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One-loop diagrams

From left to right : Vacuum diagram, Vertex correction diagram, Box
diagram. The LSZ reduction formula :

4
iMiotal = H\/Z(I'MLo-f—inp—i-inc—i-iMbd), (1)

i=1
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One-loop integrals

One out of the one-loop integrals we will encounter :

Figure 1: The Vertex correction diagrams

Vertex diagram's amplitude :

. _ar 3 d* “/"(g+me)’va(/+me)'vp r —igap _ N By, s
e = 8L e)/(zwvgp" 2@ — w7 —mey e T TP )
@)
d*l —gpv8ap ;4 L i o PPN s
:e“/(%)‘, ;qz K T e (0T P s, (p).
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Dimensional regularization

At one-loop level, we will however meet some interesting problems of
one-loop integrals with UV and IR-divergence. With UV-divergence, we
are going to use dimensional regularization to parameterize UV divergent

values [1] :
1672 [ d*q (2mp)*—P D
; /(27r)4"'_> P /d qg..., (3)

D-dimensional basic integral:

/dD ( )n D/2 ( g)(A_ie)Dﬂ—n (4)
A—i—/e)” r(n)
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Scalar two-point function

er*=" [ b 1
Bo(p, mg, m) = d y 5
o(p. o, m) in? Y@= +iola+pP —m +id ©

using Feynman parametrization :

(27r;¢4 b 1
> Bolp, mo, m) = s ®
q+xp)2 — x2p2 + x(p2 — m? + mg) — mg + ie:I
2mp)*=P 1
:%/ /'dﬂ)q/i2 set:q/:q+xp (7)
i ” .
0 (q — A+ IE)
—_————
=h(A)
2452 _(4-D ' 22 > 2, > b
=@4mu )" 2 T 3 dx[xp—x(p —m +m0)+m07iej| 2 (8)
0
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Scalar two-point function

when D — 4:

4-D
2\ 3 4-D 2 2
(4m®) 2 =14 — log (4m1?) + 0((D = 4), ©)
(i +0(D —4) (10)
3 =" E ,
D—4 _
[xzpzfx(pzmewng)ergfie:l 2 —14 log I:xzpzfx(pzfm2+mg)+mgfiej| (11)
4—D 4—D D—4
=(rp?) 2 r( 5 )[x2p2—x(p2—m2+m§>+mé—fe] 2 (12)
2 2 22 2 2, 2 2 ,
=3 D775+|og(4ﬂ'u)flog[xp —x(p* —m +m0)+m0—:e] e = —"(1) (13)
1
2 2 2 2 2 2
X — X — m° 4+ m3)+ m; — ie
zBo(p,mo,m):Af/ dxlog|: P _ o) o :|+O(D74) (14)
o
0
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Scalar two-point function

Specific case mg = 0, we get:

x2p? — x(p? — m?) — ie
12

Bo(p,0,m) = A — /01 dx log [ (15)

=N+ Iog(/ﬁ) +1- /01 dx log [xp2 —p?>4+m? - ie} (16)

2

) 1 m*—ie
:A+Iog(u)+1—p2/ dxlog[x] (17)
m2—p2—ije

1 2 2_;
= A+ log(p?) +1 - > | xlog(x) It = x|mle ]
(18)
2 2 2 2 2 :
L m?> —p m? — p* — je
“Adlog [ ) 42 | 19
+og<m2>—i— + 2 og( g~ ) (19)
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UV divergent parts

UV divergent parts of N-point functions : ( Represent UV divergent term by A)
o Ag(m) = m?*A,

Bo(P2, mo, my) = A,

BM(P; mo, ml) = _71,%&,

B: (B, = p,.B1) = _—1A ,

B, (p, mo, my) = =&~ [p* — 3(mg + mi)| A + B2 A,

o uu(paplamOam17m2) g;wCOO(p p mOamlam2) gHVA

where A = % —~€e+1, D is the dimensions of the loop integrals and ~¢ is the Euler constant.
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The UV divergence of total amplitude

@ The tree-level
iMo ~ 1(a).

The Vacuum polariztion

-2
iMVp ~ ?A(OZZ)

@ The Vertex correction
iMyc ~ %A(az).
@ The Box diagrams
iMpg ~ UV-convergent(a?).

o LSZ factor 1
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The UV divergence of total amplitude

Total one-loop amplitude :

4 ~
thotal = H \/Z(/MO + inp + iMVC + iMbd)

i=1

~1- 2@ i) - 2o + Ja@d)| 29

) 1 1 -2
~ S D02 + 58(0%) = 58(0?) ~ = A(e?).
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Renormalization

To resolve the UV-singularities, we have to use an extra procedure, the

Renormalization method, first of all, we must renormalize the QED
Lagrangian.
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Renormalization

To resolve the UV-singularities, we have to use an extra procedure, the

Renormalization method, first of all, we must renormalize the QED
Lagrangian.

