ! K�⇡�⇡+; s13, s23)

Afs(B0 ! K+K0
SK

�; s13, s23) + Afs(B0 ! K�K0
SK

+; s13, s23)

���� (11)

where Afs(X; s13, s23) is the symmetrised amplitude for the decay mode X measured at point (s13, s23).
The ratio is an estimate of ↵SU(3) at that point.

Figure 2 (a) shows the value of R(s13, s23) as a function of position in the Dalitz plane. Significant
deviations from unity are seen, especially near resonances. This is unsurprising, given that flavour SU(3)
is broken by the mass di↵erence between s and u/d quarks. A histogram of the values of R, sampled
uniformly across the Dalitz plane, is shown in Fig. 2 (b). The distribution peaks near one, and the
average value is 1.028, rather close to unity. This suggests qualitatively that, while SU(3) is strongly
violated locally, it holds reasonably well when averaging across the phase space.

6.2 Fitted value of ↵SU(3) over the Dalitz Plane

Another approach is to determine ↵SU(3) from a fit. For this exercise, individual points in the Dalitz
plane are considered (as opposed to sets of three points). A uniform grid of 386 points is used. For
each point, a similar procedure is followed to that described in Sec. 3, with a �2 minimisation carried
out with � being fixed to a certain value �i and the other physics parameters, including ↵SU(3), being
free to vary. As before, the fit is repeated 500 times (for each point) with the initial parameter values
randomised, and the solution with the smallest �2 after the fit is retained. However, instead of scanning
for � across the full range, the exercise is only performed for six values �i corresponding approximately
to the six minima given in Table I. At each point and for each value of �i tested, the value of ↵SU(3) for
the best-fit solution is recorded.

Averaging over the uniform grid of points, the mean values of ↵SU(3) are given in Table IV for each �i.
Each value is close to unity, and negligible variation in the average ↵SU(3) is seen between the six minima.
The variation of ↵SU(3) with position in the Dalitz plot is illustrated in Fig. 3, in which at each point in
the symmetrised Dalitz plot the fitted values of ↵SU(3) from the six �i are averaged. Similar structure is
seen to that observed in Fig. 2, and the breaking of flavour SU(3) is clearly seen near resonances.

8



Summary and results 21

Using BABAR results we found 6 possible values for γ:

It is possible to extract  with an acceptable uncertainty with this method.γ

Uncertainty < 11°  
(BABAR results only!) 
Statistical uncertainty dominates 
Solutions well separated

γ1 = [ 12.9 +8.4
−4.3 (stat) ± 1.3 (syst)] ∘

γ2 = [ 36.6 +6.6
−6.1 (stat) ± 2.6 (syst)] ∘

γ3 = [ 68.9 +8.6
−8.6 (stat) ± 2.4 (syst)] ∘

γ4 = [223.2 +10.9
−7.5 (stat) ± 1.0 (syst)] ∘

γ5 = [266.4 +9.2
−10.8 (stat) ± 1.9 (syst] ∘

γ6 = [307.5 +6.9
−8.1 (stat) ± 1.1 (syst)] ∘ γWorldAverage = (73.5+4.2

−5.1)
∘

PhysRevD.99.114011

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.99.114011


Perspectives 22

Add information from other symmetry states  

• totally anti-symmetric states  
• mixed states }
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May help to decrease the 
statistical uncertainties and 
reduce the number of solutions.

The amplitude analyses of these modes can also be done at 
LCHb or Belle II with more data. 

Interesting longer term possibility: dedicated analysis in a 
single experiment (LHCb, BELLE II...) or even a joint 
analysis(?)  



Backup



Impact of  breakingSU(3)f
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We define the ratio  R(m2
13, m2

23)

R(m2
13, m2

23) =
𝒜fs(B+ → K+π+π−) + 𝒜fs(B− → K−π−π+)
𝒜fs(B0 → K+K0

SK−) + 𝒜fs(B0 → K+K0
SK−)

First test

𝒜fs(B0 → K+K0K−) = αSU(3)𝒜fs(B+ → K+π+π−)

 if   is conservedαSU(3) = 1 SU(3)f

R(m2
13, m2

23) ∈ ℝ
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R(s13, s23) over the DP Histogram of the values of R(s13, s23)

 varies over the DP, 
especially near resonances.
R(m2

13, m2
23) ⟨R(m2

13, m2
23)⟩ = 1.03 ≈ 1

Flavour SU(3) symmetry is conserved when 
averaging over many points in the DP.

