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One-loop diagrams

From left to right : Vacuum diagram, Vertex correction diagram, Box
diagram. The LSZ reduction formula :

iMtotal =
4∏

i=1

√
Z̃i (iMLO + iMvp + iMvc + iMbd ) , (1)
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One-loop integrals
One out of the one-loop integrals we will encounter :

Figure 1: The Vertex correction diagrams

Vertex diagram’s amplitude :

iM1,vc = ūr
e (k′)(−e3)

∫
d4 l

(2π)4 gρν
γν (/g + me )γα(/l + me )γρ

n2(g2 − me )(l2 − me )
ur′

e (k)
−igαβ

q2 .ūs
µ(p′)(−ieγβ )us′

µ (p)

= e4

∫
d4 l

(2π)4

−gρνgαβ
n2q2 ūr

e (k′)γν
i

/g − me
γ
α i
/l − me

γ
ρur′

e (k).ūs
µ(p′)γβus′

µ (p).

(2)
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Dimensional regularization

At one-loop level, we will however meet some interesting problems of
one-loop integrals with UV and IR-divergence. With UV-divergence, we
are going to use dimensional regularization to parameterize UV divergent
values [1] :

16π2

i

∫ d4q
(2π)4 ...→

(2πµ)4−D

iπ2

∫
dDq..., (3)

D-dimensional basic integral:

In(A) =
∫

dDk 1
(k2 − A + iε)n = i(−1)nπD/2 Γ(n − D

2 )
Γ(n) (A− iε)D/2−n (4)
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Scalar two-point function

B0(p,m0,m) =
(2πµ)4−D

iπ2

∫
dD q

1
(q2 − m2

0 + iε)[(q + p)2 − m2 + iε]
, (5)

using Feynman parametrization :

→ B0(p,m0,m) =
(2πµ)4−D

iπ2

∫
dD q

∫ 1

0

dx
1[

(q + xp)2 − x2p2 + x(p2 − m2 + m2
0)− m2

0 + iε
]2 (6)

=
(2πµ)4−D

iπ2

∫ 1

0

∫
dD q′

1(
q′2 − A + iε

)2︸ ︷︷ ︸
=I2(A)

set : q′ = q + xp (7)

= (4πµ2)
4−D

2 Γ
(

4− D
2

)∫ 1

0

dx
[

x2p2 − x(p2 − m2 + m2
0) + m2

0 − iε
] D−4

2 (8)
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Scalar two-point function

when D → 4:(
4πµ2
) 4−D

2 = 1 +
4− D

2
log
(

4πµ2
)

+ O((D − 4)2), (9)

Γ
(

4− D
2

)
=

2
4− D

− γE + O(D − 4), (10)[
x2p2 − x(p2 − m2 + m2

0) + m2
0 − iε

] D−4
2 = 1 +

D − 4
2

log
[

x2p2 − x(p2 − m2 + m2
0) + m2

0 − iε
]

(11)

⇒(4πµ2)
4−D

2 Γ
(

4− D
2

)[
x2p2 − x(p2 − m2 + m2

0) + m2
0 − iε

] D−4
2 (12)

=
2

4− D
− γE + log

(
4πµ2
)
− log

[
x2p2 − x(p2 − m2 + m2

0) + m2
0 − iε

]
γE = −Γ′(1) (13)

⇒B0(p,m0,m) = 4−

∫ 1

0

dx log
[

x2p2 − x(p2 − m2 + m2
0) + m2

0 − iε

µ2

]
+ O(D − 4) (14)
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Scalar two-point function

Specific case m0 = 0, we get:

B0(p, 0,m) = 4−
∫ 1

0
dx log

[
x2p2 − x(p2 −m2)− iε

µ2

]
(15)

= 4+ log
(
µ2
)

+ 1−
∫ 1

0
dx log

[
xp2 − p2 + m2 − iε

]
(16)

= 4+ log
(
µ2
)

+ 1− 1
p2

∫ m2−iε

m2−p2−iε
dx log [x ] (17)