Lo = Po(id — mo)po — %FHVFHV — eooArho

(21)
—SLr = ZyD(ii) — Zm.m)h — %ZAF“”F,“, — Z.Zy\/Zned Av,

with :
Yo = \/Zpp = \/1+ 640
Al = VZaA" =TT BaA" )
mo=Znm=m-+0m ’
e = Ze.e = €+ 0e

where we have expanded perturbatively at one-loop order Z; = 1 + §;(«).
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Renormalized Lagrangian

The renormalized Lagrangian reads :
_ 1 _
[,R = w(l(ﬁ - m)'l/J - ZF#UF;LU - el/JATZJ

— POmth + Sy (i — m)p — %EAFWF“” — ePAY(Se + by + %m (23)

0
= ‘CR + £Counterterm~
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Counterterm diagram
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UV cancellation

o Counterterm amplitude :

) 1 2
iMct ~ EA(a )- (24)
@ LSZ factors after Renormalization
. s s = axff
=4y =1- (‘t)\ﬂ:m:l— (P)Ip:m—5w:1— (m\p:erQm gp)\p:m
dp dp dp op 25)
_,_ 9a="dp) ox(p) 2pop _ dE"(p) ox(p) 007
=1 ap p=m + o2 Wlp:m =1- ap |p=m + op? ?P\p:m =
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UV cancellation

@ Counterterm amplitude :

. 1 2
iMct ~ EA(Ot )- (24)

@ LSZ factors after Renormalization

. asff asf asf osf
=>2Z,=1- (”)W:m:1— (P)|P:m—6w:1— (ﬁ)\P:erQm ip)\ﬂ,:m
dp dp dp ap 25)
_,_ d4="dp) ox(p) 2pop _ dE"(p) orTp op?
=1— dp p=m sz 873 |P:’" =1- dP |p:m + ap2 0[15 p=m =

The UV divergence of total amplitude after Renormalization :
Combining the results of renormalized LSZ factors and additional Feynman
counterterm amplitude into our previous amplitude Eq.(20) to get UV
convergent amplitude after renormalization :

.

iMiotal = I | \/E;(I’Mg +iMyp + iMye + iMpg + iMet)
i=1 (26)

2 1 1
~ 1. |:1(a) — EA(az) + EA(QZ) + EA(az) ~ 0A — UV convergent.
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nce of NLO differential cross section

@ The Vacuum polariztion
iMyp ~ IR convergent.

@ The Vertex correction

te

. € ’ Xi A / Xty A .
iMye = — —2k .ki2 3 log(xte) log| — | — 2p P log (xtu) log iMio.
4 mg(1 — xte) me mu(l - XUL) my,

@ The Box diagrams

iM < 2’ p’ xe log(xs) | i
i = — | —2k'p ———— log(xs) log [ ———
bd = 4r2 memy, (1 — x2) ° —q2 — ie

s
, Xy »? _
—2k pm log(xy) log ﬁ Mo
elllp - - -

@ The counterterm diagrams

) &2 A AT
iMe = — —log — —log — | .iM;0.
47 me my,
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IR divergence of NLO differential cross section

The total virtual differential cross section

(da)Vi"t &2 (do’)
a0 - (=
dQ ) o Am2 \d2 ) g
A
X 2Re 72k/.k%log(xte)log - 72p/.p2)(t7“
mg(1 — x;) me mi (1 — x

~~
3
RS

log (xt m ) log

by ) | A | A
2} Cog 2~ log
tzﬂ) Me L
)\2

’ Xs ’ Xu A2 3
—2k'p’ —————— log(xs) log —— ) —2k'p 5 log(xu) log > (o).
memy, (1 — xg) —q% —ie memy, (1 — x5) —q% — e

(27)
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Photon radiation
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Photon radiation

For the calculation at NLO, we have to include the emission of one
additional photon. We split this real emission process into two parts as
follows :

dareal(a3) = dUSoft(a3) + dUhard(a3)a (28)

where the soft-photon region is defined by E, < AE with AE being a
cutoff parameter. The value of AE must be very small compared to the
colliding energy.
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Soft-photon corrections

Because of the electrons and muons are charged particles, they always
emit photons (electromagnetic radiation). The photon emission is
therefore an essential part of QED scattering processes. The

e~ u~ — e~ scattering without photon emission is actually unphysical
and we can't observe this process separately.