The impact of  breakingSU(3)f
First test
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Extract  from fits at several single points (≈ 400) over the DP fixing 
γ to the values of the 6 minima found previously.

αSU(3)

x 6 
(very similar results 

for all minima)

Flavour SU(3) symmetry is conserved when 
averaging over many points in the DP.
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 -even and -odd cases considered separately 
 amplitudes = fncts of momentum-dependent strong parameters (  number of 

diagrams) +  (momentum independent)
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l = 0 or 1

⇒ CP CP
⇒ ∝

γ

• use SU(3)f to reduce nb of th. params ( )  symmetrisation (FS, AS, mixed)P = κT ⇒

• in principle  can be obtained from  modes, but 2  in the final state are 
difficult experimentally  combination of  and 
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Model independent (no hadronic input needed) and data driven
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Diagrams: B → Kππ



Sources of  breakingSU(3)f
29

assumptions:  

•   symmetry holds


•  

SU(3)f
c1

c2
=

c9

c10

κ ≡ −
3
2

|λ(s)
t |

|λ(s)
u |

c9 + c10

c1 + c2

 ⌘ �3

2

|�(s)
t |c9 + c10

|�(s)
u |c1 + c2

with

�(s)
p = V ⇤

pbVps

ci :Wilson coe�cients
<latexit sha1_base64="stPf1ilz0a6N08+NCCJTBGB2r+U="></latexit><latexit sha1_base64="stPf1ilz0a6N08+NCCJTBGB2r+U="></latexit><latexit sha1_base64="stPf1ilz0a6N08+NCCJTBGB2r+U="></latexit><latexit sha1_base64="stPf1ilz0a6N08+NCCJTBGB2r+U="></latexit>

}
<latexit sha1_base64="EbAVXXwrJ7oNRxgWjUGFGqJfODk=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnFxEByhL3NXrJkb/fYnRPCkX9gY6GIrf/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxqW50ZxltMS206EbVcCsVbKFDyTmo4TSLJH6Pxzcx/fOLGCq0ecJLyMKFDJWLBKDrpvjftV2t+3Z+DrJKgIDUo0OxXv3oDzbKEK2SSWtsN/BTDnBoUTPJppZdZnlI2pkPedVTRhNswn186JWdOGZBYG1cKyVz9PZHTxNpJErnOhOLILnsz8T+vm2F8HeZCpRlyxRaL4kwS1GT2NhkIwxnKiSOUGeFuJWxEDWXowqm4EILll1dJ+6Ie+PXg7rLWEEUcZTiBUziHAK6gAbfQhBYwiOEZXuHNG3sv3rv3sWgtecXMMfyB9/kDqkeNjg==</latexit> <latexit sha1_base64="EbAVXXwrJ7oNRxgWjUGFGqJfODk=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnFxEByhL3NXrJkb/fYnRPCkX9gY6GIrf/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxqW50ZxltMS206EbVcCsVbKFDyTmo4TSLJH6Pxzcx/fOLGCq0ecJLyMKFDJWLBKDrpvjftV2t+3Z+DrJKgIDUo0OxXv3oDzbKEK2SSWtsN/BTDnBoUTPJppZdZnlI2pkPedVTRhNswn186JWdOGZBYG1cKyVz9PZHTxNpJErnOhOLILnsz8T+vm2F8HeZCpRlyxRaL4kwS1GT2NhkIwxnKiSOUGeFuJWxEDWXowqm4EILll1dJ+6Ie+PXg7rLWEEUcZTiBUziHAK6gAbfQhBYwiOEZXuHNG3sv3rv3sWgtecXMMfyB9/kDqkeNjg==</latexit> <latexit sha1_base64="EbAVXXwrJ7oNRxgWjUGFGqJfODk=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnFxEByhL3NXrJkb/fYnRPCkX9gY6GIrf/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxqW50ZxltMS206EbVcCsVbKFDyTmo4TSLJH6Pxzcx/fOLGCq0ecJLyMKFDJWLBKDrpvjftV2t+3Z+DrJKgIDUo0OxXv3oDzbKEK2SSWtsN/BTDnBoUTPJppZdZnlI2pkPedVTRhNswn186JWdOGZBYG1cKyVz9PZHTxNpJErnOhOLILnsz8T+vm2F8HeZCpRlyxRaL4kwS1GT2NhkIwxnKiSOUGeFuJWxEDWXowqm4EILll1dJ+6Ie+PXg7rLWEEUcZTiBUziHAK6gAbfQhBYwiOEZXuHNG3sv3rv3sWgtecXMMfyB9/kDqkeNjg==</latexit> <latexit sha1_base64="EbAVXXwrJ7oNRxgWjUGFGqJfODk=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnFxEByhL3NXrJkb/fYnRPCkX9gY6GIrf/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxqW50ZxltMS206EbVcCsVbKFDyTmo4TSLJH6Pxzcx/fOLGCq0ecJLyMKFDJWLBKDrpvjftV2t+3Z+DrJKgIDUo0OxXv3oDzbKEK2SSWtsN/BTDnBoUTPJppZdZnlI2pkPedVTRhNswn186JWdOGZBYG1cKyVz9PZHTxNpJErnOhOLILnsz8T+vm2F8HeZCpRlyxRaL4kwS1GT2NhkIwxnKiSOUGeFuJWxEDWXowqm4EILll1dJ+6Ie+PXg7rLWEEUcZTiBUziHAK6gAbfQhBYwiOEZXuHNG3sv3rv3sWgtecXMMfyB9/kDqkeNjg==</latexit>

