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Cross sections are measured:

Have access to the chiral-even distributions 𝑓1(𝑥)
(unpolarized) and 𝑔1 𝑥 (helicity)

Totally 

inclusive

Have access to the chiral-odd 

distribution ℎ1 𝑥 (transversity).

Naturally more difficult to obtain

data on transversity

Semi-inclusive

Twist-2 Parton Distribution Functions (PDFs)

Complete set of twist-2 parton distribution functions

𝛾+: 𝑓1(𝑥)

𝛾+𝛾5: 𝑔1 𝑥

𝜎+𝑗: ℎ1 (𝑥)

𝑓1 𝑥 =
1

4𝜋
න𝑑𝑧−𝑒−𝑖𝑃

+𝑧− 𝑃 ത𝜓 𝑧− 𝛾+𝑊 (𝑧−, 0)𝜓(0) 𝑃Example:



Twist expansion:  𝑓𝑖 𝑥 = 𝑓𝑖
(0)

+
𝑓𝑖
(1)

𝑄
+

𝑓𝑖
(2)

𝑄2
+⋯

Twist-2 + Twist-3 +Twist-4

Twist-3: 1 ∶ 𝑒(𝑥)

𝛾𝑗𝛾5 : 𝑔𝑇(𝑥)

𝜎𝑗𝑘 ∶ ℎ𝐿(𝑥)

No density interpretation;

Contain information of quark-gluon-quark correlations;

Possible zero mode contribution;

Hard do determine experimentally. 

Examples: 𝑔𝑇 𝑥 ≡ 𝑔1 𝑥 + 𝑔2 𝑥 Can be interpreted as a transverse force acting on the

quark being scattered Burkardt PRD88 (2013) 114502

Wandzura-Wilczek approximation

Experimentally: Possible 15-40% violation 

Accardi et al., JHEP 11, 093 (2009)

𝑔𝑇
𝑤𝑤 𝑥 = න

𝑥

+1

𝑑𝑦 𝑔1(𝑦)

න
−1

+1

𝑑𝑥 𝑔𝑇(𝑥) = න
−1

+1

𝑑𝑥 𝑔1(𝑥) Burkhardt-Cottingham sum rule

Twist-3 PDFs



Generalised PDFs (GPDs)

ℱ1
𝑞
𝑥, 𝑡, 𝜉 =

1

4𝜋
න𝑑𝑧−𝑒−𝑖𝑃

+𝑧− 𝑃′′ ത𝜓 𝑧− 𝛾+𝑊 𝑧−, 0 𝜓 0 𝑃′

≡
𝑢(𝑃′′)

2𝑝+
𝐻𝑞 𝑥, 𝑡, 𝜉 𝛾+ + 𝐸𝑞 𝑥, 𝑡, 𝜉

𝜎+𝜇Δ𝜇

2𝑀
𝑢(𝑃′)

Generalised PDFs

Δ ≡ 𝑃′′ − 𝑃′, 𝑡 ≡ Δ2, 𝜉 ≡ −
𝑃′′+ − 𝑃′+

𝑃′′+ + 𝑃′
+ = −

2Δ+

𝑃+

𝑓1
𝑞
𝑥 = 𝐻𝑞(𝑥, 0,0)

𝐹1
𝑞
𝑡 = න

−1

+1

𝑑𝑥 𝐻𝑞(𝑥, 𝑡, 𝜉)

𝐹2
𝑞
𝑡 = න

−1

+1

𝑑𝑥 𝐸𝑞(𝑥, 𝑡, 𝜉)

PDFs

Elastic form factors

2𝐽𝑞 = න
−1

+1

𝑑𝑥 𝐻𝑞 𝑥, 0, 𝜉 + 𝐸𝑞 𝑥, 0, 𝜉 Total angular momentum

𝜉 is called skewness



Last 5 years witnessed enormous progress on first principles 

computations of both PDFs and GPDs 

Theoretical papers

X. Ji, PRL 110, 262002 (2013)   - Quasi

A.V.  Radyushkin, PRD 96, 034025 (2017)  - Pseudo

A. J. Chambers et al.,  PRL 118, 242001 (2017)  - OPE without OPE

Yan-Qing Ma and Jian-Wei Qiu, PRL 120, 022003 (2018)  - Good lattice cross sections

Exploratory studies

LP3, PRD 91, 054510 (2015)

ETMC, PRD 92, 014502 (2015)

Nucleon PDFs at physical pion mass using Quasi

ETMC, NPB 923, 394 (2017)  - Nonperturbative renormalization

ETMC, PRL 121, 112001 (2018)  - Unpolarized and helicity

LP3, PRL 121, 242003 (2018)  - Helicity

Nucleon PDFs at physical pion mass using Pseudo

ETMC, PRD 103, 034510 (2021)

