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QCD Dynamics

Two point correlation functions

Confinement
Generation of Mass Scales
Euclidean to Minkowski

Physical Spectra

What about its Analytic Structure?  

Can we get it from lattice simulations?

Landau Gauge !
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Pommerenke’s Theorem
For a meromorphic function f(z),  the Padé sequences [M | M+k], with 
fixed k, converge to f(z) in any compact set of the complex plane.  

In the Padé approximant, single poles of f(z), are sets of zero area, 
and appear in the [M | N] approximants as stable poles for sufficiently 
large values of M. 

[M | N] Padé approximant D(p2) ⇡ PM
N (p2) =

QM (p2)

RN (p2)

<latexit sha1_base64="e4y3Y3QlHsS0137GZbupbR5h+fM="></latexit>

QM (p2) = q0 + · · ·+ qN
�
p2
�M

<latexit sha1_base64="S+faN4r9JOWJSFviH6hag19tzPM="></latexit>

RN (p2) = 1 + · · ·+ rN
�
p2
�N

<latexit sha1_base64="SInb/to411uxv6yR+xtHZuUrwWA="></latexit>

Near diagonal M = N, N + 1, N - 1 sequences
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f(z) =

Z +1

0

dµ(t)

1 + z t
, |Arg(z)| < ⇡

<latexit sha1_base64="1wXls/cW9stewTB+MvqW0Yj90k0="></latexit>

Stieltjes Function 
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f(z) =

Z +1

0

dµ(t)

1 + z t
, |Arg(z)| < ⇡

<latexit sha1_base64="1wXls/cW9stewTB+MvqW0Yj90k0="></latexit>

Stieltjes Function 

Positive defined
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f(z) =

Z +1

0

dµ(t)

1 + z t
, |Arg(z)| < ⇡

<latexit sha1_base64="1wXls/cW9stewTB+MvqW0Yj90k0="></latexit>

Stieltjes Function 

Positive defined
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Gluon Propagator

From 3.25 fm up to 13.01 fm 

a = 0.101 fm

Define Padé approximant by minimising 

�2 =
NX

j=1

 
D(p2j )�Di(p2j )

�(p2j )

!2

<latexit sha1_base64="qn0+JlXrLFTaQiFGGVWUMhXQ82c="></latexit>

Global optimisation methods: 

Differential Evolution 

Simulated Annealing
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Gluon Propagator
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Differential Evolution
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Simulated Annealing

Froissart Doublets

All N
Residua 
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Gluon Propagator
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Differential Evolution Simulated Annealing
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Gluon Propagator
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Differential Evolution Simulated Annealing
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Gluon Propagator

-1 0 1 2

Re p
2

[GeV
2]

10

20

30

40

N

log|z|

-2.0

-1.5

-1.0

-0.5

0

0.5

10 20 30 40
N

0.5

1.0

1.5

2.0

Im p
2 [GeV

2]

log|z|

-2.0

-1.5

-1.0

-0.5

0

0.5

-1 0 1 2

Re p
2

[GeV
2]

10

20

30

40

N

log|z|

-2.0

-1.5

-1.0

-0.5

0

0.5

10 20 30 40
N

0.5

1.0

1.5

2.0

Im p
2 [GeV

2]

log|z|

-2.0

-1.5

-1.0

-0.5

0

0.5

-1 0 1 2

Re p
2

[GeV
2]

10

20

30

40

N

log|z|

-2.0

-1.5

-1.0

-0.5

0

0.5

10 20 30 40
N

0.5

1.0

1.5

2.0

Im p
2 [GeV

2]

log|z|

-2.0

-1.5

-1.0

-0.5

0

0.5

-1 0 1 2

Re p
2

[GeV
2]

10

20

30

40

N

log|z|

-2.0

-1.5

-1.0

-0.5

0

0.5

10 20 30 40
N

0.5

1.0

1.5

2.0

Im p
2 [GeV

2]

log|z|

-2.0

-1.5

-1.0

-0.5

0

0.5

1284

<latexit sha1_base64="YGfRzpe56PcBLUEP8jOxxZ6mFhM=">AAAB7HicjVBNS8NAEJ34WetX1aOXxSJ4KkkpWMFDwYvHCqYttLFstpN26WYTdjdCCf0NXjwo4tUf5M1/4/bjoKLgg4HHezPMzAtTwbVx3Q9nZXVtfWOzsFXc3tnd2y8dHLZ0kimGPktEojoh1Si4RN9wI7CTKqRxKLAdjq9mfvseleaJvDWTFIOYDiWPOKPGSr5Xrd/V+qWyV3HnIH+TMizR7Jfee4OEZTFKwwTVuuu5qQlyqgxnAqfFXqYxpWxMh9i1VNIYdZDPj52SU6sMSJQoW9KQufp1Iqex1pM4tJ0xNSP905uJv3ndzET1IOcyzQxKtlgUZYKYhMw+JwOukBkxsYQyxe2thI2ooszYfIr/C6FVrXi1ysVNrdy4XMZRgGM4gTPw4BwacA1N8IEBhwd4gmdHOo/Oi/O6aF1xljNH8A3O2yeU5o3i</latexit>

Differential Evolution Simulated Annealing

p2 = �(0.343� 0.220)± i (0.301� 0.546) GeV2
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Gluon Propagator
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Complex pole associated with IR momentum
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Landau Gauge Gluon Propagator
804
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Landau Gauge Gluon Propagator
1284
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Gluon Propagator

p2 = �0.31± i 0.5 GeV2 = 0.59 e± i 0.68⇡
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Ghost Propagator
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Ghost Propagator
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Ghost Propagator

GeV2
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Quark Propagator

Data from PRD 99, 094506 (2019)
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Quark Propagator

Vec - 290 MeV

Sca - 290 MeV
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Quark Propagator

Vec - 290 MeV

Vec - 290 MeV Sca - 290 MeV

No clear sign of complex poles
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Quark Propagator

Vec - 290 MeV

Vec - 290 MeV Sca - 290 MeV
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Quark Propagator

Vec - 290 MeV

Mπ 150 MeV 290 MeV 422 MeV

Vec 0.19(6) 0.22(3) 0.26(3)

Sca 0.16(3) 0.19(6) 0.21(6)
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Quark Propagator
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Conclusions

Padé Approximants allow to access the analytic structure from Landau gauge lattice 
propagators  

Landau gauge gluon propagator: pair of complex conjugate poles + branch cut 

Landau gauge ghost propagator: pole at zero momentum + branch cut with precise 
location of the branch point 

Landau gauge quark propagator: pole at Minkowski momenta that grows (linearly) 
with the pion mass squared; not clear if there is a branch cut for p < 1 GeV 

Problems and Future work: 

Improve the analysis by better statistics and adding extra information 

Precise location of branch cut (gluon propagator) 

Investigate for the presence of multiple poles
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