= 4+ log
(
µ2
)

+ 1− 1
p2

[
x log(x)|m

2−iε
m2−p2−iε − x |m2−iε

m2−p2−iε

]
(18)

= 4+ log
(
µ2

m2

)
+ 2 + m2 − p2

p2 log
(

m2 − p2 − iε
m2

)
(19)
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UV divergent parts

UV divergent parts of N-point functions : ( Represent UV divergent term by 4)

A0(m) = m24 ,
B0(p2, m0, m1) = 4 ,
Bµ(p, m0, m1) = −1

2 pµ4,
B1 (Bµ = pµ.B1) = −1

2 4 ,
Bµν(p, m0, m1) = −gµν

12 [p2 − 3(m2
0 + m2

1)]4+ pµpν
3 4,

Cµν(p, p′, m0, m1, m2) = gµνC00(p, p′, m0, m1, m2) = gµν
4 4,

where 4 = 2
4−D −γE + 1, D is the dimensions of the loop integrals and γE is the Euler constant.
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The UV divergence of total amplitude

The tree-level
iM0 ∼ 1(α).

The Vacuum polariztion

iMvp ∼
−2
3 4(α2).

The Vertex correction

iMvc ∼
1
24(α2).

The Box diagrams

iMbd ∼ UV-convergent(α2).

LSZ factor
Z̃i ∼ 1− 1

44(α).

LE Duc Truyen (HCMUS-IFIRSE) Next-to-leading order QED December 5, 2020 10 / 33



11/33

The UV divergence of total amplitude

Total one-loop amplitude :

iMtotal =
4∏

i=1

√
Z̃i (iM0 + iMvp + iMvc + iMbd )

∼ [1− 1
24(α)].

[
1(α)− 2

34(α2) + 1
24(α2)

]
∼ −2

3 4(α2) + 1
24(α2)− 1

24(α2) ∼ −2
3 4(α2).

(20)
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Renormalization

To resolve the UV-singularities, we have to use an extra procedure, the
Renormalization method, first of all, we must renormalize the QED
Lagrangian.

L0 = ψ̄0(i /∂ −m0)ψ0 −
1
4 FµνFµν − e0ψ̄0 /Aψ0

→LR = Zψψ̄(i /∂ − Zm.m)ψ − 1
4 ZAFµνFµν − ZeZψ

√
ZAeψ̄ /Aψ,

(21)

with : 
ψ0 =

√
Zψψ =

√
1 + δψψ

Aµ0 =
√

ZAAµ =
√

1 + δAAµ

m0 = Zm.m = m + δm

e0 = Ze .e = e + δe

, (22)

where we have expanded perturbatively at one-loop order Zi = 1 + δi (α).
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Renormalized Lagrangian

The renormalized Lagrangian reads :

LR = ψ̄(i /∂ −m)ψ − 1
4 FµνFµν − eψ̄ /Aψ

− ψ̄δmψ + δψψ̄(i /∂ −m)ψ − 1
4δAFµνFµν − eψ̄ /Aψ(δe + δψ + 1

2δA)

= L0
R + Lcounterterm.

(23)
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Counterterm diagram
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UV cancellation

Counterterm amplitude :

iMct ∼
1
6
4(α2). (24)

LSZ factors after Renormalization

⇒ Z̃p = 1−
dΣ̂ff (/p)

d/p
|/p=m = 1−

dΣff (/p)
d/p

|/p=m − δψ = 1−
dΣff (/p)

d/p
|/p=m + 2m

∂Σff (p)
∂p2 |/p=m

= 1−
dΣff (d/p)

d/p
|/p=m +

∂Σff (p)
∂p2

2/p∂/p
∂/p
|/p=m = 1−

dΣff (/p)
d/p

|/p=m +
∂Σff (p)
∂p2

∂p2

∂/p
|/p=m = 1

. (25)

The UV divergence of total amplitude after Renormalization :
Combining the results of renormalized LSZ factors and additional Feynman
counterterm amplitude into our previous amplitude Eq.(20) to get UV
convergent amplitude after renormalization :

iMtotal =

4∏
i=1

√
Z̃i (iM0 + iMvp + iMvc + iMbd + iMct )

∼ 1.
[

1(α)−
2
3
4(α2) +

1
2
4(α2) +

1
6
4(α2)

]
∼ 04 → UV convergent.