P′ �EW,1,2 = κ T′ �1,2

}
<latexit sha1_base64="EbAVXXwrJ7oNRxgWjUGFGqJfODk=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnFxEByhL3NXrJkb/fYnRPCkX9gY6GIrf/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxqW50ZxltMS206EbVcCsVbKFDyTmo4TSLJH6Pxzcx/fOLGCq0ecJLyMKFDJWLBKDrpvjftV2t+3Z+DrJKgIDUo0OxXv3oDzbKEK2SSWtsN/BTDnBoUTPJppZdZnlI2pkPedVTRhNswn186JWdOGZBYG1cKyVz9PZHTxNpJErnOhOLILnsz8T+vm2F8HeZCpRlyxRaL4kwS1GT2NhkIwxnKiSOUGeFuJWxEDWXowqm4EILll1dJ+6Ie+PXg7rLWEEUcZTiBUziHAK6gAbfQhBYwiOEZXuHNG3sv3rv3sWgtecXMMfyB9/kDqkeNjg==</latexit><latexit sha1_base64="EbAVXXwrJ7oNRxgWjUGFGqJfODk=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnFxEByhL3NXrJkb/fYnRPCkX9gY6GIrf/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxqW50ZxltMS206EbVcCsVbKFDyTmo4TSLJH6Pxzcx/fOLGCq0ecJLyMKFDJWLBKDrpvjftV2t+3Z+DrJKgIDUo0OxXv3oDzbKEK2SSWtsN/BTDnBoUTPJppZdZnlI2pkPedVTRhNswn186JWdOGZBYG1cKyVz9PZHTxNpJErnOhOLILnsz8T+vm2F8HeZCpRlyxRaL4kwS1GT2NhkIwxnKiSOUGeFuJWxEDWXowqm4EILll1dJ+6Ie+PXg7rLWEEUcZTiBUziHAK6gAbfQhBYwiOEZXuHNG3sv3rv3sWgtecXMMfyB9/kDqkeNjg==</latexit><latexit sha1_base64="EbAVXXwrJ7oNRxgWjUGFGqJfODk=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnFxEByhL3NXrJkb/fYnRPCkX9gY6GIrf/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxqW50ZxltMS206EbVcCsVbKFDyTmo4TSLJH6Pxzcx/fOLGCq0ecJLyMKFDJWLBKDrpvjftV2t+3Z+DrJKgIDUo0OxXv3oDzbKEK2SSWtsN/BTDnBoUTPJppZdZnlI2pkPedVTRhNswn186JWdOGZBYG1cKyVz9PZHTxNpJErnOhOLILnsz8T+vm2F8HeZCpRlyxRaL4kwS1GT2NhkIwxnKiSOUGeFuJWxEDWXowqm4EILll1dJ+6Ie+PXg7rLWEEUcZTiBUziHAK6gAbfQhBYwiOEZXuHNG3sv3rv3sWgtecXMMfyB9/kDqkeNjg==</latexit><latexit sha1_base64="EbAVXXwrJ7oNRxgWjUGFGqJfODk=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnFxEByhL3NXrJkb/fYnRPCkX9gY6GIrf/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxqW50ZxltMS206EbVcCsVbKFDyTmo4TSLJH6Pxzcx/fOLGCq0ecJLyMKFDJWLBKDrpvjftV2t+3Z+DrJKgIDUo0OxXv3oDzbKEK2SSWtsN/BTDnBoUTPJppZdZnlI2pkPedVTRhNswn186JWdOGZBYG1cKyVz9PZHTxNpJErnOhOLILnsz8T+vm2F8HeZCpRlyxRaL4kwS1GT2NhkIwxnKiSOUGeFuJWxEDWXowqm4EILll1dJ+6Ie+PXg7rLWEEUcZTiBUziHAK6gAbfQhBYwiOEZXuHNG3sv3rv3sWgtecXMMfyB9/kDqkeNjg==</latexit>