In soft-photon emission, we neglect the momentum ¢’ of the radiative
photon everywhere except in the denominator of the fermion propagator.
We then get the following result for the differential cross section :

dl _ dl e2 d3q/ kz . k/2 _ 2kk/ N p2 . p/2 B 2PP/
aQ ) ¢ o dQ ) o @r3 [ 2wy [(a'K)2 (a'K)? d'kg'k (a'p)? (a'P)? dk.g'K
la'|<AE
s / ’
p'k p'k pk pk
+2Re - - + (@),
p'q’.k'q"  p'q’.kq’  pq’.k'q"  pq’.kq’

(29)

with wg = 1/|G’|> + A2, where X is the photon mass.
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IR divergent part of the Soft-photon radiation

The total IR divergent part of the Soft-photon radiation differential cross
section reads :

(du) —e? (da> A {4| (2 E)+4kk, Xte log(xce) | (2AE)
— = — [ — .Re og| —— S o, 'o8lxte)log | ——
dQ ) o 472 \d2 ), A m2(1 — x2) P

app’ — og (225 4 2 |2k p! X log(xs) log [ 22E ’ 30
—+ —— 10} (X ) O, _— + —— 10g( X [o} _—
PP -2 g (xeu ) log | — p e (1= 2) g(xs) log | — (30)

~ Ttp

o Xu | e [(22F 2 3
+ Pm og(xu) log ~ (7).

We can see that the cross section of soft photon radiation process as IR
divergent as the virtual corrections, but with a sign difference.
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IR convergent cross section

The IR-divergent part of the NLO cross section reads :

do\ ' do do —& (do 20E\? 2AE\?
- - (= +( —= =— | Re |log + log
dQ NLO dQ Virt dQ Soft 4r dQ Lo me my,
, Xte 2AE ’ Xty 2AE
+4kk TP R log(xte) log +4pp —————— log (XI}L) log (31)
mg(1 — xg, me m7, (1 — Xt my,

u

, s 4NE? , X 4AE? 3
+ 4kp —————— log(xs) log T +4k'p 5 log(xy) log — (),
memy, (1 — x5) —q? —ie memy (1 — xg) —q% — ie

u

do
= | — is IR convergent .
dQ NLO
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Next-to-leading order cross section

Finally, we define here the NLO cross section :

donto = doro(a?) + dovin(a®) + dosr(a?).
= f(S, t,u, me, my, AE, Ao, By, Co, Do, )
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Conclusion

We have successful cancelled out all divergences occurring at
next-to-leading order, UV divergence is cancelled by renormalization and
IR divergence by adding soft-photon corrections. We note that the photon

radiation is an indispensable part of the scattering process of charged
particles.
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rmalization conditions

These conditions require that those renormalized fuctions have a tree-level

form in the on-shell limit (p?> = m?). This is the on-shell renormalization
sheme :

@ Condition 1 - Dirac equation :
Ref ™ (p)u(p) 22 = 0

2
= 6m = Rex"(m) = % {mBl(m2,0, m) — mBo(m?,0, m) + g
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Renormalization conditions

These conditions require that those renormalized fuctions have a tree-level

form in the on-shell limit (p?> = m?). This is the on-shell renormalization
sheme :

@ Condition 2 :

T S

+m .,
iim L RefT (p)u(p) = iu(p)
p2—m? p° —m
s 97 (p) )
:>§¢j = —2ije 8p2 |¢:mj = —2mj 8p2 |P:mj
mje2 Bl(m_,?’ovmj) Bo(mj?,O, mj) 8Bl(p2,0, mj)
= — _ — m

472 2mj 2mj 8p2 pzsz

OBo(p?,0, m; 1

4 PBEOm)
Bp P2:mjg 4mj
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rmalization conditions

These conditions require that those renormalized fuctions have a tree-level

form in the on-shell limit (p?> = m?). This is the on-shell renormalization
sheme :

@ Condition 3:

. 1 ~AA .
Jim s Ref32(a)¢* () = ~icu(a)

—e2 1
= 0p = m Re |:—§ +
Jj=e,p

2
3

Bl(07 mj, mj) + 80(07 mj, mj)]

mngé(q2,mj,mj)|q2:0+ 3 2

LE Duc Truyen (HCMUS-IFIRSE) Next-to-leading order QED December 5, 2020 25/33



Renormalization conditions

These conditions require that those renormalized fuctions have a tree-level

form in the on-shell limit (p?> = m?). This is the on-shell renormalization
sheme :