(26)
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IR divergence of NLO differential cross section

The Vacuum polariztion
iMvp ∼ IR convergent.

The Vertex correction

iMvc =
e2

4π2

[
−2k′.k

xte

m2
e (1− x2

te )
log(xte ) log

(
λ

me

)
− 2p′.p

xtµ

m2
µ(1− x2

tµ)
log
(

xtµ
)

log
(

λ

mµ

)]
.iMLO .

The Box diagrams

iMbd =
e2

4π2

[
−2k′p′

xs

me mµ(1− x2
s )

log(xs ) log
(

λ2

−q2 − iε

)
−2k′p

xu

me mµ(1− x2
u )

log(xu) log
(

λ2

−q2 − iε

)]
.iMLO .

The counterterm diagrams

iMct =
e2

4π2

[
− log

λ

me
− log

λ

mµ

]
.iMLO .
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IR divergence of NLO differential cross section

The total virtual differential cross section(
dσ
dΩ

)Virt

NLO
=

e2

4π2

(
dσ
dΩ

)
LO

× 2Re

[
−2k′.k

xte

m2
e (1− x2

te )
log(xte ) log

(
λ

me

)
− 2p′.p

xtµ

m2
µ(1− x2

tµ)
log
(

xtµ
)

log
(

λ

mµ

)
− log

λ

me
− log

λ

mµ

−2k′p′
xs

me mµ(1− x2
s )

log(xs ) log
(

λ2

−q2 − iε

)
− 2k′p

xu

me mµ(1− x2
u )

log(xu) log
(

λ2

−q2 − iε

)]
(α3).

(27)
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Photon radiation
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Photon radiation

For the calculation at NLO, we have to include the emission of one
additional photon. We split this real emission process into two parts as
follows :

dσreal (α3) = dσSoft(α3) + dσhard (α3), (28)

where the soft-photon region is defined by Eγ ≤ 4E with 4E being a
cutoff parameter. The value of 4E must be very small compared to the
colliding energy.
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Soft-photon corrections

Because of the electrons and muons are charged particles, they always
emit photons (electromagnetic radiation). The photon emission is
therefore an essential part of QED scattering processes. The
e−µ− → e−µ− scattering without photon emission is actually unphysical
and we can’t observe this process separately.
In soft-photon emission, we neglect the momentum q′ of the radiative
photon everywhere except in the denominator of the fermion propagator.
We then get the following result for the differential cross section :(

dσ
dΩ

)
Soft

= −
(

dσ
dΩ

)
LO
.

e2

(2π)3

∫
|q’|≤4E

d3q′

2ωq′

[
k2

(q′k)2 +
k′2

(q′k′)2 −
2kk′

q′k.q′k′
+

p2

(q′p)2 +
p′2

(q′p′)2 −
2pp′

q′k.q′k′

+2Re
(

p′k′

p′q′.k′q′
−

p′k
p′q′.kq′

−
pk′

pq′.k′q′
+

pk
pq′.kq′

)]
(α3),

(29)

with ωq′ =
√
|~q′|2 + λ2, where λ is the photon mass.
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IR divergent part of the Soft-photon radiation

The total IR divergent part of the Soft-photon radiation differential cross
section reads :

(
dσ
dΩ

)
Soft

=
−e2

4π2

(
dσ
dΩ

)
LO
.Re
{

4 log
(

24E
λ

)
+ 4kk′

xte

m2
e (1− x2

t )
log(xte ) log

(
24E
λ

)
+ 4pp′

xtµ

m2
µ(1− x2

tµ)
log
(

xtµ
)

log
(

24E
λ

)
+ 2
[

2k′p′
xs

me mµ(1− x2
s )

log(xs ) log
(

24E
λ

)2

+2k′p
xu

me mµ(1− x2
u )

log(xu) log
(

24E
λ

)2]}
(α3).

