
TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

KdV charges ride the TT flow (and JT )

Bruno Le Floch (Philippe Meyer Institute, ENS Paris)

June 4, 2019
ENS, Paris

based on 1903.07606 and 1906.04xxx
with Márk Mezei (SCGP, Stony Brook)

Bruno Le Floch (Philippe Meyer Institute, ENS Paris) KdV charges ride the TT flow (and JT )



TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

TT and current bilinears
Operators At

s and preserving symmetries
Antisymmetric collisions and factorization

TT (Do I need to introduce it at a TT workshop?)

“TT” = detT = T00T11 − T01T10 = TT −ΘΘ (ignore factors)

Universal irrelevant operator (in translation-invariant 2d QFTs)
Only ambiguous by total derivatives (Zamolodchikov)

Deforming by ∂λTT
S =

∫
dt
∫ L
0 dx TT (Smirnov–Zamolodchikov)

preserves symmetries
calculable spectrum ∂λTT

E = ∂L
(
E 2 − P2)/4 (Burgers eq.)

Related to Jackiw–Teitelboim gravity (Dubovsky, Gorbenko, . . . ), 2d random geometry
(Cardy), AdS3 holography (McGough, Mezei, Verlinde, Giveon, Kutasov, Guica, . . . )

1. Generalizations of TT
2. KdV charges upon TT deformation (uses Lorentz-invariance)
3. Energies upon TT + JT deformation (my April Stony Brook talk)
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Burgers equation
Definition

εµνT0µ(x)T1ν(y) = (TT )(y) + derivatives

On S1 × R of circumference L, factorization

〈n|TT |n〉 = εµν〈n|T0µ|n〉〈n|T1ν |n〉

Now deform by TT :

∂λTT
En = 〈n|∂λTT

H|n〉 = L 〈n|T00|n〉︸ ︷︷ ︸
In a relativistic theory: −En/L

〈n|T11|n〉︸ ︷︷ ︸
−∂LEn

−L 〈n|T01|n〉︸ ︷︷ ︸
iPn/L

〈n|T10|n〉︸ ︷︷ ︸
iPn/L

Burgers equation

∂λTT
En = En∂LEn + P2

n
L (if Lorentz-invariance)
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Current bilinears

Generalize TT , JT , JJ
Xab := εµνJµa Jνb (point-split) defined modulo derivatives

Proof.
∂

∂xρ
εµνJµa (x)Jνb (y) =

(
∂

∂xν
+

∂

∂yν

)
εµρJµa (x)Jνb (y)

use OPE
εµν
∑

i

∂ρci (x − y)Oµνi (y) = εµρ
∑

i

ci (x − y)∂νOµνi (y)

so any Oi with non-constant c(x − y) must be a total derivative ∂ν(. . . )

∂λabS =
∫

d2x Xab deformation

Only makes sense if Ja and Jb are still conserved at order O(λ) etc.
This happens if and only if [Qa,Qb ] = 0 (see later for “if” direction)

Bruno Le Floch (Philippe Meyer Institute, ENS Paris) KdV charges ride the TT flow (and JT )



TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

TT and current bilinears
Operators At

s and preserving symmetries
Antisymmetric collisions and factorization

Current bilinears

Generalize TT , JT , JJ
Xab := εµνJµa Jνb (point-split) defined modulo derivatives

Proof.
∂

∂xρ
εµνJµa (x)Jνb (y) =

(
∂

∂xν
+

∂

∂yν

)
εµρJµa (x)Jνb (y)

use OPE
εµν
∑

i

∂ρci (x − y)Oµνi (y) = εµρ
∑

i

ci (x − y)∂νOµνi (y)

so any Oi with non-constant c(x − y) must be a total derivative ∂ν(. . . )

∂λabS =
∫

d2x Xab deformation

Only makes sense if Ja and Jb are still conserved at order O(λ) etc.
This happens if and only if [Qa,Qb ] = 0 (see later for “if” direction)

Bruno Le Floch (Philippe Meyer Institute, ENS Paris) KdV charges ride the TT flow (and JT )



TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

TT and current bilinears
Operators At

s and preserving symmetries
Antisymmetric collisions and factorization

Current bilinears

Generalize TT , JT , JJ
Xab := εµνJµa Jνb (point-split) defined modulo derivatives