: dominant contribution is  
(EW penguin and tree diagrams are suppressed) 

 error relative to  breaking subdominant 

b → s P′�tc

⇒ SU(3)f(holds to ≈ 5%)

 and B → Kππ B → KKK

:  pair in the final state


: /  pair in the final state

B → KKK ss
B → Kππ uu dd }

<latexit sha1_base64="EbAVXXwrJ7oNRxgWjUGFGqJfODk=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnFxEByhL3NXrJkb/fYnRPCkX9gY6GIrf/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxqW50ZxltMS206EbVcCsVbKFDyTmo4TSLJH6Pxzcx/fOLGCq0ecJLyMKFDJWLBKDrpvjftV2t+3Z+DrJKgIDUo0OxXv3oDzbKEK2SSWtsN/BTDnBoUTPJppZdZnlI2pkPedVTRhNswn186JWdOGZBYG1cKyVz9PZHTxNpJErnOhOLILnsz8T+vm2F8HeZCpRlyxRaL4kwS1GT2NhkIwxnKiSOUGeFuJWxEDWXowqm4EILll1dJ+6Ie+PXg7rLWEEUcZTiBUziHAK6gAbfQhBYwiOEZXuHNG3sv3rv3sWgtecXMMfyB9/kDqkeNjg==</latexit><latexit sha1_base64="EbAVXXwrJ7oNRxgWjUGFGqJfODk=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnFxEByhL3NXrJkb/fYnRPCkX9gY6GIrf/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxqW50ZxltMS206EbVcCsVbKFDyTmo4TSLJH6Pxzcx/fOLGCq0ecJLyMKFDJWLBKDrpvjftV2t+3Z+DrJKgIDUo0OxXv3oDzbKEK2SSWtsN/BTDnBoUTPJppZdZnlI2pkPedVTRhNswn186JWdOGZBYG1cKyVz9PZHTxNpJErnOhOLILnsz8T+vm2F8HeZCpRlyxRaL4kwS1GT2NhkIwxnKiSOUGeFuJWxEDWXowqm4EILll1dJ+6Ie+PXg7rLWEEUcZTiBUziHAK6gAbfQhBYwiOEZXuHNG3sv3rv3sWgtecXMMfyB9/kDqkeNjg==</latexit><latexit sha1_base64="EbAVXXwrJ7oNRxgWjUGFGqJfODk=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnFxEByhL3NXrJkb/fYnRPCkX9gY6GIrf/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxqW50ZxltMS206EbVcCsVbKFDyTmo4TSLJH6Pxzcx/fOLGCq0ecJLyMKFDJWLBKDrpvjftV2t+3Z+DrJKgIDUo0OxXv3oDzbKEK2SSWtsN/BTDnBoUTPJppZdZnlI2pkPedVTRhNswn186JWdOGZBYG1cKyVz9PZHTxNpJErnOhOLILnsz8T+vm2F8HeZCpRlyxRaL4kwS1GT2NhkIwxnKiSOUGeFuJWxEDWXowqm4EILll1dJ+6Ie+PXg7rLWEEUcZTiBUziHAK6gAbfQhBYwiOEZXuHNG3sv3rv3sWgtecXMMfyB9/kDqkeNjg==</latexit><latexit sha1_base64="EbAVXXwrJ7oNRxgWjUGFGqJfODk=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnFxEByhL3NXrJkb/fYnRPCkX9gY6GIrf/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxqW50ZxltMS206EbVcCsVbKFDyTmo4TSLJH6Pxzcx/fOLGCq0ecJLyMKFDJWLBKDrpvjftV2t+3Z+DrJKgIDUo0OxXv3oDzbKEK2SSWtsN/BTDnBoUTPJppZdZnlI2pkPedVTRhNswn186JWdOGZBYG1cKyVz9PZHTxNpJErnOhOLILnsz8T+vm2F8HeZCpRlyxRaL4kwS1GT2NhkIwxnKiSOUGeFuJWxEDWXowqm4EILll1dJ+6Ie+PXg7rLWEEUcZTiBUziHAK6gAbfQhBYwiOEZXuHNG3sv3rv3sWgtecXMMfyB9/kDqkeNjg==</latexit>

mu,d ≠ ms

 -breaking effect is 
considered to be the same 
for each diagrams ( )

