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Introduction

• Quantum Field Theories (QFTs) are mostly perturbative (Cons: confinement, mass gap in QCD, etc.) 

• Non-perturbative QFTs: (mostly 2D) Conformal Field Theories (CFTs) & Topological QFTs. 

• Rational 2D-CFTs  [Belavin, Polyakov, Zamolodchikov '84]: 

- Use infinite-dimensional symmetries to reduce infinite problems to effective finite ones. 

- Hall-mark of chiral symmetry structures that realise sub-algebras of Virasoro algebra. 

• An extended model of 2D-CFTs, realising affine Kac-Moody algebra (the simplest extension of 
semi-simple Lie algebras), namely Wess - Zumino - (Novikov) - Witten (WZW) models.    
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Classical theory

Nonlinear sigma model
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(
@zTz̄z̄ + @z̄Tzz̄ = 0,

@z̄Tzz + @zTz̄z = 0.
<latexit sha1_base64="/+z2DQbrcx0N5PnWyR+VDp3sJJY="></latexit>

Classical E.O.M.: 

Conserved current  which equivalent to , Jμ = g−1∂μg J′ μ = ∂μgg−1

Problem: Not expected to vanish in general non-Abelian Lie algebra. 
 Not separately conserved and the theory does not have (anti-)holomorphic currents.→

: element 
of semi-simple Lie group
g ≡ g(z, z̄) : S2 → G

Traceless tensor in CFT 
 These 2 terms varnish.⇒0
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Classical theory

Wess - Zumino (WZ) term
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S[g] ⌘ S0[g] + k�[g], k 2 R.
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Z
Dge�S[g].
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�� = �[g̃]|B3 � �[g̃0]|B03 = �[f̃ ]|S3 = 2⇡i.
<latexit sha1_base64="H17qEbZp4I+DdND+cnTcDZMyMQ4="></latexit>

Next: WZW action & E.O.M.

Combined action
, taken 

to be identity.
f̃ : S3 → G

With , glueing with another WZ term along their boundaries ∂B3 = S2 ℳ = (B3 ⊔ B′ 3)/S2 = S3 .

g̃ : B3 → G .

Path-integral 
: Level of model .k 2 Z

<latexit sha1_base64="HEzKtN6BKAaE8EKx7+s/+yHdlHw=">AAACEXicbVDLSsNAFJ34rPHRqEs3g0VwVZIq6LLoxmUF+8AmlMl00g6ZTMLMRCkhX+HSrX6EO3HrF/gN/oSTmIVtPXDhcM69cO7xE0alsu0vY2V1bX1js7Zlbu/s7tWt/YOejFOBSRfHLBYDH0nCKCddRRUjg0QQFPmM9P3wuvD7D0RIGvM7NUuIF6EJpwHFSGlpZNVDl3LoRkhNfT+7z0dWw27aJeAycSrSABU6I+vbHcc4jQhXmCEph46dKC9DQlHMSG66qSQJwiGakKGmHEVEelkZPIcnWhnDIBZ6uIKl+vciQ5GUs8jXm0VCuegV4n/eMFXBpZdRnqSKcDyXIpM0Shh5pDjMzTJBkDKoYljUA8dUEKzYTBOEBdVPQDxFAmGlSzR1O85iF8uk12o6Z83W7XmjfVX1VANH4BicAgdcgDa4AR3QBRik4Bm8gFfjyXgz3o2P39UVo7o5BHMwPn8A7VSdbg==</latexit>

 deform into  subgoup of . 
Homotopy group 

S3 SU(2) G
π3(G) = ℤ

left-right invariant 3-form
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Classical theory

WZW action
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S[g] ⌘ S0[g] + k�[g], k 2 Z.
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g(z, z̄) 7! gL(z)g(z, z̄)g
�1
R (z).