Proof.
∂

∂xρ
εµνJµa (x)Jνb (y) =

(
∂

∂xν
+

∂

∂yν

)
εµρJµa (x)Jνb (y)

use OPE
εµν
∑

i

∂ρci (x − y)Oµνi (y) = εµρ
∑

i

ci (x − y)∂νOµνi (y)

so any Oi with non-constant c(x − y) must be a total derivative ∂ν(. . . )

∂λabS =
∫

d2x Xab deformation

Only makes sense if Ja and Jb are still conserved at order O(λ) etc.
This happens if and only if [Qa,Qb ] = 0 (see later for “if” direction)

Bruno Le Floch (Philippe Meyer Institute, ENS Paris) KdV charges ride the TT flow (and JT )



TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

TT and current bilinears
Operators At

s and preserving symmetries
Antisymmetric collisions and factorization

Evolution of energies under deformation by current bilinears
Xab := εµνJµa Jνb −→ ∂λabS =

∫
d2x Xab −→ ∂λabH =

∫
dx Xab

On S1 × R of circumference L, factorization

〈n|Xab|n〉 = εµν
〈
n
∣∣Jµa ∣∣n〉〈n∣∣Jνb ∣∣n〉

∂λabEn = Lεµν
〈
n
∣∣Jµa ∣∣n〉〈n∣∣Jνb ∣∣n〉

∂λabEn = 2 L
〈
n
∣∣J0[a∣∣n〉︸ ︷︷ ︸

(Qa)n

〈
n
∣∣J1b]

∣∣n〉

Compact flavour symmetry =⇒ Qn quantized
Spatial translation =⇒ Qn = iPn ∈ (2πi/L)Z
Time translation =⇒ Qn = −En

KdV charges =⇒ need ∂λQn equation
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Plan

∂λabEn = 2〈n|Q[a|n〉
〈
n
∣∣J1b]

∣∣n〉

Part I: Playing with commutators
Similar equation for ∂λab (Qc)n

Then two case studies (much shorter).

Part II: TT deformation of Lorentz-invariant theory,
KdV charges “ride the Burgers flow”

Part III: TT + JT + . . . deformation
using background gauge fields (non-rigorous)

Maybe I put too many calculations, sorry
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Cartan subalgebra: KdV charges Ps

Focus on commuting subset {Ps} of all charges {Qa}:
translations, Cartan of flavour symmetries, KdV charges

Conserved currents ∂Ts+1 = ∂Θs−1 of spin s ∈ Z, charges

Ps = 1
2π

∮ (
Ts+1dz + Θs−1dz

)

with stress-tensor
(
T Θ
Θ T

)
=
(
T2 Θ0
T0 Θ−2

)
[P1,O] = −i∂O and [P−1,O] = i∂O with P±1 = −1

2(H ± P)

Example (CFT): T2 =T , T4 = :T 2:, T6 = :T 3: + c+2
12 :(∂T )2:,. . .

Θ−2k =T2k , Θ0 = Θ2 = Θ4 = · · ·=T0 =T−2 =T−4 = · · ·= 0

KdV currents fixed (up to improvements) by spin and [Ps ,Pt ] = 0
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The operators At
s

Integrating [Ps ,Tt+1dz+Θt−1dz ] on a contour C gives [Ps ,PCt ] = 0
so the one-form is exact:

[Ps ,Tt+1] = −i∂At
s = [P1,At

s ]
[Ps ,Θt−1] = −i∂At

s = −[P−1,At
s ]

In particular At
1 = Tt+1 and At

−1 = −Θt−1 (up to shifts by identity)

Generic At
s are not in conserved currents

Example (CFT): T2 = T , T4 = :T 2:, T6 = :T 3: + c+2
12 :(∂T )2:

A1
1 = T2 A3

1 = T4 A5
1 = T6

A1
3 = 3T4 + ∂(. . . ) A3

3 = 4:T 3:− c+2
2 :(∂T )2:

A1
5 = 5T6 + ∂(. . . ) A3

5 = 15:T 4:
2 − 5(13+2c):T (∂T )2:

3 + 5(−47+4c+c2):(∂2T )2:
72
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Antisymmetric collisions and factorization

The operators At
s

At
1 = Tt+1 and At

−1 = −Θt−1
so the definition is equivalent to [P±1,At

s ] = [Ps ,At
±1]

The symmetry generalizes: [Ps ,Au
t ] = [Pt ,Au

s ]

Proof.
[P1, [P[s ,Au

t]]]
= [P[s|, [P1,Au

|t]]] (Jacobi)
= [P[s , [Pt],Au

1 ]] (definition of A)
= 0 (Jacobi)

Likewise [P−1, [P[s ,Au
t]]] = 0

so [P[s ,Au
t]] = multiple of identity = 0 (because traceless)
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

TT and current bilinears
Operators At

s and preserving symmetries
Antisymmetric collisions and factorization

Deforming by current bilinears preserves symmetries
For two spins u, v consider δH =

∫
dx Xu,v

with Xu,v = (Tu+1Θv−1 −Θu−1Tv+1)reg current bilinear

To preserve conservation, δPs = ?

