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Abstract

A study of B+
c ! K+K�⇡+ decays is performed for the first time using data

corresponding to an integrated luminosity of 3.0 fb�1 collected by the LHCb ex-
periment in pp collisions at centre-of-mass energies of 7 and 8TeV. Evidence for
the decay B+

c ! �c0(! K+K�)⇡+ is reported with a significance of 4.0 stan-

dard deviations, resulting in the measurement of �(B+
c )

�(B+) ⇥ B(B+
c ! �c0⇡+) to be

(9.8+3.4
�3.0(stat)± 0.8(syst))⇥ 10�6. Here B denotes a branching fraction while �(B+

c )
and �(B+) are the production cross-sections for B+

c and B+ mesons. An indication
of bc weak annihilation is found for the region m(K�⇡+) < 1.834GeV/c2, with a
significance of 2.4 standard deviations.
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Patricia MagalhãesFSI challenges and future

theoretical challenge !

new high data sample from LHCb more to come from LHCb, BelleII, BESIII

simple models (only focus on two-body resonances) 
are not enough to explain data anymore
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context 

signature of two-body resonances on data

 spectroscopy

Dalitz plot
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➤ Dalitz plot:  
Technique to analyse three-body decays 

➤ 2 variables are enough to describe the 
phase-space 

➤ Axes are defined as: 

s12 = m2
12 = (p1 + p2)

2

s23 = m2
23 = (p2 + p3)

2

s31 = m2
31 = (p3 + p1)

2

➤ Event distribution is proportional to 
square of the decay amplitude

exotics, tetra-quarks, 
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Multi-body hadronic decays of B and D mesons

are sensitive to strong phases 
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CP asymmetry
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Figure 30: AN

CP
in Dalitz plot bins with equal number of events (sWeighted background

subtracted and acceptance corrected) for B
± ! K

±
⇡
+
⇡
� (top left), B± ! K

±
K

+
K

�

(top right), B± ! ⇡
±
⇡
+
⇡
� (bottom left) and B

± ! ⇡
±
K

+
K

� (bottom right).

is located mainly in the low mass region of m⇡⇡ < 1.5GeV/c2, where a clear interference1017

structure appears in the B
+-B� distribution.1018

10.1.2 B
± ! K

±
K

+
K

�
1019

The projections of the B± ! K
±
K

+
K

� Dalitz plot are shown in Figure 34. We can identify1020

in mK+K� low the narrow vector resonances: �(1020) as the first bump around 1GeV/c21021

and �c0(1P ) in the region around 3.4GeV/c2. The resonances in the mK+K� high projection1022

are covered by the � distribution along this axis. There is also a broad concentration at low1023

mass above 2.0GeV2
/c

4, which could correspond to the f2(1525) resonance. Also visible1024

only in the B
± ! K

±
K

+
K

� Dalitz plot (Figure 28) is the contribution of B± ! J/ K
±

1025

with J/ ! K
+
K

�, around 9.6GeV2
/c

4 in m
2
K+K� low. Table 31 shows the Particle Data1026

Group list of measured branching fractions for B± ! K
±
K

+
K

�.1027

The mass projections reveal a clear signature of CP asymmetry, with a large excess of1028

B
+ events for mK+K� low < 1.6GeV/c2 and m

2
K+K� high between 2.4GeV/c2 and 4.0GeV/c2.1029

Figure 35 is a zoom in the mK+K� low region of high asymmetry, that includes the �(1020).1030

68

Kππ KKK

KKππππ

massive localized Acp
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B± ! h±h�h+ LHCb PRD90 (2014) 112004
new one coming soon 

suggest
 dynamic effect

middle looks
 “empty”     

CPV

1st observation  in charm
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Acp(D0 → K+K−) − Acp(D0 → π+π−)2019

 CPV on charm three-body? can lead to new physics
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phase-space in D and B decays

≠  scales!!! still similar FSI

B phase-space   + FSI possibilities 

 3-body effects expected to be smaller in B 
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Final State Interactions
- strong -
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(2+1) +  3-body interactions

primary vertex
- weak -

QCD, CKM coupling and phase

Three-body heavy meson decay Dynamics

To extract  information from data 
we need an amplitude MODEL

28

É possível construir três 
invariantes a partir dos 
4-momenta das filhas:

Quando escolhemos dois desses invariantes para  
descrever a cinemática do decaimento,  a densidade  

do espaço de fase é constante. O diagrama  
bidimensional resultante é o chamado Dalitz plot

A(s12, s23) =
X

Ak(s12, s23)dynamics
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standard approach
common cartoon to described 3-body decay
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É possível construir três 
invariantes a partir dos 
4-momenta das filhas:

Quando escolhemos dois desses invariantes para  
descrever a cinemática do decaimento,  a densidade  

do espaço de fase é constante. O diagrama  
bidimensional resultante é o chamado Dalitz plot

A(s12, s23) =
X

Ak(s12, s23)

D0 ! Ks⇡
�⇡+

-  sum of BW violates two-body unitarity  (close Rs in the same channel - scalars)
  
 

-  resonance's mass and width are processes dependent

 (2+1) approximation ignore the interaction with 3rd particle (bachelor)

isobar model widely used by experimentalists: 

D
+
! W

+ which, subsequently gives rise to the processes shown in Fig. 3. The correspond-

ing amplitude is proportional to the product of matrix elements h(KKK)+|Aµ
|0ih0|Aµ|M

+
i,

where A
µ is the axial current. The Triple-M is composed by a non-resonant term and two

resonant contributions, associated with the � and the f0. The non-resonant amplitude is

a direct prediction from chiral symmetry and represented by a polynomial, with no free

parameters. It describes a proper three-body interaction, rather than the of 2+1 decom-

position (two-body subsystem+spectator). As this contribution involves no loops, it is real

for theoretical reasons and, therefore, adequate for fixing the overall phase of the Triple-M

amplitude.

The resonant contributions involve expressions which are very di↵erent from the Ak used

in the isobar model amplitude A =
P

ck Ak, but these expressions yield a similar line shape.

However, in the Triple-M, the free coe�cients ck are absent, because the intensity of each

resonance is predicted by the underlying dynamics. In particular, the � contribution is

completely fixed, for its intensity is related directly with the decay width into K̄K. The

case of the f0 is di↵erent, just because one does not have precise values for its mass and

couplings. Therefore, the three parameters in the amplitude, namely mf0 , cd, and cm, are

left to be determined by fits to data. In the K
�
K

+
K

+ final state one can access only the

tail of the f0, and therefore this channel may not be the best one for the determination

of these three parameters. The decay D
+
s ! ⇡

�
⇡
+
⇡
+, where the f0(980) is the dominant

component, would be the most adequate for this measurement. It is worth mentioning a

recent work [21] on this subject, where the f0(980) line shape is obtained in the context of

the Chiral Unitary theory, from a study of D+
s decays into ⇡

�
⇡
+
⇡
+ and K

�
K

+
K

+.

Our study also encompasses other dynamical e↵ects, representing corrections to the in-

termediate K̄K scattering amplitude, which were discussed in section IV and found to be

small. We have left them out of the Triple-M, for the time being, since the ability of the

leading contributions to reproduce data must be tested first. This kind of testing would

provide important indications about the importance of e↵ects which are not included in the

the present version of the Triple-M, such as isospin 1 resonances, as well as dynamical e↵ects

associated with processes other than the annihilation diagram.

20

+ NR coherent sum of  amplitude’s in different parcial waves

!

Lineshapes

In atomic physics, an unstable state appears as a resonance and near the resonance energy
the scattering amplitude is given by the non-relativistic Breit-Wigner formula, which was
created to describe resonant transitions in capture of slow neutrons. [33]:

f(E) /
1

E � Eo + i�/2
. (94)

This is an approximation valid for narrow and isolated resonances. The relativistic
formulation of the Breit-Wigner formula is written as

1

p2 � m2 + im�
. (95)

Since the Isobar model assumes that one particle is the spectator, the resonance occurs in
a given channel, e.g. s12, and the formula for the Isobar model is:

BW(s12) =
1

m2

R � s12 � imR�(s12)
, (96)

where mR is the mass of the resonances and �(s12) is the mass-dependent width:

�(s12) = �R

✓
q

q0

◆2L+1 mR
p
s12

✓
FL
R (z)

FL
R (z0)

◆2

, (97)

where �R is the resonance width.
Another lineshape commonly used for resonances that couple to di↵erent channels is

the Flatté [38]. This formulation will be used in this work to represent a resonance with
mass close to a threshold, such as an f0(980):

F(s12) =
1

m2

R � s12 � imR(⇢⇡⇡g2⇡ + ⇢KKg2K)
, (98)

where g⇡ and gK are dimensionless coupling constants to the KK̄ and ⇡⇡ channels,
respectively, and ⇢⇡⇡ and ⇢KK are the corresponding phase space factors,

⇢⇡⇡ =

r⇣s12
4

� m2
⇡

⌘
+

r⇣s12
4

� m2

⇡0

⌘
(99)

⇢KK =

r⇣s12
4

� m2

K

⌘
+

r⇣s12
4

� m2

K0

⌘
. (100)

4.3 Fitting procedure

The optimum values of the c0ks parameters are obtained using the Maximum Likelihood
Method, taking in account the e�ciency variation across the Dalitz plot and the background
distribution. The fit is performed in the Rio+ software.
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a direct prediction from chiral symmetry and represented by a polynomial, with no free
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ck Ak, but these expressions yield a similar line shape.

However, in the Triple-M, the free coe�cients ck are absent, because the intensity of each

resonance is predicted by the underlying dynamics. In particular, the � contribution is

completely fixed, for its intensity is related directly with the decay width into K̄K. The

case of the f0 is di↵erent, just because one does not have precise values for its mass and

couplings. Therefore, the three parameters in the amplitude, namely mf0 , cd, and cm, are

left to be determined by fits to data. In the K
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+ final state one can access only the

tail of the f0, and therefore this channel may not be the best one for the determination

of these three parameters. The decay D
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+, where the f0(980) is the dominant

component, would be the most adequate for this measurement. It is worth mentioning a

recent work [21] on this subject, where the f0(980) line shape is obtained in the context of
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+ and K
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Our study also encompasses other dynamical e↵ects, representing corrections to the in-

termediate K̄K scattering amplitude, which were discussed in section IV and found to be

small. We have left them out of the Triple-M, for the time being, since the ability of the

leading contributions to reproduce data must be tested first. This kind of testing would

provide important indications about the importance of e↵ects which are not included in the

the present version of the Triple-M, such as isospin 1 resonances, as well as dynamical e↵ects

associated with processes other than the annihilation diagram.
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defined as  Breit-Wigner 
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Models available

movement to use better 2-body (unitarity) inputs in data analysis 

Anisovich PLB 653(2007)

“K-matrix" : ππ S-wave 5 coupled-channel modulated by a production amplitude  

used by Babar, LHCb, BES III 

contribution in B± ! ⇡+⇡�⇡±
rescattering ⇡⇡ ! KK

Pelaez, Yndurain PRD71(2005) 074016
PRL 123 (2019) 231802

LHCb  
PRD101 (2020) 012006; 
PRL 124 (2020) 031801

B± ! K�K+⇡±
<latexit sha1_base64="mMSZddFn27wxwpC513G8OSJwjQA=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLIIhlpgp2WXQjdFPBPqAzLZk004ZmMiHJCGXoxl9x40IRt36GO//GTNuFth4IHM65l5tzAsGo0o7zbeVWVtfWN/Kbha3tnd09e/+gqeJEYtLAMYtlO0CKMMpJQ1PNSFtIgqKAkVYwus381iORisb8QY8F8SM04DSkGGkj9eyjm64nIujpGNa6F7XuuSdopvTsolNypoDLxJ2TIpij3rO/vH6Mk4hwjRlSquM6QvspkppiRiYFL1FEIDxCA9IxlKOIKD+dBpjAU6P0YRhL87iGU/X3RooipcZRYCYjpIdq0cvE/7xOosOKn1IuEk04nh0KEwZN3KwN2KeSYM3GhiAsqfkrxEMkEdams4IpwV2MvEya5ZJ7WSrfXxWrlXkdeXAMTsAZcME1qII7UAcNgMEEPINX8GY9WS/Wu/UxG81Z851D8AfW5w/9CZVZ</latexit>

new parametrization Pelaez, Rodas, Elvira Eur.Phys.J.C 79 (2019) 12, 1008

still not enough to fully described data     

from theory:  list of scalar and vector form factors

< ⇡⇡|0 >
<latexit sha1_base64="gUu68W5qwO70FhPZfBHdBnWtQS8=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS5ECm5cVrAP6Awlk2ba0EwmJBmhjP0NNy4UcevPuPNvTNtZaOvhXjiccy+5OaHkTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK2TVBHaIglPVDfEmnImaMsww2lXKorjkNNOOL6d+Z1HqjRLxIOZSBrEeChYxAg2VvKvkS+ZrSfk3vTLFbfqzoFWiZeTCuRo9stf/iAhaUyFIRxr3fNcaYIMK8MIp9OSn2oqMRnjIe1ZKnBMdZDNb56iM6sMUJQo28Kgufp7I8Ox1pM4tJMxNiO97M3E/7xeaqJ6kDEhU0MFWTwUpRyZBM0CQAOmKDF8YgkmitlbERlhhYmxMZVsCN7yl1dJu1b1Lqq1+8tKo57HUYQTOIVz8OAKGnAHTWgBAQnP8ApvTuq8OO/Ox2K04OQ7x/AHzucPodeQvA==</latexit>

< K⇡|0 >
<latexit sha1_base64="fOTlH0biGPa2vQwvTJLeNg/uAVo=">AAAB8nicbVBNSwMxEM36WetX1aOXYBE8ld0q2INIwYvgpYL9gO1Ssmm2Dc0mSzIrlLU/w4sHRbz6a7z5b0zbPWjrg4HHezPMzAsTwQ247rezsrq2vrFZ2Cpu7+zu7ZcODltGpZqyJlVC6U5IDBNcsiZwEKyTaEbiULB2OLqZ+u1Hpg1X8gHGCQtiMpA84pSAlfwrfIe7CX/C7nWvVHYr7gx4mXg5KaMcjV7pq9tXNI2ZBCqIMb7nJhBkRAOngk2K3dSwhNARGTDfUkliZoJsdvIEn1qljyOlbUnAM/X3REZiY8ZxaDtjAkOz6E3F/zw/hagWZFwmKTBJ54uiVGBQePo/7nPNKIixJYRqbm/FdEg0oWBTKtoQvMWXl0mrWvHOK9X7i3K9lsdRQMfoBJ0hD12iOrpFDdREFCn0jF7RmwPOi/PufMxbV5x85gj9gfP5A0Ppj+g=</latexit>

Moussallam  EPJ C 14, 111 (2000); Daub, Hanhart, and B. Kubis JHEP  02 (2016) 009. Hanhart,  PL B715, 170 (2012).

Dumm and Roig EPJ C 73, 2528 (2013).

 Moussallam   EPJ C 53, 401 (2008) Jamin, Oller and Pich, PRD 74, 074009 (2006) Boito, Escribano, and  Jamin EPJ C 59, 821 (2009).

< KK|0 >
<latexit sha1_base64="2LGjA9Rl1OXXWjhlYDhUNwV4dYk=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KrtVsAeRghehlwr2Q9qlZNNsG5pklyQrlLW/wosHRbz6c7z5b0zbPWjrg4HHezPMzAtizrRx3W9nZXVtfWMzt5Xf3tnd2y8cHDZ1lChCGyTikWoHWFPOJG0YZjhtx4piEXDaCkY3U7/1SJVmkbw345j6Ag8kCxnBxkoPV6iGak/Ive4Vim7JnQEtEy8jRchQ7xW+uv2IJIJKQzjWuuO5sfFTrAwjnE7y3UTTGJMRHtCOpRILqv10dvAEnVqlj8JI2ZIGzdTfEykWWo9FYDsFNkO96E3F/7xOYsKKnzIZJ4ZKMl8UJhyZCE2/R32mKDF8bAkmitlbERlihYmxGeVtCN7iy8ukWS5556Xy3UWxWsniyMExnMAZeHAJVbiFOjSAgIBneIU3RzkvzrvzMW9dcbKZI/gD5/MHkNuO6g==</latexit>

no data  Albaladejo and Moussallam EPJ C 75, 488 (2015). 

Bruch, Khodjamirian, and Kühn , EPJ C 39, 41 (2005)quark model with isospin symmetry 

extrapolate from unitarity model

Fit from 3-body data PCM, Robilotta + LHCb JHEP 1904 (2019) 063
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extensions 

unitarization

isobar

SU(2) SU(3)

ChPT

energy

KK⇡⇡ DR
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non-perturbative 

data decayscattering

we need non-perturbative meson-meson interactions up to….

Ropertz, Kubis, Hanhart 
EPJ Web Conf. 202 (2019) 06002 

extend 2-body amplitude theory validity 

3 GeV

PCM, A.dos Reis, Robilotta 
PRD 102, 076012 (2020)
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Tool kit for meson-meson interactions in 3-body decay 
MAGALHAES, A.dos Reis, Robilotta 

PRD 102, 076012 (2020)Any 3-body decay amplitude

D = 1− (loop×K) . (7)

As discussed in the sequence, 1/D is the post-QCD version of the BW line shape, eq.(2).

A very important feature of this result is that the amplitude A is unitary. This property

is quite general and derives from the structure of the denominator D, which is suitably

complex owing to the well defined imaginary function ΩI in eq.(4). The forms adopted for

both ΩR and K, provided it is real, are irrelevant for this property of A. This justifies the

widespread use of the K-matrix approximation, which is implemented by neglecting ΩR and

writing

K−matrix → loop = 0 + iΩI . (8)

+=
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FIG. 5: (a) Decay amplitude in the 2 + 1 approximation; (b) form factor.

The amplitude A is a key element in the description of heavy-meson decays, for they

are present in the FSIs which supplement the weak process of fig.1. Strong interactions

involving three bodies can be very complicated. The simplest class of FSIs corresponds to

the (2 + 1) approximation, represented in fig.5, in which the first diagram in (a) represents

the non-resonant contribution and the other two include particle interactions with one of the

final mesons as a spectator. Structure (a) represents the heavy meson decay amplitude in

the (2 + 1) approximation and the blob indicated by F is usually called form factor, which

many authors take as the single contribution to the decay [23]. It is isolated in fig.(b) and,

denoting by g the resonance-pseudoscalar coupling constant, the function F can be related

to the meson-meson scattering amplitude by

F = g [1 + (loop× A)] = g
1

D
, (9)

11

in fig.4 (a), and it is a real function because, at this point we are still dealing with a bare

resonance, described by a pole at its mass. The tree amplitude is then given by A0 = K0.
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FIG. 4: Scattering amplitudes T and kernels K: (a) tree level; (b) first perturbative correction; (c)

second perturbative correction; (d) full amplitude.

The single-loop correction is shown in fig.(b) and involves three terms, in s, t and u

channels. The first one involves a two-meson s-channel propagator, whereas the last two do

not and are grouped into a new kernelK1. The case of two loops is shown in fig. (c), whereK2

is a higher order kernel and the s-channel is represented by three successive K0 interactions.

Repeating this indefinitely and adding the results, we obtain a scattering amplitude of the

form

A = K ×
[
1 + (loop×K) + (loop×K)2 + (loop×K)3 + · · ·

]
, (3)

loop = ΩR + iΩI , (4)

K = K0 +K1 +K2 + · · · . (5)

The geometric series in eq.(3) can be summed and one has

A =
K
D

, (6)
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both ΩR and K, provided it is real, are irrelevant for this property of A. This justifies the
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writing
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The amplitude A is a key element in the description of heavy-meson decays, for they

are present in the FSIs which supplement the weak process of fig.1. Strong interactions

involving three bodies can be very complicated. The simplest class of FSIs corresponds to

the (2 + 1) approximation, represented in fig.5, in which the first diagram in (a) represents

the non-resonant contribution and the other two include particle interactions with one of the

final mesons as a spectator. Structure (a) represents the heavy meson decay amplitude in

the (2 + 1) approximation and the blob indicated by F is usually called form factor, which

many authors take as the single contribution to the decay [23]. It is isolated in fig.(b) and,

denoting by g the resonance-pseudoscalar coupling constant, the function F can be related

to the meson-meson scattering amplitude by

F = g [1 + (loop× A)] = g
1

D
, (9)
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Form factor

(2+1) approach

where D is the denominator given in (7). The imaginary part of D gives rise to a finite

width to the resonance.

In order to go beyond the (2 + 1) approximation, one would need to tackle a rather

complicated three-body problem, which involves both multiple scattering series and proper

three-body interactions, as indicated in Fig.6. It is worth stressing that these FSIs are not a

matter of choice, since they are compulsory contributions to the problem. Part of this sector

can be tackled by means of Fadeev techniques[8] or Khuri-Treiman formalism [10, 34] but

this kind of effort is still incipient to describe the full dynamics of heavy mesons nonleptonic

decays.
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FIG. 6: Decay amplitude: 2 + 1 approximation, supplemented by three-body interactions.

In summary, the decay of a heavy meson into three light mesons involves two distinct

sectors, a weak primary vertex and a structure of final state strong interactions. Although

the former is not simple, the latter may be expected to be much more complicated and

progress in the area depends on the definition of a hierarchy among strong problems. The

simplest subset of problems is provided by the (2 + 1) approximation, which depends on

meson-meson scattering amplitudes and even these two-body interaction are not sufficiently

well known for systems involving pions, kaons and etas, within the phase space provided by

D and B decays.

III. SCATTERING AMPLITUDES

In this work we present a practical model for the inclusion of any number of resonances

in phenomenological meson-meson scattering amplitudes, so that they can be used as trial

functions in more complicated reactions, such as heavy -mesons or τ decays. Instead of
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in phenomenological meson-meson scattering amplitudes, so that they can be used as trial

functions in more complicated reactions, such as heavy -mesons or τ decays. Instead of
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includes multiple resonances in the same channel (as many as wanted)

free parameter (massas and couplings) to be fitted to data.
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The single-loop correction is shown in fig.(b) and involves three terms, in s, t and u

channels. The first one involves a two-meson s-channel propagator, whereas the last two do

not and are grouped into a new kernelK1. The case of two loops is shown in fig. (c), whereK2

is a higher order kernel and the s-channel is represented by three successive K0 interactions.

Repeating this indefinitely and adding the results, we obtain a scattering amplitude of the

form

A = K ×
[
1 + (loop×K) + (loop×K)2 + (loop×K)3 + · · ·

]
, (3)

loop = ΩR + iΩI , (4)

K = K0 +K1 +K2 + · · · . (5)

The geometric series in eq.(3) can be summed and one has

A =
K
D

, (6)

10

Available to be implement in data analysis!!

provide the building block
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full ππ 3 coupled-channel amplitude 

3 resonances:  mx=0.98, my=1.37, mz=1.7 GeV
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FIG. 18: Predictions for phase shifts(left) and inelasticity parameters(right) of the scalar πpi

amplitude with an extra resonance of mass mf0 = 1.7GeV; the case α = β = 0 corresponds to the

blue curve of fig.13.
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FIG. 19: Predictions for phase shifts(left) and inelasticity parameters(right) of the scalar-isovector

πK amplitude with an extra a resonance of mass mK∗
0
= 1.7GeV; the case α = β = 0 corresponds

to the blue curve of fig.16.

into three mesons, this model relies on the (2+1) approximation, whereby strong final state

interactions involve just a two-body interacting system in the presence of a spectator. The

assumption that two-meson amplitudes are strongly dominated by resonances is essential

to the model. We argue that QCD has a strong impact on this picture and that the SIM

may be reliable for vector mesons in uncoupled channels but is not suited to scalar mesons.

Nowadays a proper description of low-energy meson-meson interactions requires the use

of chiral perturbation theory, which implements the ideas of QCD by means of effective

lagrangians. In Sect. IV we have shown that the SIM and its post-QCD version give

30

Extra res do not disturb the low-energy!

parameter should be fixed by data

𝛼 and β are couplings of Rz  

in fig.4 (a), and it is a real function because, at this point we are still dealing with a bare

resonance, described by a pole at its mass. The tree amplitude is then given by A0 = K0.

=

= + +

uts

(c)

(b)

(a)

+=

+

...+

= +

(d)

=

+

+=

+

+

K KK

K

K

K

K

K KK

A

A

K

A K K K

K

K K K

K

KA KK KK

0

0

1

0

2 2 0

1

0

0

0

1

0

0

0

0

0

0

0

0

1

FIG. 4: Scattering amplitudes T and kernels K: (a) tree level; (b) first perturbative correction; (c)

second perturbative correction; (d) full amplitude.

The single-loop correction is shown in fig.(b) and involves three terms, in s, t and u

channels. The first one involves a two-meson s-channel propagator, whereas the last two do

not and are grouped into a new kernelK1. The case of two loops is shown in fig. (c), whereK2

is a higher order kernel and the s-channel is represented by three successive K0 interactions.