(30)

We can see that the cross section of soft photon radiation process as IR
divergent as the virtual corrections, but with a sign difference.
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IR convergent cross section

The IR-divergent part of the NLO cross section reads :(
dσ
dΩ

)IR

NLO
=
(

dσ
dΩ

)
Virt

+
(

dσ
dΩ

)
Soft

=
−e2

4π2

(
dσ
dΩ

)
LO

Re
[

log
(

24E
me

)2
+ log
(

24E
mµ

)2

+4kk′
xte

m2
e (1− x2

te )
log(xte ) log

(
24E
me

)
+ 4pp′

xtµ

m2
µ(1− x2

tµ)
log
(

xtµ
)

log
(

24E
mµ

)
+ 4k′p′

xs

me mµ(1− x2
s )

log(xs ) log
(

44E2

−q2 − iε

)
+ 4k′p

xu

me mµ(1− x2
u )

log(xu) log
(

44E2

−q2 − iε

)]
(α3),

(31)

⇒
(

dσ
dΩ

)
NLO

is IR convergent .
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Next-to-leading order cross section

Finally, we define here the NLO cross section :

dσNLO = dσLO(α2) + dσvirt(α3) + dσsoft(α3).
= f (s, t, u,me ,mµ,4E ,A0,B0,C0,D0, ...)

(32)
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Conclusion

We have successful cancelled out all divergences occurring at
next-to-leading order, UV divergence is cancelled by renormalization and
IR divergence by adding soft-photon corrections. We note that the photon
radiation is an indispensable part of the scattering process of charged
particles.
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Übungen zu strahlungskorrekturen in eichtheorien.
II. Institut für Theoretische Physik, Universität Hamburg, 22761 Hamburg, 2003.

A. Denner and S. Dittmaier.
Scalar one-loop 4-point integrals.
Nucl. Phys. B, 844:199–242, 2011.

LE Duc Truyen (HCMUS-IFIRSE) Next-to-leading order QED December 5, 2020 23 / 33



24/33

THANKS FOR YOUR
ATTENTION

LE Duc Truyen (HCMUS-IFIRSE) Next-to-leading order QED December 5, 2020 24 / 33



25/33

Renormalization conditions

These conditions require that those renormalized fuctions have a tree-level
form in the on-shell limit (p2 = m2). This is the on-shell renormalization
sheme :

Condition 1 - Dirac equation :

R̃eΓ̂ff (p)u(p)|p2=m2 = 0

⇒ δm = R̃eΣff (m) =
e2

8π2

[
mB1(m2, 0,m)−mB0(m2, 0,m) +

m
2

]
.

slide
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Renormalization conditions

These conditions require that those renormalized fuctions have a tree-level
form in the on-shell limit (p2 = m2). This is the on-shell renormalization
sheme :

Condition 2 :

lim
p2→m2

/p + m
p2 −m2 R̃eΓ̂ff (p)u(p) = iu(p)

⇒δψj = −2mj R̃e
∂Σff (p)
∂p2 |/p=mj = −2mj

∂Σff (p)
∂p2 |/p=mj

=
mj e2

4π2

[
−

B1(m2
j , 0,mj )

2mj
−

B0(m2
j , 0,mj )

2mj
− mj

∂B1(p2, 0,mj )
∂p2

∣∣∣∣
p2=m2

j

+ mj
∂B0(p2, 0,mj )

∂p2

∣∣∣∣
p2=m2

j

+
1

4mj

]
.

slide
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Renormalization conditions

These conditions require that those renormalized fuctions have a tree-level
form in the on-shell limit (p2 = m2). This is the on-shell renormalization
sheme :

Condition 3:

lim
q2→0

1
q2 ReΓ̂AA

µν(q)εν(q) = −iεµ(q)