[H, δPs ] = [Ps , δH] =
∫

dx [Ps ,Xu,v (x)]︸ ︷︷ ︸
total derivative?

yes!

Proof. [Ps ,X u,v ] = [Ps ,Tu+1Θv−1 −Θu−1Tv+1]
= [P1,Au

s ]Θv−1 + [P−1,Au
s ]Tv+1 − (u ↔ v)

= [P1,Au
s Θv−1] + [P−1,Au

s Tv+1]− (u ↔ v)

δPs = 1
2

∫
dx (Xu,v

s,1 + Xu,v
−1,s) where Xu,v

s,t = (Au
s Av

t − Au
t Av

s )reg
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

TT and current bilinears
Operators At

s and preserving symmetries
Antisymmetric collisions and factorization

Toward an evolution equation

Goal: ∂λ〈n|Ps |n〉 = . . . for states |n〉 on S1 × R

We know ∂λPs = 1
2
∫

dx (Xu,v
s,1 + Xu,v

−1,s) so we compute

〈n|Xu,v
s,t |n〉 =

〈n|Au
s |n〉〈n|Av

t |n〉−〈n|Au
t |n〉〈n|Av

s |n〉 (factorization)

Proof summary. Insert complete set of states (eigenstates of all P•)

〈n|Xu,v
s,t |n〉 =

∑
|m〉

(
〈n|Au

s |m〉〈m|Av
t |n〉 − 〈n|Au

t |m〉〈m|Av
s |n〉
)

For any spin r , compute a bit to show

〈n|[Pr ,Au
s ]|m〉〈m|Av

t |n〉 − 〈n|[Pr ,Au
t ]|m〉〈m|Av

s |n〉 = 0

This is 〈m|Pr |m〉 − 〈n|Pr |n〉 times the summand,
so summand = 0 except for |m〉 = |n〉 (assumes nondegenerate spectrum)
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

TT and current bilinears
Operators At

s and preserving symmetries
Antisymmetric collisions and factorization

Side comment on collisions
In fact we can define more general collisions

k!At1
[s1(x1) . . .Atk

sk ](xk) = X t1,...,tk
s1,...,sk (x) +

∑
i

[Psi , . . . ]

defined up to commutators
∑

i [Psi , . . . ]
(like Xu,v is defined up to derivatives)
obey factorization

〈n|X t1,...,tk
s1,...,sk |n〉 = k!〈n|At1

[s1 |n〉 . . . 〈n|A
tk
sk ]|n〉

obey
[P[s0 ,X

t1,...,tk
s1,...,sk ]] = 0

(but deforming by these operators breaks all symmetries,
so they are most likely not that useful)
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

TT and current bilinears
Operators At

s and preserving symmetries
Antisymmetric collisions and factorization

Main evolution equation

Denoting 〈O〉 := 〈n|O|n〉, we end up with

2∂λu,v 〈Ps〉 = 〈Pu〉〈Av
s 〉 − 〈Pv 〉〈Au

s 〉

Sadly, ∂λu,v 〈At
s〉 = nothing in general

Part II: (u, v) = (1,−1), arbitrary s
TT deformation of Lorentz-invariant theory,
KdV charges “ride the Burgers flow”

Part III: |u|, |v |, |s| ≤ 1, combine different deformations
TT + JT + . . . deformation
using background gauge fields (non-rigorous)
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Part II: Deforming by TT

2∂λTT
〈Ps〉 = 〈P1〉〈A−1s 〉 − 〈P−1〉〈A1

s 〉

Need to understand A±1s . Two steps.
Understand ∂L

Relate A±1s to As
±1 in Lorentz-invariant theories
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Changing the length

We know ∂LH =
∫

dx Txx = 1
2π

∫
dx (A1

1 − A−11 + A1
−1 − A−1−1)

Use conservation [H, ∂LPs ] = [Ps , ∂LH] to deduce

∂LPs = 1
2π

∫
dx (A1

s − A−1s )