Repeating this indefinitely and adding the results, we obtain a scattering amplitude of the

form

A = K ×
[
1 + (loop×K) + (loop×K)2 + (loop×K)3 + · · ·

]
, (3)

loop = ΩR + iΩI , (4)

K = K0 +K1 +K2 + · · · . (5)

The geometric series in eq.(3) can be summed and one has

A =
K
D

, (6)
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Three-body Models

 Niecknig, Kubis, JHEP10 142 (2015) 
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Figure 2. The associated s-channel scattering diagram D+π− → K−π+ via the intermediate
states Kiπj . The gray vertex stands for the crossed decay amplitude D+π− → Kiπj denoted
by Mij+ and the white vertex the Kiπj → K−π+ scattering amplitude denoted by T ij,−+. The
dashed line gives the contribution to the discontinuity [41]. The other channels follow analogously.
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, (2.5)

where the single-variable amplitudes FI
L have definite isospin I and angular momentum

L in the channel associated with the Mandelstam variable featuring as their argument.

Note that the inclusion of D-waves is somewhat heuristic: in order to rigorously prove the

symmetrized decomposition (2.5) in the spirit of the so-called reconstruction theorem [12,

36–40], one needs to include a subtraction polynomial of higher order (i.e., a larger number

of unknown parameters) than what we will allow for below. We mainly want to retain the

πK D-wave to test the effect of the K∗
2 (1430) resonance, which is kinematically accessible

in the decay phase space. The way we implement this approximately will be discussed in

section 3.3.

3 Dispersive formalism

3.1 Unitarity and Omnès solution

We begin with the dispersive treatment of the associated scattering processes linked to

the decay by crossing symmetry, D+π̄ → Kπ and D+K̄ → ππ. The D-meson mass is

artificially set to MD < MK + 2Mπ such that the corresponding decay is kinematically

forbidden. The simpler analytic structure of these scattering processes can be exploited to

– 5 –

Faddeev

PCM et.al: PRD84 094001 (2011),

S.Nakamura PRD93 014005 (2016)

7

W T= + T

FIG. 9. Diagrammatic representation of the integral equation
for the three-body function T (m2

12)ξ(k3) (left). The driving
term contains the partonic amplitude from the weak vertex
convoluted with the two-body scattering amplitude (right,
first graph).

So far, we did not consider isospin degrees of free-
dom. The kernel of the integral equation (25) involves
the change between the pions corresponding to the final
isospin channel of the pair Kπ and gives rise to isospin
factors discussed in appendix B. The re-coupling coeffi-
cient given by eq.(B3) appears weighting the kernel. Tak-
ing into account also the isospin weight for the driving
term, we find

ξ(k) =
5
3 ξ1(k)−

2
3 i

∫ d4q
(2π)4T [(P − q)2]

(q2 −M2
π + iε)

×
ξ(q)

[(P − k − q)2 −M2
K + iε]

. (26)

As the main purpose of this work is to investigate the
effect of the three-body unitarity on the decay amplitude,
we analyze in the following section the perturbative con-
tributions to the FSI at one- and two-loop approxima-
tions. We choose to exemplify the series expansion of
eq.(26) for the weak vertices a and c of fig. 8 and present
the case of vertex b when discussing the perturbative cal-
culation. In the case of vertex a, we find

Aa(m
2
12,m

2
23) =

√

2

3
Wa

{

1 + T (m2
12)

5

3

[

ξ1(m
2
12)

+
2

3
ξ2(m

2
12) +

(

2

3

)2

ξ3(m
2
12) · · ·

]}

+ (1 ↔ 3) . (27)

where the argument of the function ξ is written in terms
of the invariant mass squared of the Kπ subsystem, i.e.,
m2

12 = (P−p3)2, instead of the individual momenta. The

factor
√

2
3 comes from the isospin projection of the Kπ

pair in the weak vertices to I = 1/2. The perturbative
n-loop amplitude is constructed recursively as:

ξn[(P − k)2] = −i

∫

d4q

(2π)4
T [(P − q)2]

(q2 −M2
π + iε)

×
ξn−1[(P − q)2]

[(P − k − q)2 −M2
K + iε]

. (28)

For later convenience we introduce the function
λn(m2

12), defined as

λn(m
2
12) = T (m2

12)ξn(m
2
12) , (29)

which is useful within our approximation of disregarding
the momentum structure of the weak vertex, and eq.(27)

becomes

Aa(m
2
12,m

2
23)=

√

2

3
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{

1 +
5

3

[

λ1(m
2
12) +

2

3
λ2(m

2
12)+

+

(

2

3

)2

λ3(m
2
12) · · ·

]}

+ (1 ↔ 3). (30)

The three-body re-scattering series starting from the
weak vertex b has to be treated properly in order to avoid
double counting in the scattering series in the two-meson
channel, as the scalar resonance is dressed by the Kπ
interaction (c.f. fig. 12). In the case of vertex c the
scattering series simplifies as the π0 produced directly
from the W decay is not present in the final state and it
is written as:

Ac(m
2
12,m

2
23)=−

√
2

3
Wc

{

λ1(m
2
12) +

2

3
λ2(m

2
12)

+

(

2

3

)2

λ3(m
2
12) · · ·

}

+ (1 ↔ 3) . (31)

IV. PERTURBATIVE PROCESSES

In this section, the first two terms of the function
a(m2

12) given by eq.(22) are evaluated covariantly and dif-
ferent contributions are classified according to the type of
initial weak vertex. Diagrams involve two kinds of loops,
containing either two or three meson propagators. The
former require regularization and are treated as in the
construction of the Kπ amplitude presented in sect. II.
The latter are triangle integrals, written as

IπKθ(m
2
12) =

∫

d4k

(2π)4
1

[(p12−k)2−M2
π+i ε]

×
1

[[k2−M2
K+i ε] (p3+k)2 − θ ]

, (32)

where θ = θR − i θI , is the position of the pole in the
complex s-plane, with θR and θI constant positive quan-
tities. This integral is similar to those occurring in usual
calculations of form factors, but not identical, since the
invariant masses along the dotted lines in fig.10 can be
smaller than either m2

D orm2
12. It is thus mathematically

more akin to integrals needed to describe form factors of
unstable particles, such as the ∆, ρ or K∗. We write

IπKθ= iΠπKθ/(4π)
2 (33)

and the evaluation of the functions Π is discussed in ap-
pendix D.

A. Contributions proportional to Wa

Processes involving the weak vertex Wa, defined in
fig.8, are indicated in fig.11. The W+ is shown explicitly

This	work	

D+		 		

•  Realis*c  D+	à	Κ- π+ π+  Dalitz	plot	pseudo-data	analyzed	

													pseudo-data	generated	from	E791’s	isobar	model			PRD	73,	032004	(2006)	

•  FSI	is	taken	into	account,	using	unitary	coupled-channel	model	

•  Demonstrate	coupled-channel	analysis	is	feasible	for	high-quality	Dalitz	plot	data	
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•  Hadronic	dynamics	in	FSI	of		D+	à	Κ- π+ π+  examined	
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																																														(How	reliably	amplitudes	are	extracted		from	Dalitz	plot)	
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CPV at low and high mass
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Figure 30: AN

CP
in Dalitz plot bins with equal number of events (sWeighted background

subtracted and acceptance corrected) for B
± ! K

±
⇡
+
⇡
� (top left), B± ! K

±
K

+
K

�

(top right), B± ! ⇡
±
⇡
+
⇡
� (bottom left) and B

± ! ⇡
±
K

+
K

� (bottom right).

is located mainly in the low mass region of m⇡⇡ < 1.5GeV/c2, where a clear interference1017

structure appears in the B
+-B� distribution.1018

10.1.2 B
± ! K

±
K

+
K

�
1019

The projections of the B± ! K
±
K

+
K

� Dalitz plot are shown in Figure 34. We can identify1020

in mK+K� low the narrow vector resonances: �(1020) as the first bump around 1GeV/c21021

and �c0(1P ) in the region around 3.4GeV/c2. The resonances in the mK+K� high projection1022

are covered by the � distribution along this axis. There is also a broad concentration at low1023

mass above 2.0GeV2
/c

4, which could correspond to the f2(1525) resonance. Also visible1024

only in the B
± ! K

±
K

+
K

� Dalitz plot (Figure 28) is the contribution of B± ! J/ K
±

1025

with J/ ! K
+
K

�, around 9.6GeV2
/c

4 in m
2
K+K� low. Table 31 shows the Particle Data1026

Group list of measured branching fractions for B± ! K
±
K

+
K

�.1027

The mass projections reveal a clear signature of CP asymmetry, with a large excess of1028

B
+ events for mK+K� low < 1.6GeV/c2 and m

2
K+K� high between 2.4GeV/c2 and 4.0GeV/c2.1029

Figure 35 is a zoom in the mK+K� low region of high asymmetry, that includes the �(1020).1030

68

What are the mechanisms behind these CPV patterns? 
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Big picture
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Figure 30: AN

CP
in Dalitz plot bins with equal number of events (sWeighted background

subtracted and acceptance corrected) for B
± ! K

±
⇡
+
⇡
� (top left), B± ! K

±
K

+
K

�

(top right), B± ! ⇡
±
⇡
+
⇡
� (bottom left) and B

± ! ⇡
±
K

+
K

� (bottom right).

is located mainly in the low mass region of m⇡⇡ < 1.5GeV/c2, where a clear interference1017

structure appears in the B
+-B� distribution.1018

10.1.2 B
± ! K

±
K

+
K

�
1019

The projections of the B± ! K
±
K

+
K

� Dalitz plot are shown in Figure 34. We can identify1020

in mK+K� low the narrow vector resonances: �(1020) as the first bump around 1GeV/c21021

and �c0(1P ) in the region around 3.4GeV/c2. The resonances in the mK+K� high projection1022

are covered by the � distribution along this axis. There is also a broad concentration at low1023

mass above 2.0GeV2
/c

4, which could correspond to the f2(1525) resonance. Also visible1024

only in the B
± ! K

±
K

+
K

� Dalitz plot (Figure 28) is the contribution of B± ! J/ K
±

1025

with J/ ! K
+
K

�, around 9.6GeV2
/c

4 in m
2
K+K� low. Table 31 shows the Particle Data1026

Group list of measured branching fractions for B± ! K
±
K

+
K

�.1027

The mass projections reveal a clear signature of CP asymmetry, with a large excess of1028

B
+ events for mK+K� low < 1.6GeV/c2 and m

2
K+K� high between 2.4GeV/c2 and 4.0GeV/c2.1029

Figure 35 is a zoom in the mK+K� low region of high asymmetry, that includes the �(1020).1030

68

ACP =
�(M ! f)� �(M̄ ! f̄)

�(M ! f) + �(M̄ ! f̄)

 massive phase-space localized Asymmetry  

�(M ! f)� �(M̄ ! f̄) = |hf |T |Mi|2 � |hf̄ |T | M̄i|2 = �4A1A2 sin(�1 � �2) sin(�1 � �2)

  2     amplitudes, SAME final state,    
   strong (   ) and weak (   ) phases�i�i

6=
6=

condition to CPV:

hf |T |Mi = A1 e
i(�1+�1) +A2 e

i(�2+�2)

hf̄ |T | M̄i = A1 e
i(�1��1) +A2 e

i(�2��2)

CP violation for charged B decays

➤ Two amplitudes with different weak (φ) and strong (δ) phases

6

q

A(B → f) = A1e
i(δ1+φ1) +A2e

i(δ2+φ2)

A(B̄ → f̄) = A1e
i(δ1−φ1) +A2e

i(δ2−φ2)

|AB→f |2 − |AB̄→f̄ |2 = −4A1A2 sin(δ1 − δ2) sin(φ1 − φ2)

➤ CP violation: interfering amplitudes with different weak and strong phases

φ1
φ2

➤ Weak phases: CKM matrix elements 

➤ Strong phases: penguin diagrams and hadronic final state interactions such as 
ππ → KK rescattering 
Not well described in literature

B → ! ! !
 CPV at quark level: BSS model Bander Silverman & Soni PRL 43 (1979) 242

CP violation for charged B decays

➤ Two amplitudes with different weak (φ) and strong (δ) phases

6

q

A(B → f) = A1e
i(δ1+φ1) +A2e

i(δ2+φ2)

A(B̄ → f̄) = A1e
i(δ1−φ1) +A2e

i(δ2−φ2)

|AB→f |2 − |AB̄→f̄ |2 = −4A1A2 sin(δ1 − δ2) sin(φ1 − φ2)

➤ CP violation: interfering amplitudes with different weak and strong phases

φ1
φ2

➤ Weak phases: CKM matrix elements 

➤ Strong phases: penguin diagrams and hadronic final state interactions such as 
ππ → KK rescattering 
Not well described in literature

B → ! ! !

+
+

not enough  

hadronic interactions as source of strong phase
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rescattering as a CPV mechanism
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Figure 30: AN

CP
in Dalitz plot bins with equal number of events (sWeighted background

subtracted and acceptance corrected) for B
± ! K

±
⇡
+
⇡
� (top left), B± ! K

±
K

+
K

�

(top right), B± ! ⇡
±
⇡
+
⇡
� (bottom left) and B

± ! ⇡
±
K

+
K

� (bottom right).

is located mainly in the low mass region of m⇡⇡ < 1.5GeV/c2, where a clear interference1017

structure appears in the B
+-B� distribution.1018

10.1.2 B
± ! K

±
K

+
K

�
1019

The projections of the B± ! K
±
K

+
K

� Dalitz plot are shown in Figure 34. We can identify1020

in mK+K� low the narrow vector resonances: �(1020) as the first bump around 1GeV/c21021

and �c0(1P ) in the region around 3.4GeV/c2. The resonances in the mK+K� high projection1022

are covered by the � distribution along this axis. There is also a broad concentration at low1023

mass above 2.0GeV2
/c

4, which could correspond to the f2(1525) resonance. Also visible1024

only in the B
± ! K

±
K

+
K

� Dalitz plot (Figure 28) is the contribution of B± ! J/ K
±

1025

with J/ ! K
+
K

�, around 9.6GeV2
/c

4 in m
2
K+K� low. Table 31 shows the Particle Data1026

Group list of measured branching fractions for B± ! K
±
K

+
K

�.1027

The mass projections reveal a clear signature of CP asymmetry, with a large excess of1028

B
+ events for mK+K� low < 1.6GeV/c2 and m

2
K+K� high between 2.4GeV/c2 and 4.0GeV/c2.1029

Figure 35 is a zoom in the mK+K� low region of high asymmetry, that includes the �(1020).1030
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CPT Invariance
CPT invariance  ⇒ Same lifetime and same mass to particle and anti-particle. 
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 CP   violation  ⇒ Г
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 CPT conservation:
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In a exact proportion. 

 It  is necessary to include  fnal state interaction in the CP violation calculation. 

 _         _         _        _       _ 

CPT must be preserved

CPV in one channel should be compensated by 
another one with opposite sign

confirmed by LHCb Amplitude Analysis B± ! ⇡�⇡+⇡±
<latexit sha1_base64="QT/dTZRtQntEL7/VXtJkJregYMw=">AAACBHicbVDLSgMxFM34rPU16rKbYBEEscxUQVdSdOOygn1AZ1oyaaYNTWZCkhHK0IUbf8WNC0Xc+hHu/Bsz7Sy09UAuh3Pu5eaeQDCqtON8W0vLK6tr64WN4ubW9s6uvbffVHEiMWngmMWyHSBFGI1IQ1PNSFtIgnjASCsY3WR+64FIRePoXo8F8TkaRDSkGGkj9ezSddcTHHo6hp6g3dOsnGTFqD277FScKeAicXNSBjnqPfvL68c44STSmCGlOq4jtJ8iqSlmZFL0EkUEwiM0IB1DI8SJ8tPpERN4ZJQ+DGNpXqThVP09kSKu1JgHppMjPVTzXib+53USHV76KY1EokmEZ4vChEFzcpYI7FNJsGZjQxCW1PwV4iGSCGuTW9GE4M6fvEia1Yp7VqnenZdrV3kcBVACh+AYuOAC1MAtqIMGwOARPINX8GY9WS/Wu/Uxa12y8pkD8AfW5w9/jZdb</latexit>

B± ! ⇡±K�K+
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and
PRL 123 (2019) 231802PRD101 (2020) 012006;  PRL 124 (2020) 031801

B± ! ⇡±K�K+
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⇡⇡ ! KK   rescattering 
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++ ++ ...
B± ! ⇡±⇡�⇡+
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explain CPV at [1 -1.6] GeV
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(a) (b)

(c) (d)

Figure 6: Fit projections of each model (a) in the low mlow region and (b) in the full range
of mhigh, with the corresponding asymmetries shown beneath in (c) and (d). The normalised
residual or pull distribution, defined as the di↵erence between the bin value less the fit value
over the uncertainty on the number of events in that bin, is shown below each fit projection.

indeed this occurs in B+! ⇡+⇡+⇡� decays. The CP asymmetry integrated across the
Dalitz plot is consistent, in all three models, with the value previously determined through
model-independent analysis [12].

7.3 S-wave projections

The squared amplitude and phase motion of the S-wave models as a function of m(⇡+⇡�)
can be seen in Fig. 13(a) and (b) for the isobar approach, Fig. 13(c) and (d) for the
K-matrix approach and Fig. 13(e) and (f) for the QMI approach. A comparison of all
three models, for the CP -averaged S-wave projections, can be seen in Fig. 14. The QMI
S-wave is recorded in Table 18, while the statistical and systematic correlation matrices

28

Table 1: Results for CP -conserving fit fractions, quasi-two-body CP asymmetries, and phases
for each component relative to the ⇢(770)0–!(782) model, given for each S-wave approach. The
first uncertainty is statistical while the second is systematic.

Contribution Fit fraction (10�2) ACP (10�2) B+ phase (�) B� phase (�)

Isobar model

⇢(770)0 55.5 ± 0.6 ± 2.5 +0.7± 1.1± 1.6 — —

!(782) 0.50± 0.03± 0.05 �4.8± 6.5± 3.8 �19± 6± 1 +8± 6± 1

f2(1270) 9.0 ± 0.3 ± 1.5 +46.8± 6.1± 4.7 +5± 3± 12 +53± 2± 12

⇢(1450)0 5.2 ± 0.3 ± 1.9 �12.9± 3.3± 35.9 +127± 4± 21 +154± 4± 6

⇢3(1690)0 0.5 ± 0.1 ± 0.3 �80.1± 11.4± 25.3 �26± 7± 14 �47± 18± 25

S-wave 25.4 ± 0.5 ± 3.6 +14.4± 1.8± 2.1 — —

Rescattering 1.4 ± 0.1 ± 0.5 +44.7± 8.6± 17.3 �35± 6± 10 �4± 4± 25

� 25.2 ± 0.5 ± 5.0 +16.0± 1.7± 2.2 +115± 2± 14 +179± 1± 95

K-matrix

⇢(770)0 56.5 ± 0.7 ± 3.4 +4.2± 1.5± 6.4 — —

!(782) 0.47± 0.04± 0.03 �6.2± 8.4± 9.8 �15± 6± 4 +8± 7± 4

f2(1270) 9.3 ± 0.4 ± 2.5 +42.8± 4.1± 9.1 +19± 4± 18 +80± 3± 17

⇢(1450)0 10.5 ± 0.7 ± 4.6 +9.0± 6.0± 47.0 +155± 5± 29 �166± 4± 51

⇢3(1690)0 1.5 ± 0.1 ± 0.4 �35.7± 10.8± 36.9 +19± 8± 34 +5± 8± 46

S-wave 25.7 ± 0.6 ± 3.0 +15.8± 2.6± 7.2 — —

QMI

⇢(770)0 54.8 ± 1.0 ± 2.2 +4.4± 1.7± 2.8 — —

!(782) 0.57± 0.10± 0.17 �7.9± 16.5± 15.8 �25± 6± 27 �2± 7± 11

f2(1270) 9.6 ± 0.4 ± 4.0 +37.6± 4.4± 8.0 +13± 5± 21 +68± 3± 66

⇢(1450)0 7.4 ± 0.5 ± 4.0 �15.5± 7.3± 35.2 +147± 7± 152 �175± 5± 171

⇢3(1690)0 1.0 ± 0.1 ± 0.5 �93.2± 6.8± 38.9 +8± 10± 24 +36± 26± 46

S-wave 26.8 ± 0.7 ± 2.2 +15.0± 2.7± 8.1 — —

of the behaviour of the S-wave, given in Ref. [29], shows that this CP asymmetry remains
approximately constant up to the inelastic threshold 2mK , where it appears to change
sign; this is seen in all three approaches to the S-wave description. Estimates of the
significance of this CP -violation e↵ect, obtained from the change in negative log-likelihood
between the baseline fit for each S-wave approach and alternative fits where no such CP
violation is allowed, give values in excess of ten Gaussian standard deviations (�) in all
the S-wave models.

An additional source of CP violation, associated principally with the interference
between S- and P-waves, is clearly visible when inspecting the cos ✓hel distributions
separately in regions above and below the ⇢(770)0 peak (Fig. 3(a) and (b)). Here, ✓hel is
the angle, evaluated in the ⇡+⇡� rest frame, between the pion with opposite charge to
the B and the third pion from the B decay. These asymmetries are modelled well in all
three approaches to the S-wave description. Evaluation of the significance of CP violation
in the interference between S- and P-waves gives values in excess of 25� in all the S-wave
models.

At higher m(⇡+⇡�) values, the f2(1270) component is found to have a CP -averaged

4

CPV: amplitude analysis B± ! ⇡�⇡+⇡±
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c ! K+K�⇡+ decays is performed for the first time using data

corresponding to an integrated luminosity of 3.0 fb�1 collected by the LHCb ex-
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c ! �c0(! K+K�)⇡+ is reported with a significance of 4.0 stan-

dard deviations, resulting in the measurement of �(B+
c )

�(B+) ⇥ B(B+
c ! �c0⇡+) to be

(9.8+3.4
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and �(B+) are the production cross-sections for B+

c and B+ mesons. An indication
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significance of 2.4 standard deviations.
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Table 1: Results of the Dalitz plot fit, where the first uncertainty is statistical and the second
systematic. The fitted values of ci (c̄i) are expressed in terms of magnitudes |ci| (|c̄i|) and phases
arg(ci) (arg(c̄i)) for each B+ (B�) contribution. The top row corresponds to B+ and the bottom
to B� mesons.

Contribution Fit Fraction(%) ACP (%) Magnitude (B+/B�) Phase[o] (B+/B�)
K⇤(892)0 7.5± 0.6± 0.5 +12.3± 8.7± 4.5 0.94± 0.04± 0.02 0 (fixed)

1.06± 0.04± 0.02 0 (fixed)
K⇤

0(1430)
0 4.5± 0.7± 1.2 +10.4± 14.9± 8.8 0.74± 0.09± 0.09 �176± 10± 16

0.82± 0.09± 0.10 136± 11± 21
Single pole 32.3± 1.5± 4.1 �10.7± 5.3± 3.5 2.19± 0.13± 0.17 �138± 7± 5

1.97± 0.12± 0.20 166± 6± 5
⇢(1450)0 30.7± 1.2± 0.9 �10.9± 4.4± 2.4 2.14± 0.11± 0.07 �175± 10± 15

1.92± 0.10± 0.07 140± 13± 20
f2(1270) 7.5± 0.8± 0.7 +26.7± 10.2± 4.8 0.86± 0.09± 0.07 �106± 11± 10

1.13± 0.08± 0.05 �128± 11± 14
Rescattering 16.4± 0.8± 1.0 �66.4± 3.8± 1.9 1.91± 0.09± 0.06 �56± 12± 18

0.86± 0.07± 0.04 �81± 14± 15
�(1020) 0.3± 0.1± 0.1 +9.8± 43.6± 26.6 0.20± 0.07± 0.02 �52± 23± 32

0.22± 0.06± 0.04 107± 33± 41
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Figure 2: Distribution of m2
⇡±K⌥ . Data are represented by points for B+ and B� candidates

separately, with the result of the fit overlaid.
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to the center of the debate. Note that even QCD factorization approaches are
including non-perturbative ”long-distance” contributions to take into account
hadronic strong phases in the CPV problem [3, 4].

An experimental technique to highlight the CP asymmetry directly from
data, the Mirandizing approach [5, 6] applied recently by the LHCb collabora-
tion [1, 7, 8], showed a large variation of positive and negative CP asymmetry
in the Dalitz plot distribution. In particular in Ref. [1] this was shown to be up
to 60% in specific regions in the Dalitz plane. Since the CKM weak phase must
be independent of the position in the phase space, the change of sign must be
directly related to the variation of the strong phase along the phase space.

Another aspect that should be considered in the understanding of CP asym-
metries in B decays is the so-called U-spin symmetry, which is a SU(2) subgroup
of the SU(3) flavor, under which the (d, s) pairs of quarks form a doublet, similar
to (u, d) isospin doublet [9]. The U-spin symmetry approach has been called to
explain the observed CPV in charmless B decays [10], focused on the relation
between decays channels with different strangeness quantum numbers. This ap-
proach succeed to reproduce the observed ratio between the CPV asymmetry
in the B0

s → K−π+ and B0 → K+π− partial widths [2, 10].
Moving to three-body channels, Gronau and collaborators [11, 12] related the

CPV asymmetries of the partial decay widths of the channels B → hhh based
on the U-spin symmetry. They pointed out a relative minus sign between B± →
K±π+π− and B± → π±K+K− , as well as that between B± → K±K+K− and
B± → π±π+π− .