⇒ δA =
−e2

4π2

∑
j=e,µ

Re
[
−

1
9

+
2
3

m2
j B′0(q2,mj ,mj )|q2=0 +

B1(0,mj ,mj )
3

+
B0(0,mj ,mj )

2

]
.

slide
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Renormalization conditions

These conditions require that those renormalized fuctions have a tree-level
form in the on-shell limit (p2 = m2). This is the on-shell renormalization
sheme :

Condition 4 :

ū(p)Γ̂Aff
µ (p, p)u(p)

∣∣
p2=m2 = −ieū(p)γµu(p)

⇒ δe = −
1
2
δA.

slide
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Notations

A0(m) = 〈|
(

q2 − m2 + iε
)−1
|〉q (33)

B0(p,m0,m1) = 〈|
[

(q2 − m2
0 + iε)

(
(q + p)2 − m2

1 + iε
)]−1

|〉q (34)

Bµ(p,m0,m1) = 〈| qµ
[

(q2 − m2
0 + iε)

(
(q + p)2 − m2

1 + iε
)]−1

|〉q (35)

Bµν (p,m0,m1) = 〈| qµqν
[

(q2 − m2
0 + iε)

(
(q + p)2 − m2

1 + iε
)]−1

|〉q (36)

C0(p, p′,m0,m1,m2) = 〈|
[

(q2 − m2
0 + iε)

(
(q + p)2 − m2

1 + iε
)(

(q + p′)2 − m2
2 + iε

)]−1
|〉q (37)

Cµ(p, p′,m0,m1,m2) = 〈| qµ
[

(q2 − m2
0 + iε)

(
(q + p)2 − m2

1 + iε
)(

(q + p′)2 − m2
2 + iε

)]−1
|〉q (38)

Cµν (p, p′,m0,m1,m2) = 〈| qµqν
[

(q2 − m2
0 + iε)

(
(q + p)2 − m2

1 + iε
)(

(q + p′)2 − m2
2 + iε

)]−1
|〉q (39)

D0(p, p1, p2,m0,m1,m2,m3) = 〈|
[

(q2 − m2
0 + iε)

(
(q + p)2 − m2

1 + iε
)(

(q + p1)2 − m2
2 + iε

)
(40)(

(q + p2)2 − m2
3 + iε

)]−1
|〉q

Dµ(p, p1, p2,m0,m1,m2,m3) = 〈| qµ
[

(q2 − m2
0 + iε)

(
(q + p)2 − m2

1 + iε
)(

(q + p1)2 − m2
2 + iε

)
(41)(

(q + p2)2 − m2
3 + iε

)]−1
|〉q

Dµν (p, p1, p2,m0,m1,m2,m3) = 〈| qµqν
[

(q2 − m2
0 + iε)

(
(q + p)2 − m2

1 + iε
)(

(q + p1)2 − m2
2 + iε

)
(42)(

(q + p2)2 − m2
3 + iε

)]−1
|〉q .
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Vacuum polarization amplitudes

Vacuum polarization

iM1,vp =
−ie4

q44π2 ūr
e (k′)γµur′

e (k)ūs
µ(p′)γνus′

µ (p)
{

2Bµν (q,me ,me ) + qµBν (q,me ,me ) + qνBµ(q,me ,me )

+
[

q2

2
B0(q2

,me ,me )− A0(me )
]

gµν

}
,

(43)

and :

iM2,vp =
−ie4

q44π2 ūr
e (k′)γµur′

e (k)ūs
µ(p′)γνus′

µ (p)
{

2Bµν (q,mµ,mµ) + qµBν (q,mµ,mµ) + qνBµ(q,mµ,mµ)

+
[

q2

2
B0(q2

,mµ,mµ)− A0(mµ)
]

gµν

}
.