For states with zero momentum (〈P1 − P−1〉 = 0), we’re done:

2∂λTT
〈Ps〉 = 〈H〉∂L〈Ps〉

In fact, for zero momentum (〈P1 − P−1〉 = 0),

∂λ〈Ps〉 = 〈Q〉∂L〈Ps〉 under εµνJµTxν deformation

The deformation “scales space according to 〈Q〉”
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Relating At
s and As

t

Example (CFT): T2 = T , T4 = :T 2:, T6 = :T 3: + c+2
12 :(∂T )2:

A1
1 = T2 A3

1 = T4 A5
1 = T6

A1
3 = 3T4 + ∂(. . . ) A3

3 = . . . A5
3 = 3

5A
3
5 + . . .

A1
5 = 5T6 + ∂(. . . ) A3

5 = . . .

Observe t At
s = s As

t up to improvements of currents T4, T6, . . .
This selects preferred improvements of higher-spin currents:
Ts+1 = 1

s A
1
s is uniquely defined (up to shifts by the identity)

More generally true in Lorentz-invariant theories
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KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Evolution of KdV charges under TT deformation
Combining (up to factors)

〈n|A1
s − A−1s |n〉 = ∂L〈n|Ps |n〉

〈n|A1
s + A−1s |n〉 = s

L〈n|Ps |n〉

we get
∂λ〈Ps〉 = 〈H〉∂L〈Ps〉+ s

L〈P〉〈Ps〉

All charges propagate along the same characteristics

Starting from a CFT we can solve

〈Ps〉 =
{

#〈P1〉s for holomorphic currents
#〈P1〉−s for antiholomorphic currents
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Energy levels of CFT + JT + TT + . . .

TT = εµνT0µT1ν ,

JT = εµνJµTzν ,

JJ = εµνJµJν

Let’s do all of them

Why?
To explore possible UV behaviours
To find if we get new deformations by commuting these
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Energy levels of CFT + JT + TT + . . .

∂λABEn = 2 L
〈
n
∣∣J [A

0
∣∣n〉︸ ︷︷ ︸

QA
n

〈
n
∣∣JB]

1
∣∣n〉

Compact flavour symmetry =⇒ Qn quantized
Spatial translation =⇒ Qn = iPn ∈ (2πi/L)Z
Time translation =⇒ Qn = −En

KdV charges =⇒ need ∂λQn equation
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n

〈
n
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1
∣∣n〉︸ ︷︷ ︸

?
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Space component of current
〈
n
∣∣∣J1∣∣∣n〉

Failed attempt: write

∂λ
〈
n
∣∣J1∣∣n〉 =

(
∂λ
〈
n
∣∣)J1∣∣n〉︸ ︷︷ ︸

nonzero because
J1|n〉6∝|n〉

+
〈
n
∣∣ (∂λJ1)︸ ︷︷ ︸
non-universal
(see later)

∣∣n〉+
〈
n
∣∣J1(∂λ∣∣n〉)

Successful method: turn on background gauge fields

H → H + aA

∫
dx JA

1 =⇒
〈
n
∣∣JA

1
∣∣n〉 = 1

L∂aAEn

In particular
〈
n
∣∣T11

∣∣n〉 = −∂LEn and
〈
n
∣∣T01

∣∣n〉 = i∂bEn
where b := background for time translation.
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Naive transport equation

∂En
∂λAB

naive= 2 L
〈
n
∣∣J [A

0
∣∣n〉︸ ︷︷ ︸

QA
n

〈
n
∣∣JB]

1
∣∣n〉︸ ︷︷ ︸

∂En/∂aB

naive= QA
n
∂En
∂aB
− QB

n
∂En
∂aA

More generally all charges would obey(
∂

∂λAB
− QA

n
∂

∂aB
+ QB

n
∂

∂aA

)
QC

n
naive= 0

solved by the method of characteristics

Bruno Le Floch (Philippe Meyer Institute, ENS Paris) KdV charges ride the TT flow (and JT )



TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Deformations don’t commute

CFT
<latexit sha1_base64="a8lDYcYAN5Ckh/N0Nca6KFGbAbQ=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgQkqigi4LBXFZoS9oQ5lMb9uhk0mYmYgldOEPuNU/cCdu/RR/wO8wabOwrQcGDufcyz1zvFBwbWz728qtrW9sbuW3Czu7e/sHxcOjpg4ixbDBAhGotkc1Ci6xYbgR2A4VUt8T2PLG1dRvPaLSPJB1MwnR9elQ8gFn1KRS9a5e6BVLdtmegawSJyMlyFDrFX+6/YBFPkrDBNW649ihcWOqDGcCp4VupDGkbEyH2EmopD5qN55lnZKzROmTQaCSJw2ZqX83YuprPfG9ZNKnZqSXvVT8z+tEZnDrxlyGkUHJ5ocGkSAmIOnHSZ8rZEZMEkKZ4klWwkZUUWaSehauPM2jpsU4yzWskuZl2bkq2w/XpcpFVlEeTuAUzsGBG6jAPdSgAQxG8AKv8GY9W+/Wh/U5H81Z2c4xLMD6+gUoNZX7</latexit>

a
<latexit sha1_base64="x9FugN8+iTUzi7svXyaXjmmq4aU=">AAAB/XicbVDLSgMxFL2pr1pfVZdugkVwIWVGBV0W3LisYh/QDiWTZtrQTGZIMmIZij/gVv/Anbj1W/wBv8NMOwvbeiBwOOde7snxY8G1cZxvVFhZXVvfKG6WtrZ3dvfK+wdNHSWKsgaNRKTaPtFMcMkahhvB2rFiJPQFa/mjm8xvPTKleSQfzDhmXkgGkgecEmOle1LqlStO1ZkCLxM3JxXIUe+Vf7r9iCYhk4YKonXHdWLjpUQZTgWblLqJZjGhIzJgHUslCZn20mnSCT6xSh8HkbJPGjxV/26kJNR6HPp2MiRmqBe9TPzP6yQmuPZSLuPEMElnh4JEYBPh7Nu4zxWjRowtIVRxmxXTIVGEGlvO3JWnWdSsGHexhmXSPK+6F1Xn7rJSO8srKsIRHMMpuHAFNbiFOjSAQgAv8Apv6Bm9ow/0ORstoHznEOaAvn4BF0iVaw==</latexit>

b
<latexit sha1_base64="GX8TFYNsMrfz1m8H7c8XMCnoxSc=">AAAB/XicbVDLSgMxFL2pr1pfVZdugkVwIWVGBV0W3LisYh/QDiWTZtrQTGZIMmIZij/gVv/Anbj1W/wBv8NMOwvbeiBwOOde7snxY8G1cZxvVFhZXVvfKG6WtrZ3dvfK+wdNHSWKsgaNRKTaPtFMcMkahhvB2rFiJPQFa/mjm8xvPTKleSQfzDhmXkgGkgecEmOle7/UK1ecqjMFXiZuTiqQo94r/3T7EU1CJg0VROuO68TGS4kynAo2KXUTzWJCR2TAOpZKEjLtpdOkE3xilT4OImWfNHiq/t1ISaj1OPTtZEjMUC96mfif10lMcO2lXMaJYZLODgWJwCbC2bdxnytGjRhbQqjiNiumQ6IINbacuStPs6hZMe5iDcukeV51L6rO3WWldpZXVIQjOIZTcOEKanALdWgAhQBe4BXe0DN6Rx/oczZaQPnOIcwBff0CGOGVbA==</latexit>

�
<latexit sha1_base64="tdp4+qVnK6B4/me+T2DuWPAyQTs=">AAACE3icbVDLSsNAFL3xWesrKrhxEyyCCymJCrosuHFZwT6gDWUymbRDJ5MwMxFLzGf4A271D9yJWz/AH/A7nKRZ2NYDA4dz7pl7OV7MqFS2/W0sLa+srq1XNqqbW9s7u+befltGicCkhSMWia6HJGGUk5aiipFuLAgKPUY63vgm9zsPREga8Xs1iYkboiGnAcVIaWlgHvaLP1KPJSRL+0wnfZRVB2bNrtsFrEXilKQGJZoD86fvRzgJCVeYISl7jh0rN0VCUcxIVu0nksQIj9GQ9DTlKCTSTYvdmXWiFd8KIqEfV1ah/k2kKJRyEnp6MkRqJOe9XPzP6yUquHZTyuNEEY6ni4KEWSqy8jIsnwqCFZtogrCg+lYLj5BAWOnKZrY8Tk/Ni3Hma1gk7fO6c1G37y5rjbOyogocwTGcggNX0IBbaEILMDzBC7zCm/FsvBsfxud0dMkoMwcwA+PrF0mrntM=</latexit>