To study the CP asymmetry in three-body B decays we use the difference
between the partial decays widths of the charge conjugated states. Such differ-
ence when summed up over all possible decay channels are constrained by CPT
theorem to vanish [13, 14]. This difference is given by:

∆ΓCP (h
±
1 h

+
2 h

−
3 ) = Γ(B− → h−

1 h
+
2 h

−
3 )− Γ(B+ → h+

1 h
−
2 h

+
3 ) . (1)

We can express ∆ΓCP from the experimental integrated Acp results through the
equation:

∆ΓCP (h
±
1 h

+
2 h

−
3 ) = ACP (B

± → h±
1 h

+
2 h

−
3 )B(B+ → h+

1 h
+
2 h

−
3 )/τ(B

+). (2)

Where we used the experimental data quoted in [15] for the branching ratios B,
lifetime τ(B+) and ACP . The resulting ∆ΓCP values are given in Table 1.

The ratios between channels with different strangeness are:

∆ΓCP (π±K+K−)

∆ΓCP (K±π+π−)
= −0.46± 0.16 and

∆ΓCP (π±π+π−)

∆ΓCP (K±K+K−)
= −0.77± 0.27 ,

(3)
both compatible with −1 within errors and qualitatively consistent with U-spin
symmetry as predicted by [12]. Furthermore, if we consider that the U-spin
symmetry is applied only to weak vertex, it should be valid for the other pair of
channels with different strangeness. However, from Table 1, we get the ratios:

∆ΓCP (K±π+π−)

∆ΓCP (π±π+π−)
= 1.59± 0.62 and

∆ΓCP (K±K+K−)

∆ΓCP (π±K+K−)
= 1.77± 0.55, (4)

2

Table 1: Width difference between the charge conjugate states ∆ΓCP for specific decays
channels. Lifetime, branching ratios and Acp are given as average PDG [15] values with the
statistical and systematic uncertainties added in quadrature.

Decay channel ∆ΓCP (106 s−1)
B± → K±π+π− +0.84± 0.25
B± → K±K+K− −0.68± 0.17
B± → π±π+π− +0.53± 0.13
B± → π±K+K− −0.39± 0.07

which conflicts with the sign expected from U-spin symmetry as already pointed
in Ref. [16], although still compatible in modulus with unity.

Exploring the possible final state interactions between the four charged chan-
nels and imposing the CPT constraint, we showed in [17, 18] that ππ → KK
re-scattering amplitude can explain the flip in the sign for Acp between channels
coupled by the strong interaction. Therefore, returning to the observable ∆ΓCP

in Table 1, we still do not completely understand data. From one side we have a
qualitative agreement of U-spin prediction for the two ratios between channels
with different strangeness, while we observe an apparent contradiction regard-
ing the signs of other two ratios. And, on the other side, from the hadronic
FSI approach, one can understand the relative sign between the two pairs of
channels coupled through ππ ↔ KK interaction.

A complete understanding of the observables in Table 1 is not trivial. We
are dealing with three-body final states and one have to consider the complexity
of their dynamics, with each channel being produced through several different
intermediate states with different interference between them. With this per-
spective, our first task is to understand the signs and the modulus (around
unity) of all the ratios in Table 1. We remind that, to make the situation even
more challenging, the channels have a different branching fraction, e.g. the
B± → K±π+π− is one order of magnitude larger than the B± → π±K+K− .

Our work unifies two general frameworks to study the total CP violation
related to charmless three-body B decays: the CP asymmetry associated with
the U-spin approach and the central role of hadronic final state interactions in
these decays within the constraint of CPT invariance. We go beyond previous
works that used U-spin symmetry [16] without breaking the symmetry by fully
using the transformation π ↔ K allied to final state interactions.

2. Hints of FSI on data

The re-scattering process can be the source of strong phase and absorptive
contributions in multi-body decays through the strong interaction including also
loops, as proposed in several studies [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27].
We should remind that, in the QCD-only approach, known as BSS model [28],
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the imaginary part from the strong interaction appears in the “penguin” dia-
gram b → s (or d), plus uū or dd̄ produced by the presence of an intermediary
gluon. However, this occurs when it has transferred momentum twice the charm
quark mass present in the “penguin” loop. While in models including hadronic
rescattering, the strong phase can also be originated from process characterized
by long distance physics.

Two-body scattering data [29, 30] was measured both for ππ → ππ and
for ππ → KK processes. The data suggest a strong coupling between these
two channels in the S-wave. On the theory side, there are several parametriza-
tions and theoretical models that describe data well up to a certain energy (1.9
GeV) [31, 32, 27] (and references included). In particular, the one from [32] was
used to introduce the rescattering ππ → KK amplitude in B± → π±π+π− and
B± → π±K+K− analysis at LHCb [33, 34, 35].

To stress the relevance of FSI to the CPV observed in data, we show in
Table 2 the CP asymmetry from the rescattering ππ → KK region of the
Dalitz plane (Apar

CP ) - from 1 to 1.5 GeV - along with the total ACP for the
charmless charged three-body B decays: B± → K±π+π− , B± → K±K+K− ,
B± → π±K+K− , and B± → π±π+π− .

Table 2: Total charge asymmetries Aall
CP and partial ones APar

CP in the re-scattering region
ππ → KK from 1.0 up to 1.5 GeV/c2. Uncertainties are only statistical [1].

Decay Aall
CP Apar

CP

B± → K±π+π− +0.025± 0.004 +0.123± 0.012
B± → K±K+K− −0.036± 0.004 −0.209± 0.011
B± → π±π+π− +0.058± 0.008 +0.173± 0.021
B± → π±K+K− −0.123± 0.017 −0.326± 0.028

The ππ → KK rescattering as a source of CPV were investigated in a re-
cent amplitude analysis performed by the LHCb collaboration [33, 34, 35], as we
mentioned above. The experimental result on the B± → π±K+K− decay [35]
shows a strong CP asymmetry associated with hadronic re-scattering ampli-
tude ππ → KK. The observed Acp = −66.4 ± 3.8 ± 1.9% represents the
most significant CPV observed in a single amplitude. It has a fit fraction of
(16.4± 0.8± 1.0)% which results in a (−10.9± 0.8± 0.7)% contribution to the
integrated CP asymmetry. It corresponds to almost the total integrated asym-
metry (Acp(B± → π±K+K− )= −0.123± 0.017). We can do the same exercise
for the B± → π±π+π− decay with the recent amplitude analysis published by
LHCb [34], where the contributions from σ and f2(1270) represent roughly all
integrated asymmetry observed in the B± → π±π+π− channel.

3. U-spin approach for B → hhh decays

The B → hhh, for h = π,K, amplitude can be generically represented by
the Feynman diagrams in Figure 1, where we omit the gluon lines and the other
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to the center of the debate. Note that even QCD factorization approaches are
including non-perturbative ”long-distance” contributions to take into account
hadronic strong phases in the CPV problem [3, 4].

An experimental technique to highlight the CP asymmetry directly from
data, the Mirandizing approach [5, 6] applied recently by the LHCb collabora-
tion [1, 7, 8], showed a large variation of positive and negative CP asymmetry
in the Dalitz plot distribution. In particular in Ref. [1] this was shown to be up
to 60% in specific regions in the Dalitz plane. Since the CKM weak phase must
be independent of the position in the phase space, the change of sign must be
directly related to the variation of the strong phase along the phase space.

Another aspect that should be considered in the understanding of CP asym-
metries in B decays is the so-called U-spin symmetry, which is a SU(2) subgroup
of the SU(3) flavor, under which the (d, s) pairs of quarks form a doublet, similar
to (u, d) isospin doublet [9]. The U-spin symmetry approach has been called to
explain the observed CPV in charmless B decays [10], focused on the relation
between decays channels with different strangeness quantum numbers. This ap-
proach succeed to reproduce the observed ratio between the CPV asymmetry
in the B0

s → K−π+ and B0 → K+π− partial widths [2, 10].
Moving to three-body channels, Gronau and collaborators [11, 12] related the

CPV asymmetries of the partial decay widths of the channels B → hhh based
on the U-spin symmetry. They pointed out a relative minus sign between B± →
K±π+π− and B± → π±K+K− , as well as that between B± → K±K+K− and
B± → π±π+π− .

To study the CP asymmetry in three-body B decays we use the difference
between the partial decays widths of the charge conjugated states. Such differ-
ence when summed up over all possible decay channels are constrained by CPT
theorem to vanish [13, 14]. This difference is given by:
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Where we used the experimental data quoted in [15] for the branching ratios B,
lifetime τ(B+) and ACP . The resulting ∆ΓCP values are given in Table 1.

The ratios between channels with different strangeness are:

∆ΓCP (π±K+K−)

∆ΓCP (K±π+π−)
= −0.46± 0.16 and

∆ΓCP (π±π+π−)

∆ΓCP (K±K+K−)
= −0.77± 0.27 ,

(3)
both compatible with −1 within errors and qualitatively consistent with U-spin
symmetry as predicted by [12]. Furthermore, if we consider that the U-spin
symmetry is applied only to weak vertex, it should be valid for the other pair of
channels with different strangeness. However, from Table 1, we get the ratios:

∆ΓCP (K±π+π−)

∆ΓCP (π±π+π−)
= 1.59± 0.62 and

∆ΓCP (K±K+K−)

∆ΓCP (π±K+K−)
= 1.77± 0.55, (4)

2

Table 1: Width difference between the charge conjugate states ∆ΓCP for specific decays
channels. Lifetime, branching ratios and Acp are given as average PDG [15] values with the
statistical and systematic uncertainties added in quadrature.

Decay channel ∆ΓCP (106 s−1)
B± → K±π+π− +0.84± 0.25
B± → K±K+K− −0.68± 0.17
B± → π±π+π− +0.53± 0.13
B± → π±K+K− −0.39± 0.07

which conflicts with the sign expected from U-spin symmetry as already pointed
in Ref. [16], although still compatible in modulus with unity.

Exploring the possible final state interactions between the four charged chan-
nels and imposing the CPT constraint, we showed in [17, 18] that ππ → KK
re-scattering amplitude can explain the flip in the sign for Acp between channels
coupled by the strong interaction. Therefore, returning to the observable ∆ΓCP

in Table 1, we still do not completely understand data. From one side we have a
qualitative agreement of U-spin prediction for the two ratios between channels
with different strangeness, while we observe an apparent contradiction regard-
ing the signs of other two ratios. And, on the other side, from the hadronic
FSI approach, one can understand the relative sign between the two pairs of
channels coupled through ππ ↔ KK interaction.

A complete understanding of the observables in Table 1 is not trivial. We
are dealing with three-body final states and one have to consider the complexity
of their dynamics, with each channel being produced through several different
intermediate states with different interference between them. With this per-
spective, our first task is to understand the signs and the modulus (around
unity) of all the ratios in Table 1. We remind that, to make the situation even
more challenging, the channels have a different branching fraction, e.g. the
B± → K±π+π− is one order of magnitude larger than the B± → π±K+K− .

Our work unifies two general frameworks to study the total CP violation
related to charmless three-body B decays: the CP asymmetry associated with
the U-spin approach and the central role of hadronic final state interactions in
these decays within the constraint of CPT invariance. We go beyond previous
works that used U-spin symmetry [16] without breaking the symmetry by fully
using the transformation π ↔ K allied to final state interactions.

2. Hints of FSI on data

The re-scattering process can be the source of strong phase and absorptive
contributions in multi-body decays through the strong interaction including also
loops, as proposed in several studies [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27].
We should remind that, in the QCD-only approach, known as BSS model [28],
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the imaginary part from the strong interaction appears in the “penguin” dia-
gram b → s (or d), plus uū or dd̄ produced by the presence of an intermediary
gluon. However, this occurs when it has transferred momentum twice the charm
quark mass present in the “penguin” loop. While in models including hadronic
rescattering, the strong phase can also be originated from process characterized
by long distance physics.

Two-body scattering data [29, 30] was measured both for ππ → ππ and
for ππ → KK processes. The data suggest a strong coupling between these
two channels in the S-wave. On the theory side, there are several parametriza-
tions and theoretical models that describe data well up to a certain energy (1.9
GeV) [31, 32, 27] (and references included). In particular, the one from [32] was
used to introduce the rescattering ππ → KK amplitude in B± → π±π+π− and
B± → π±K+K− analysis at LHCb [33, 34, 35].

To stress the relevance of FSI to the CPV observed in data, we show in
Table 2 the CP asymmetry from the rescattering ππ → KK region of the
Dalitz plane (Apar

CP ) - from 1 to 1.5 GeV - along with the total ACP for the
charmless charged three-body B decays: B± → K±π+π− , B± → K±K+K− ,
B± → π±K+K− , and B± → π±π+π− .

Table 2: Total charge asymmetries Aall
CP and partial ones APar

CP in the re-scattering region
ππ → KK from 1.0 up to 1.5 GeV/c2. Uncertainties are only statistical [1].

Decay Aall
CP Apar

CP

B± → K±π+π− +0.025± 0.004 +0.123± 0.012
B± → K±K+K− −0.036± 0.004 −0.209± 0.011
B± → π±π+π− +0.058± 0.008 +0.173± 0.021
B± → π±K+K− −0.123± 0.017 −0.326± 0.028

The ππ → KK rescattering as a source of CPV were investigated in a re-
cent amplitude analysis performed by the LHCb collaboration [33, 34, 35], as we
mentioned above. The experimental result on the B± → π±K+K− decay [35]
shows a strong CP asymmetry associated with hadronic re-scattering ampli-
tude ππ → KK. The observed Acp = −66.4 ± 3.8 ± 1.9% represents the
most significant CPV observed in a single amplitude. It has a fit fraction of
(16.4± 0.8± 1.0)% which results in a (−10.9± 0.8± 0.7)% contribution to the
integrated CP asymmetry. It corresponds to almost the total integrated asym-
metry (Acp(B± → π±K+K− )= −0.123± 0.017). We can do the same exercise
for the B± → π±π+π− decay with the recent amplitude analysis published by
LHCb [34], where the contributions from σ and f2(1270) represent roughly all
integrated asymmetry observed in the B± → π±π+π− channel.

3. U-spin approach for B → hhh decays

The B → hhh, for h = π,K, amplitude can be generically represented by
the Feynman diagrams in Figure 1, where we omit the gluon lines and the other
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1.4. Charmless Three-Body B± Decays 19

The main Feynman diagrams contributing to the decays studied in this thesis are
illustrated in Figures 1.7–1.10 .

(a) Tree diagram. (b) Penguin diagram.

FIGURE 1.7: B− → π−π+π− dominant Feynman diagrams.

(a) Tree diagram. (b) Penguin diagram.

FIGURE 1.8: B− → π−K+K− dominant Feynman diagrams.

(a) Tree diagram. (b) Penguin diagram.

FIGURE 1.9: B− → K−K+K− dominant Feynman diagrams.

Figures 1.7 and 1.8 depict two Feynman diagrams for the B− → π−π+π− and
B− → π−K+K− decays, respectively. In the tree diagram, the b-quark decay hap-
pens through the emission of a W− boson that results in a π− and a R0. For the
B− → π−π+π− (B− → π−K+K−) decay, R0 represents any neutral resonance that
decays in π+π− (K+K−). In the penguin diagram, the b-quark decay is due to a
virtual W− boson emission and absorption along with a gluon emission.

Figures 1.9 and 1.10 show two Feynman diagrams for the B− → K−K+K− and
B− → K−π+π− decays, respectively. In the tree diagram, the b-quark decay occurs
through a virtual W− boson emission resulting in K− and R0. For the B− → K−K+K−
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Figure 1: All the four B → hhh channels can have contribution from the tree (left) and
penguin (right) diagrams. Note that we omit the gluon lines from the penguin. The flavour of
quark q can be d or s, and the others quarks needed to the final hadronic state are produced
from the vacuum.

where we have the channels fs = (s1, s4) and fd = (d2, d3). The CP asym-
metries in the partial widths, ∆ΓCP (f) given by Eq. (1), comes from the inter-
ference terms in B → f decays with different weak and strong phases, and by
considering the decay amplitudes (9)-(12), one arrives at:

∆ΓCP (K
±π+π−) = 2 Im[V ∗

ubVusVcbV
∗
cs] Im[Us1C∗

s1 + Ūs1 C̄∗
s1 ], (13)

∆ΓCP (π
±K+K−) = 2 Im[V ∗

ubVudVcbV
∗
cd] Im[Ud2C∗

d2
+ Ūd2 C̄∗

d2
], (14)

∆ΓCP (π
±π+π−) = 2 Im[V ∗

ubVudVcbV
∗
cd] Im[Ud3C∗

d3
+ Ūd3 C̄∗

d3
], (15)

∆ΓCP (K
±K+K−) = 2 Im[V ∗

ubVusVcbV
∗
cs] Im[Us4C∗

s4 + Ūs4 C̄∗
s4 ] . (16)

Imposing U-spin symmetry, expressed by Eq. (7), one needs to make d ↔ s in
all mesons in the decay channel, namely:

Us1 = Ud2 , Cs1 = Cd2 , Us3 = Ud4 , Cs3 = Cs4 , (17)

and considering that the unitarity of the CKM matrix leads to [11, 12]:

Im(V ∗
ubVusVcbV

∗
cs) = − Im(V ∗

ubVudVcbV
∗
cd) , (18)

it can be shown that [11, 12]:

∆ΓCP (K
±π+π−) = −∆ΓCP (π

±K+K−) ,

∆ΓCP (π
±π+π−) = −∆ΓCP (K

±K+K−) . (19)

These relations are qualitatively consistent with the experimental results within
error given in (3). Still, it is remaining the relation between the other observed
width asymmetries given in (4) and not only those related to the U-spin sym-
metry. For that purpose the CPT constraint in channels coupled by the strong
interaction is necessary.

4. FSI, U-spin symmetry and CPT

As we discussed before, re-scattering ππ ↔ KK can be a CPV mechanism
in B → hhh [17, 18]. However, the question is how to connect the FSI between
channels with the same quantum numbers with U-spin symmetry, that can only

6

quarks produced from the sea to complete the final state. Implementing U-
spin approach inspired in [11] and considering the two main topologies with
different quark flavor transitions (Figure 1), the amplitude of B → f decays,
for f = hhh, are given by:

A(Bu → fq) = 〈fq
out|Hw|Bu〉 = VubV

∗
uq〈f

q
out|Uq|Bu〉+ VcbV

∗
cq〈f

q
out|Cq|Bu〉 , (5)

and for the decay of the charge conjugate state:

A(B̄u → f̄q) = 〈f̄q
out|Hw|B̄u〉 = V ∗

ubVuq〈f̄q
out|Ūq|B̄u〉+ V ∗

cbVcq〈f̄q
out|C̄q|B̄u〉 , (6)

where q = s or d, namely channels with ∆S = 1 or 0, respectively. The effective
Hamiltonian for the decay is written as Hw, and the decay amplitude is sepa-
rated with the matrix elements of operators Uq and Cq, associated respectively
with the tree (left panel) and “penguin” (right panel) diagrams of Figure 1, and
within our assumption do not contain the strong phase. The strong phase in the
decay amplitudes, Eq. (5) and (6), comes from |fq

out〉 and its charge conjugate
state, which are the scattering eigenstates of the strong Hamiltonian. To com-
plement, in our notation, the states |fq〉 are hadronic-free states, while |fq

out(in)〉
includes the distortion due to the hadronic FSI. In principle, such separation is
possible in general scattering theory, and it will be necessary when analyzing
the Charge-Parity-Time reversal (CPT) symmetry constraint.

The B decay amplitudes for channels with ∆S = 0, B± → π±π+π− and
B± → π±K+K− , correspond to q = d in Eqs. (5) and (6). In the case of
∆S = 1, the decays amplitudes for B± → K±π+π− and B± → K±K+K− are
associated to q = s.

To avoid the conflict with the signs of the ratios in Eq. (4), we restrict the use
of the U-spin symmetry to channels where the light flavor quarks are exchanged
in all hadrons in the final decay state, i.e., with the exchange of π ↔ K, which
in our notation is written as:

〈fs
out|Us|Bu〉 = 〈fd

out|Ud|Bu〉 and 〈fs
out|Cs|Bu〉 = 〈fd

out|Cd|Bu〉 . (7)

To further simplify the notation we define:

Ufq = 〈fq
out|U q|Bu〉 and Cfq = 〈fq

out|Cq|Bu〉 . (8)

Note that we have assumed the U-spin symmetry for channels where d ↔ s in all
hadrons in the final state, excluding the cases where only the quarks produced
in the weak vertices are exchanged.

Considering the two main quark flavor topologies as in Figure 1, the ampli-
tudes corresponding to the charmess B → hhh decays are written as:

A(B+ → K+π+π−) = V ∗
ubVus Us1 + V ∗

cbVcs Cs1 , (9)

A(B+ → π+K+K−) = V ∗
ubVud Ud2 + V ∗

cbVcd Cd2 , (10)

A(B+ → π+π+π−) = V ∗
ubVud Ud3 + V ∗

cbVcd Cd3 , (11)

A(B+ → K+K+K−) = V ∗
ubVus Us4 + V ∗

cbVcs Cs4 , (12)
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relate channels that have different ∆S. Both are constrained by CPT theorem
and all together should give a consistent description that allows us to understand
the observable asymmetries in Table 1.

First, to connect FSI with the observed CPV in B decays, we have to show
that the relations given by Eqs. (13) – (16) are consistent with the FSI formalism
previously developed. To define our notation and the FSI framework we follow
the discussion presented in [17] for implementing the CPT constraint in B meson
decays, as developed in Refs. [13, 36].

A hadron state |h〉 transforms under CPT as CPT |h〉 = χ〈h̄|, where h̄ is the
charge conjugate state, and χ is a phase. The weak and strong Hamiltonians
are invariant under CPT, and therefore it is valid that

(CPT )−1 Hw CPT = Hw and (CPT )−1 Hs CPT = Hs ,

respectively. The requirement of CPT invariance for the weak and strong Hamil-
tonians imply that the sum of the partial decay widths of the hadron decays
and the correspondent sum for the charge conjugate ones should be identical:

∑

fq, q=d,s

|〈fq
out|Hw|h〉|2 =

∑

fq, q=d,s

|〈f̄q
out|Hw|h̄〉|2 . (20)

In addition, taking into account the CP invariance of the matrix elements of
U q and Cq between the strongly interacting states, independently of q we have
that:

Ufq = Ūfq and Cfq = C̄fq . (21)

The only change due to CP transformation is the sign multiplying the weak
phase. The CP asymmetry is given by:

∆ΓCP (f
q) = |A(Bu → fq)|2 − |A(B̄u → f̄q)|2

= 4 Im[V ∗
ubVuqVcbV

∗
cq] Im

[
UfqC∗

fq

]
, (22)

which will be our starting point for the analysis of the effect of the final state
interaction. Recalling that the S-matrix is unitary by definition and its elements
are an overlap between in and out states, Eq. (22) can be rewritten as [37, 17]
(see also Appendix A):

∆ΓCP (qi) = 4 Im[V ∗
ubVuqVcbV

∗
cq]

∑

j,k

Im
[
Sj,iS

∗
k,i U∗

qjCqk
]
, (23)

which is our main formula, exposing explicitly the effect of the FSI and the
CP-violating phase for the decay channels with ∆S = 1 and ∆S = 0 carrying
different net strangeness, and therefore not coupled by the strong interaction.

The CP-violating phase enters linearly at the lowest order in the hadron de-
cay amplitude. If we impose CPT invariance of the strong sector, independently
of the weak Hamiltonian, using the steps given in Refs. [17, 37] and summarized

7

q= d or s

S-matrix unitarity and CPT invariance of the weak and strong Hamiltonians 
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42

1.4. Charmless Three-Body B± Decays 19

The main Feynman diagrams contributing to the decays studied in this thesis are
illustrated in Figures 1.7–1.10 .

(a) Tree diagram. (b) Penguin diagram.

FIGURE 1.7: B�
! ���+�� dominant Feynman diagrams.

(a) Tree diagram. (b) Penguin diagram.

FIGURE 1.8: B�
! ��K+K� dominant Feynman diagrams.

(a) Tree diagram. (b) Penguin diagram.

FIGURE 1.9: B�
! K�K+K� dominant Feynman diagrams.

Figures 1.7 and 1.8 depict two Feynman diagrams for the B�
! ���+�� and

B�
! ��K+K� decays, respectively. In the tree diagram, the b-quark decay hap-

pens through the emission of a W� boson that results in a �� and a R0. For the
B�

! ���+�� (B�
! ��K+K�) decay, R0 represents any neutral resonance that

decays in �+�� (K+K�). In the penguin diagram, the b-quark decay is due to a
virtual W� boson emission and absorption along with a gluon emission.