(44)
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Vertex correction amplitudes

Vertex correction

iM1,vc =
ie4

q216π2 ūr
e (k′)
{
−2γα − 2γµγαγν

[
Cµν (k, k′, 0,me ,me ) + kµCν (k, k′, 0,me ,me ) + kνCµ(k, k′, 0,me ,me )

+kµkνC0(k, k′, 0,me ,me ) + qνCµ(k, k′, 0,me ,me ) + qνkµC0(k, k′, 0,me ,me )
]

+ 8me
[

Cα(k, k′, 0,me ,me )

+kαC0(k, k′, 0,me ,me )
]

+4me qαC0(k, k′, 0,me ,me )− 2m2
eγ
αC0(k, k′, 0,me ,me )

}
ur′

e (k)ūs
µ(p′)γαus′

µ (p),
(45)

and :

iM2,vc =
ie4

q216π2 ūr
e (k′)γαur′

µ (k)ūs
µ(p′)

{
−2γα − 2γµγαγν

[
Cµν (p, p′, 0,mµ,mµ) + pµCν (p, p′, 0,mµ,mµ)

+pνCµ(p, p′, 0,mµ,mµ) + pµpνC0(p, p′, 0,mµ,mµ)− qνCµ(p, p′, 0,mµ,mµ)− qνpµC0(p, p′, 0,mµ,mµ)
]

−4mµqαC0(p, p′, 0,mµ,mµ) + 8mµ
[

Cα(p, p′, 0,mµ,mµ) + pαC0(p, p′, 0,mµ,mµ)
]

−2m2
µγ
αC0(p, p′, 0,mµ,mµ)

}
us′
µ (p).

(46)
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Box amplitudes

Box diagrams

iM1,bd =
ie4

16π2

[
4ūr

e (k′)γνur′
e (k)ūs

µ(p′)γνus′
µ (p)k′p′D0(−q,−k′, p′, 0, 0,me ,mµ)

+ ūr
e (k′)γνur′

e (k)ūs
µ(p′)2/k′γαγνus′

µ (p)Dα(−q,−k′, p′, 0, 0,me ,mµ)

− ūr
e (k′)2/p′γαγνur′

e (k)ūs
µ(p′)γνus′

µ (p)Dα(−q,−k′, p′, 0, 0,me ,mµ)

−ūr
e (k′)γµγαγνur′

e (k)ūs
µ(p′)γµγβγνus′

µ (p)Dαβ (−q,−k′, p′, 0, 0,me ,mµ)
]
,

(47)

and :

iM2,bd =
ie4

16π2

[
4ūr

e (k′)γνur′
e (k)ūs

µ(p′)γνus′
µ (p)k′pD0(−q,−k′,−p, 0, 0,me ,mµ)

− ūr
e (k′)γνur′

e (k)ūs
µ(p′)γνγα2/k′us′

µ (p)Dα(−q,−k′,−p, 0, 0,me ,mµ)

− ūr
e (k′)2/pγαγνur′

e (k)ūs
µ(p′)γνus′

µ (p)Dα(−q,−k′,−p, 0, 0,me ,mµ)

+ūr
e (k′)γµγαγνur′

e (k)ūs
µ(p′)γνγβγµus′

µ (p)Dαβ (−q,−k′,−p, 0, 0,me ,mµ)
]
.

(48)
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LSZ factors

Z̃p = 1 +
e2

16π2 {[−2B0(mµ, 0,mµ)− 2B1(mµ, 0,mµ) + 1] + /p
dΣv (p)

d/p
+ 2mµ

dΣs (p)
d/p

}|/p=mµ . (49)

Z̃p′ = 1 +
e2

16π2 {[−2B0(mµ, 0,mµ)− 2B1(mµ, 0,mµ) + 1] + /p′
dΣv (p′)

d/p′
+ 2mµ

dΣs (p′)
d/p′

}|
/p′=mµ . (50)

Z̃k′ = 1 +
e2

16π2 {[−2B0(me , 0,me )− 2B1(me , 0,me ) + 1] + /k′
dΣv (k′)

d/k′
+ 2me

dΣs (k′)
d/k′

}|/k ′=me .
(51)