<latexit sha1_base64="T7K+Sdg4pMKtztRe7gwnA44ozYQ=">AAACGnicbVDLSsNAFJ3UV1tfUZduBovQgoakCrosunHhoop9QBPDZDpJh04ezEyENvQ73Pgrblwo4k7c+DdOH4taPTBwOOde7pzjJYwKaZrfWm5peWV1LV8orm9sbm3rO7tNEacckwaOWczbHhKE0Yg0JJWMtBNOUOgx0vL6l2O/9UC4oHF0JwcJcUIURNSnGEkluboVlIdHtoc4HFYKdogSIWMYuNflYWXOCe6zY2vk3irVcPWSaZgTwL/EmpESmKHu6p92N8ZpSCKJGRKiY5mJdDLEJcWMjIp2KkiCcB8FpKNohEIinGwSbQQPldKFfszViyScqPMbGQqFGISemgyR7IlFbyz+53VS6Z87GY2SVJIITw/5KYMq/rgn2KWcYMkGiiDMqforxD3EEZaqzaIqwVqM/Jc0q4Z1YlRvTku1i1kdebAPDkAZWOAM1MAVqIMGwOARPINX8KY9aS/au/YxHc1ps5098Ava1w8W/J5m</latexit>

@(g�1@̄g) = 0 = g@(g�1@̄g)g�1 = @̄(@gg�1).
<latexit sha1_base64="/bxwBnjRok7skkFK74UYRWq9HGk="></latexit>

Classical E.O.M.

Choosing λ2 = π/k (k > 0)

Varying action

separately anti(-holomorphic) conserved current .J̄ = kg−1∂̄g, J = − k∂gg−1

This exhibits the local  symmetryG(z) × G(z̄)
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Quantum theory - Current algebra

Quantization: Consider Operator Product Expansion (OPE) structure instead of canonical quantization 
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<latexit sha1_base64="xbgjX29hH7KX0IL5zw+rJzV98BU="></latexit>

constrain by current commutation and association

“level” 

Ja(z)Jb(w) ⇠ k�ab

(z � w)2
+

ifab
cJ

c(w)

z � w
,

J̄a(z̄)J̄b(w̄) ⇠ k�ab

(z̄ � w̄)2
+

ifab
cJ̄

c(w̄)

z̄ � w̄
.

<latexit sha1_base64="5moLFELHjebmzfOpKPxdv0sPiqc="></latexit>

OPE for (anti-)holomorphic current

Conformal dimension  is non-negative2 − p
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Affine Kac-Moody algebra

Under group multiplication, we derive “Polyakov-Wiegmann identity”:

8

S[gh] = S[g] + S[h] +Wk[g, h].
<latexit sha1_base64="Zx4oYHCQXuB0o+mK8uEsYNhpkHc=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEoRKSKuhGKLpxWal9QBrCZDpJhk4ezEyEEoobf8WNC0Xc+hXu/BunbRbaeuBeDufcy8w9XsqokKb5rZWWlldW18rrlY3Nre0dfXevI5KMY9LGCUt4z0OCMBqTtqSSkV7KCYo8Rrre8Gbidx8IFzSJ7+UoJU6Egpj6FCOpJFc/aNlB6Fyp7tRadujUuu7QDk5Dx3D1qmmYU8BFYhWkCgo0Xf2rP0hwFpFYYoaEsC0zlU6OuKSYkXGlnwmSIjxEAbEVjVFEhJNPTxjDY6UMoJ9wVbGEU/X3Ro4iIUaRpyYjJEMx703E/zw7k/6lk9M4zSSJ8ewhP2NQJnCSBxxQTrBkI0UQ5lT9FeIQcYSlSq2iQrDmT14knbphnRn1u/Nq47qIowwOwRE4ARa4AA1wC5qgDTB4BM/gFbxpT9qL9q59zEZLWrGzD/5A+/wBKKiV/Q==</latexit>

S[(gh)l] = S[g(hl)]

() Wk[gh, l] +Wl[g, h] = Wk[g, hl] +Wk[h, l].
<latexit sha1_base64="MbIZ0xVrUjUjIKoH4fuQHKl9xYY="></latexit>