⇒ SU(3)f

αSU(3)

's and 'sπ K
's and 's assumed to the 

identical particles while it's 
not the case 

π K }
<latexit sha1_base64="EbAVXXwrJ7oNRxgWjUGFGqJfODk=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnFxEByhL3NXrJkb/fYnRPCkX9gY6GIrf/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxqW50ZxltMS206EbVcCsVbKFDyTmo4TSLJH6Pxzcx/fOLGCq0ecJLyMKFDJWLBKDrpvjftV2t+3Z+DrJKgIDUo0OxXv3oDzbKEK2SSWtsN/BTDnBoUTPJppZdZnlI2pkPedVTRhNswn186JWdOGZBYG1cKyVz9PZHTxNpJErnOhOLILnsz8T+vm2F8HeZCpRlyxRaL4kwS1GT2NhkIwxnKiSOUGeFuJWxEDWXowqm4EILll1dJ+6Ie+PXg7rLWEEUcZTiBUziHAK6gAbfQhBYwiOEZXuHNG3sv3rv3sWgtecXMMfyB9/kDqkeNjg==</latexit><latexit sha1_base64="EbAVXXwrJ7oNRxgWjUGFGqJfODk=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnFxEByhL3NXrJkb/fYnRPCkX9gY6GIrf/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxqW50ZxltMS206EbVcCsVbKFDyTmo4TSLJH6Pxzcx/fOLGCq0ecJLyMKFDJWLBKDrpvjftV2t+3Z+DrJKgIDUo0OxXv3oDzbKEK2SSWtsN/BTDnBoUTPJppZdZnlI2pkPedVTRhNswn186JWdOGZBYG1cKyVz9PZHTxNpJErnOhOLILnsz8T+vm2F8HeZCpRlyxRaL4kwS1GT2NhkIwxnKiSOUGeFuJWxEDWXowqm4EILll1dJ+6Ie+PXg7rLWEEUcZTiBUziHAK6gAbfQhBYwiOEZXuHNG3sv3rv3sWgtecXMMfyB9/kDqkeNjg==</latexit><latexit sha1_base64="EbAVXXwrJ7oNRxgWjUGFGqJfODk=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnFxEByhL3NXrJkb/fYnRPCkX9gY6GIrf/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxqW50ZxltMS206EbVcCsVbKFDyTmo4TSLJH6Pxzcx/fOLGCq0ecJLyMKFDJWLBKDrpvjftV2t+3Z+DrJKgIDUo0OxXv3oDzbKEK2SSWtsN/BTDnBoUTPJppZdZnlI2pkPedVTRhNswn186JWdOGZBYG1cKyVz9PZHTxNpJErnOhOLILnsz8T+vm2F8HeZCpRlyxRaL4kwS1GT2NhkIwxnKiSOUGeFuJWxEDWXowqm4EILll1dJ+6Ie+PXg7rLWEEUcZTiBUziHAK6gAbfQhBYwiOEZXuHNG3sv3rv3sWgtecXMMfyB9/kDqkeNjg==</latexit><latexit sha1_base64="EbAVXXwrJ7oNRxgWjUGFGqJfODk=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnFxEByhL3NXrJkb/fYnRPCkX9gY6GIrf/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxqW50ZxltMS206EbVcCsVbKFDyTmo4TSLJH6Pxzcx/fOLGCq0ecJLyMKFDJWLBKDrpvjftV2t+3Z+DrJKgIDUo0OxXv3oDzbKEK2SSWtsN/BTDnBoUTPJppZdZnlI2pkPedVTRhNswn186JWdOGZBYG1cKyVz9PZHTxNpJErnOhOLILnsz8T+vm2F8HeZCpRlyxRaL4kwS1GT2NhkIwxnKiSOUGeFuJWxEDWXowqm4EILll1dJ+6Ie+PXg7rLWEEUcZTiBUziHAK6gAbfQhBYwiOEZXuHNG3sv3rv3sWgtecXMMfyB9/kDqkeNjg==</latexit>

αSU(3)

  also included in ⇒ αSU(3)



Observables as functions of 
the theoretical parameters
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501 sets of random 3-points 
combinations. 
500 fits randomising the initial 
values of the parameters per set. 
Fit convergence = 100%. 