Z̃k = 1 +
e2

16π2 {[−2B0(me , 0,me )− 2B1(me , 0,me ) + 1] + /k
dΣv (k)

d/k
+ 2me

dΣs (k)
d/k

}|/k =me .
(52)
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UV divergent parts

UV divergent parts of N-point functions : ( Represent UV divergent term
by 4)

A0(m) = m24 ,
B0(p2,m0,m1) = 4 ,
Bµ(p,m0,m1) = −1

2 pµ4,
B1 (Bµ = pµ.B1) = −1

2 4 ,
Bµν(p,m0,m1) = −gµν

12
[
p2 − 3(m2

0 + m2
1)
]
4+ pµpν

3 4,
Cµν(p, p′,m0,m1,m2) = gµνC00(p, p′,m0,m1,m2) = gµν

4 4,
where 4 = 2

4−D − γE + 1, D is the dimensions of the loop integrals and
γE is the Euler constant.
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Counterterm amplitude

Counterterm diagrams

iMct =
ie2

q2 ūr
e (k′)γαur′

µ (k)ūs
µ(p′)γαus′

µ (p)
(

2δe + δψe + δψµ

)
, (53)

with the counterterm factors are determined by renormalization conditions:

δe =
e2

8π2

∑
j=e,µ

Re

[
−1
9

+
2
3

m2
j
∂

∂q2 B0(q2
,mj ,mj )

∣∣∣
q2=0

+
B1(0,mj ,mj )

3
+

B0(0,mj ,mj )
2

]
, (54)

δψj =
mj e2

4π2

[
−

B1(m2
j , 0,mj )

2mj
−

B0(m2
j , 0,mj )

2mj
− mj

∂B1(p2, 0,mj )
∂p2

∣∣∣
p2=m2

j

+ mj
∂B0(p2, 0,mj )

∂p2

∣∣∣
p2=m2

j

+
1

4mj

]
,

(55)

δA =
−e2

4π2

∑
j=e,µ

Re
[
−

1
9

+
2
3

m2
j B′0(q2

,mj ,mj )|q2=0 +
B1(0,mj ,mj )

3
+

B0(0,mj ,mj )
2

]
. (56)

.
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IR divergent values
We can calculate the IR divergent quantities with a regularized photon
mass λ→ 0 :

B′0(m2
j , λ,mj ) =

∂B0(p2,λ,mj )
∂p2 |p2=m2

j
= − 1

m2
j

log
(
λ
mj

)
.

C0(p, p′, λ,mj ,mj ) = C0(m2
j , t,m2

j , λ,mj ,mj ) =
−2xtj

m2(1−x2
tj )

log
(

xtj
)

log
(
λ
mj

)
,

with :

xtj =

√
1−

4m2
j

t+iε − 1√
1−

4m2
j

t+iε + 1

.

D0(q, p1, p2, λ, λ,m1,m2) = 2
q2 C0(m2

1, (p1 − p2)2,m2
2, λ,m1,m2) = −2x12 log(x12)

m1m2q2(1−x2
12)

log
(

λ2
−q2−iε

)
[2],

with :

x12 =

√
1− 4m1m2

(p1−p2)2+iε−(m1−m2)2 − 1√
1− 4m1m2

(p1−p2)2+iε−(m1−m2)2 + 1

.

Dµ(q, p1, p2, λ, λ,m1,m2) ∼ qµD1(q, p1, p2, λ, λ,m1,m2) = qµ
−C0(m2

1,(p1−p2)2,m2
2,λ,m1,m2)

q2 .

Dµν (q, p1, p2, λ, λ,m1,m2) ∼ qµqνD11(q, p1, p2, λ, λ,m1,m2) = qµqν
C0(m2

1,(p1−p2)2,m2
2,λ,m1,m2)

q2 ,

LE Duc Truyen (HCMUS-IFIRSE) Next-to-leading order QED December 5, 2020 33 / 33


	Next-to-leading order
	One-loop integral
	UV cancellation
	IR cancellation
	Conclusion
	Appendix