Virasoro algebra structure 

[X ⌦ tn, Y ⌦ tm] = [X,Y ]⌦ tn+m + (X,Y )n�n+m,0c.
<latexit sha1_base64="QjhStQtPKLlWJG4lB94tKuXvWq0="></latexit>

With convention of .Wk[g, h] ≡ kW1[g, h] ≡
k

8π ∫S2

dzdz̄tr (g−1∂̄g ∧ ∂hh−1)

 transform as a 2-cocycle:Wk

Virasoro algrebra is central extension of Witt algebra

Exact sequence of the algebra & group 
0 ! R ! ĝ ! Lg ! 0,

1 ! U(1) ! Ĝ ! LG ! 1.
<latexit sha1_base64="1DJYO/9vk1ruOrTTGTU3QzGyCAg="></latexit>
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Commutation relations for conserved currents 

Laurent expansion around origin
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b
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⇤
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cJ
c
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<latexit sha1_base64="1MRPZZ4fcFU5UwQMQTNufxwJyjQ=">AAACE3icbVDJSgNBEO2JW4xb1KOXwSCIyNATBb0IQS+SUwSzQDIz9HR6kiY9C901QhjyD178FS8eFPHqxZt/Y2c5aOKDgsd7VVTV8xPBFWD8beSWlldW1/LrhY3Nre2d4u5eQ8WppKxOYxHLlk8UEzxideAgWCuRjIS+YE1/cDP2mw9MKh5H9zBMmBOSXsQDTgloySuedAQLoF11iYdPq67v4Y7kvT44VzwL3Iz4o5FHqy71sOUVS9jCE5iLxJ6REpqh5hW/Ot2YpiGLgAqiVNvGCTgZkcCpYKNCJ1UsIXRAeqytaURCppxs8tPIPNJK1wxiqSsCc6L+nshIqNQw9HVnSKCv5r2x+J/XTiG4dDIeJSmwiE4XBakwITbHAZldLhkFMdSEUMn1rSbtE0ko6BgLOgR7/uVF0ihb9plVvjsvVa5nceTRATpEx8hGF6iCblEN1RFFj+gZvaI348l4Md6Nj2lrzpjN7KM/MD5/AO6EnZA=</latexit>

when n = m = 0, back to 
finite-dim Lie algebra

generalised modes of expansion 

Ja
n =

I
dzJa(z)zn.

<latexit sha1_base64="aPIwGBnDEUdpIVj7udZxTULrfAk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuglJFXQjFN2Iqwr2AW0aJpNJO3QyCTMToS3Fjb/ixoUibv0Kd/6N0zYLbT0wcOace7n3Hj9hVCrb/jZyS8srq2v59cLG5tb2jrm7V5dxKjCp4ZjFoukjSRjlpKaoYqSZCIIin5GG37+e+I0HIiSN+b0aJMSNUJfTkGKktOSZB7cd5PHLdky5gsEQ6m9peDLscMszi7ZlTwEXiZORIshQ9cyvdhDjNCJcYYakbDl2otwREopiRsaFdipJgnAfdUlLU44iIt3R9IQxPNZKAMNY6Kc3maq/O0YoknIQ+boyQqon572J+J/XSlV44Y4oT1JFOJ4NClMGVQwnecCACoIVG2iCsKB6V4h7SCCsdGoFHYIzf/IiqZct59Qq350VK1dZHHlwCI5ACTjgHFTADaiCGsDgETyDV/BmPBkvxrvxMSvNGVnPPvgD4/MHhTWWOA==</latexit>

Virasoro algebra structure 

[Ja ⌦ sn, J
b ⌦ sm] = [Ja, Jb]⌦ sn+m + kn�ab�n+m,0.