@ Condition 4 :

_|_

u(p) " (p. p)ulp)| ,_ o = —iel(p)ynu(p)

1
= e = —E(SA.
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Ao(m) = (| (¢ = m® +ic) Iy (39
Bolp, mo, m) = (| [(¢* = md + i) ((a+ P — m2 +ic) ] 1) (39)
Bu(ps mo, m) = (| ap [(0 = g+ i) (0 +p)% = md +ie) ] 71 (35)
B (o2 o, m) = (I g (62 = md + ie) (a2 = +i) ] " g (36)
Colp, p's mo, i, ma) = (1 [(@* = m +ie) ((a + p) = mk i) ((a+ P2 = md +ie) | 7, @)
Culpsp's mo, iy m) = (lau [ — md +ie) ((a-+p? = m? 4 ic) ((a+ 62 = md +ic) | 7 D) (38)

Co b o, i, ma) = ([ qua [(¢ = m§ +70) (a+ p) = md +ie) ((a+ 0P —md+ic)] "Dy (39)

Do(p, Py P2 o,y ms) = (| [(a = 4 ie) ((a+ p)? = m? +i€) ((a+ pr)? = md + ic) (40)
—1
(@+p)? = mi+ic)] T,
o 2 2 . 2 2 . 2 2 .
Dy (p, p1, P2, Mo, my, ma, m3) = (| qpu [(q — mq + i) ((q+P) *m1+’6) ((q+P1) *mz+'6) (41)
—1
((q+p2)2 - m§+i€)] g
_ 2 2 . 2 2 . 2 2 .
Dy (ps p1, P2, mo, mi, my, m3) = (| ququ [(q — mg + ie) ((q +p)° —mi + '6) ((q +p1)" —m; + le) (42)

((q+ p2)? — mj + ff)] - [Yqr
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Vacuum polarization amplitudes

Vacuum polarization

o4
—1e ’ /
iMiyp = mﬁg(k/)'v“u; (K@, (p" )" uf, (p) {QBW(q, Me, me) + G B (q, me, me) + qu Bpu(q, me, me)
(43)
2
q 2
+ {?Bo(q , Me, Me) — AO(me):| g,uu} s
and :
o4
—1e ’ /7
iMa yp = mn;(k’huug (k)DZ(p/)»YVUZ (p) {QB/W(% My, mu) + quBu (g, my, my) + quBu(q, my, my)
q2 2
+ ?Bo(q s My my) — Ao(mp) | guv ¢ -
(44)
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Vertex correction amplitudes

Vertex correction

ie
IMive = oo ) { =29 = 2999 [ G (ks K, 0, mes me) 4k (ks K0, ey me) + Ky Gl K',0, e, me)
ki Co(k, K, 0, me, me) + @ Cp (k, K, 0, me, me) + qu ki Co(k, K’ 0, me, me) | +8me [ €™ (k, k', 0, me, me)

K Cok, K0, me, me) | +4meg® Co(k, K',0, me, me) — 2my™ Colk, K', 0, me, me) } uf (KT, (¢ Ve, (p)
(45)

and
4
. - ’ / /
iMoo = Bk e, (05 (0) { =297 = 2975 %2" [Cuw (b1 P00 s m) + Py Gy ' 0, iy )

216 2
+pu Cu(p P’ 0, my, mp) + pupy Co(ps p', 0, my, my) — qu Cu(p, p’, 0, my, my) — qupp Colp, p’, 0, my, mu)]

—4my,q® Co(p, p', 0, my, my,) + 8my, [C“(p,p’,O, my, my) 4+ p~ Co(p, p’, 0 mwmu)]

/
—2m2, 4% Co(p, P’ 0, M, m“)} u;, (P)-
(46)
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Box amplitudes

Box diagrams

-4
e ’ ’
iMibg = 10— [4ﬁ£(k')v"u; (K, (p" )y, (p)K' P’ Do(—a, =K', p’, 0,0, me, my,)

’ ’
+ oK)V ul (k)T (p')2K v o, (p)Da(—a, =K', p’, 0,0, me, my,)