Figures 1.9 and 1.10 show two Feynman diagrams for the B�
! K�K+K� and

B�
! K��+�� decays, respectively. In the tree diagram, the b-quark decay occurs

through a virtual W� boson emission resulting in K� and R0. For the B�
! K�K+K�

q
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Figure 1: All the four B ! hhh channels can have contribution from the tree (left) and
penguin (right) diagrams. Note that we omit the gluon lines from the penguin. The flavour of
quark q can be d or s, and the others quarks needed to the final hadronic state are produced
from the vacuum.

where we have the channels fs = (s1, s4) and fd = (d2, d3). The CP asym-
metries in the partial widths, ��CP (f) given by Eq. (1), comes from the inter-
ference terms in B ! f decays with di↵erent weak and strong phases, and by
considering the decay amplitudes (9)-(12), one arrives at:

��CP (K±⇡+⇡�) = 2 Im[V ⇤
ubVusVcbV

⇤
cs] Im[Us1C

⇤
s1 + Ūs1 C̄

⇤
s1 ], (13)

��CP (⇡±K+K�) = 2 Im[V ⇤
ubVudVcbV

⇤
cd] Im[Ud2C

⇤
d2

+ Ūd2 C̄
⇤
d2

], (14)

��CP (⇡±⇡+⇡�) = 2 Im[V ⇤
ubVudVcbV

⇤
cd] Im[Ud3C

⇤
d3

+ Ūd3 C̄
⇤
d3

], (15)

��CP (K±K+K�) = 2 Im[V ⇤
ubVusVcbV

⇤
cs] Im[Us4C

⇤
s4 + Ūs4 C̄

⇤
s4 ] . (16)

Imposing U-spin symmetry, expressed by Eq. (7), one needs to make d $ s in
all mesons in the decay channel, namely:

Us1 = Ud2 , Cs1 = Cd2 , Us3 = Ud4 , Cs3 = Cs4 , (17)

and considering that the unitarity of the CKM matrix leads to [11, 12]:

Im(V ⇤
ubVusVcbV

⇤
cs) = � Im(V ⇤

ubVudVcbV
⇤
cd) , (18)

it can be shown that [11, 12]:

��CP (K
±⇡+⇡�) = ���CP (⇡

±K+K�) ,

��CP (⇡
±⇡+⇡�) = ���CP (K

±K+K�) . (19)

These relations are qualitatively consistent with the experimental results within
error given in (3). Still, it is remaining the relation between the other observed
width asymmetries given in (4) and not only those related to the U-spin sym-
metry. For that purpose the CPT constraint in channels coupled by the strong
interaction is necessary.

4. FSI, U-spin symmetry and CPT

As we discussed before, re-scattering ⇡⇡ $ KK can be a CPV mechanism
in B ! hhh [17, 18]. However, the question is how to connect the FSI between
channels with the same quantum numbers with U-spin symmetry, that can only
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to the center of the debate. Note that even QCD factorization approaches are
including non-perturbative ”long-distance” contributions to take into account
hadronic strong phases in the CPV problem [3, 4].

An experimental technique to highlight the CP asymmetry directly from
data, the Mirandizing approach [5, 6] applied recently by the LHCb collabora-
tion [1, 7, 8], showed a large variation of positive and negative CP asymmetry
in the Dalitz plot distribution. In particular in Ref. [1] this was shown to be up
to 60% in specific regions in the Dalitz plane. Since the CKM weak phase must
be independent of the position in the phase space, the change of sign must be
directly related to the variation of the strong phase along the phase space.

Another aspect that should be considered in the understanding of CP asym-
metries in B decays is the so-called U-spin symmetry, which is a SU(2) subgroup
of the SU(3) flavor, under which the (d, s) pairs of quarks form a doublet, similar
to (u, d) isospin doublet [9]. The U-spin symmetry approach has been called to
explain the observed CPV in charmless B decays [10], focused on the relation
between decays channels with di↵erent strangeness quantum numbers. This ap-
proach succeed to reproduce the observed ratio between the CPV asymmetry
in the B0

s ! K�⇡+ and B0
! K+⇡� partial widths [2, 10].

Moving to three-body channels, Gronau and collaborators [11, 12] related the
CPV asymmetries of the partial decay widths of the channels B ! hhh based
on the U-spin symmetry. They pointed out a relative minus sign between B±

!

K±⇡+⇡� and B±
! ⇡±K+K� , as well as that between B±

! K±K+K� and
B±

! ⇡±⇡+⇡� .
To study the CP asymmetry in three-body B decays we use the di↵erence

between the partial decays widths of the charge conjugated states. Such di↵er-
ence when summed up over all possible decay channels are constrained by CPT
theorem to vanish [13, 14]. This di↵erence is given by:

��CP (h±
1 h+

2 h�
3 ) = �(B�

! h�
1 h+

2 h�
3 ) � �(B+

! h+
1 h�

2 h+
3 ) . (1)

We can express ��CP from the experimental integrated Acp results through the
equation:

��CP (h±
1 h+

2 h�
3 ) = ACP (B±

! h±
1 h+

2 h�
3 )B(B+

! h+
1 h+

2 h�
3 )/⌧(B+). (2)

Where we used the experimental data quoted in [15] for the branching ratios B,
lifetime ⌧(B+) and ACP . The resulting ��CP values are given in Table 1.

The ratios between channels with di↵erent strangeness are:

��CP (⇡±K+K�)

��CP (K±⇡+⇡�)
= �0.46 ± 0.16 and

��CP (⇡±⇡+⇡�)

��CP (K±K+K�)
= �0.77 ± 0.27 ,

(3)
both compatible with �1 within errors and qualitatively consistent with U-spin
symmetry as predicted by [12]. Furthermore, if we consider that the U-spin
symmetry is applied only to weak vertex, it should be valid for the other pair of
channels with di↵erent strangeness. However, from Table 1, we get the ratios:

��CP (K±⇡+⇡�)

��CP (⇡±⇡+⇡�)
= 1.59 ± 0.62 and

��CP (K±K+K�)

��CP (⇡±K+K�)
= 1.77 ± 0.55, (4)
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The main Feynman diagrams contributing to the decays studied in this thesis are
illustrated in Figures 1.7–1.10 .

(a) Tree diagram. (b) Penguin diagram.

FIGURE 1.7: B�
! ���+�� dominant Feynman diagrams.

(a) Tree diagram. (b) Penguin diagram.

FIGURE 1.8: B�
! ��K+K� dominant Feynman diagrams.

(a) Tree diagram. (b) Penguin diagram.

FIGURE 1.9: B�
! K�K+K� dominant Feynman diagrams.

Figures 1.7 and 1.8 depict two Feynman diagrams for the B�
! ���+�� and

B�
! ��K+K� decays, respectively. In the tree diagram, the b-quark decay hap-

pens through the emission of a W� boson that results in a �� and a R0. For the
B�

! ���+�� (B�
! ��K+K�) decay, R0 represents any neutral resonance that

decays in �+�� (K+K�). In the penguin diagram, the b-quark decay is due to a
virtual W� boson emission and absorption along with a gluon emission.

Figures 1.9 and 1.10 show two Feynman diagrams for the B�
! K�K+K� and

B�
! K��+�� decays, respectively. In the tree diagram, the b-quark decay occurs

through a virtual W� boson emission resulting in K� and R0. For the B�
! K�K+K�

q
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Figure 1: All the four B ! hhh channels can have contribution from the tree (left) and
penguin (right) diagrams. Note that we omit the gluon lines from the penguin. The flavour of
quark q can be d or s, and the others quarks needed to the final hadronic state are produced
from the vacuum.

where we have the channels fs = (s1, s4) and fd = (d2, d3). The CP asym-
metries in the partial widths, ��CP (f) given by Eq. (1), comes from the inter-
ference terms in B ! f decays with di↵erent weak and strong phases, and by
considering the decay amplitudes (9)-(12), one arrives at:

��CP (K±⇡+⇡�) = 2 Im[V ⇤
ubVusVcbV

⇤
cs] Im[Us1C

⇤
s1 + Ūs1 C̄

⇤
s1 ], (13)

��CP (⇡±K+K�) = 2 Im[V ⇤
ubVudVcbV

⇤
cd] Im[Ud2C

⇤
d2

+ Ūd2 C̄
⇤
d2

], (14)

��CP (⇡±⇡+⇡�) = 2 Im[V ⇤
ubVudVcbV

⇤
cd] Im[Ud3C

⇤
d3

+ Ūd3 C̄
⇤
d3

], (15)

��CP (K±K+K�) = 2 Im[V ⇤
ubVusVcbV

⇤
cs] Im[Us4C

⇤
s4 + Ūs4 C̄

⇤
s4 ] . (16)

Imposing U-spin symmetry, expressed by Eq. (7), one needs to make d $ s in
all mesons in the decay channel, namely:

Us1 = Ud2 , Cs1 = Cd2 , Us3 = Ud4 , Cs3 = Cs4 , (17)

and considering that the unitarity of the CKM matrix leads to [11, 12]:

Im(V ⇤
ubVusVcbV

⇤
cs) = � Im(V ⇤

ubVudVcbV
⇤
cd) , (18)

it can be shown that [11, 12]:

��CP (K
±⇡+⇡�) = ���CP (⇡

±K+K�) ,

��CP (⇡
±⇡+⇡�) = ���CP (K

±K+K�) . (19)

These relations are qualitatively consistent with the experimental results within
error given in (3). Still, it is remaining the relation between the other observed
width asymmetries given in (4) and not only those related to the U-spin sym-
metry. For that purpose the CPT constraint in channels coupled by the strong
interaction is necessary.

4. FSI, U-spin symmetry and CPT

As we discussed before, re-scattering ⇡⇡ $ KK can be a CPV mechanism
in B ! hhh [17, 18]. However, the question is how to connect the FSI between
channels with the same quantum numbers with U-spin symmetry, that can only
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The main Feynman diagrams contributing to the decays studied in this thesis are
illustrated in Figures 1.7–1.10 .

(a) Tree diagram. (b) Penguin diagram.

FIGURE 1.7: B�
! ���+�� dominant Feynman diagrams.

(a) Tree diagram. (b) Penguin diagram.

FIGURE 1.8: B�
! ��K+K� dominant Feynman diagrams.

(a) Tree diagram. (b) Penguin diagram.

FIGURE 1.9: B�
! K�K+K� dominant Feynman diagrams.

Figures 1.7 and 1.8 depict two Feynman diagrams for the B�
! ���+�� and

B�
! ��K+K� decays, respectively. In the tree diagram, the b-quark decay hap-

pens through the emission of a W� boson that results in a �� and a R0. For the
B�

! ���+�� (B�
! ��K+K�) decay, R0 represents any neutral resonance that

decays in �+�� (K+K�). In the penguin diagram, the b-quark decay is due to a
virtual W� boson emission and absorption along with a gluon emission.

Figures 1.9 and 1.10 show two Feynman diagrams for the B�
! K�K+K� and

B�
! K��+�� decays, respectively. In the tree diagram, the b-quark decay occurs

through a virtual W� boson emission resulting in K� and R0. For the B�
! K�K+K�
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Figure 1: All the four B ! hhh channels can have contribution from the tree (left) and
penguin (right) diagrams. Note that we omit the gluon lines from the penguin. The flavour of
quark q can be d or s, and the others quarks needed to the final hadronic state are produced
from the vacuum.

where we have the channels fs = (s1, s4) and fd = (d2, d3). The CP asym-
metries in the partial widths, ��CP (f) given by Eq. (1), comes from the inter-
ference terms in B ! f decays with di↵erent weak and strong phases, and by
considering the decay amplitudes (9)-(12), one arrives at:

��CP (K±⇡+⇡�) = 2 Im[V ⇤
ubVusVcbV

⇤
cs] Im[Us1C

⇤
s1 + Ūs1 C̄

⇤
s1 ], (13)

��CP (⇡±K+K�) = 2 Im[V ⇤
ubVudVcbV

⇤
cd] Im[Ud2C

⇤
d2

+ Ūd2 C̄
⇤
d2

], (14)

��CP (⇡±⇡+⇡�) = 2 Im[V ⇤
ubVudVcbV

⇤
cd] Im[Ud3C

⇤
d3

+ Ūd3 C̄
⇤
d3

], (15)

��CP (K±K+K�) = 2 Im[V ⇤
ubVusVcbV

⇤
cs] Im[Us4C

⇤
s4 + Ūs4 C̄

⇤
s4 ] . (16)

Imposing U-spin symmetry, expressed by Eq. (7), one needs to make d $ s in
all mesons in the decay channel, namely:

Us1 = Ud2 , Cs1 = Cd2 , Us3 = Ud4 , Cs3 = Cs4 , (17)

and considering that the unitarity of the CKM matrix leads to [11, 12]:

Im(V ⇤
ubVusVcbV

⇤
cs) = � Im(V ⇤

ubVudVcbV
⇤
cd) , (18)

it can be shown that [11, 12]:

��CP (K
±⇡+⇡�) = ���CP (⇡

±K+K�) ,

��CP (⇡
±⇡+⇡�) = ���CP (K

±K+K�) . (19)

These relations are qualitatively consistent with the experimental results within
error given in (3). Still, it is remaining the relation between the other observed
width asymmetries given in (4) and not only those related to the U-spin sym-
metry. For that purpose the CPT constraint in channels coupled by the strong
interaction is necessary.

4. FSI, U-spin symmetry and CPT

As we discussed before, re-scattering ⇡⇡ $ KK can be a CPV mechanism
in B ! hhh [17, 18]. However, the question is how to connect the FSI between
channels with the same quantum numbers with U-spin symmetry, that can only
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to the center of the debate. Note that even QCD factorization approaches are
including non-perturbative ”long-distance” contributions to take into account
hadronic strong phases in the CPV problem [3, 4].

An experimental technique to highlight the CP asymmetry directly from
data, the Mirandizing approach [5, 6] applied recently by the LHCb collabora-
tion [1, 7, 8], showed a large variation of positive and negative CP asymmetry
in the Dalitz plot distribution. In particular in Ref. [1] this was shown to be up
to 60% in specific regions in the Dalitz plane. Since the CKM weak phase must
be independent of the position in the phase space, the change of sign must be
directly related to the variation of the strong phase along the phase space.

Another aspect that should be considered in the understanding of CP asym-
metries in B decays is the so-called U-spin symmetry, which is a SU(2) subgroup
of the SU(3) flavor, under which the (d, s) pairs of quarks form a doublet, similar
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lifetime τ(B+) and ACP . The resulting ∆ΓCP values are given in Table 1.
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Table 1: Width difference between the charge conjugate states ∆ΓCP for specific decays
channels. Lifetime, branching ratios and Acp are given as average PDG [15] values with the
statistical and systematic uncertainties added in quadrature.

Decay channel ∆ΓCP (106 s−1)
B± → K±π+π− +0.84± 0.25
B± → K±K+K− −0.68± 0.17
B± → π±π+π− +0.53± 0.13
B± → π±K+K− −0.39± 0.07

which conflicts with the sign expected from U-spin symmetry as already pointed
in Ref. [16], although still compatible in modulus with unity.

Exploring the possible final state interactions between the four charged chan-
nels and imposing the CPT constraint, we showed in [17, 18] that ππ → KK
re-scattering amplitude can explain the flip in the sign for Acp between channels
coupled by the strong interaction. Therefore, returning to the observable ∆ΓCP

in Table 1, we still do not completely understand data. From one side we have a
qualitative agreement of U-spin prediction for the two ratios between channels
with different strangeness, while we observe an apparent contradiction regard-
ing the signs of other two ratios. And, on the other side, from the hadronic
FSI approach, one can understand the relative sign between the two pairs of
channels coupled through ππ ↔ KK interaction.

A complete understanding of the observables in Table 1 is not trivial. We
are dealing with three-body final states and one have to consider the complexity
of their dynamics, with each channel being produced through several different
intermediate states with different interference between them. With this per-
spective, our first task is to understand the signs and the modulus (around
unity) of all the ratios in Table 1. We remind that, to make the situation even
more challenging, the channels have a different branching fraction, e.g. the
B± → K±π+π− is one order of magnitude larger than the B± → π±K+K− .

Our work unifies two general frameworks to study the total CP violation
related to charmless three-body B decays: the CP asymmetry associated with
the U-spin approach and the central role of hadronic final state interactions in
these decays within the constraint of CPT invariance. We go beyond previous
works that used U-spin symmetry [16] without breaking the symmetry by fully
using the transformation π ↔ K allied to final state interactions.

2. Hints of FSI on data

The re-scattering process can be the source of strong phase and absorptive
contributions in multi-body decays through the strong interaction including also
loops, as proposed in several studies [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27].
We should remind that, in the QCD-only approach, known as BSS model [28],
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the imaginary part from the strong interaction appears in the “penguin” dia-
gram b → s (or d), plus uū or dd̄ produced by the presence of an intermediary
gluon. However, this occurs when it has transferred momentum twice the charm
quark mass present in the “penguin” loop. While in models including hadronic
rescattering, the strong phase can also be originated from process characterized
by long distance physics.

Two-body scattering data [29, 30] was measured both for ππ → ππ and
for ππ → KK processes. The data suggest a strong coupling between these
two channels in the S-wave. On the theory side, there are several parametriza-
tions and theoretical models that describe data well up to a certain energy (1.9
GeV) [31, 32, 27] (and references included). In particular, the one from [32] was
used to introduce the rescattering ππ → KK amplitude in B± → π±π+π− and
B± → π±K+K− analysis at LHCb [33, 34, 35].

To stress the relevance of FSI to the CPV observed in data, we show in
Table 2 the CP asymmetry from the rescattering ππ → KK region of the
Dalitz plane (Apar

CP ) - from 1 to 1.5 GeV - along with the total ACP for the
charmless charged three-body B decays: B± → K±π+π− , B± → K±K+K− ,
B± → π±K+K− , and B± → π±π+π− .

Table 2: Total charge asymmetries Aall
CP and partial ones APar

CP in the re-scattering region
ππ → KK from 1.0 up to 1.5 GeV/c2. Uncertainties are only statistical [1].

Decay Aall
CP Apar

CP

B± → K±π+π− +0.025± 0.004 +0.123± 0.012
B± → K±K+K− −0.036± 0.004 −0.209± 0.011
B± → π±π+π− +0.058± 0.008 +0.173± 0.021
B± → π±K+K− −0.123± 0.017 −0.326± 0.028

The ππ → KK rescattering as a source of CPV were investigated in a re-
cent amplitude analysis performed by the LHCb collaboration [33, 34, 35], as we
mentioned above. The experimental result on the B± → π±K+K− decay [35]
shows a strong CP asymmetry associated with hadronic re-scattering ampli-
tude ππ → KK. The observed Acp = −66.4 ± 3.8 ± 1.9% represents the
most significant CPV observed in a single amplitude. It has a fit fraction of
(16.4± 0.8± 1.0)% which results in a (−10.9± 0.8± 0.7)% contribution to the
integrated CP asymmetry. It corresponds to almost the total integrated asym-
metry (Acp(B± → π±K+K− )= −0.123± 0.017). We can do the same exercise
for the B± → π±π+π− decay with the recent amplitude analysis published by
LHCb [34], where the contributions from σ and f2(1270) represent roughly all
integrated asymmetry observed in the B± → π±π+π− channel.

3. U-spin approach for B → hhh decays

The B → hhh, for h = π,K, amplitude can be generically represented by
the Feynman diagrams in Figure 1, where we omit the gluon lines and the other
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The main Feynman diagrams contributing to the decays studied in this thesis are
illustrated in Figures 1.7–1.10 .

(a) Tree diagram. (b) Penguin diagram.

FIGURE 1.7: B�
! ���+�� dominant Feynman diagrams.

(a) Tree diagram. (b) Penguin diagram.

FIGURE 1.8: B�
! ��K+K� dominant Feynman diagrams.

(a) Tree diagram. (b) Penguin diagram.

FIGURE 1.9: B�
! K�K+K� dominant Feynman diagrams.

Figures 1.7 and 1.8 depict two Feynman diagrams for the B�
! ���+�� and

B�
! ��K+K� decays, respectively. In the tree diagram, the b-quark decay hap-

pens through the emission of a W� boson that results in a �� and a R0. For the
B�

! ���+�� (B�
! ��K+K�) decay, R0 represents any neutral resonance that

decays in �+�� (K+K�). In the penguin diagram, the b-quark decay is due to a
virtual W� boson emission and absorption along with a gluon emission.

Figures 1.9 and 1.10 show two Feynman diagrams for the B�
! K�K+K� and

B�
! K��+�� decays, respectively. In the tree diagram, the b-quark decay occurs

through a virtual W� boson emission resulting in K� and R0. For the B�
! K�K+K�
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Figure 1: All the four B ! hhh channels can have contribution from the tree (left) and
penguin (right) diagrams. Note that we omit the gluon lines from the penguin. The flavour of
quark q can be d or s, and the others quarks needed to the final hadronic state are produced
from the vacuum.

where we have the channels fs = (s1, s4) and fd = (d2, d3). The CP asym-
metries in the partial widths, ��CP (f) given by Eq. (1), comes from the inter-
ference terms in B ! f decays with di↵erent weak and strong phases, and by
considering the decay amplitudes (9)-(12), one arrives at:

��CP (K±⇡+⇡�) = 2 Im[V ⇤
ubVusVcbV

⇤
cs] Im[Us1C

⇤
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⇤
s1 ], (13)
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], (14)
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Imposing U-spin symmetry, expressed by Eq. (7), one needs to make d $ s in
all mesons in the decay channel, namely:

Us1 = Ud2 , Cs1 = Cd2 , Us3 = Ud4 , Cs3 = Cs4 , (17)

and considering that the unitarity of the CKM matrix leads to [11, 12]:

Im(V ⇤
ubVusVcbV

⇤
cs) = � Im(V ⇤

ubVudVcbV
⇤
cd) , (18)

it can be shown that [11, 12]:

��CP (K
±⇡+⇡�) = ���CP (⇡

±K+K�) ,

��CP (⇡
±⇡+⇡�) = ���CP (K

±K+K�) . (19)

These relations are qualitatively consistent with the experimental results within
error given in (3). Still, it is remaining the relation between the other observed
width asymmetries given in (4) and not only those related to the U-spin sym-
metry. For that purpose the CPT constraint in channels coupled by the strong
interaction is necessary.

4. FSI, U-spin symmetry and CPT

As we discussed before, re-scattering ⇡⇡ $ KK can be a CPV mechanism
in B ! hhh [17, 18]. However, the question is how to connect the FSI between
channels with the same quantum numbers with U-spin symmetry, that can only

6

CKM unitarity

Bediaga, Frederico, PCM, Torres Machado 
ArXiv:2109.01625

NEW!

Global CPV Bediaga, TF, PCM, Torres Machado arXiv:2109.01625 [hep-ph]

10

to the center of the debate. Note that even QCD factorization approaches are
including non-perturbative ”long-distance” contributions to take into account
hadronic strong phases in the CPV problem [3, 4].

An experimental technique to highlight the CP asymmetry directly from
data, the Mirandizing approach [5, 6] applied recently by the LHCb collabora-
tion [1, 7, 8], showed a large variation of positive and negative CP asymmetry
in the Dalitz plot distribution. In particular in Ref. [1] this was shown to be up
to 60% in specific regions in the Dalitz plane. Since the CKM weak phase must
be independent of the position in the phase space, the change of sign must be
directly related to the variation of the strong phase along the phase space.

Another aspect that should be considered in the understanding of CP asym-
metries in B decays is the so-called U-spin symmetry, which is a SU(2) subgroup
of the SU(3) flavor, under which the (d, s) pairs of quarks form a doublet, similar
to (u, d) isospin doublet [9]. The U-spin symmetry approach has been called to
explain the observed CPV in charmless B decays [10], focused on the relation
between decays channels with different strangeness quantum numbers. This ap-
proach succeed to reproduce the observed ratio between the CPV asymmetry
in the B0

s → K−π+ and B0 → K+π− partial widths [2, 10].
Moving to three-body channels, Gronau and collaborators [11, 12] related the

CPV asymmetries of the partial decay widths of the channels B → hhh based
on the U-spin symmetry. They pointed out a relative minus sign between B± →
K±π+π− and B± → π±K+K− , as well as that between B± → K±K+K− and
B± → π±π+π− .

To study the CP asymmetry in three-body B decays we use the difference
between the partial decays widths of the charge conjugated states. Such differ-
ence when summed up over all possible decay channels are constrained by CPT
theorem to vanish [13, 14]. This difference is given by:

∆ΓCP (h
±
1 h

+
2 h

−
3 ) = Γ(B− → h−

1 h
+
2 h

−
3 )− Γ(B+ → h+

1 h
−
2 h

+
3 ) . (1)

We can express ∆ΓCP from the experimental integrated Acp results through the
equation:

∆ΓCP (h
±
1 h

+
2 h

−
3 ) = ACP (B

± → h±
1 h

+
2 h

−
3 )B(B+ → h+

1 h
+
2 h

−
3 )/τ(B

+). (2)

Where we used the experimental data quoted in [15] for the branching ratios B,
lifetime τ(B+) and ACP . The resulting ∆ΓCP values are given in Table 1.

The ratios between channels with different strangeness are:

∆ΓCP (π±K+K−)

∆ΓCP (K±π+π−)
= −0.46± 0.16 and

∆ΓCP (π±π+π−)

∆ΓCP (K±K+K−)
= −0.77± 0.27 ,

(3)
both compatible with −1 within errors and qualitatively consistent with U-spin
symmetry as predicted by [12]. Furthermore, if we consider that the U-spin
symmetry is applied only to weak vertex, it should be valid for the other pair of
channels with different strangeness. However, from Table 1, we get the ratios:

∆ΓCP (K±π+π−)

∆ΓCP (π±π+π−)
= 1.59± 0.62 and

∆ΓCP (K±K+K−)

∆ΓCP (π±K+K−)
= 1.77± 0.55, (4)

2

Table 1: Width difference between the charge conjugate states ∆ΓCP for specific decays
channels. Lifetime, branching ratios and Acp are given as average PDG [15] values with the
statistical and systematic uncertainties added in quadrature.