<latexit sha1_base64="4vASbNQBUB4J1eHxlu9KZzyeffA="></latexit>

⇥
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b
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1
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dz

I

|z|>|w|
dw �

I
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I

|w|>|z|
dw

!
znwmJa(z)Jb(w)

=
1

(2⇡i)2

I

0
dw

I

w
dzznwm


ifab

cJ
c(z)

z � w
+

k�ab

(z � w)2

�

= ifab
cJ

c
n+m + kn�ab�n+m,0.

<latexit sha1_base64="tJROB/fNkClhuHcurAqmgkfn2qw="></latexit>
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Sugawara construction

Energy-momentum tensor 
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T (z)Ja(w) = Ja(w)T (z) ⇠ 2�(k + h_)

✓
Ja(w)

(z � w)2
+

@Ja(w)

z � w

◆
.

<latexit sha1_base64="uWbgONS7i1gBlT42rK909SmzYBE="></latexit>

c ⌘ k dim g

k + h_ .
<latexit sha1_base64="/wXmkjBhEKlMg9U99xTmy35uc+o="></latexit>

� ⌘ 1

2(k + h_)
.

<latexit sha1_base64="tsYa+VI+w5IUdmO1mJLwGgqy9tU="></latexit>

Classical version 

T (z) = �0Ja(z)Ja(z).
<latexit sha1_base64="zEU/WTpZpmp70dTMp4J7YERh3+c=">AAACHHicbVDLSgMxFM34bOtr1GU3wSLWTZmpgm6EohtxVaEvaMdyJ03b0GRmSDJKLV34I27d6j+4E7eCv+BXmD4WtvVAwsk593Jvjh9xprTjfFtLyyura+uJZGpjc2t7x97dq6gwloSWSchDWfNBUc4CWtZMc1qLJAXhc1r1e1cjv3pPpWJhUNL9iHoCOgFrMwLaSE07nSxlH48vGh0QAo7wzR2Y5+TONe2Mk3PGwIvEnZIMmqLYtH8arZDEggaacFCq7jqR9gYgNSOcDlONWNEISA86tG5oAIIqbzD+xBAfGqWF26E0J9B4rP7tGIBQqi98UylAd9W8NxL/8+qxbp97AxZEsaYBmQxqxxzrEI8SwS0mKdG8bwgQycyumHRBAtEmt5kpiomI0wdGesOUCcedj2KRVPI59ySXvz3NFC6nMSVQGh2gLHLRGSqga1REZUTQE3pBr+jNerberQ/rc1K6ZE179tEMrK9fjQCf3Q==</latexit>

Quantum version 

T (z) = �(JaJa)(z) ⌘ �

2⇡i

I

z

dx

x� z
Ja(x)Ja(z).

<latexit sha1_base64="ULdNxN2V6LARwpn+ISckzD+T0mU="></latexit>

TJ OPE:

Central charge

Coexter number (quad. Casimir of ad. rep.) 
fab

cf
bc

d = 2h_�ad.
<latexit sha1_base64="rKw/tnDK1Cc67MznBsTO79bvr2o="></latexit>

TT OPE:

T (z)T (w) ⇠ k dim g

2(k + h_)(z � w)4
+

2T (w)

(z � w)2
+

@T (w)

z � w
.

<latexit sha1_base64="zxtv5xNVmN/zer72b/TF4FXu8rE="></latexit>
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The algebra from language of “modes”

Recall: Commutation relation for conserved currents

11

[Ln, J
a
m] = �2�(k + h_)mJa

n+m = �mJa
n+m.

<latexit sha1_base64="W5rkBnUZaCKhLq+08VwHaU755ys="></latexit>

[Ln, Lm] =�

2

4Ln,
X

l�1

Ja
l J

a
n�l +

X

l�0

Ja
n�lJ

a
l

3

5

=(n�m)Ln+m +
c

12
n(n2 � 1)�n+m,0.

<latexit sha1_base64="lydmcFlGKRqXLbmkZM9Ylv6xJUI="></latexit>

c =
k dim g

k + h_ = 2k� dim(g).
<latexit sha1_base64="zUq/lRqMrV5/8p+oJRYuvgy1Xa8="></latexit>

[Ja
n , J

b
m] = ifab

cJ
c
n+m + kn�ab�n+m,0.