HadStruc., PRL 125, 232003 (2020)  - Extrapolated to physical pion mass

Nucleon GPDs

ETMC, PRL 125, 262001 (2020)  - Unpolarized and helicity

Twist-3

ETMC/Temple, PRD 102,  111501 (2020) 

ETMC/Temple, arXiv: 210702574

List restricted to physical pion mass results or exploratory 
studies. There are many more works on the subject and I 
apologize to authors of works not listed



Light-cone and quasi PDFs

𝑞 𝑥 =
1

4𝜋
න𝑑𝑧−𝑒−𝑖𝑃

+𝑧− 𝑃 ത𝜓 𝑧− 𝛾+𝑊 (𝑧−, 0)𝜓(0) 𝑃

Wilson lineDirac Structure

Quark distribution is given

by a light-front correlation

t

z
𝝍

𝝍



𝑞 𝑥, Λ = 𝑞𝑏𝑎𝑟𝑒 𝑥 1 +
𝛼𝑠
2𝜋

Π Λ +
𝛼𝑠
2𝜋

න
𝑥

1

Γ
𝑥

𝑦
, Λ 𝑞𝑏𝑎𝑟𝑒 𝑦

𝑑𝑦

𝑦
+ 𝒪 𝛼𝑠

2

⨂𝑞𝑏𝑎𝑟𝑒 𝑦 + 𝒪 𝛼𝑠
2

+ +𝑞 𝑥, Λ =

𝛿(1 − 𝑥/𝑦) Π Λ 𝛿(1 − 𝑥/𝑦) Γ 𝑥/𝑦, Λ

Perturbative correction to isovector quark distributions :

Regulator of IR and UV divergences

+ … + + …

Our focus:  isovector quark distributions, 𝑞 𝑥 ≡ 𝑢 𝑥 − 𝑑 𝑥

Self-energy Vertex



= 2𝛼𝑠𝐶𝐹 1 − 𝑦 න
𝑑2𝑘⊥
2𝜋 2

𝑢 𝑝 𝛾+𝑢 𝑝

𝑘⊥
2 =

𝛼𝑠
2𝜋

4𝑝+ 1 − 𝑦
1

𝜖𝑈𝑉
−

1

𝜖𝐼𝑅
+ ln

𝜇2

𝜇𝐹
2

= −𝑖𝑔2𝐶𝐹න
𝑑𝑘+𝑑𝑘−𝑑2𝑘⊥

2𝜋 4

ത𝑢 𝑝 𝛾𝜇𝑘 ⋅ 𝛾𝛾+𝑘 ⋅ 𝛾𝛾𝜇𝑢 𝑝

𝑘2 2 𝑝 − 𝑘 2
𝛿 𝑦 −

𝑘+

𝑝+

𝑘2 + 𝑖𝜖 = 2𝑦𝑝+ 𝑘− −
𝑘⊥
2

2𝑦𝑝+
+ 𝑖𝜖

𝑝 − 𝑘 2 + 𝑖𝜖 = −2𝑝+ 1 − 𝑦 𝑘− +
𝑘⊥
2

2𝑝+ 1 − 𝑦
− 𝑖𝜖

Simplest diagram

For 0 < 𝑦 < 1, one pole in the 

upper  half and other in the

lower half of the complex plane

For y> 1 or y< 0 , the poles are

either on the lower half or on the

upper half of the complex plane

DR used for IR and UV divergences

𝑝 = 𝜉𝑃+, 0,0,0 ; 𝜉 =
𝑝+

𝑃+



= 2𝛼𝑠𝐶𝐹 1 − 𝑦 න
𝑑2𝑘⊥
2𝜋 2

𝑢 𝑝 𝛾3𝑢 𝑝

𝑘⊥
2

= −𝑖𝑔2𝐶𝐹න
𝑑𝑘0𝑑𝑘3𝑑2𝑘⊥

2𝜋 4

ത𝑢 𝑝 𝛾𝜇𝑘 ⋅ 𝛾𝛾3𝑘 ⋅ 𝛾𝛾𝜇𝑢 𝑝

𝑘2 2 𝑝 − 𝑘 2 𝛿 𝑦 −
𝑘3

𝑝3

𝑘2 + 𝑖𝜖 = 𝑘0 − 𝑘⊥
2 + 𝑦2 𝑝3 2 + 𝑖𝜖 𝑘0 + 𝑘⊥

2 + 𝑦2 𝑝3 2 − 𝑖𝜖

𝑝 − 𝑘 2 + 𝑖𝜖 = 𝑘0 − 𝑝3 − 𝑘⊥
2 + (1 − 𝑦)2 𝑝3 2 + 𝑖𝜖 𝑘0 − 𝑝3 + 𝑘⊥

2 + 1 − 𝑦 2 𝑝3 2 − 𝑖𝜖

Infinite momentum frame (IMF)