Decay channel ∆ΓCP (106 s−1)
B± → K±π+π− +0.84± 0.25
B± → K±K+K− −0.68± 0.17
B± → π±π+π− +0.53± 0.13
B± → π±K+K− −0.39± 0.07

which conflicts with the sign expected from U-spin symmetry as already pointed
in Ref. [16], although still compatible in modulus with unity.

Exploring the possible final state interactions between the four charged chan-
nels and imposing the CPT constraint, we showed in [17, 18] that ππ → KK
re-scattering amplitude can explain the flip in the sign for Acp between channels
coupled by the strong interaction. Therefore, returning to the observable ∆ΓCP

in Table 1, we still do not completely understand data. From one side we have a
qualitative agreement of U-spin prediction for the two ratios between channels
with different strangeness, while we observe an apparent contradiction regard-
ing the signs of other two ratios. And, on the other side, from the hadronic
FSI approach, one can understand the relative sign between the two pairs of
channels coupled through ππ ↔ KK interaction.

A complete understanding of the observables in Table 1 is not trivial. We
are dealing with three-body final states and one have to consider the complexity
of their dynamics, with each channel being produced through several different
intermediate states with different interference between them. With this per-
spective, our first task is to understand the signs and the modulus (around
unity) of all the ratios in Table 1. We remind that, to make the situation even
more challenging, the channels have a different branching fraction, e.g. the
B± → K±π+π− is one order of magnitude larger than the B± → π±K+K− .

Our work unifies two general frameworks to study the total CP violation
related to charmless three-body B decays: the CP asymmetry associated with
the U-spin approach and the central role of hadronic final state interactions in
these decays within the constraint of CPT invariance. We go beyond previous
works that used U-spin symmetry [16] without breaking the symmetry by fully
using the transformation π ↔ K allied to final state interactions.

2. Hints of FSI on data

The re-scattering process can be the source of strong phase and absorptive
contributions in multi-body decays through the strong interaction including also
loops, as proposed in several studies [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27].
We should remind that, in the QCD-only approach, known as BSS model [28],
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the imaginary part from the strong interaction appears in the “penguin” dia-
gram b → s (or d), plus uū or dd̄ produced by the presence of an intermediary
gluon. However, this occurs when it has transferred momentum twice the charm
quark mass present in the “penguin” loop. While in models including hadronic
rescattering, the strong phase can also be originated from process characterized
by long distance physics.

Two-body scattering data [29, 30] was measured both for ππ → ππ and
for ππ → KK processes. The data suggest a strong coupling between these
two channels in the S-wave. On the theory side, there are several parametriza-
tions and theoretical models that describe data well up to a certain energy (1.9
GeV) [31, 32, 27] (and references included). In particular, the one from [32] was
used to introduce the rescattering ππ → KK amplitude in B± → π±π+π− and
B± → π±K+K− analysis at LHCb [33, 34, 35].

To stress the relevance of FSI to the CPV observed in data, we show in
Table 2 the CP asymmetry from the rescattering ππ → KK region of the
Dalitz plane (Apar

CP ) - from 1 to 1.5 GeV - along with the total ACP for the
charmless charged three-body B decays: B± → K±π+π− , B± → K±K+K− ,
B± → π±K+K− , and B± → π±π+π− .

Table 2: Total charge asymmetries Aall
CP and partial ones APar

CP in the re-scattering region
ππ → KK from 1.0 up to 1.5 GeV/c2. Uncertainties are only statistical [1].

Decay Aall
CP Apar

CP

B± → K±π+π− +0.025± 0.004 +0.123± 0.012
B± → K±K+K− −0.036± 0.004 −0.209± 0.011
B± → π±π+π− +0.058± 0.008 +0.173± 0.021
B± → π±K+K− −0.123± 0.017 −0.326± 0.028

The ππ → KK rescattering as a source of CPV were investigated in a re-
cent amplitude analysis performed by the LHCb collaboration [33, 34, 35], as we
mentioned above. The experimental result on the B± → π±K+K− decay [35]
shows a strong CP asymmetry associated with hadronic re-scattering ampli-
tude ππ → KK. The observed Acp = −66.4 ± 3.8 ± 1.9% represents the
most significant CPV observed in a single amplitude. It has a fit fraction of
(16.4± 0.8± 1.0)% which results in a (−10.9± 0.8± 0.7)% contribution to the
integrated CP asymmetry. It corresponds to almost the total integrated asym-
metry (Acp(B± → π±K+K− )= −0.123± 0.017). We can do the same exercise
for the B± → π±π+π− decay with the recent amplitude analysis published by
LHCb [34], where the contributions from σ and f2(1270) represent roughly all
integrated asymmetry observed in the B± → π±π+π− channel.

3. U-spin approach for B → hhh decays

The B → hhh, for h = π,K, amplitude can be generically represented by
the Feynman diagrams in Figure 1, where we omit the gluon lines and the other
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1.4. Charmless Three-Body B± Decays 19

The main Feynman diagrams contributing to the decays studied in this thesis are
illustrated in Figures 1.7–1.10 .

(a) Tree diagram. (b) Penguin diagram.

FIGURE 1.7: B�
! ���+�� dominant Feynman diagrams.

(a) Tree diagram. (b) Penguin diagram.

FIGURE 1.8: B�
! ��K+K� dominant Feynman diagrams.

(a) Tree diagram. (b) Penguin diagram.

FIGURE 1.9: B�
! K�K+K� dominant Feynman diagrams.

Figures 1.7 and 1.8 depict two Feynman diagrams for the B�
! ���+�� and

B�
! ��K+K� decays, respectively. In the tree diagram, the b-quark decay hap-

pens through the emission of a W� boson that results in a �� and a R0. For the
B�

! ���+�� (B�
! ��K+K�) decay, R0 represents any neutral resonance that

decays in �+�� (K+K�). In the penguin diagram, the b-quark decay is due to a
virtual W� boson emission and absorption along with a gluon emission.

Figures 1.9 and 1.10 show two Feynman diagrams for the B�
! K�K+K� and

B�
! K��+�� decays, respectively. In the tree diagram, the b-quark decay occurs

through a virtual W� boson emission resulting in K� and R0. For the B�
! K�K+K�

q
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Figures 1.7 and 1.8 depict two Feynman diagrams for the B�
! ���+�� and

B�
! ��K+K� decays, respectively. In the tree diagram, the b-quark decay hap-

pens through the emission of a W� boson that results in a �� and a R0. For the
B�

! ���+�� (B�
! ��K+K�) decay, R0 represents any neutral resonance that

decays in �+�� (K+K�). In the penguin diagram, the b-quark decay is due to a
virtual W� boson emission and absorption along with a gluon emission.

Figures 1.9 and 1.10 show two Feynman diagrams for the B�
! K�K+K� and

B�
! K��+�� decays, respectively. In the tree diagram, the b-quark decay occurs

through a virtual W� boson emission resulting in K� and R0. For the B�
! K�K+K�
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Figure 1: All the four B ! hhh channels can have contribution from the tree (left) and
penguin (right) diagrams. Note that we omit the gluon lines from the penguin. The flavour of
quark q can be d or s, and the others quarks needed to the final hadronic state are produced
from the vacuum.

where we have the channels fs = (s1, s4) and fd = (d2, d3). The CP asym-
metries in the partial widths, ��CP (f) given by Eq. (1), comes from the inter-
ference terms in B ! f decays with di↵erent weak and strong phases, and by
considering the decay amplitudes (9)-(12), one arrives at:

��CP (K±⇡+⇡�) = 2 Im[V ⇤
ubVusVcbV

⇤
cs] Im[Us1C

⇤
s1 + Ūs1 C̄

⇤
s1 ], (13)

��CP (⇡±K+K�) = 2 Im[V ⇤
ubVudVcbV

⇤
cd] Im[Ud2C

⇤
d2

+ Ūd2 C̄
⇤
d2

], (14)

��CP (⇡±⇡+⇡�) = 2 Im[V ⇤
ubVudVcbV

⇤
cd] Im[Ud3C

⇤
d3

+ Ūd3 C̄
⇤
d3

], (15)

��CP (K±K+K�) = 2 Im[V ⇤
ubVusVcbV

⇤
cs] Im[Us4C

⇤
s4 + Ūs4 C̄

⇤
s4 ] . (16)

Imposing U-spin symmetry, expressed by Eq. (7), one needs to make d $ s in
all mesons in the decay channel, namely:

Us1 = Ud2 , Cs1 = Cd2 , Us3 = Ud4 , Cs3 = Cs4 , (17)

and considering that the unitarity of the CKM matrix leads to [11, 12]:

Im(V ⇤
ubVusVcbV

⇤
cs) = � Im(V ⇤

ubVudVcbV
⇤
cd) , (18)

it can be shown that [11, 12]:

��CP (K
±⇡+⇡�) = ���CP (⇡

±K+K�) ,

��CP (⇡
±⇡+⇡�) = ���CP (K

±K+K�) . (19)

These relations are qualitatively consistent with the experimental results within
error given in (3). Still, it is remaining the relation between the other observed
width asymmetries given in (4) and not only those related to the U-spin sym-
metry. For that purpose the CPT constraint in channels coupled by the strong
interaction is necessary.

4. FSI, U-spin symmetry and CPT

As we discussed before, re-scattering ⇡⇡ $ KK can be a CPV mechanism
in B ! hhh [17, 18]. However, the question is how to connect the FSI between
channels with the same quantum numbers with U-spin symmetry, that can only

6
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The main Feynman diagrams contributing to the decays studied in this thesis are
illustrated in Figures 1.7–1.10 .

(a) Tree diagram. (b) Penguin diagram.

FIGURE 1.7: B− → π−π+π− dominant Feynman diagrams.

(a) Tree diagram. (b) Penguin diagram.

FIGURE 1.8: B− → π−K+K− dominant Feynman diagrams.

(a) Tree diagram. (b) Penguin diagram.

FIGURE 1.9: B− → K−K+K− dominant Feynman diagrams.

Figures 1.7 and 1.8 depict two Feynman diagrams for the B− → π−π+π− and
B− → π−K+K− decays, respectively. In the tree diagram, the b-quark decay hap-
pens through the emission of a W− boson that results in a π− and a R0. For the
B− → π−π+π− (B− → π−K+K−) decay, R0 represents any neutral resonance that
decays in π+π− (K+K−). In the penguin diagram, the b-quark decay is due to a
virtual W− boson emission and absorption along with a gluon emission.

Figures 1.9 and 1.10 show two Feynman diagrams for the B− → K−K+K− and
B− → K−π+π− decays, respectively. In the tree diagram, the b-quark decay occurs
through a virtual W− boson emission resulting in K− and R0. For the B− → K−K+K−
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Figures 1.7 and 1.8 depict two Feynman diagrams for the B− → π−π+π− and
B− → π−K+K− decays, respectively. In the tree diagram, the b-quark decay hap-
pens through the emission of a W− boson that results in a π− and a R0. For the
B− → π−π+π− (B− → π−K+K−) decay, R0 represents any neutral resonance that
decays in π+π− (K+K−). In the penguin diagram, the b-quark decay is due to a
virtual W− boson emission and absorption along with a gluon emission.

Figures 1.9 and 1.10 show two Feynman diagrams for the B− → K−K+K− and
B− → K−π+π− decays, respectively. In the tree diagram, the b-quark decay occurs
through a virtual W− boson emission resulting in K− and R0. For the B− → K−K+K−
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Figure 1: All the four B → hhh channels can have contribution from the tree (left) and
penguin (right) diagrams. Note that we omit the gluon lines from the penguin. The flavour of
quark q can be d or s, and the others quarks needed to the final hadronic state are produced
from the vacuum.

where we have the channels fs = (s1, s4) and fd = (d2, d3). The CP asym-
metries in the partial widths, ∆ΓCP (f) given by Eq. (1), comes from the inter-
ference terms in B → f decays with different weak and strong phases, and by
considering the decay amplitudes (9)-(12), one arrives at:

∆ΓCP (K
±π+π−) = 2 Im[V ∗

ubVusVcbV
∗
cs] Im[Us1C∗

s1 + Ūs1 C̄∗
s1 ], (13)

∆ΓCP (π
±K+K−) = 2 Im[V ∗

ubVudVcbV
∗
cd] Im[Ud2C∗

d2
+ Ūd2 C̄∗

d2
], (14)

∆ΓCP (π
±π+π−) = 2 Im[V ∗

ubVudVcbV
∗
cd] Im[Ud3C∗

d3
+ Ūd3 C̄∗

d3
], (15)

∆ΓCP (K
±K+K−) = 2 Im[V ∗

ubVusVcbV
∗
cs] Im[Us4C∗

s4 + Ūs4 C̄∗
s4 ] . (16)

Imposing U-spin symmetry, expressed by Eq. (7), one needs to make d ↔ s in
all mesons in the decay channel, namely:

Us1 = Ud2 , Cs1 = Cd2 , Us3 = Ud4 , Cs3 = Cs4 , (17)

and considering that the unitarity of the CKM matrix leads to [11, 12]:

Im(V ∗
ubVusVcbV

∗
cs) = − Im(V ∗

ubVudVcbV
∗
cd) , (18)

it can be shown that [11, 12]:

∆ΓCP (K
±π+π−) = −∆ΓCP (π

±K+K−) ,

∆ΓCP (π
±π+π−) = −∆ΓCP (K

±K+K−) . (19)

These relations are qualitatively consistent with the experimental results within
error given in (3). Still, it is remaining the relation between the other observed
width asymmetries given in (4) and not only those related to the U-spin sym-
metry. For that purpose the CPT constraint in channels coupled by the strong
interaction is necessary.

4. FSI, U-spin symmetry and CPT

As we discussed before, re-scattering ππ ↔ KK can be a CPV mechanism
in B → hhh [17, 18]. However, the question is how to connect the FSI between
channels with the same quantum numbers with U-spin symmetry, that can only
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quarks produced from the sea to complete the final state. Implementing U-
spin approach inspired in [11] and considering the two main topologies with
different quark flavor transitions (Figure 1), the amplitude of B → f decays,
for f = hhh, are given by:

A(Bu → fq) = 〈fq
out|Hw|Bu〉 = VubV

∗
uq〈f

q
out|Uq|Bu〉+ VcbV

∗
cq〈f

q
out|Cq|Bu〉 , (5)

and for the decay of the charge conjugate state:

A(B̄u → f̄q) = 〈f̄q
out|Hw|B̄u〉 = V ∗

ubVuq〈f̄q
out|Ūq|B̄u〉+ V ∗

cbVcq〈f̄q
out|C̄q|B̄u〉 , (6)

where q = s or d, namely channels with ∆S = 1 or 0, respectively. The effective
Hamiltonian for the decay is written as Hw, and the decay amplitude is sepa-
rated with the matrix elements of operators Uq and Cq, associated respectively
with the tree (left panel) and “penguin” (right panel) diagrams of Figure 1, and
within our assumption do not contain the strong phase. The strong phase in the
decay amplitudes, Eq. (5) and (6), comes from |fq

out〉 and its charge conjugate
state, which are the scattering eigenstates of the strong Hamiltonian. To com-
plement, in our notation, the states |fq〉 are hadronic-free states, while |fq

out(in)〉
includes the distortion due to the hadronic FSI. In principle, such separation is
possible in general scattering theory, and it will be necessary when analyzing
the Charge-Parity-Time reversal (CPT) symmetry constraint.

The B decay amplitudes for channels with ∆S = 0, B± → π±π+π− and
B± → π±K+K− , correspond to q = d in Eqs. (5) and (6). In the case of
∆S = 1, the decays amplitudes for B± → K±π+π− and B± → K±K+K− are
associated to q = s.

To avoid the conflict with the signs of the ratios in Eq. (4), we restrict the use
of the U-spin symmetry to channels where the light flavor quarks are exchanged
in all hadrons in the final decay state, i.e., with the exchange of π ↔ K, which
in our notation is written as:

〈fs
out|Us|Bu〉 = 〈fd

out|Ud|Bu〉 and 〈fs
out|Cs|Bu〉 = 〈fd

out|Cd|Bu〉 . (7)

To further simplify the notation we define:

Ufq = 〈fq
out|U q|Bu〉 and Cfq = 〈fq

out|Cq|Bu〉 . (8)

Note that we have assumed the U-spin symmetry for channels where d ↔ s in all
hadrons in the final state, excluding the cases where only the quarks produced
in the weak vertices are exchanged.

Considering the two main quark flavor topologies as in Figure 1, the ampli-
tudes corresponding to the charmess B → hhh decays are written as:

A(B+ → K+π+π−) = V ∗
ubVus Us1 + V ∗

cbVcs Cs1 , (9)

A(B+ → π+K+K−) = V ∗
ubVud Ud2 + V ∗

cbVcd Cd2 , (10)

A(B+ → π+π+π−) = V ∗
ubVud Ud3 + V ∗

cbVcd Cd3 , (11)

A(B+ → K+K+K−) = V ∗
ubVus Us4 + V ∗

cbVcs Cs4 , (12)
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relate channels that have different ∆S. Both are constrained by CPT theorem
and all together should give a consistent description that allows us to understand
the observable asymmetries in Table 1.

First, to connect FSI with the observed CPV in B decays, we have to show
that the relations given by Eqs. (13) – (16) are consistent with the FSI formalism
previously developed. To define our notation and the FSI framework we follow
the discussion presented in [17] for implementing the CPT constraint in B meson
decays, as developed in Refs. [13, 36].

A hadron state |h〉 transforms under CPT as CPT |h〉 = χ〈h̄|, where h̄ is the
charge conjugate state, and χ is a phase. The weak and strong Hamiltonians
are invariant under CPT, and therefore it is valid that

(CPT )−1 Hw CPT = Hw and (CPT )−1 Hs CPT = Hs ,

respectively. The requirement of CPT invariance for the weak and strong Hamil-
tonians imply that the sum of the partial decay widths of the hadron decays
and the correspondent sum for the charge conjugate ones should be identical:

∑

fq, q=d,s

|〈fq
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∑

fq, q=d,s

|〈f̄q
out|Hw|h̄〉|2 . (20)

In addition, taking into account the CP invariance of the matrix elements of
U q and Cq between the strongly interacting states, independently of q we have
that:

Ufq = Ūfq and Cfq = C̄fq . (21)

The only change due to CP transformation is the sign multiplying the weak
phase. The CP asymmetry is given by:

∆ΓCP (f
q) = |A(Bu → fq)|2 − |A(B̄u → f̄q)|2

= 4 Im[V ∗
ubVuqVcbV

∗
cq] Im

[
UfqC∗

fq

]
, (22)

which will be our starting point for the analysis of the effect of the final state
interaction. Recalling that the S-matrix is unitary by definition and its elements
are an overlap between in and out states, Eq. (22) can be rewritten as [37, 17]
(see also Appendix A):

∆ΓCP (qi) = 4 Im[V ∗
ubVuqVcbV

∗
cq]

∑

j,k

Im
[
Sj,iS

∗
k,i U∗

qjCqk
]
, (23)

which is our main formula, exposing explicitly the effect of the FSI and the
CP-violating phase for the decay channels with ∆S = 1 and ∆S = 0 carrying
different net strangeness, and therefore not coupled by the strong interaction.

The CP-violating phase enters linearly at the lowest order in the hadron de-
cay amplitude. If we impose CPT invariance of the strong sector, independently
of the weak Hamiltonian, using the steps given in Refs. [17, 37] and summarized
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the interference between S-matrix o↵-diagonal elements in (25) contribute to
��CP (qi).

The U-spin symmetry within this example corresponds to:

U0d⇡⇡ = U0sKK and U0dKK = U0s⇡⇡ ,

C0d⇡⇡ = C0sKK and C0dKK = C0s⇡⇡ . (27)

In addition, if we assume �⇡⇡ ⇡ �KK and equal masses for the pion and kaon,
which means the FSI does not distinguish the change of ⇡ $ K, and taking
into account the opposite signs in wd = �ws, from the unitarity of the CKM
matrix, we get that:

��CP (⇡±K+K�)

��CP (K±⇡+⇡�)
⇠ �1 and

��CP (⇡±⇡+⇡�)

��CP (K±K+K�)
⇠ �1 . (28)

From the sCPT relation ��(q⇡⇡) = ���(qKK) in Eq. (26), we get that

��CP (⇡±K+K�)

��CP (⇡±⇡+⇡�)
= �1 and

��CP (K±K+K�)

��CP (K±⇡+⇡�)
= �1 (29)

Both ratios in relations (28) and (29) are consistent with the signs of asym-
metries and compatible within error with the magnitudes of the ratios given
in Eqs. (3) and (4), respectively. We remind that these ratios were obtained
from Table 1, which was built with the available experimental data for the B
decay rates and CP asymmetry. We stress that within a two coupled-channel
picture the ratios (28) and (29) are valid beyond the LO, and due to that the
superscript (LO) was dropped out in those equations.

6. Final Remarks

Our study shows the relevance of the FSI to the global CPV in B ! hhh
addressed by the ratio of charge conjugate width di↵erences and given by (29).
The comparison of our results with the experimental values in Eqs. (3) and
(4), stresses that the used U-spin symmetry at the hadronic level, namely, the
exchange K $ ⇡ in decay channels is supported by the data. This is more
restrictive than the simple exchange of d $ s of the quark produced at the
weak transition vertex.

The proposed form to apply the U-spin symmetry, together with the sCPT
constrain including the FSI, can reveal the correct relative signs between the
��CP ’s of the charged three-body B decays, as one sees by comparing the
ratios (28) and (29), with those extracted from the experimental values pre-
sented in Eqs. (3) and (4). Note that the magnitudes are reproduced within the
experimental errors.

Although data is still not as precise as we would desire, there will be new
high statistics in the near future by LHCb (Run 2 and Run 3) and from Belle2
which will allow us to better address this issue. From the theoretical side, in the
proposed CPT constrained framework including FSI, we only take into account
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to the center of the debate. Note that even QCD factorization approaches are
including non-perturbative ”long-distance” contributions to take into account
hadronic strong phases in the CPV problem [3, 4].

An experimental technique to highlight the CP asymmetry directly from
data, the Mirandizing approach [5, 6] applied recently by the LHCb collabora-
tion [1, 7, 8], showed a large variation of positive and negative CP asymmetry
in the Dalitz plot distribution. In particular in Ref. [1] this was shown to be up
to 60% in specific regions in the Dalitz plane. Since the CKM weak phase must
be independent of the position in the phase space, the change of sign must be
directly related to the variation of the strong phase along the phase space.

Another aspect that should be considered in the understanding of CP asym-
metries in B decays is the so-called U-spin symmetry, which is a SU(2) subgroup
of the SU(3) flavor, under which the (d, s) pairs of quarks form a doublet, similar
to (u, d) isospin doublet [9]. The U-spin symmetry approach has been called to
explain the observed CPV in charmless B decays [10], focused on the relation
between decays channels with different strangeness quantum numbers. This ap-
proach succeed to reproduce the observed ratio between the CPV asymmetry
in the B0

s → K−π+ and B0 → K+π− partial widths [2, 10].
Moving to three-body channels, Gronau and collaborators [11, 12] related the

CPV asymmetries of the partial decay widths of the channels B → hhh based
on the U-spin symmetry. They pointed out a relative minus sign between B± →
K±π+π− and B± → π±K+K− , as well as that between B± → K±K+K− and
B± → π±π+π− .

To study the CP asymmetry in three-body B decays we use the difference
between the partial decays widths of the charge conjugated states. Such differ-
ence when summed up over all possible decay channels are constrained by CPT
theorem to vanish [13, 14]. This difference is given by:

∆ΓCP (h
±
1 h

+
2 h

−
3 ) = Γ(B− → h−

1 h
+
2 h

−
3 )− Γ(B+ → h+

1 h
−
2 h

+
3 ) . (1)

We can express ∆ΓCP from the experimental integrated Acp results through the
equation:

∆ΓCP (h
±
1 h

+
2 h

−
3 ) = ACP (B

± → h±
1 h

+
2 h

−
3 )B(B+ → h+

1 h
+
2 h

−
3 )/τ(B

+). (2)

Where we used the experimental data quoted in [15] for the branching ratios B,
lifetime τ(B+) and ACP . The resulting ∆ΓCP values are given in Table 1.

The ratios between channels with different strangeness are:

∆ΓCP (π±K+K−)

∆ΓCP (K±π+π−)
= −0.46± 0.16 and

∆ΓCP (π±π+π−)

∆ΓCP (K±K+K−)
= −0.77± 0.27 ,

(3)
both compatible with −1 within errors and qualitatively consistent with U-spin
symmetry as predicted by [12]. Furthermore, if we consider that the U-spin
symmetry is applied only to weak vertex, it should be valid for the other pair of
channels with different strangeness. However, from Table 1, we get the ratios:

∆ΓCP (K±π+π−)

∆ΓCP (π±π+π−)
= 1.59± 0.62 and

∆ΓCP (K±K+K−)

∆ΓCP (π±K+K−)
= 1.77± 0.55, (4)

2

Table 1: Width difference between the charge conjugate states ∆ΓCP for specific decays
channels. Lifetime, branching ratios and Acp are given as average PDG [15] values with the
statistical and systematic uncertainties added in quadrature.