<latexit sha1_base64="p6zfG2D4oyKyJmpN6IZ58LGssLQ="></latexit>

A good exercise: The commutation relation for conserved currents

Normal ordering term 

Ln ⌘�

0

@
X

m�1

Ja
mJa

n�m +
X

m�0

Ja
n�mJa

m

1

A = �
X

m2Z
: Ja

mJa
n�m : .

<latexit sha1_base64="U/TRlhifw6HbvOsLG27HmXIhgnU="></latexit>

Virasoro algebra (Vir)

 Affine Kac-Moody algebra is the Lie ideal of the universal enveloping algebra: .→ Vir ⋉ �̂�k
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Free field construction

At quantum level, n-free fermions is just the same theory to  of the WZW model𝔰𝔬(n)1

12

S =

Z

S2

d2z ̄i�µ@µ 
i, (i = 1, ..., n).

<latexit sha1_base64="x3kelX6eXLVq5gP7FR3vZpWBjUU="></latexit>

Ja(z) =
1

2
T a
ij( 

i j)(z), J̄a(z̄) =
1

2
T a
ij( ̄

i ̄j)(z̄).
<latexit sha1_base64="wF6AXAkqzzvX96cpg+NdC5N6Bag="></latexit>

 i(z) j(w) ⇠ �ij

z � w
.

<latexit sha1_base64="vlX6t+gtOzIkJze2Fjg/SXMaCZo="></latexit>

Ja(z) j(w) = �
T a
lj 

j(w)

z � w
.

<latexit sha1_base64="3XvSoApEdEtknRe/gCH2tVu66YE="></latexit>

Ja(z)Jb(w) ⇠ C(�) dim(�)

2 dim(g)

�ab

(z � w)2
+

ifab
cJ

c(w)

z � w
,

<latexit sha1_base64="WCnC5E25jj0GLaxo0ouHVo+VjM0="></latexit>

Action of n massless free fermion with  symmetry: SO(N)

(Anti-)holomorphic conserved current
Generator of fun. rep. of 𝔰𝔬(n)

OPE

 “Non-abelian bosonization” transform local fermionic to bosonic fields & retained all symmetries. →

In , it is 𝔰𝔬(n)1
(n − 1)n
n(n − 1)

= 1
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Chern-Simons theory

13

SCS =
k

4⇡

Z

M
tr

✓
A ^ dA+

2

3
A ^A ^A

◆
.

<latexit sha1_base64="8HQj0FYBmps7zdnaeycl8KjWrRc="></latexit>

SCS =
k

4⇡

Z

R
dt

Z

⌃
tr
�
✏ijAi@tAj

�
.

<latexit sha1_base64="GoyXCCQSO2CZgxf+L8qh9aAbu90="></latexit>

⇥
Aa

i (x), A
b
j(y)

⇤
=

⇡i

k
�ab✏ij�

2(x� y).
<latexit sha1_base64="jBv+rJzs3NpMxZ6STp6Rg8KcAH4="></latexit>

⇥
Aa

z(z1, z̄1), A
b
z̄(z2, z̄2)

⇤
=

⇡

k
�ab�(z1 � z2)�(z̄1 � z̄2).

<latexit sha1_base64="3rns9KsumTQMaKkS0I8ioDWkGuU="></latexit>

SCS =
k

4⇡

Z
dt

Z
tr(Az@tAz̄ +AtFzz̄).