(47)
’ ’
— (K" )2p' v yY uf (k)T (P )y 1, (P)Da(—q, —K, p', 0,0, me, my.)
! /
=B (K Iyl (K)E (0 vy, (P)Das (—a, —k’,p/,0,0,me,mu)] ,
and
.4
. le _ropiav NS 1 s/ ’ ’
iMa pg = m |:4ue(k ) ug (k)uu(p )'y,,u“ (p)k"pDo(—q, —k", —p, 0,0, me, my,)
T
’ ’
— (k") ug (K55, (P )V va 2K v, (P)Da(—q, =K', —p, 0,0, me, my,) (48)

o v r

_rot ! NS ot s’ ’
— (k" )2py" v  ue (k) (P )vvuy, (P)Da(—q, =K', —p, 0,0, me, my,)

H_o_vor

’ ’
LK )y Y ul (K55, (P )P v, (p)Dag(—a, =K', —p, 0,0, me,mu)] .
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LSZ factors

o
z :l+i{[7250(m 0, mp) — 2B1(my, 0, my) + 1] + p =) Lo dZS(p)H . (49)
P Ton2 s Uy my s Uy My dp p=my,
o
Z,=1 < 0 2B 0 1 1920 (P) 2 9z (P") 50
=1+ {l- 00 my) = 2Ba(m 0 + 14 2y T Y, (50)
o
e Ty (k") ( ")
2y =1+ 16*2{[ 2By(me, 0, me) — 2By (me, 0, me) + 1] + §’ T 2’"6 Hg? Zme - (51)
]
. e? ¥, (k d%s(k
Z = 280(’"870 me)*2Bl(”’e70 me)+1]+K ( ) + 2me ds; )}|k:me' (52)
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UV divergent parts

UV divergent parts of N-point functions : ( Represent UV divergent term
by A)

Ao(m) = m?A

Bo(p?, mo, m1) = A,

B.(p, mg, m1) = FLp.A,

By (B, = pu.B1) = 24,

Byu(p, mo, m) = =5~ [p? —3(m§ + m3)] A 4 222 A,

o Cu(p,p',mo, my, m2) 8uv Coo(p, p', mo, my, my) = B2\,

where A = ﬁ — e + 1, D is the dimensions of the loop integrals and
~E is the Euler constant.
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Counterterm amplitude

Counterterm diagrams
. ie? _rot rN=s Iy o s
Mt = =5 LK Pva ), (9T, ) (25e 48y, + 5%) , (53)

with the counterterm factors are determined by renormalization conditions:

2
e —1 2 , 0 2 B1(0, mj, mj)  Bo(0, m;, m;)
be = —= Re | — + —m; —=Bo(q", mj, m; + + 54
e 87r2£ [9 Sjaqzo(yjyj)qzzo 3 5 s (54)
j=en
2 2
s mj62 Bl(mj707 mj) Bo(mj,O,mj) " aBl(pz,O, m;j) m 330(;)2,0, mj) 1
P = - - — mj 5 _—
J 472 2m; 2m; dp? pzzmj? dp? Pzzmj? 4m; ’
(55)
2
—eé 1 2 5., 0 Bl(O,mj,mj) BO(O,mj,mj)
n= g z e [_3 3 Bolds i mi)lgao + 3 * 2 ‘ (56)
j=e
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IR divergent values

We can calculate the IR divergent quantities with a regularized photon
mass A — 0 :

8By (p? .\, m;))

702 N — - _ 1 A
o Bo(mj,)\,mj) = 502 ‘pZ:mj =- Iog(mj).
J
ox:
’ . R 2 2 . N — t . A
Q@ Golp, p's X, mj, my) = Go(m?, t, me, X, mj, m;) = m '°€(th) |°g(;j)v
with :
4mj2
1 t+ie 1
Xtj =
AmJ?
-t 1
—2xq7 log(x: 2
© Do(q, b1, p2s Ay A mi, ma) = B Colmd, (1 — po)?, B, A, my, mp) = —21208003) g (32 g
q mymq®(1—=x3,) —q°—i
with :

1 Ammy 4
(p1—p2)%+ic—(my —mp)?

4my m
1— — ;™ 4
\/ (pL—p2)?+ie—(my —m3)?

—Co(m? (pL—p2)? ,m3 X m1,m))
5 .

X12 =

@ D.(q,p1, P2, A A, m1, m2) ~ quDi(q, p1, P2, Ay A, my, mp) = qp

q

Co(m? ,(py —p2)%,m3, A my ,mp)
a2 ’

Dy (g, P1s P2, Ay Ay m1, ma) ~ ququ D11(q, p1, P2, Ay Ay m1, mo) = ququ

LE Duc Truyen (HCMUS-IFIRSE) Next-to-leading order QED December 5, 2020 33/33



	Next-to-leading order
	One-loop integral
	UV cancellation
	IR cancellation
	Conclusion
	Appendix