αSU(3) = 1

Baseline results

IV.5 Systematic uncertainties 95

Table I: The rates at which the di↵erent minima are obtained with four decay modes
(↵SU(3) = 1). A total of 501 scans are used.

Count Fraction (%)

Minimum 1 484 96.6
Minimum 2 474 94.6
Minimum 3 461 92.0
Minimum 4 499 99.6
Minimum 5 487 97.2
Minimum 6 488 97.4

Table II: The minima found with four decay modes (↵SU(3) = 1). For each mini-
mum, the central value for � is given (µ), along with the asymmetric experimental
uncertainty on the left- and right-hand sides (�L, �R) and the corresponding �2.

µ �L �R �
2

Minimum 1 12.9� 4.3� 8.4� 3.61
Minimum 2 36.6� 6.1� 6.6� 1.99
Minimum 3 68.9� 8.6� 8.6� 2.07
Minimum 4 223.2� 7.5� 10.9� 2.15
Minimum 5 266.4� 10.8� 9.2� 1.40
Minimum 6 307.5� 8.1� 6.9� 1.74

separated from another nearby minimum. This means that the algorithm
described in section IV.3.4 is not able to compute the statistical uncertainty
on the corresponding central value. As explained in section IV.4, these poorly
resolved minima are excluded from the final average. Disregarding these minima
could bias the result. To estimate this e↵ect, the central value is computed
again, this time including the poorly resolved minima in the average. The
systematic uncertainty is then obtained as

�poorly resolved = |µ� µ
all|, (IV.15)

where µ is the central value obtained including only well-resolved minima in
the average, and µ

all is the central value obtained when both well-resolved and
not-well-resolved minima are included. The values obtained for each minimum
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where µ is the central value obtained including only well-resolved minima in
the average, and µ

all is the central value obtained when both well-resolved and
not-well-resolved minima are included. The values obtained for each minimum

rates at which the different 
minima are obtained
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 free to vary in the fit 

401 sets of random 3-points 
combinations. 
500 fits randomising the initial 
values of the parameters per set. 
Fit convergence ≳ 80%. 

αSU(3)

Extraction of γ with 5 modes
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IV.6 Studies of SU(3) breaking 97

complicates the procedure for finding points that can be used simultaneously.
For this reason the rejection criterion on the correlations between sets of points
was relaxed from 70% to 80%, and the number of random sets of three points
was reduced from 501 to 401.

Compared to the baseline extraction, the fit behaviour is less stable with a
convergence rate of about 80% (versus 100% in the baseline). The frequency
with which the minima appear among the 401 scans is also reduced, especially
for the two first minima, as shown in Table IV. The reduced stability is taken
to be due to the increased number of free parameters, and the consequent
increase in the size of the covariance matrix. The histogram of the distribution
of the central values across the scans is shown in Figure IV.5.

The results averaged over the di↵erent scans and excluding the poorly
resolved minima, are given in Table V. This table includes the the central values
(µ), asymmetric experimental uncertainties (�L, �R), the �

2, the recomputed
systematic uncertainty due to poorly resolved minima (|µ � µ

all|), and the
systematic uncertainty associated to SU(3) breaking. The results for the
minima are compatible within the uncertainties with the ones obtained with
the baseline procedure. The �

2 values are globally larger than in the previous
case, which can be explained by the increase in the size of the parameter space,
but the ordering of the minima with respect to their �2 value is the same.

Table IV: The rates at which the di↵erent minima are obtained with five decay
modes. A total of 401 scans are used.