<latexit sha1_base64="3I2jAT1tlcjh6pUpSN8v1dIhGsU="></latexit>

2+1 dim Chern-Simons (CS) theory: : Connection of the principal 
G-bundle on 

A
ℳ

since, ,  
gauge invariant 

π(G) = ℤ
⇒ k ∈ ℤ

Canonical Quantization:

  (time x 2D surface)M = R⇥ ⌃
<latexit sha1_base64="XnO9kUrwiTJTiUPT7gowW1x7rAo=">AAACJHicbVDLSsNAFJ34rPEVdekmtAiuSlIF3QhFN26E+ugDmlAm02k7dGYSZiZKCdn7JS7d6ke4Exdu/AF/wknMwrYeGDiccy9z7gkiSqRynE9jYXFpeWW1tGaub2xubVs7uy0ZxgLhJgppKDoBlJgSjpuKKIo7kcCQBRS3g/FF5rfvsZAk5HdqEmGfwSEnA4Kg0lLPKnsMqhGCNLlKz3IeBMlN6inCsPRuyZDBnlVxqk4Oe564BamAAo2e9e31QxQzzBWiUMqu60TKT6BQBFGcml4scQTRGA5xV1MO9Vd+kt+S2gda6duDUOjHlZ2rfzcSyKScsEBPZmnlrJeJ/3ndWA1O/YTwKFaYo6kUiSQsoviBoHFq5gkGMbVVaGeN2X0iMFJ0oglEgugjbDSCAiKlezV1O+5sF/OkVau6R9Xa9XGlfl70VAL7oAwOgQtOQB1cggZoAgQewTN4Aa/Gk/FmvBsfv6MLRrGzB6ZgfP0A5xWl6Q==</latexit>

form of  S = ∫ pi∂tqi

Aa
z (Az̄) =

⇡

k

�

�Aa
z̄
 (Az̄).

<latexit sha1_base64="msAvoZBqJgzi7fUpccYhCb6iq0M="></latexit>

Hilbert space  of all holomorphic functional  & its functional derivatives of ℋ Ψ(Az̄) Az

Identity ✓
@z̄

�

�Az̄
+


Az̄,

�

�Az̄

�◆
 (Az) =

k

⇡
@zAz̄ (Az).

<latexit sha1_base64="tbjCv+l972x3upggBfp4ThtoT44="></latexit>
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Correspondence to WZW model

14

�

�Aa
z̄
Z[A] =

1

⇡
Ja(z)Z[A].

<latexit sha1_base64="XGty4GL0lRw+cTdzpSZi1WfRtKo="></latexit>

Z[A] =

⌧
exp

✓
1

⇡

Z
Ab

w̄J
b
w

◆�

WZW

.
<latexit sha1_base64="ryeSPw51cPkTjs+bOuRLBnqshEQ="></latexit>

WZW partition function

From the known , we derive  and use relationJa(z)Jb(w) ∂z̄Ja(z)Jb(w)

We derive
Identity ✓

@z̄
�

�Az̄
+


Az̄,

�

�Az̄

�◆
 (Az) =

k

⇡
@zAz̄ (Az).

<latexit sha1_base64="tbjCv+l972x3upggBfp4ThtoT44="></latexit>

 Hilbert states of CS theory connect to generating function (for a given source) of WZW models. 
 Exploit it to calculate CS observables (e.g. n-Wilson loops on ) using WZW models.

→
→ S3
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Further applications & Outlooks

• Other aspects (refer to my essay - GitHub): 

- Representation (Primary fields, Verma modules, why called “Rational” CFT?) 

- Knizhnik–Zamolodchikov (KZ) equations (4-point correlation function) 

- Mathematical construction of Affine Kac-Moody algebra - in the Appendix 

• Further developments: 

-  gauged WZW model as Witten's 2-dim Euclidean black holes [Witten '92] 

- WZW models of universal cover group of  describes bosonic strings on  
[Maldacena & Oorugi '01], [Maldacena et. al '01], [Maldacena & Oorugi '02] 

- Plateau transition in the integer quantum Hall effect [Zirnbauer '19]

SL(2,ℝ)/U(1)

SL(2,R) AdS3
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https://github.com/quangloctran/quangloctran.github.io/blob/master/essay.pdf
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.44.314
https://doi.org/10.1063/1.1377039
https://doi.org/10.1063/1.1377039
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.65.106006
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