LC and IMF have the same IR and UV behaviour and are equivalente

Unfortunately, they can not be computed within LQCD

Integrating in 𝑘0 and taking the 𝑝3 → ∞ limit:

=
𝛼𝑠
2𝜋

4𝑝3 1 − 𝑦
1

𝜖𝑈𝑉
−

1

𝜖𝐼𝑅
+ ln

𝜇2

𝜇𝐹
2

with 0 < 𝑦 < 1



What if 𝑝3 is kept finite?

𝑞 𝑥, Λ = 𝑞𝑏𝑎𝑟𝑒 𝑥 1 +
𝛼𝑠
2𝜋

෩Π Λ +
𝛼𝑠
2𝜋

න
𝑥

1

෨Γ
𝑥

𝑦
, Λ 𝑞𝑏𝑎𝑟𝑒 𝑦

𝑑𝑦

𝑦
+ 𝒪 𝛼𝑠

2

⨂𝑞𝑏𝑎𝑟𝑒 𝑦 + 𝒪 𝛼𝑠
2

+ +𝑞 𝑥, Λ =

𝛿(1 − 𝑥/𝑦) ෩Π Λ 𝛿(1 − 𝑥/𝑦)
෨Γ 𝑥/𝑦, Λ

Regulator of IR and UV divergences

+ … + + …



= −𝑖𝑔2𝐶𝐹න
𝑑𝑘0𝑑𝑘3𝑑2𝑘⊥

2𝜋 4

ത𝑢 𝑝 𝛾𝜇𝑘 ⋅ 𝛾𝛾3𝑘 ⋅ 𝛾𝛾𝜇𝑢 𝑝

𝑘2 2 𝑝 − 𝑘 2 𝛿 𝑦 −
𝑘3

𝑝3

Keeping 𝑝3 finite

Support outside the

physical region!

Integrating in 𝑘0 and keeping p3 finite, we have an integral over 𝑘𝑇 which is UV finite! But has

an IR divergence. Using Dimensional Regularization:

=
𝛼𝑠
2𝜋

4𝑝3 1 − 𝑦 −
1

𝜖𝐼𝑅
+ 𝑙𝑛

𝑝3
2

𝜇𝐹
2 + ln 4𝑦(1 − 𝑦) + 1 ,

Same IR pole as in the LC and IMF cases

UV divergence appears only when integrating

over all parton momentum fraction 𝑦

0 < 𝑦 < 1

+
𝛼𝑠
2𝜋

4𝑝3 1 − 𝑦 ln
𝑥

𝑥 − 1
+ 1 , 𝑦 > 1

+
𝛼𝑠
2𝜋

4𝑝3 1 − 𝑦 ln
𝑥 − 1

𝑥
− 1 , 𝑦 < 0



t

z
𝝍

𝝍

𝝍

𝝍

𝝍

𝝍

t

t

z

z

𝑷𝟑

𝑷𝟑

We want to go from a purely spatial correlation

to a light-front correlation

𝑞 𝑥 =
2𝑃3
4𝜋

∫ 𝑒−𝑖𝑥𝑃3𝑧 𝑃 ത𝜓 𝑧 𝛾0𝑊 (𝑧, 0)𝜓(0) 𝑃

Purely spatial correlation

X. Ji, PRL 110 (2013) 262002.



𝑞 𝑥, Λ = 𝑞𝑏𝑎𝑟𝑒 𝑥 1 +
𝛼𝑠
2𝜋

Π Λ +
𝛼𝑠
2𝜋

න
𝑥

1

Γ
𝑥

𝑦
, Λ 𝑞𝑏𝑎𝑟𝑒 𝑦

𝑑𝑦

𝑦
+ 𝒪 𝛼𝑠

2

𝑞 𝑥, Λ = 𝑞𝑏𝑎𝑟𝑒 𝑥 1 +
𝛼𝑠
2𝜋

෩Π Λ +
𝛼𝑠
2𝜋

න
𝑥

1

෨Γ
𝑥

𝑦
, Λ 𝑞𝑏𝑎𝑟𝑒 𝑦

𝑑𝑦

𝑦
+ 𝒪 𝛼𝑠

2

𝑞𝑀𝑆 𝑥, 𝜇 = න
−∞

+∞ 𝑑𝑦

𝑦
𝐶𝑀𝑆

𝑥

𝑦
,
𝜇

𝑝3
,
𝜇

𝜇𝐹
𝑞𝑀𝑆 𝑦, 𝑃3, 𝜇

𝐶𝑀𝑆 𝜉 = 𝛿 1 − 𝜉 −
𝛼𝑠
2𝜋

𝐶𝐹 ෩Π𝑀𝑆 − Π𝑀𝑆 𝛿 1 − 𝜉 + ෨Γ 𝜉 − Γ𝑀𝑆 𝜉

As they have the same IR behaviour,  PDFs and quasi-PDFs 

are related to each other:

1-loop correction in the

LC or IMF

1-loop correction with 

finite 𝑃3

Matching:

With:

Also න
−∞

+∞

𝑑𝑥 𝑞𝑀𝑆 𝑥, 𝑃3, 𝜇 = ℎ(0)

ℎ 0 = 𝑃 ത𝜓 0 𝛾0𝜓(0) 𝑃

,   for any 𝑃3, 𝜇



𝜈 ≡ 𝑧𝑝𝑧

Taken from K. Cichy plenary

talk at Lattice 2021

Comparison between Quasi and Pseudo approaches



𝑷𝟑 = 𝟏. 𝟑𝟖 𝑮𝒆𝑽Unpolarized Helicity

Antiquarks Quarks Antiquarks Quarks

C. Alexandrou, K. Cichy, M. Constantinou, K. Hadjiyiannakou, K. 

Jansen, A. Scapellato and F. Steffens, PRL 121, 112001 (2018)

Isovector distributions at the physical pion mass 

𝑚𝜋 ≅ 130 MeV

483 × 96 lattice

𝑎 ≅ 0.093 fm

𝒂

𝑳

Quasi-PDF approach



Pseudo-PDF approach

Quarks Antiquarks

Purple: Statistical error

Blue: quantified systematics

Cyan: estimated systemantics

Black: NNPD3.1  parametrization

Uses same ensamble as the quasi approach

Different from quasi case, here a pheno inspired ansatz is 

used to reconstruct he x dependence

ETMC, PRD 103, 034510 (2021)



Results for Twist-3

PRD 102 (2020) 11, 111501  - Lattice 𝑔𝑇(𝑥)

PRD 102 (2020) 3, 034005  - Matching 𝑔𝑇(𝑥)

PRD 102 (2020) 224025  - Matching 𝑒(𝑥) and ℎ𝐿(𝑥)

arXiv: 2107.02574  - Lattice ℎ𝐿(𝑥)

ETMC + Temple



The 𝑔𝑇 𝑥 = 𝑔1 𝑥 + 𝑔2 𝑥 distribution

The BC sum rule is verified:

න
−1

+1

𝑑𝑥 𝑔𝑇(𝑥) − න
−1

+1

𝑑𝑥 𝑔1 𝑥 = 0.01(20)

𝑃3 = 1.67 𝐺𝑒𝑉

𝑔𝑇
𝑤𝑤 𝑥 = න

𝑥

+1

𝑑𝑦 𝑔1(𝑦)

The WW approximation

Up to 𝑥 < 0.5, 𝑔𝑇(𝑥) agrees with 𝑔𝑇
𝑤𝑤(𝑥)

Violations of 30-40% possible



The chiral-odd twist-3 distribution ℎ𝐿(𝑥)

The WW approximation relates ℎ𝐿 𝑥 to its twist-2 counterpart ℎ1(𝑥)

ℎ𝐿
𝑤𝑤 𝑥 = 2𝑥න

𝑥

+1𝑑𝑦

𝑦2
ℎ1(𝑥)

Suggests that the twist-3 

distribution can be determined 

From its twis-2 counterpart



Twist-2 GPDs

PRL 125, 262001 (2020)  - Unpolarized ane helicity

arXiv: 2108.10789  - Transversity

ETMC



Result for the unpolarized GPDs

𝝃 = 𝟎; 𝒕 = −𝟎. 𝟔𝟗 𝑮𝒆𝑽𝟐

ERBL region

𝝃 = 𝟎; 𝒕 = −𝟎. 𝟔𝟗 𝑮𝒆𝑽𝟐

𝝃 =
𝟏

𝟑
; 𝒕 = −𝟎. 𝟔𝟗 𝑮𝒆𝑽𝟐

ERBL region: 𝑥 < 1/3

DGLAP region: 𝑥 > 1/3



Many more works already done, 

Pion and Kaon PDFs

Meson DA

Delta PDF

Gluon PDF

Transversity GPDs

Synergy between lattice and phenomenology

Many improvements can be made:

Higher boost

Discretization effects

Finite volume effects

Higher twist contamination

Truncation effects in the matching

Nonperturbative renormalization 

The problem of x reconstruction

Road towards precision is open!