Decay channel ∆ΓCP (106 s−1)
B± → K±π+π− +0.84± 0.25
B± → K±K+K− −0.68± 0.17
B± → π±π+π− +0.53± 0.13
B± → π±K+K− −0.39± 0.07

which conflicts with the sign expected from U-spin symmetry as already pointed
in Ref. [16], although still compatible in modulus with unity.

Exploring the possible final state interactions between the four charged chan-
nels and imposing the CPT constraint, we showed in [17, 18] that ππ → KK
re-scattering amplitude can explain the flip in the sign for Acp between channels
coupled by the strong interaction. Therefore, returning to the observable ∆ΓCP

in Table 1, we still do not completely understand data. From one side we have a
qualitative agreement of U-spin prediction for the two ratios between channels
with different strangeness, while we observe an apparent contradiction regard-
ing the signs of other two ratios. And, on the other side, from the hadronic
FSI approach, one can understand the relative sign between the two pairs of
channels coupled through ππ ↔ KK interaction.

A complete understanding of the observables in Table 1 is not trivial. We
are dealing with three-body final states and one have to consider the complexity
of their dynamics, with each channel being produced through several different
intermediate states with different interference between them. With this per-
spective, our first task is to understand the signs and the modulus (around
unity) of all the ratios in Table 1. We remind that, to make the situation even
more challenging, the channels have a different branching fraction, e.g. the
B± → K±π+π− is one order of magnitude larger than the B± → π±K+K− .

Our work unifies two general frameworks to study the total CP violation
related to charmless three-body B decays: the CP asymmetry associated with
the U-spin approach and the central role of hadronic final state interactions in
these decays within the constraint of CPT invariance. We go beyond previous
works that used U-spin symmetry [16] without breaking the symmetry by fully
using the transformation π ↔ K allied to final state interactions.

2. Hints of FSI on data

The re-scattering process can be the source of strong phase and absorptive
contributions in multi-body decays through the strong interaction including also
loops, as proposed in several studies [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27].
We should remind that, in the QCD-only approach, known as BSS model [28],
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ence when summed up over all possible decay channels are constrained by CPT
theorem to vanish [13, 14]. This difference is given by:
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Where we used the experimental data quoted in [15] for the branching ratios B,
lifetime τ(B+) and ACP . The resulting ∆ΓCP values are given in Table 1.

The ratios between channels with different strangeness are:

∆ΓCP (π±K+K−)

∆ΓCP (K±π+π−)
= −0.46± 0.16 and

∆ΓCP (π±π+π−)

∆ΓCP (K±K+K−)
= −0.77± 0.27 ,

(3)
both compatible with −1 within errors and qualitatively consistent with U-spin
symmetry as predicted by [12]. Furthermore, if we consider that the U-spin
symmetry is applied only to weak vertex, it should be valid for the other pair of
channels with different strangeness. However, from Table 1, we get the ratios:

∆ΓCP (K±π+π−)

∆ΓCP (π±π+π−)
= 1.59± 0.62 and

∆ΓCP (K±K+K−)

∆ΓCP (π±K+K−)
= 1.77± 0.55, (4)

2

the imaginary part from the strong interaction appears in the “penguin” dia-
gram b → s (or d), plus uū or dd̄ produced by the presence of an intermediary
gluon. However, this occurs when it has transferred momentum twice the charm
quark mass present in the “penguin” loop. While in models including hadronic
rescattering, the strong phase can also be originated from process characterized
by long distance physics.

Two-body scattering data [29, 30] was measured both for ππ → ππ and
for ππ → KK processes. The data suggest a strong coupling between these
two channels in the S-wave. On the theory side, there are several parametriza-
tions and theoretical models that describe data well up to a certain energy (1.9
GeV) [31, 32, 27] (and references included). In particular, the one from [32] was
used to introduce the rescattering ππ → KK amplitude in B± → π±π+π− and
B± → π±K+K− analysis at LHCb [33, 34, 35].

To stress the relevance of FSI to the CPV observed in data, we show in
Table 2 the CP asymmetry from the rescattering ππ → KK region of the
Dalitz plane (Apar

CP ) - from 1 to 1.5 GeV - along with the total ACP for the
charmless charged three-body B decays: B± → K±π+π− , B± → K±K+K− ,
B± → π±K+K− , and B± → π±π+π− .

Table 2: Total charge asymmetries Aall
CP and partial ones APar

CP in the re-scattering region
ππ → KK from 1.0 up to 1.5 GeV/c2. Uncertainties are only statistical [1].

Decay Aall
CP Apar

CP

B± → K±π+π− +0.025± 0.004 +0.123± 0.012
B± → K±K+K− −0.036± 0.004 −0.209± 0.011
B± → π±π+π− +0.058± 0.008 +0.173± 0.021
B± → π±K+K− −0.123± 0.017 −0.326± 0.028

The ππ → KK rescattering as a source of CPV were investigated in a re-
cent amplitude analysis performed by the LHCb collaboration [33, 34, 35], as we
mentioned above. The experimental result on the B± → π±K+K− decay [35]
shows a strong CP asymmetry associated with hadronic re-scattering ampli-
tude ππ → KK. The observed Acp = −66.4 ± 3.8 ± 1.9% represents the
most significant CPV observed in a single amplitude. It has a fit fraction of
(16.4± 0.8± 1.0)% which results in a (−10.9± 0.8± 0.7)% contribution to the
integrated CP asymmetry. It corresponds to almost the total integrated asym-
metry (Acp(B± → π±K+K− )= −0.123± 0.017). We can do the same exercise
for the B± → π±π+π− decay with the recent amplitude analysis published by
LHCb [34], where the contributions from σ and f2(1270) represent roughly all
integrated asymmetry observed in the B± → π±π+π− channel.

3. U-spin approach for B → hhh decays

The B → hhh, for h = π,K, amplitude can be generically represented by
the Feynman diagrams in Figure 1, where we omit the gluon lines and the other
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the interference between S-matrix off-diagonal elements in (25) contribute to
∆ΓCP (qi).

The U-spin symmetry within this example corresponds to:

U0dππ = U0sKK and U0dKK = U0sππ ,

C0dππ = C0sKK and C0dKK = C0sππ . (27)

In addition, if we assume δππ ≈ δKK and equal masses for the pion and kaon,
which means the FSI does not distinguish the change of π ↔ K, and taking
into account the opposite signs in wd = −ws, from the unitarity of the CKM
matrix, we get that:

∆ΓCP (π±K+K−)

∆ΓCP (K±π+π−)
∼ −1 and

∆ΓCP (π±π+π−)

∆ΓCP (K±K+K−)
∼ −1 . (28)

From the sCPT relation ∆Γ(qππ) = −∆Γ(qKK) in Eq. (26), we get that

∆ΓCP (π±K+K−)

∆ΓCP (π±π+π−)
= −1 and

∆ΓCP (K±K+K−)

∆ΓCP (K±π+π−)
= −1 (29)

Both ratios in relations (28) and (29) are consistent with the signs of asym-
metries and compatible within error with the magnitudes of the ratios given
in Eqs. (3) and (4), respectively. We remind that these ratios were obtained
from Table 1, which was built with the available experimental data for the B
decay rates and CP asymmetry. We stress that within a two coupled-channel
picture the ratios (28) and (29) are valid beyond the LO, and due to that the
superscript (LO) was dropped out in those equations.

6. Final Remarks

Our study shows the relevance of the FSI to the global CPV in B → hhh
addressed by the ratio of charge conjugate width differences and given by (29).
The comparison of our results with the experimental values in Eqs. (3) and
(4), stresses that the used U-spin symmetry at the hadronic level, namely, the
exchange K ↔ π in decay channels is supported by the data. This is more
restrictive than the simple exchange of d ↔ s of the quark produced at the
weak transition vertex.

The proposed form to apply the U-spin symmetry, together with the sCPT
constrain including the FSI, can reveal the correct relative signs between the
∆ΓCP ’s of the charged three-body B decays, as one sees by comparing the
ratios (28) and (29), with those extracted from the experimental values pre-
sented in Eqs. (3) and (4). Note that the magnitudes are reproduced within the
experimental errors.

Although data is still not as precise as we would desire, there will be new
high statistics in the near future by LHCb (Run 2 and Run 3) and from Belle2
which will allow us to better address this issue. From the theoretical side, in the
proposed CPT constrained framework including FSI, we only take into account
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the S-matrix in the charged coupled channels ππ and KK in the S-wave. But
besides the interactions among the charged mesons, one can have the coupling
to the neutral ones along with other isospin zero meson pairs such as ηη as
discussed in detail in [27]. It was shown by many theoretical studies including
the recent one [27] that KK coupling to ππ channel is enhanced in the S-wave
by the superposition of resonance f0(980) just before the KK threshold. The
coupling between this two channels is needed for the theoretical description of
the ππ → ππ experimental scattering data. The situation with ηη is different
as it is not strongly coupled to the ππ and KK channels.

If we consider the coupled-channel contributions from the neutral mesons as
well, we will be able to expand the B three-body decays that we can connect
through FSI. Indeed, for ∆S = 0, involving kaons and pions there are:

B± → π±K+K−, π±K0K̄0, K±K̄0π0, π±π+π−, π±π0π0. (30)

And another five channels with the same characteristic for ∆S = 1:

B± → K±π+π−, π±K0π0,K±π0π0, K±K0K̄0, K±K+K−. (31)

The formula we wrote for ∆ΓCP given by Eq. (23) is general and can in-
corporate those couplings, which will change the magnitude of the ratios (28)
and (29), but we expect not the relative signs. The sCPT relation given by
Eq. (24) allows us to write down the relation between the ∆ΓCP ’s, indepen-
dently for the five decay channels with ∆S = 0 (30) and ∆S = 1 (31). Further-
more, we expect that the channels K±K̄0π0 and π±K0π0 are weakly coupled
to the other four channels with ∆S = 0 and ∆S = 1, respectively, as the three-
body re-scattering that couple these two states with the other four should be
suppressed, as it requires two-loop processes (see e.g. [38]). Removing them,
we have for ∆S = 0:

∆ΓCP (π
±K+K−)+∆ΓCP (π

±K0K̄0)+∆ΓCP (π
±π+π−)+∆ΓCP (π

±π0π0) = 0 . (32)

The other sCPT equation for ∆S = 1 is given by:

∆ΓCP (K
±π+π−) +∆ΓCP (K

±π0π0) +∆ΓCP (K
±K+K−) +∆ΓCP (K

±K0K̄0) = 0.
(33)

It is also reasonable to expect that the charged and noncharged channels
have similar decay amplitudes, and for ∆S = 0 we have that:

∆ΓCP (π±K+K−)

∆ΓCP (π±K0K̄0)
∼ 1 and

∆ΓCP (π±π+π−)

∆ΓCP (π±π0π0)
∼ 1 , (34)

and for ∆S = 1:

∆ΓCP (K±π+π−)

∆ΓCP (K±π0π0)
∼ 1 and

∆ΓCP (K±K+K−)

∆ΓCP (K±K0K̄0)
∼ 1. (35)

Making use of our relations for the ratios of CP asymmetry partial widths,
Eqs. (28) and (29), in addition to the approximate relations (34) and (35), we
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CPT constraint  for decay channels coupled by the strong interaction 

three-body re-scattering is expect to be small
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the recent one [27] that KK coupling to ππ channel is enhanced in the S-wave
by the superposition of resonance f0(980) just before the KK threshold. The
coupling between this two channels is needed for the theoretical description of
the ππ → ππ experimental scattering data. The situation with ηη is different
as it is not strongly coupled to the ππ and KK channels.

If we consider the coupled-channel contributions from the neutral mesons as
well, we will be able to expand the B three-body decays that we can connect
through FSI. Indeed, for ∆S = 0, involving kaons and pions there are:

B± → π±K+K−, π±K0K̄0, K±K̄0π0, π±π+π−, π±π0π0. (30)

And another five channels with the same characteristic for ∆S = 1:

B± → K±π+π−, π±K0π0,K±π0π0, K±K0K̄0, K±K+K−. (31)

The formula we wrote for ∆ΓCP given by Eq. (23) is general and can in-
corporate those couplings, which will change the magnitude of the ratios (28)
and (29), but we expect not the relative signs. The sCPT relation given by
Eq. (24) allows us to write down the relation between the ∆ΓCP ’s, indepen-
dently for the five decay channels with ∆S = 0 (30) and ∆S = 1 (31). Further-
more, we expect that the channels K±K̄0π0 and π±K0π0 are weakly coupled
to the other four channels with ∆S = 0 and ∆S = 1, respectively, as the three-
body re-scattering that couple these two states with the other four should be
suppressed, as it requires two-loop processes (see e.g. [38]). Removing them,
we have for ∆S = 0:

∆ΓCP (π
±K+K−)+∆ΓCP (π

±K0K̄0)+∆ΓCP (π
±π+π−)+∆ΓCP (π

±π0π0) = 0 . (32)

The other sCPT equation for ∆S = 1 is given by:

∆ΓCP (K
±π+π−) +∆ΓCP (K

±π0π0) +∆ΓCP (K
±K+K−) +∆ΓCP (K

±K0K̄0) = 0.
(33)

It is also reasonable to expect that the charged and noncharged channels
have similar decay amplitudes, and for ∆S = 0 we have that:

∆ΓCP (π±K+K−)

∆ΓCP (π±K0K̄0)
∼ 1 and

∆ΓCP (π±π+π−)

∆ΓCP (π±π0π0)
∼ 1 , (34)

and for ∆S = 1:

∆ΓCP (K±π+π−)

∆ΓCP (K±π0π0)
∼ 1 and

∆ΓCP (K±K+K−)

∆ΓCP (K±K0K̄0)
∼ 1. (35)

Making use of our relations for the ratios of CP asymmetry partial widths,
Eqs. (28) and (29), in addition to the approximate relations (34) and (35), we
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can predict that:

∆ΓCP (π±K0K̄0)

∆ΓCP (π±π0π0)
∼ −1 and

∆ΓCP (K±K0K̄0)

∆ΓCP (K±π0π0)
∼ −1 . (36)

With the above equations and the already observed experimental results for
the charged modes, we can make predictions for the neutral channels yet without
experimental results. The LHCb upgrade together with the Belle II, that is
already taking data, can give us a good experimental estimate of the different
CP asymmetries. These future experimental data will provide further support
to the proposed theoretical framework to describe the global CP violation in
charmless three-body B decays, which unifies U-spin symmetry and final state
interactions at the hadronic level within a CPT invariant approach.
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Appendix A. Strong CPT relation

In this Appendix, we follow Ref. [17] and sketch the derivations of Eq. (23)
from (22) and the resulting relation (24) expressing the sCPT constraint. The
requirement of CPT invariance for the weak Hamiltonian is fulfilled by the
matrix element of the decay amplitude when [14]:

〈fout|Hw|Bu〉 = χBχf 〈f̄in|Hw|B̄u〉∗ , (A.1)

where χB and χf are constant phases. Taking into account the decomposition
of (A.1) in terms of the matrix elements of the operators Uq and Cq given in
Eq. (5), and the charge conjugate operators Ū q and C̄q present in Eq. (6), one
finds that:

Ufq = 〈fq
out|U q|Bu〉 = χBχfq 〈f̄q

in|Ū
q|B̄u〉∗ . (A.2)

and the analogous relations for Cfq corresponding to the matrix elements of the
operator Cq. If we consider: (i) the unity resolution in terms of the |fq

out〉 states;
(ii) the strong S-matrix element fulfill Sf ′,f = 〈f̄ ′

out|f̄in〉 = 〈f ′
out|fin〉 ; and (iii)

the identity between the matrix elements of the operators U q and Cq and the
associated charge conjugate ones is given by Eq. (21); one easily arrives to:

Ufq = χBχfq

∑

f ′q

Sf ′q,fq 〈f ′q
out|Uq|Bu〉∗ = χBχfq

∑

f ′q

Sf ′q,fqU∗
f ′q , (A.3)

and an analogous relation for the matrix elements of Cq. Therefore, our CP
asymmetry expression, Eq. (23), namely, the difference of partial widths of
charge conjugate states follows from Eqs. (A.3), (5) and (6).

11
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B+ ! K�K+K+

CPV high energy
Bediaga, Frederico, MAGALHAES, PLB 780 (2018) 357
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charm rescattering in 

B± ! ⇡±⇡�⇡+
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Figure 30: AN

CP
in Dalitz plot bins with equal number of events (sWeighted background

subtracted and acceptance corrected) for B
± ! K

±
⇡
+
⇡
� (top left), B± ! K

±
K

+
K

�

(top right), B± ! ⇡
±
⇡
+
⇡
� (bottom left) and B

± ! ⇡
±
K

+
K

� (bottom right).

is located mainly in the low mass region of m⇡⇡ < 1.5GeV/c2, where a clear interference1017

structure appears in the B
+-B� distribution.1018

10.1.2 B
± ! K

±
K

+
K

�
1019

The projections of the B± ! K
±
K

+
K

� Dalitz plot are shown in Figure 34. We can identify1020

in mK+K� low the narrow vector resonances: �(1020) as the first bump around 1GeV/c21021

and �c0(1P ) in the region around 3.4GeV/c2. The resonances in the mK+K� high projection1022

are covered by the � distribution along this axis. There is also a broad concentration at low1023

mass above 2.0GeV2
/c

4, which could correspond to the f2(1525) resonance. Also visible1024

only in the B
± ! K

±
K

+
K

� Dalitz plot (Figure 28) is the contribution of B± ! J/ K
±

1025

with J/ ! K
+
K

�, around 9.6GeV2
/c

4 in m
2
K+K� low. Table 31 shows the Particle Data1026

Group list of measured branching fractions for B± ! K
±
K

+
K

�.1027

The mass projections reveal a clear signature of CP asymmetry, with a large excess of1028

B
+ events for mK+K� low < 1.6GeV/c2 and m

2
K+K� high between 2.4GeV/c2 and 4.0GeV/c2.1029

Figure 35 is a zoom in the mK+K� low region of high asymmetry, that includes the �(1020).1030

68

�c0include

data shows a huge CP asymmetry around m2
�c0

= 11.65GeV 2
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wide CP asymmetry: same source for a nonresonant amplitude and �c0

charm loop and �c0

Important data features

{wide
m2

�c0
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(expected in Run II)

Bediaga, Frederico, MAGALHAES - PLB 806 (2020) 135490
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Amplitude model 
B decay in two charmed mesons have a hadronic penguin like topology, that
together with the subsequent rescattering DD̄ � ⇡⇡ is assumed to contribute
with a strong phase.

Inspired by the isobar model description of three-body decays, the amplitude
of B± ! ⇡�⇡+⇡± decay can be parametrised by two independent contributions
as:

AB±!⇡�⇡+⇡±(s12, s23) = A±
tree(s12, s23) +ADD̄(s12, s23) , (1)

where we assume that ADD̄ amplitude is dominated by a charm hadronic loop,
Fig. 1, and A±

tree which is the dominant topology, has weak (±�) and strong
phases. Furthermore, the �c0 will be introduced as a resonant state below
threshold within the DD̄ scattering amplitude. We will exploit the model in
the high mass region of the B± ! ⇡�⇡+⇡± phase space to find out the man-
ifestation in the CP violation distribution of the DD̄ ! ⇡⇡ rescattering, with
�c0 being a resonant state below the DD̄ threshold.

A remark on the implication of CPT invariance to CP asymmetry for the
B± ! ⇡�⇡+⇡± decay in the present model is appropriate. In the framework
developed by Wolfenstein [16] (see also [29]) where the hadronic final-state inter-
actions and the CPT constraint were considered together, the CP asymmetry
seen in channels that can be coupled by strong QCD dynamics are related.
The consequence of this framework is that the sum of the partial widths for
those channels should be identical to the sum in the charge conjugated chan-
nels. Such result is more restrictive than the general CPT condition that gives
equal lifetime for a particle and its anti-particle. The Wolfenstein formalism
was further elaborated in [31], where It was considered the hadronic transition
matrix of di↵erent channels coupled by FSI in the expansion of the CP violat-
ing B decay amplitude. Restricted to two channels the leading order formalism
was applied to study the CP asymmetries seen in the B± ! K�K+K± and
B± ! K±⇡�⇡+ in the mass region where the K+K� and ⇡+⇡� channels are
strongly coupled. It explained the remarkable opposite signs and the shape of
the projected CP asymmetry. This mechanism was confirmed by the LHCb
collaboration amplitude analyses for B± ! K�K+⇡± [9] which found 65%
of asymmetry due to KK ! ⇡⇡ with a di↵erent sign of the one observed in
B+ ! ⇡+⇡+⇡� decays [8, 7], although with less intensity.

We observe that the leading order formalism also applies to the present
model of the three-body B decay where the B± ! DD̄⇡± and B± ! ⇡�⇡+⇡±

channels are coupled by the strong force and the associatedDD̄ and ⇡⇡ S-matrix
provides the FSI contribution to the decay amplitude. The CP asymmetry of
the B± ! DD̄⇡± has to receive a corresponding contribution with opposite sign
respecting CPT invariance if only this channel coupling is present. However, the
DD̄ channel can also coupled to KK as we already discussed in [11], suggesting
that the CP asymmetry in B± ! DD̄⇡± would call for contributions from final
state interaction involving more hadronic channels, a discussion that is much
beyond the scope of the present work.

Hadronic charm loop. The charm rescattering contribution to the B± !
⇡�⇡+⇡± decay can be described by a triangle loop of D mesons as the source
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Figure 2.5: Tree (left) and gluonic penguin loop (right) Feynman diagrams contribut-
ing to the B

0 ! ⇡
+
⇡
� decay amplitude. Electroweak penguins also exist, where

the gluon line is replaced with a Z boson or photon line, but this is yet further
suppressed.

2.2.4 Unitarity

The unitarity constraint,
P

k
VikV

⇤
kj = 0, on the CKM matrix can be represented

as one of three triangles. Conventionally this triangle is taken to be that where all

terms are O(�3), formed from

VudV
⇤
ub + VcdV

⇤
cb + VtdV

⇤
tb = 0. (2.13)

The angles of the triangle, constructed by dividing Equation 2.13 by the well-

measured term VcdV
⇤
cb, are defined such that

↵ = arg

✓
� VtdV

⇤
tb

VudV
⇤
ub

◆
, � = arg

✓
�VcdV

⇤
cb

VtdV
⇤
tb

◆
, � = arg

✓
�VudV

⇤
ub

VcdV
⇤
cb

◆
, (2.14)

where the triangle has vertices at (0, 0), (1, 0), and (⇢, ⌘). The global fit to this

unitarity triangle in the ⇢ – ⌘ plane, along with current constraints, can be seen

in Figure 2.4. Numerical results for world average values of the three angles are

presented in Table 2.1. Of note is that in the absence of CP -violation in the SM the

area of this triangle is zero. Over-constraining the parameters of this triangle is an

important test of consistency of the quark-flavour sector of the SM, and therefore a

sensitive probe for beyond the Standard Model contributions.

Table 2.1: Global fit values for the three CKM unitarity triangle angles, obtained by the
CKMFitter group [24].

Parameter World average (�)

↵ 90.4 +2.0
�1.0

� 22.62 +0.44
�0.42

� 67.01 +0.88
�1.99

In general, the CKM angle � can be thought of as the di↵erence in phase acquired
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Nonresonant (only resonances tails)

In what follows, we are only interested in the dynamics above 3 GeV2 where
the low mass resonances contributions come mainly from their tails. Therefore,
the amplitude A±

tree can be approximated as a flat nonresonant (NR) amplitude
with the constant weak phase, �:

A±
tree = a0 e

±i� , (19)

where a0 is complex to accommodate a strong phase.
The total amplitude was simulated using Laura++ software [37] with hun-

dred thousands events. There are two main variables when two amplitudes
interfere: the relative phase between them and the relative magnitude, in prin-
ciple those quantities are fixed by a fit to data. In our toy model we have
to chose a0 and in order to have an insight on the typical results one gets by
changing this quantity. We present a systematic study with model II.

To start our simulations, it is interesting to check the signature of each ampli-
tude A±

tree and ADD̄ alone in the phase-space projected on the m⇡⇡ high invari-
ant mass4. We integrate in the m⇡⇡ low invariant mass starting at m2

⇡⇡=3 GeV2

to exclude the low energy interaction region. In Fig. 3, one can see the re-
sult from the flat NR amplitude deformed by the phase-space integral and the
hadronic loop with model II. Each of them alone does not lead to CP violation,
as expected.
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Figure 3: LAURA++ Toy Monte-Carlo simulation: (left) only the flat nonresonant tree
amplitude; (right) only the charm loop with rescattering amplitude (model II).

In Fig. 4, we present the study of how the amplitudes interfere with di↵erent
choices for a0. We set the relative magnitude for the NR to be twice the charm
loop and change the relative global phase between them. As one can see, the
di↵erent relative phases can result in completely di↵erent patterns, but with a
clear mark at the resonance position. In the bottom left frame in Fig. 4, the
phase di↵erence of 180o eliminates the �c0 peak and make it appears as a dip.
Whereas with 0o phase the peak is enhanced.