Count Fraction (%)

minimum 1 306 76.3
minimum 2 329 82.0
minimum 3 372 92.3
minimum 4 383 95.5
minimum 5 378 94.3
minimum 6 391 97.5

IV.6 Studies of SU(3) breaking

In this approach, flavour SU(3) symmetry is assumed to hold when averaging
on large number of points of the Dalitz plane. Fluctuations are foreseen in
localised regions of the Dalitz plane — i.e. it is expected to observe flavour
SU(3)-breaking when considering single points in the Dalitz plane — but

98 Extraction of the CKM phase �

Table V: The minima found with five decay modes, allowing ↵SU(3) to vary in the fit.
For each minimum, the central value for � is given (µ), along with the asymmetric
experimental uncertainty on the left- and right-hand sides (�L, �R) and the related
�2. The quantities |µ� µall| and |µ4modes � µ5modes| are taken as estimates of the
systematic uncertainties due to poorly resolved minima and flavour SU(3) breaking,
respectively.

µ �L �R �
2 |µ� µ

all| |µ4modes � µ
5modes|

Minimum 1 11.9� 5.8� 9.1� 3.53 1.3 1.0
Minimum 2 39.2� 6.3� 6.7� 2.50 1.2 2.6
Minimum 3 71.3� 9.5� 9.3� 2.58 0.4 2.4
Minimum 4 223.9� 7.4� 9.5� 2.92 0.1 0.7
Minimum 5 265.0� 11.0� 10.0� 2.19 1.2 1.3
Minimum 6 308.4� 8.8� 7.0� 2.49 0.6 0.9

Figure IV.5: The minima found with five decay modes, with ↵SU(3) free to vary in
the fit. For each of the 401 sets of random combinations of three points in the Dalitz
plot, a �2 scan for � is performed and the minima �min are found. The histogram
shows the accumulation of the minima across all 401 scans.

these e↵ects are assumed to partly cancel when averaging on many points. The
results obtained in part IV.5.1 show that this hypothesis seems to hold. In this
part, we present two further way to test this assumption and specifically to
check that ↵SU(3) averages to one when considering many points. The first test
is based on the theoretical expressions for the amplitudes given in Eq. (IV.4)

rates at which the different 
minima are obtained



33Amplitude symmetrisations
3 particles in the final state (1,2,3)  6 symmetrisations⇒

Fully symmetric

Fully antisymmetric

Mixed}
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2 identical particles in the final state  

3 identical particles in the final state   and  

⇒ |A⟩ = 0
⇒ |A⟩ = 0 |Mi⟩ = 0

Each final-state symmetry has its own set of diagrams  ⇒ TFS
1 ≠ TAS

1

Fully symmetric: spin 1 resonances disappear

Fully antisymmetric: S = 0, S = 2 resonances disappear 

∝

∝

∝

∝

∝

∝



34DP mappings
Goal: find a mapping so that  
planes are used completely

Kππ

Idea: use a mapping into a square 
  use the cosines of helicity angles ⇒ cij

Jacobian of  
( ) 

(s13, s23) → (c12, c23)
B0 → K0

S K0
S K0

S

c12

c23

 from  not analyticalm2
ij cij

 need to define fully-symmetric states in terms of ⇒ cij

How? use : the symmetrisation with the mass must be 
exactly identical to the symmetrisation with the : different possibilities

K0
S K0

S K0
S

cij

Afs ∝ A(c21, c23, c31) + A(c23, c21, c13) + A(c12, c31, c23)
+A(c32, c13, c21) + A(c31, c12, c32) + A(c13, c32, c12)

"easiest" one
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😢

To a point  is associated a different point  
per mode (since the masses of the particles differ)... 

(c13, c23) (m2
13, m2

23)

relations between  and  non linear m2
ij cij

c12 =
M2(m2

1 − m 2
2 − s12) + (m 2

2 − s12)(m2
3 − s12) − m2

1(m2
3 + s12) + 2s12s23

s12
m4

1 + (m 2
2 − s12)2 − 2m2

1 (m 2
2 + s12)

s12

M4 + (m 2
3 − s12)2 − 2M 2(m 2

3 + s12)
s12

, ,  not related by a relation like c12 c13 c23 m2
12 + m2

13 + m2
23 = M2 +

3

∑
i=0

m2
i

cij = − cji

actually harder as it looks...



35Thoughts on a dedicated analysis 

• Enough of data to perform 
time-dependent DP analyses


• Observables for each mode

  measure  with a simultaneous 
fit using several charmless modes 
as inputs

⇒ γ}
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These are only ideas  phenomenological work needed before being able to 
measure  this way  

⇒
γ

• Measure  directly from the data?  
 need a relation between the parameters of the amplitude model and 

the theoretical parameters


• Isobar model?  
 not required by the method 
 could use alternative parametrisations, eg. QMI?

γ
⇒

⇒
⇒
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