4defined as the higher one from the two possible pairs of ⇡+⇡� invariant masses.
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In what follows, we are only interested in the dynamics above 3 GeV2 where
the low mass resonances contributions come mainly from their tails. Therefore,
the amplitude A±

tree can be approximated as a flat nonresonant (NR) amplitude
with the constant weak phase, �:

A±
tree = a0 e

±i� , (19)

where a0 is complex to accommodate a strong phase.
The total amplitude was simulated using Laura++ software [37] with hun-

dred thousands events. There are two main variables when two amplitudes
interfere: the relative phase between them and the relative magnitude, in prin-
ciple those quantities are fixed by a fit to data. In our toy model we have
to chose a0 and in order to have an insight on the typical results one gets by
changing this quantity. We present a systematic study with model II.

To start our simulations, it is interesting to check the signature of each ampli-
tude A±

tree and ADD̄ alone in the phase-space projected on the m⇡⇡ high invari-
ant mass4. We integrate in the m⇡⇡ low invariant mass starting at m2

⇡⇡=3 GeV2

to exclude the low energy interaction region. In Fig. 3, one can see the re-
sult from the flat NR amplitude deformed by the phase-space integral and the
hadronic loop with model II. Each of them alone does not lead to CP violation,
as expected.
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Figure 3: LAURA++ Toy Monte-Carlo simulation: (left) only the flat nonresonant tree
amplitude; (right) only the charm loop with rescattering amplitude (model II).

In Fig. 4, we present the study of how the amplitudes interfere with di↵erent
choices for a0. We set the relative magnitude for the NR to be twice the charm
loop and change the relative global phase between them. As one can see, the
di↵erent relative phases can result in completely di↵erent patterns, but with a
clear mark at the resonance position. In the bottom left frame in Fig. 4, the
phase di↵erence of 180o eliminates the �c0 peak and make it appears as a dip.
Whereas with 0o phase the peak is enhanced.

4defined as the higher one from the two possible pairs of ⇡+⇡� invariant masses.
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In what follows, we are only interested in the dynamics above 3 GeV2 where
the low mass resonances contributions come mainly from their tails. Therefore,
the amplitude A±

tree can be approximated as a flat nonresonant (NR) amplitude
with the constant weak phase, �:

A±
tree = a0 e

±i� , (19)

where a0 is complex to accommodate a strong phase.
The total amplitude was simulated using Laura++ software [37] with hun-

dred thousands events. There are two main variables when two amplitudes
interfere: the relative phase between them and the relative magnitude, in prin-
ciple those quantities are fixed by a fit to data. In our toy model we have
to chose a0 and in order to have an insight on the typical results one gets by
changing this quantity. We present a systematic study with model II.

To start our simulations, it is interesting to check the signature of each ampli-
tude A±

tree and ADD̄ alone in the phase-space projected on the m⇡⇡ high invari-
ant mass4. We integrate in the m⇡⇡ low invariant mass starting at m2

⇡⇡=3 GeV2

to exclude the low energy interaction region. In Fig. 3, one can see the re-
sult from the flat NR amplitude deformed by the phase-space integral and the
hadronic loop with model II. Each of them alone does not lead to CP violation,
as expected.
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Figure 3: LAURA++ Toy Monte-Carlo simulation: (left) only the flat nonresonant tree
amplitude; (right) only the charm loop with rescattering amplitude (model II).

In Fig. 4, we present the study of how the amplitudes interfere with di↵erent
choices for a0. We set the relative magnitude for the NR to be twice the charm
loop and change the relative global phase between them. As one can see, the
di↵erent relative phases can result in completely di↵erent patterns, but with a
clear mark at the resonance position. In the bottom left frame in Fig. 4, the
phase di↵erence of 180o eliminates the �c0 peak and make it appears as a dip.
Whereas with 0o phase the peak is enhanced.

4defined as the higher one from the two possible pairs of ⇡+⇡� invariant masses.
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B decay in two charmed mesons have a hadronic penguin like topology, that
together with the subsequent rescattering DD̄ � ⇡⇡ is assumed to contribute
with a strong phase.

Inspired by the isobar model description of three-body decays, the amplitude
of B± ! ⇡�⇡+⇡± decay can be parametrised by two independent contributions
as:

AB±!⇡�⇡+⇡±(s12, s23) = A±
tree(s12, s23) +ADD̄(s12, s23) , (1)

where we assume that ADD̄ amplitude is dominated by a charm hadronic loop,
Fig. 1, and A±

tree which is the dominant topology, has weak (±�) and strong
phases. Furthermore, the �c0 will be introduced as a resonant state below
threshold within the DD̄ scattering amplitude. We will exploit the model in
the high mass region of the B± ! ⇡�⇡+⇡± phase space to find out the man-
ifestation in the CP violation distribution of the DD̄ ! ⇡⇡ rescattering, with
�c0 being a resonant state below the DD̄ threshold.

A remark on the implication of CPT invariance to CP asymmetry for the
B± ! ⇡�⇡+⇡± decay in the present model is appropriate. In the framework
developed by Wolfenstein [16] (see also [29]) where the hadronic final-state inter-
actions and the CPT constraint were considered together, the CP asymmetry
seen in channels that can be coupled by strong QCD dynamics are related.
The consequence of this framework is that the sum of the partial widths for
those channels should be identical to the sum in the charge conjugated chan-
nels. Such result is more restrictive than the general CPT condition that gives
equal lifetime for a particle and its anti-particle. The Wolfenstein formalism
was further elaborated in [31], where It was considered the hadronic transition
matrix of di↵erent channels coupled by FSI in the expansion of the CP violat-
ing B decay amplitude. Restricted to two channels the leading order formalism
was applied to study the CP asymmetries seen in the B± ! K�K+K± and
B± ! K±⇡�⇡+ in the mass region where the K+K� and ⇡+⇡� channels are
strongly coupled. It explained the remarkable opposite signs and the shape of
the projected CP asymmetry. This mechanism was confirmed by the LHCb
collaboration amplitude analyses for B± ! K�K+⇡± [9] which found 65%
of asymmetry due to KK ! ⇡⇡ with a di↵erent sign of the one observed in
B+ ! ⇡+⇡+⇡� decays [8, 7], although with less intensity.

We observe that the leading order formalism also applies to the present
model of the three-body B decay where the B± ! DD̄⇡± and B± ! ⇡�⇡+⇡±

channels are coupled by the strong force and the associatedDD̄ and ⇡⇡ S-matrix
provides the FSI contribution to the decay amplitude. The CP asymmetry of
the B± ! DD̄⇡± has to receive a corresponding contribution with opposite sign
respecting CPT invariance if only this channel coupling is present. However, the
DD̄ channel can also coupled to KK as we already discussed in [11], suggesting
that the CP asymmetry in B± ! DD̄⇡± would call for contributions from final
state interaction involving more hadronic channels, a discussion that is much
beyond the scope of the present work.

Hadronic charm loop. The charm rescattering contribution to the B± !
⇡�⇡+⇡± decay can be described by a triangle loop of D mesons as the source

4

the goal was to reproduce the main observed CPV characteristics

� = 70o
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In what follows, we are only interested in the dynamics above 3 GeV2 where
the low mass resonances contributions come mainly from their tails. Therefore,
the amplitude A±

tree can be approximated as a flat nonresonant (NR) amplitude
with the constant weak phase, �:

A±
tree = a0 e

±i� , (19)

where a0 is complex to accommodate a strong phase.
The total amplitude was simulated using Laura++ software [37] with hun-

dred thousands events. There are two main variables when two amplitudes
interfere: the relative phase between them and the relative magnitude, in prin-
ciple those quantities are fixed by a fit to data. In our toy model we have
to chose a0 and in order to have an insight on the typical results one gets by
changing this quantity. We present a systematic study with model II.

To start our simulations, it is interesting to check the signature of each ampli-
tude A±

tree and ADD̄ alone in the phase-space projected on the m⇡⇡ high invari-
ant mass4. We integrate in the m⇡⇡ low invariant mass starting at m2

⇡⇡=3 GeV2

to exclude the low energy interaction region. In Fig. 3, one can see the re-
sult from the flat NR amplitude deformed by the phase-space integral and the
hadronic loop with model II. Each of them alone does not lead to CP violation,
as expected.
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Figure 3: LAURA++ Toy Monte-Carlo simulation: (left) only the flat nonresonant tree
amplitude; (right) only the charm loop with rescattering amplitude (model II).

In Fig. 4, we present the study of how the amplitudes interfere with di↵erent
choices for a0. We set the relative magnitude for the NR to be twice the charm
loop and change the relative global phase between them. As one can see, the
di↵erent relative phases can result in completely di↵erent patterns, but with a
clear mark at the resonance position. In the bottom left frame in Fig. 4, the
phase di↵erence of 180o eliminates the �c0 peak and make it appears as a dip.
Whereas with 0o phase the peak is enhanced.

4defined as the higher one from the two possible pairs of ⇡+⇡� invariant masses.
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B decay in two charmed mesons have a hadronic penguin like topology, that
together with the subsequent rescattering DD̄ � ⇡⇡ is assumed to contribute
with a strong phase.

Inspired by the isobar model description of three-body decays, the amplitude
of B± ! ⇡�⇡+⇡± decay can be parametrised by two independent contributions
as:

AB±!⇡�⇡+⇡±(s12, s23) = A±
tree(s12, s23) +ADD̄(s12, s23) , (1)

where we assume that ADD̄ amplitude is dominated by a charm hadronic loop,
Fig. 1, and A±

tree which is the dominant topology, has weak (±�) and strong
phases. Furthermore, the �c0 will be introduced as a resonant state below
threshold within the DD̄ scattering amplitude. We will exploit the model in
the high mass region of the B± ! ⇡�⇡+⇡± phase space to find out the man-
ifestation in the CP violation distribution of the DD̄ ! ⇡⇡ rescattering, with
�c0 being a resonant state below the DD̄ threshold.

A remark on the implication of CPT invariance to CP asymmetry for the
B± ! ⇡�⇡+⇡± decay in the present model is appropriate. In the framework
developed by Wolfenstein [16] (see also [29]) where the hadronic final-state inter-
actions and the CPT constraint were considered together, the CP asymmetry
seen in channels that can be coupled by strong QCD dynamics are related.
The consequence of this framework is that the sum of the partial widths for
those channels should be identical to the sum in the charge conjugated chan-
nels. Such result is more restrictive than the general CPT condition that gives
equal lifetime for a particle and its anti-particle. The Wolfenstein formalism
was further elaborated in [31], where It was considered the hadronic transition
matrix of di↵erent channels coupled by FSI in the expansion of the CP violat-
ing B decay amplitude. Restricted to two channels the leading order formalism
was applied to study the CP asymmetries seen in the B± ! K�K+K± and
B± ! K±⇡�⇡+ in the mass region where the K+K� and ⇡+⇡� channels are
strongly coupled. It explained the remarkable opposite signs and the shape of
the projected CP asymmetry. This mechanism was confirmed by the LHCb
collaboration amplitude analyses for B± ! K�K+⇡± [9] which found 65%
of asymmetry due to KK ! ⇡⇡ with a di↵erent sign of the one observed in
B+ ! ⇡+⇡+⇡� decays [8, 7], although with less intensity.

We observe that the leading order formalism also applies to the present
model of the three-body B decay where the B± ! DD̄⇡± and B± ! ⇡�⇡+⇡±

channels are coupled by the strong force and the associatedDD̄ and ⇡⇡ S-matrix
provides the FSI contribution to the decay amplitude. The CP asymmetry of
the B± ! DD̄⇡± has to receive a corresponding contribution with opposite sign
respecting CPT invariance if only this channel coupling is present. However, the
DD̄ channel can also coupled to KK as we already discussed in [11], suggesting
that the CP asymmetry in B± ! DD̄⇡± would call for contributions from final
state interaction involving more hadronic channels, a discussion that is much
beyond the scope of the present work.

Hadronic charm loop. The charm rescattering contribution to the B± !
⇡�⇡+⇡± decay can be described by a triangle loop of D mesons as the source
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Figure 30: AN

CP
in Dalitz plot bins with equal number of events (sWeighted background

subtracted and acceptance corrected) for B
± ! K

±
⇡
+
⇡
� (top left), B± ! K

±
K

+
K

�

(top right), B± ! ⇡
±
⇡
+
⇡
� (bottom left) and B

± ! ⇡
±
K

+
K

� (bottom right).

is located mainly in the low mass region of m⇡⇡ < 1.5GeV/c2, where a clear interference1017

structure appears in the B
+-B� distribution.1018

10.1.2 B
± ! K

±
K

+
K

�
1019

The projections of the B± ! K
±
K

+
K

� Dalitz plot are shown in Figure 34. We can identify1020

in mK+K� low the narrow vector resonances: �(1020) as the first bump around 1GeV/c21021

and �c0(1P ) in the region around 3.4GeV/c2. The resonances in the mK+K� high projection1022

are covered by the � distribution along this axis. There is also a broad concentration at low1023

mass above 2.0GeV2
/c

4, which could correspond to the f2(1525) resonance. Also visible1024

only in the B
± ! K

±
K

+
K

� Dalitz plot (Figure 28) is the contribution of B± ! J/ K
±

1025

with J/ ! K
+
K

�, around 9.6GeV2
/c

4 in m
2
K+K� low. Table 31 shows the Particle Data1026

Group list of measured branching fractions for B± ! K
±
K

+
K

�.1027

The mass projections reveal a clear signature of CP asymmetry, with a large excess of1028

B
+ events for mK+K� low < 1.6GeV/c2 and m

2
K+K� high between 2.4GeV/c2 and 4.0GeV/c2.1029

Figure 35 is a zoom in the mK+K� low region of high asymmetry, that includes the �(1020).1030
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Run I

Results

not the same binning and scale

mimic some of the CPV pattern at high mass

superposition of triangles and exited states can enlarge de CPV signature

parameters have to be fitted to data

will be included in amplitude analysis of Run II data
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FSI play an important role in B and D hadronic decays  

B decays:  understand of CPV at low and high mass regions

D decays:  three-body effects are important for describe/understand data

Final remarks

two-body coupled-channel description is crucial!!! 

tool kit for amplitude analysis with theoretically sound models to ANA

important for precision and CPV searches 

 rescattering dominates the global  in  ππ → KK ACP B → hhh

Charm rescattering triangles is an important mechanism
interference produce similar CPV data signature 

make predictions to neutron modes!

extract 2-body information from data

need to extend the energy range of meson-meson. Include the open charm
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QCDF  and  FSI

models need to connect the weak and strong description

Where phenomenology have to improve?

models have to merge low and high FSI

Final remarks

obrigada!!
#staysafe

Banksy  
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Backup slides
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ππ parametrisation

scattering	data 	S-Wave

inelasticity

one minus the probability of losing signal (1=>elastic)

Pelaez, Rodas, Elvira Eur.Phys.J.C 79 (2019) 12, 1008⇡⇡
<latexit sha1_base64="VzfBjSaFSVLOVlav6avFlg+kNY8=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ie0Q8mkmTY0yQxJRihDv8KNC0Xc+jnu/Bsz01lo6yGBwzn3cu89QcyZNq777ZTW1jc2t8rblZ3dvf2D6uFRR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gepv53SeqNIvkg5nF1Bd4LFnICDZWekwHMbNvXhlWa27dzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6aLzxHZ1YZoTBS9kuDcvV3R4qF1jMR2EqBzUQve5n4n9dPTHjtp0zGiaGSLAaFCUcmQtn1aMQUJYbPLMFEMbsrIhOsMDE2oywEb/nkVdJp1L2LeuP+sta8KeIowwmcwjl4cAVNuIMWtIGAgGd4hTdHOS/Ou/OxKC05Rc8x/IHz+QOYIZBE</latexit>

Inelasticity:

sets of phase shifts for the S0 wave, leaving only a few
solutions which are consistent with dispersion relations
(and, as it turns out, very similar one to the other, as
discussed in Sec. IV).

When dealing with different data sets one has to weigh
not only the data on a single experiment but one has to take
into account the reliability of the experiments themselves.
So we have done for many waves, where some clearly
faulty experimental data have only been considered to
conservatively enlarge the uncertainties. Concerning the
most controversial S0 wave, we have used the very reliable
data coming from Kl4 and K ! !! decays; to this we add
the results from other experimental analyses of !! scat-
tering available in the literature, either separately or com-
bined in a global fit. We then use forward dispersion
relations to test consistency of the several sets of data.

The present study should therefore be considered, in
particular, as a guideline to the consistency (especially
with forward dispersion relations) of the various data sets.

Next, we use these dispersion relations to improve the
central values of the parameters of the fits given in Sec. II.
The result of such analysis (Sec. IV) is that one can get a
precise description for all waves, consistent with forward
dispersion relations up to s1=2 ! 0:95 GeV and a bit less so
( & 1:5" level) in the whole energy range, 2M! " s1=2 "
1:42 GeV, and even below threshold, down to s1=2 #
!!!

2
p
M!. The greater uncertainties affect the S0 wave for

s1=2 > 0:95 GeV, a not unexpected feature, and, to a lesser
extent, the P wave above 1:15 GeV.

In Sec. V we verify that the scattering amplitudes we
have obtained, which were shown to satisfy s$ u crossing
(by checking the dispersion relations), also verify s$ t
crossing, in that they satisfy two typical crossing sum rules.
In Sec. VI we use the scattering amplitudes we have
determined and the method of the Froissart-Gribov repre-
sentation to calculate a number of low energy parameters
for P, D and some higher waves which, in particular,
provides further consistency tests. We also evaluate, in
Sec. VII, the important quantities %a&0'0 $ a&2'0 (2 and
#&0'
0 &m2

K' $ #&2'
0 &m2

K' for which we find

%a&0'0 $ a&2'0 (2 # &0:077) 0:008'M$2
! ;

#&0'
0 &m2

K' $ #&2'0 &m2
K' # 52:9) 1:6o:

Also in Sec. VII we compare our results with those ob-
tained by other authors using Roy equations and ch.p.t.
However, in the present paper we will not address our-
selves to the question of the chiral perturbation theory
analysis of our !! amplitudes.

Our paper is finished in Sec. VIII with a brief summary,
as well as with a few appendixes. In Appendix A, we
collect the formulas obtained with our best fits. In
Appendix B we give a brief discussion of the Regge for-
mulas used; in particular, we present an improved evalu-
ation of the parameters for rho exchange. Appendix C is

devoted to a discussion of the shortcomings of experimen-
tal phase shift analyses above !1:4 GeV, which justifies
our preference for using Regge formulas in this energy
region.

We end this introduction with a few words on notation
and normalization conventions. We will here denote am-
plitudes with a fixed value of isospin, say I, in channel s,
simply byF&I', f&I'l ; we will specify the channel, F&Is', when
there is danger of confusion. For amplitudes with fixed
isospin in channel t, we write explicitly F&It'.

For scattering amplitudes with well-defined isospin in
channel s, Is, we write

F&Is'&s; t' # 2*
X

l#even

&2l+ 1'Pl&cos$'f&Is'l &s'; Is # even;

F&Is'&s; t' # 2*
X

l#odd

&2l+ 1'Pl&cos$'f&Is'l &s'; Is# odd;

f&I'l &s' # 2s1=2

!k
f̂&I'l ; f̂&I'l # sin#&I'l &s'ei#&I'l &s': (1.1a)

The last formula is only valid when only the elastic channel
is open. When inelastic channels open this equation is no
more valid, but one can still write

f̂ l&s' #
"
%le2i#l $ 1

2i

#

: (1.1b)

The factor 2 in the first formulas in (1.1a) is due to Bose
statistics. Because of this, even waves only exist with
isospin I # 0; 2 and odd waves must necessarily have
isospin I # 1. For this reason, we will often omit the
isospin index for odd waves, writing e.g. f1, f3 instead
of f&1'1 , f&1'3 . Another convenient simplification that we use
here is to denote the!! partial waves by S0, S2, P, D0, D2,
F, etc., in self-explanatory notation.

The quantity %l, called the inelasticity parameter for
wave l, is positive and smaller than or equal to unity. The
elastic and inelastic cross sections, for a given wave, are
given in terms of #l and %l by

"el
l # 1

2

$
1+ %2

l

2
$ % cos2#l

%

; "inel
l # 1$ %2

l

4
;

(1.2)

"el
l ;"

inel
l are defined so that, for collision of particles A, B

(assumed distinguishable),

"tot #
4!2

&1=2&s;mA;mB'
2s1=2

!k

X

l

&2l+ 1'%"el
l + "inel

l (:

(1.3)

When neglecting isospin violations (which we do
unless explicitly stated otherwise) we will take the con-
vention of approximating the pion mass by M! # m!) ’
139:57 MeV. We also define scattering lengths, a&I'l , and
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(and, as it turns out, very similar one to the other, as
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When dealing with different data sets one has to weigh
not only the data on a single experiment but one has to take
into account the reliability of the experiments themselves.
So we have done for many waves, where some clearly
faulty experimental data have only been considered to
conservatively enlarge the uncertainties. Concerning the
most controversial S0 wave, we have used the very reliable
data coming from Kl4 and K ! !! decays; to this we add
the results from other experimental analyses of !! scat-
tering available in the literature, either separately or com-
bined in a global fit. We then use forward dispersion
relations to test consistency of the several sets of data.

The present study should therefore be considered, in
particular, as a guideline to the consistency (especially
with forward dispersion relations) of the various data sets.

Next, we use these dispersion relations to improve the
central values of the parameters of the fits given in Sec. II.
The result of such analysis (Sec. IV) is that one can get a
precise description for all waves, consistent with forward
dispersion relations up to s1=2 ! 0:95 GeV and a bit less so
( & 1:5" level) in the whole energy range, 2M! " s1=2 "
1:42 GeV, and even below threshold, down to s1=2 #
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s1=2 > 0:95 GeV, a not unexpected feature, and, to a lesser
extent, the P wave above 1:15 GeV.

In Sec. V we verify that the scattering amplitudes we
have obtained, which were shown to satisfy s$ u crossing
(by checking the dispersion relations), also verify s$ t
crossing, in that they satisfy two typical crossing sum rules.
In Sec. VI we use the scattering amplitudes we have
determined and the method of the Froissart-Gribov repre-
sentation to calculate a number of low energy parameters
for P, D and some higher waves which, in particular,
provides further consistency tests. We also evaluate, in
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K' for which we find
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Also in Sec. VII we compare our results with those ob-
tained by other authors using Roy equations and ch.p.t.
However, in the present paper we will not address our-
selves to the question of the chiral perturbation theory
analysis of our !! amplitudes.

Our paper is finished in Sec. VIII with a brief summary,
as well as with a few appendixes. In Appendix A, we
collect the formulas obtained with our best fits. In
Appendix B we give a brief discussion of the Regge for-
mulas used; in particular, we present an improved evalu-
ation of the parameters for rho exchange. Appendix C is

devoted to a discussion of the shortcomings of experimen-
tal phase shift analyses above !1:4 GeV, which justifies
our preference for using Regge formulas in this energy
region.

We end this introduction with a few words on notation
and normalization conventions. We will here denote am-
plitudes with a fixed value of isospin, say I, in channel s,
simply byF&I', f&I'l ; we will specify the channel, F&Is', when
there is danger of confusion. For amplitudes with fixed
isospin in channel t, we write explicitly F&It'.

For scattering amplitudes with well-defined isospin in
channel s, Is, we write

F&Is'&s; t' # 2*
X

l#even

&2l+ 1'Pl&cos$'f&Is'l &s'; Is # even;

F&Is'&s; t' # 2*
X

l#odd
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f&I'l &s' # 2s1=2
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f̂&I'l ; f̂&I'l # sin#&I'l &s'ei#&I'l &s': (1.1a)

The last formula is only valid when only the elastic channel
is open. When inelastic channels open this equation is no
more valid, but one can still write

f̂ l&s' #
"
%le2i#l $ 1
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#

: (1.1b)

The factor 2 in the first formulas in (1.1a) is due to Bose
statistics. Because of this, even waves only exist with
isospin I # 0; 2 and odd waves must necessarily have
isospin I # 1. For this reason, we will often omit the
isospin index for odd waves, writing e.g. f1, f3 instead
of f&1'1 , f&1'3 . Another convenient simplification that we use
here is to denote the!! partial waves by S0, S2, P, D0, D2,
F, etc., in self-explanatory notation.

The quantity %l, called the inelasticity parameter for
wave l, is positive and smaller than or equal to unity. The
elastic and inelastic cross sections, for a given wave, are
given in terms of #l and %l by
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When neglecting isospin violations (which we do
unless explicitly stated otherwise) we will take the con-
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FIG. 1. Comparison of solutions I, II and III (Tables I,
II, III) versus data. The gray, blue and green bands corre-
spond to the uncertainty of solutions I, II and III, respectively.
Above 1.4 GeV, solution I fits the data of [5, 64] (solid circles)
and [2, 3] (solid squares), solution II fits [4] (solid diamonds)
and solution III fits the updated (- + -) data from [58] (hol-
low diamonds). The data coming from [9] (empty squares)
and [65] (empty circles) for the phase shift and [66] (solid tri-
angle up), [67](solid triangle down), [6] (empty squares), [65]
(empty circles), [68] (empty triangle up) and [69] (empty tri-
angle down) for the elasticity are just shown for comparison.
The red-dashed vertical line separates the region where the
fits describe both data and dispersion relation results, from
the region above, where the parameterization is just fitted to
data. The blue-dotted vertical line stands at the energy of
the last data point of solutions II and III.

nance.

Concerning the compatibility with the dispersive re-
sults in [28], we show in Fig. 2 the comparison between
the CFD analysis of [28] and our solution I. Up to 1.4
GeV it is enough to refer to solution I as the global so-
lution, because it is the simplest and all them are al-
most indistinguishable below 1.4 GeV. The relevant ob-
servation from Fig. 2 is that the piecewise CFD and our
new parameterization look almost the same below the
KK̄ threshold and are also very similar and compatible
above it. The sharp structure in the region between the
two vertical lines in Fig. 2 is dominated by the f0(980)

TABLE I. Fit parameters of the global parameterization for
the S0-wave solution I. sp is the f0(980) pole position from
the dispersive analysis in [36].

t00,conf t0f0
√
s > 1.4GeV

B0 12.2±0.3 K0 5.25±0.28 d0 -5.4±3.7
B1 -0.9±1.1 K1 -4.40±0.16 d1 ≡ 0
B2 15.9±2.7 K2 0.175±0.155 d2 ≡ 0
B3 -5.7±3.1 K3 -0.28±0.06 ε2 10.3±4.0
B4 -22.5±3.7 ε3 ≡ 0
B5 6.9±4.8 Re

√
sp 0.996±7 GeV ε4 ≡ 0

z0 0.137±0.028 GeV Im
√
sp -0.025±8 GeV

TABLE II. Fit parameters of the global parameterization for
the S0-wave solution II. sp is the f0(980) pole position from
the dispersive analysis in [36].

t00,conf t0f0
√
s > 1.4GeV

B0 12.2±0.3 K0 4.97±0.08 d0 -16.5±6.2
B1 -1.2±0.8 K1 -4.72±0.08 d1 ≡ 0
B2 15.5±1.5 K2 -0.04±0.18 d2 ≡ 0
B3 -6.0±1.5 K3 -0.31±0.04 ε2 160.8±2.4
B4 -21.4±1.3 ε3 -715.5±8.5
B5 6.3±4.5 Re

√
sp 0.996±7 GeV ε4 -937.3±25.0

z0 0.135±0.031 GeV Im
√
sp -0.025±8 GeV

TABLE III. Fit parameters of the global parameterization
for the S0-wave solution III. sp is the f0(980) pole position
from the dispersive analysis in [36].

t00,conf t0f0
√
s > 1.4GeV

B0 12.3±0.3 K0 5.26±0.08 d0 73.4±1.5
B1 -1.0±0.9 K1 -4.64±0.04 d1 27.3±0.4
B2 15.7±1.7 K2 0.10±0.07 d2 -0.3±0.2
B3 -6.0±1.6 K3 -0.29±0.04 ε2 171.6±2.0
B4 -22.1±1.2 ε3 -1038.8±8.3
B5 7.1±2.8 Re

√
sp 0.996±7 GeV ε4 1704.7±30.8

z0 0.136±0.035 GeV Im
√
sp -0.025±8 GeV

contribution that we have factored out explicitly in our
global parameterization.
All in all, this new parameterization is consistent with

the GKPY dispersive data analysis, its output in the
complex plane, as well as with the threshold parame-
ters, the Adler zero, the positions of both σ/f0(500) and
f0(980) poles, and the inelastic region up to 1.43 GeV,
which was consistent with Forward Dispersion Relations.
This consistency is illustrated in Table IV where we show
the χ2/d.o.f. ≡ χ̂2 of our fit with the new parameteriza-
tion in different regions: χ̂2

1 from ππ to KK̄ threshold,
χ̂2
2 from KK̄ threshold to 1.4 GeV, χ̂2

C
in the complex

plane within the applicability region, χ̂2
δ for the phase

above 1.4 GeV and χ̂2
η for the elasticity above 1.4 GeV.

All of them are smaller or equal to one for any of our
three solutions.
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FIG. 1. Comparison of solutions I, II and III (Tables I,
II, III) versus data. The gray, blue and green bands corre-
spond to the uncertainty of solutions I, II and III, respectively.
Above 1.4 GeV, solution I fits the data of [5, 64] (solid circles)
and [2, 3] (solid squares), solution II fits [4] (solid diamonds)
and solution III fits the updated (- + -) data from [58] (hol-
low diamonds). The data coming from [9] (empty squares)
and [65] (empty circles) for the phase shift and [66] (solid tri-
angle up), [67](solid triangle down), [6] (empty squares), [65]
(empty circles), [68] (empty triangle up) and [69] (empty tri-
angle down) for the elasticity are just shown for comparison.
The red-dashed vertical line separates the region where the
fits describe both data and dispersion relation results, from
the region above, where the parameterization is just fitted to
data. The blue-dotted vertical line stands at the energy of
the last data point of solutions II and III.

nance.

Concerning the compatibility with the dispersive re-
sults in [28], we show in Fig. 2 the comparison between
the CFD analysis of [28] and our solution I. Up to 1.4
GeV it is enough to refer to solution I as the global so-
lution, because it is the simplest and all them are al-
most indistinguishable below 1.4 GeV. The relevant ob-
servation from Fig. 2 is that the piecewise CFD and our
new parameterization look almost the same below the
KK̄ threshold and are also very similar and compatible
above it. The sharp structure in the region between the
two vertical lines in Fig. 2 is dominated by the f0(980)

TABLE I. Fit parameters of the global parameterization for
the S0-wave solution I. sp is the f0(980) pole position from
the dispersive analysis in [36].

t00,conf t0f0
√
s > 1.4GeV

B0 12.2±0.3 K0 5.25±0.28 d0 -5.4±3.7
B1 -0.9±1.1 K1 -4.40±0.16 d1 ≡ 0
B2 15.9±2.7 K2 0.175±0.155 d2 ≡ 0
B3 -5.7±3.1 K3 -0.28±0.06 ε2 10.3±4.0
B4 -22.5±3.7 ε3 ≡ 0
B5 6.9±4.8 Re

√
sp 0.996±7 GeV ε4 ≡ 0

z0 0.137±0.028 GeV Im
√
sp -0.025±8 GeV

TABLE II. Fit parameters of the global parameterization for
the S0-wave solution II. sp is the f0(980) pole position from
the dispersive analysis in [36].

t00,conf t0f0
√
s > 1.4GeV

B0 12.2±0.3 K0 4.97±0.08 d0 -16.5±6.2
B1 -1.2±0.8 K1 -4.72±0.08 d1 ≡ 0
B2 15.5±1.5 K2 -0.04±0.18 d2 ≡ 0
B3 -6.0±1.5 K3 -0.31±0.04 ε2 160.8±2.4
B4 -21.4±1.3 ε3 -715.5±8.5
B5 6.3±4.5 Re

√
sp 0.996±7 GeV ε4 -937.3±25.0

z0 0.135±0.031 GeV Im
√
sp -0.025±8 GeV

TABLE III. Fit parameters of the global parameterization
for the S0-wave solution III. sp is the f0(980) pole position
from the dispersive analysis in [36].

t00,conf t0f0
√
s > 1.4GeV

B0 12.3±0.3 K0 5.26±0.08 d0 73.4±1.5
B1 -1.0±0.9 K1 -4.64±0.04 d1 27.3±0.4
B2 15.7±1.7 K2 0.10±0.07 d2 -0.3±0.2
B3 -6.0±1.6 K3 -0.29±0.04 ε2 171.6±2.0
B4 -22.1±1.2 ε3 -1038.8±8.3
B5 7.1±2.8 Re

√
sp 0.996±7 GeV ε4 1704.7±30.8

z0 0.136±0.035 GeV Im
√
sp -0.025±8 GeV

contribution that we have factored out explicitly in our
global parameterization.
All in all, this new parameterization is consistent with

the GKPY dispersive data analysis, its output in the
complex plane, as well as with the threshold parame-
ters, the Adler zero, the positions of both σ/f0(500) and
f0(980) poles, and the inelastic region up to 1.43 GeV,
which was consistent with Forward Dispersion Relations.
This consistency is illustrated in Table IV where we show
the χ2/d.o.f. ≡ χ̂2 of our fit with the new parameteriza-
tion in different regions: χ̂2

1 from ππ to KK̄ threshold,
χ̂2
2 from KK̄ threshold to 1.4 GeV, χ̂2

C
in the complex

plane within the applicability region, χ̂2
δ for the phase

above 1.4 GeV and χ̂2
η for the elasticity above 1.4 GeV.

All of them are smaller or equal to one for any of our
three solutions.
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decay models available - weak sector
QCD factorization approach  

(2+1)
factorize the quark currents +=M

F
S
 I

++ ++ ...

p2, respectively, can be written as,

〈M1(p1)M
∗
2 (p2)|Heff |B(pB)〉 =

GF√
2

VCKM

∑

i

Ci(µ)〈M1(p1)M
∗
2 (p2)|Oi(µ)|B(pB)〉 , (1)

where pB = p1 + p2, GF is the Fermi constant, VCKM is a product of Cabibbo-Kobayashi-

Maskawa (CKM) matrix elements, Ci(µ) are Wilson coefficients renormalized at the scale µ [26] and

M∗
2 (p2) is the resonant quasi-two body state which decays into two lighter mesons. The hadronic

amplitude 〈M1(p1)M∗
2 (p2)|Oi(µ)|B(pB)〉 describes long-distance physics. In the factorization ap-

proach we henceforth employ, this amplitude is the sum of two matrix-element products,

〈M1(p1)M
∗
2 (p2)|Oi(µ)|B(pB)〉 =

(

〈M1(p1)|Jν
1 |B(pB)〉〈M∗

2 (p2)|J2ν |0〉

+〈M1(p1)|Jν
3 |0〉〈M∗

2 (p2)|J4ν |B(pB)〉
)

[

1 +
∑

n

rnα
n
s (µ) +O

(

ΛQCD

mb

)

]

, (2)

where the strong coupling is evaluated at a scale µ, rn is a combination of constant strong interaction

factors, and |0〉 is the vacuum state. Thus, at leading order, the decay amplitudes factorize into

two matrix elements with either the weak quark currents J1 and J2 or J3 and J4. Radiative

corrections can be systematically taken into account to a given order αn
s (µ), whereas corrections to

the heavy-quark limit are of nonperturbative nature and therefore much less controlled. This is in

particular true for the charm quark which is neither a light nor a heavy enough quark [27–30]. This

fact makes the systematic improvements of Eq. (2), enclosed in square brackets, less reliable for D

decays. One should keep this limitation in mind but, for lack of a better theoretical framework, the

phenomenological approach to Eq. (2) remains a good starting point to organize the description of

D decays and can be used to provide a first step beyond the isobar model.

The weak effective Hamiltonian, Heff , in Eq. (1) is given by the sum of local operators Oi(µ)

multiplied by Wilson coefficients Ci(µ) which encode the short-distance effects above the renor-

malization scale µ. For a ∆B = 1 transition, for example, the Hamiltonian is given by [31, 32]

H∆B=1
eff =

GF√
2

∑

p=u,c

V ∗
pqVpb

[

C1(µ)O
p
1(µ) + C2(µ)O

p
2(µ) +

10
∑

i=3

Ci(µ)Oi(µ)

+ C7γ(µ)O7γ(µ) + C8g(µ)O8g(µ)
]

+ h.c. , (3)

where the quark flavor can be q = d, s and Vij are CKM matrix elements. In the decays, the weak

interaction W -boson exchange diagram gives rise to two current-current operators with different

color structure owing to QCD corrections and SU(3) color algebra:

Op
1(µ) = q̄iγ

µ(1− γ5)pi p̄jγµ(1− γ5)bj (4)

Op
2(µ) = q̄iγ

µ(1− γ5)pj p̄jγµ(1− γ5)bi . (5)

5

ex: B+ ! ⇡+⇡�⇡+

A ~

8

∑

p=u,c

λp
〈

π−(p1)[π
+(p2)π

−(p3)]D|Tp|B−
〉

= XD u(RDπ
−). (12)

In Eq. (7) the chiral factor rπχ is given by rπχ = 2m2
π/[(mb+mu)(mu+md)],

mu and md being the u and d quark masses, respectively. The long distance
functions XS,P,D and YS,P , evaluated in Appendix A, read

XS ≡
〈

[π+(p2)π
−(p3)]S |(ūb)V−A|B−

〉 〈

π−(p1)|(d̄u)V−A|0
〉

= −
√

2

3
χS fπ (M2

B − s23) F
BRS
0 (m2

π) Γ
n∗
1 (s23), (13)

YS ≡
〈

π−(p1)|(d̄b)sc−ps|B−
〉 〈

[π+(p2)π
−(p3)]S |(d̄d)sc+ps|0

〉

=

√

2

3
B0

M2
B −m2

π

mb −md
FBπ
0 (s23) Γ

n∗
1 (s23), (14)

XP ≡
〈

[π+(p2)π
−(p3)]P |(ūb)V −A|B−

〉 〈

π−(p1)|(d̄u)V−A|0
〉

= NP
fπ
fRP

(s13 − s12) A
BRP
0 (m2

π) F
ππ
1 (s23), (15)

YP ≡
〈

π−(p1)|(d̄b)V−A|B−
〉 〈

[π+(p2)π
−(p3)]P |(ūu)V−A|0

〉

= (s13 − s12)F
Bπ
1 (s23)F

ππ
1 (s23), (16)

XD ≡
〈

[π+(p2)π
−(p3)]D|(ūb)V−A|B−

〉 〈

π−(p1)|(d̄u)V−A|0
〉

= −
fπ√
2
FBRD(m2

π)

√

2

3

Gf2D(s12, s23)

m2
RD

− s23 − imRD
Γ(s23)

, (17)

The different quantities entering the above equations are discussed below.
The S-wave strength parameter χS [Eq. (13)] will be fitted together

with the correction P -wave parameter NP [Eq. (15]. The deviation of NP

from 1 corresponds to the possible variation of the strength of this P -wave
amplitude proportional to fπ/fRP

[compare Eqs. (A.7) and (A.19)].
Three scalar-isoscalar f0 resonances, viz. f0(600), f0(980) and f0(1400),

are present in the ππ effective mass range, mππ, considered here. Since some
of them are wide, like f0(600), one could have a possible RS dependence
in χS. The transition form factor from B to RS , F

BRS
0 (m2

π), could also
depend on mππ. However, one expects these dependences to be weaker
than the effective mass dependence of the pion scalar form factor, Γn∗

1 (s23),
in which all these resonances are incorporated. Therefore we assume that
χS and FBRS

0 (m2
π) are constant. This hypothesis will be assessed by the

quality of the fit obtained with our model. We shall take RS ≡ f0(980) for
the evaluation of FBRS

0 (m2
π) and we use FBRS

0 (m2
π) = 0.13 [19].
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The different quantities entering the above equations are discussed below.
The S-wave strength parameter χS [Eq. (13)] will be fitted together

with the correction P -wave parameter NP [Eq. (15]. The deviation of NP

from 1 corresponds to the possible variation of the strength of this P -wave
amplitude proportional to fπ/fRP

[compare Eqs. (A.7) and (A.19)].
Three scalar-isoscalar f0 resonances, viz. f0(600), f0(980) and f0(1400),

are present in the ππ effective mass range, mππ, considered here. Since some
of them are wide, like f0(600), one could have a possible RS dependence
in χS. The transition form factor from B to RS , F

BRS
0 (m2

π), could also
depend on mππ. However, one expects these dependences to be weaker
than the effective mass dependence of the pion scalar form factor, Γn∗

1 (s23),
in which all these resonances are incorporated. Therefore we assume that
χS and FBRS

0 (m2
π) are constant. This hypothesis will be assessed by the

quality of the fit obtained with our model. We shall take RS ≡ f0(980) for
the evaluation of FBRS

0 (m2
π) and we use FBRS

0 (m2
π) = 0.13 [19].

+

challenging for 3-body 
not all FSI and 3-body NR
scale issue with charm  !

W

how to describe it?

Boito et al. PRD96 113003 (2017)   parametrizations for B and D→3h

naive factorization
R FF

- FSI with scalar and vector form factors FF
- intermediate by a resonance R;

https://arxiv.org/abs/1708.02047

Klein, Mannel, Virto, Keri Vos JHEP10 117 (2017)

improvement over (2+1)

introduce new non-perturbative strong phase

modern QDC factorization: different in each region

https://arxiv.org/abs/1708.02047
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QCDF  predictions 
(2+1)

good agreement for Br

+=M
F
S
 I

++ ++ ...W

Branching fractions (tree-dominated decays) [MB, Huber, Li, 2009]

Theory I Theory II Experiment

B
� ! ⇡�⇡0 5.43 +0.06 +1.45

�0.06 �0.84 (?) 5.82 +0.07 +1.42
�0.06 �1.35 (?) 5.59+0.41

�0.40
B̄

0
d
! ⇡+⇡� 7.37 +0.86 +1.22

�0.69 �0.97 (?) 5.70 +0.70 +1.16
�0.55 �0.97 (?) 5.16 ± 0.22

B̄
0
d
! ⇡0⇡0 0.33 +0.11 +0.42

�0.08 �0.17 0.63 +0.12 +0.64
�0.10 �0.42 1.55 ± 0.19

BELLE CKM 14: 0.90 ± 0.16

B
� ! ⇡�⇢0 8.68 +0.42 +2.71

�0.41 �1.56 (??) 9.84 +0.41 +2.54
�0.40 �2.52 (??) 8.3+1.2

�1.3
B
� ! ⇡0⇢� 12.38 +0.90 +2.18

�0.77 �1.41 (?) 12.13 +0.85 +2.23
�0.73 �2.17 (?) 10.9+1.4

�1.5
B̄

0 ! ⇡+⇢� 17.80 +0.62 +1.76
�0.56 �2.10 (?) 13.76 +0.49 +1.77

�0.44 �2.18 (?) 15.7 ± 1.8

B̄
0 ! ⇡�⇢+ 10.28 +0.39 +1.37

�0.39 �1.42 (??) 8.14 +0.34 +1.35
�0.33 �1.49 (??) 7.3 ± 1.2

B̄
0 ! ⇡±⇢⌥ 28.08 +0.27 +3.82

�0.19 �3.50 (†) 21.90 +0.20 +3.06
�0.12 �3.55 (†) 23.0 ± 2.3

B̄
0 ! ⇡0⇢0 0.52 +0.04 +1.11

�0.03 �0.43 1.49 +0.07 +1.77
�0.07 �1.29 2.0 ± 0.5

B
� ! ⇢�

L
⇢0

L
18.42+0.23

�0.21
+3.92
�2.55 (??) 19.06+0.24

�0.22
+4.59
�4.22 (??) 22.8+1.8

�1.9
B̄

0
d
! ⇢+

L
⇢�

L
25.98+0.85

�0.77
+2.93
�3.43 (??) 20.66+0.68

�0.62
+2.99
�3.75 (??) 23.7+3.1

�3.2
B̄

0
d
! ⇢0

L
⇢0

L
0.39+0.03

�0.03
+0.83
�0.36 1.05+0.05

�0.04
+1.62
�1.04 0.55+0.22

�0.24

Theory I: f
B⇡
+ (0) = 0.25 ± 0.05, A

B⇢
0 (0) = 0.30 ± 0.05,�B(1 GeV) = 0.35 ± 0.15 GeV

Theory II: f
B⇡
+ (0) = 0.23 ± 0.03, A

B⇢
0 (0) = 0.28 ± 0.03,�B(1 GeV) = 0.20+0.05

�0.00 GeV

First error �, |Vcb|. |Vub| uncertainty not included. Second error from hadronic inputs.
Brackets: form factor uncertainty not included.
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Branching Fraction (tree dominated decays)

not good agreement for Acp

 Acp (penguin dominante decays)

Beneke Seminar at “Future Challenges in 
Non-Leptonic B Decays”, Bad Honnef, 2016 

Not enough 

decay models available - weak sector



Patricia MagalhãesFSI challenges and future

32

 Hadron 2020(1) - Brazil 

phenomenological                amplitude

unitary coupled-channel S-matrix

This is an improvement with respect to the previous approach and di↵erent
from considering only the contribution of �c0 to the DD̄ ! ⇡⇡ transition as
a Breit-Wigner resonance. Generically, a unitary two channel S-matrix can be
parametrized as

S =

✓
⌘ e2i�1 i

p
1� ⌘2 ei(�1+�2)

i
p

1� ⌘2 ei(�1+�2) ⌘ e2i�2

◆
(11)

where �1 and �2 are the phase-shifts of the ⇡⇡ and DD̄ elastic scattering. ⌘ is
the inelasticity parameter, which accounts for the probability flux between the
two channels. Unitarity demands that the o↵-diagonal S-matrix elements should
have a magnitude lower than one, and its modulus square can be interpreted as
the probability to occur the transition between the initial and final channels.

We introduce a parametrization for the phase-shifts and inelasticity param-
eter based on the reasonings presented in [10, 11, 34], brought to the context
of DD̄ ! ⇡⇡ transition to estimate TDD̄!⇡⇡(s), which is a key ingredient to
the hadronic charm loop to form the pions in the final state. Of course one
should, in principle, resort to the QCD theory to compute the S-matrix, which,
is however, much beyond our work.

A proposal for the dependence of the transition probability with the two-
meson invariant mass, s, in light-meson processes has been discussed in [34], in
the context of PV ! P 0X 0 transitions, and here, these qualitative reasonings
are brought in the light of the present case. In a naive description of the ⇡+⇡�

inelastic collision amplitude, the pions annihilate into a quark-antiquark pair
that propagates before recombining to produce the heavy-meson pair. The
intermediate virtual state propagation of the quark pair scales roughly with
the inverse of Mandelstam invariant s. The breakup of the pion into a quark-
antiquark pair brings another factor of s�1, and similarly for the formation of
the D meson for s >> m2

c , with mc the charm quark mass. That provides a
damping factor of the o↵-diagonal S-matrix element of ⇠ s�3, which combined
with the threshold behaviour gives

p
s� sth/s2.5, keeps the asymptotic form for

large s. Therefore, we write:

|S⇡⇡!DD̄(s)| =
p

1� ⌘2 ⇠ N
p
s/sthDD̄ � 1 /(s/sthDD̄)2.5, (12)

where the normalization factor N is chosen to keep the modulus of the S-matrix
elements smaller than 1, as required by the unitarity constraint. If we chose
N = ⇤6 = (1.24)6 in Eq.(12) then the maximum value reaches ⇠ 0.87, at

p
s =

1.08
p
sth, which is close to example of the s�wave isospin zero ⇡⇡ ! KK,

where the cross section drops fast and is relevant below
p
s ⇠ 1.6 GeV [35]. This

qualitative formula is also consistent with one of the possible parametrizations
for inelasticity parameter ⌘(s) =

p
1� |S⇡⇡!KK(s)|2 presented in Ref. [36].

The magnitude of the o↵-diagonal S-matrix element is then written as Eq.
(12), which is valid for s > sthDD̄. However, the three-body phase-space for
the B decay has two pions below the DD̄ threshold, which makes necessary the
analytic continuation for s < sthDD̄ in the physical sheet of complex momentum,
imposing that k2 ! i2 with 2 = 1

2

p
sthDD̄ � s. Furthermore, the amplitude

7
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peak superposed to a wide bump below threshold;

parameters should should be fitted
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                        parameters
fix by data! 

scattering amplitudeD0D̄0 ! K+K�
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discontinuity at threshold 

TD̄0D0!KK(s) =
s↵

s↵
thDD̄

22p
sthDD̄

✓
sthDD̄

s+ sQCD

◆⇠+↵ ✓
c+ bk21 � ik1
c+ bk21 + ik1

◆ ✓ 1
a + 2
1
a � 2

◆� 1
2

, s < sthDD̄

= �i
2 k2p
sthDD̄

✓
sthDD̄

s+ sQCD

◆⇠ ✓ m0

s�m0

◆� ✓c+ bk21 � ik1
c+ bk21 + ik1

◆✓ 1
a � ik2
1
a + ik2

◆� 1
2

, s � sthDD̄
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Figure 28: Dalitz plot of B± ! K
±
⇡
+
⇡
� (top) and B

± ! K
±
K

+
K

� (bottom).

65

Kpp KKK

1

10

210

]4c/2[GeV-π+π
2m

0 10 20

]4 c/2
[G

eV
- π+

K2
m

0

5

10

15

20

25

30
LHCb

 

1

10

210

]4c/2[GeV low-K+K
2m

0 5 10 15

]4 c/2
[G

eV
 h

ig
h

-
K+

K2
m

0

5

10

15

20

25 LHCb
 

Figure 28: Dalitz plot of B± ! K
±
⇡
+
⇡
� (top) and B

± ! K
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� (bottom).
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Figure 29: Dalitz plot of B± ! ⇡
±
⇡
+
⇡
� (top) and B

± ! ⇡
±
K

+
K

� (bottom).
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Figure 29: Dalitz plot of B± ! ⇡
±
⇡
+
⇡
� (top) and B

± ! ⇡
±
K

+
K

� (bottom).
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