H(� = 0, a, b)
<latexit sha1_base64="ZV8iBf5d/tfmnru5Jw2eVm8oKhM=">AAACDnicbVDLSsNAFJ3UV62vVJdugkWoUEqigm6EgpsuK9gHtKHcTKbt0MkkzEzUEvoP/oBb/QN34tZf8Af8DidtFrb1wIXDOedyL8eLGJXKtr+N3Nr6xuZWfruws7u3f2AWD1syjAUmTRyyUHQ8kIRRTpqKKkY6kSAQeIy0vfFt6rcfiJA05PdqEhE3gCGnA4pBaalvFuvlHtNxH27sClS8s0LfLNlVewZrlTgZKaEMjb750/NDHAeEK8xAyq5jR8pNQCiKGZkWerEkEeAxDElXUw4BkW4ye31qnWrFtwah0MOVNVP/biQQSDkJPJ0MQI3kspeK/3ndWA2u3YTyKFaE4/mhQcwsFVppD5ZPBcGKTTQBLKj+1cIjEICVbmvhytP81bQYZ7mGVdI6rzoXVfvuslSrZBXl0TE6QWXkoCtUQ3XUQE2E0SN6Qa/ozXg23o0P43MezRnZzhFagPH1CxAfmq8=</latexit>

H(�, a, b)
<latexit sha1_base64="GhRxbADPrLrMw5bUSJne0CjWZqA=">AAACDHicbVDLSsNAFJ3UV62PRl26CRahQimJCrosuOmygn1AG8rNZNIOnUzCzEQsob/gD7jVP3Anbv0Hf8DvcNJmYVsPXDiccy73cryYUals+9sobGxube8Ud0t7+weHZfPouCOjRGDSxhGLRM8DSRjlpK2oYqQXCwKhx0jXm9xlfveRCEkj/qCmMXFDGHEaUAxKS0Oz3KwOmI77UIOad1EamhW7bs9hrRMnJxWUozU0fwZ+hJOQcIUZSNl37Fi5KQhFMSOz0iCRJAY8gRHpa8ohJNJN54/PrHOt+FYQCT1cWXP170YKoZTT0NPJENRYrnqZ+J/XT1Rw66aUx4kiHC8OBQmzVGRlLVg+FQQrNtUEsKD6VwuPQQBWuqulK0+LV7NinNUa1knnsu5c1e3760qjlldURKfoDFWRg25QAzVRC7URRgl6Qa/ozXg23o0P43MRLRj5zglagvH1Cw7Lmi4=</latexit>

��

Z
dx O

<latexit sha1_base64="U92hl4N37Hrc8btLoHcnNMegDwA=">AAACCXicdVDLSgMxFM34rPU16tJNsAgupCRVbLsruHFnBfuAzlAymUwbmnmQZMQydOvGX3HjQhG3/oE7/8ZMW0FFL4QczrmHe+/xEsGVRujDWlhcWl5ZLawV1zc2t7btnd22ilNJWYvGIpZdjygmeMRammvBuolkJPQE63ij81zv3DCpeBxd63HC3JAMIh5wSrSh+jZ0fCY0gY4wHt/8PNLQv3Vg5lAi4OWkb5dQGSGEMYY5wNUzZEC9XqvgGsS5ZKoE5tXs2++OH9M0ZJGmgijVwyjRbkak5lSwSdFJFUsIHZEB6xkYkZApN5teMoGHhvFhEEvzzCJT9rsjI6FS49AznSHRQ/Vby8m/tF6qg5qb8ShJNYvobFCQCqhjmMcCfS4Z1WJsAKGSm10hHRJJqDbhFU0IX5fC/0G7UsYnZXR1Wmocz+MogH1wAI4ABlXQABegCVqAgjvwAJ7As3VvPVov1uusdcGae/bAj7LePgF/UJmC</latexit>

��⇥ @�H(�, a, b)
<latexit sha1_base64="MAFQeUBwutlsBGv7THgd/8u+CQo="></latexit>

We want

∂aEn ' 〈J1〉
∂bEn ' 〈T01〉

everywhere so define

Theory(λ, a, b)

by deforming
first by λ
then by a and b

=⇒ ∂λT00 = JA
µ JB

ν ε
µν + . . .
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Example: JT

∂λT00(λ, a, b) = − 2πiJ[0|Tz|1] − πbJ[0|T0|1]

− 2π2iaTz1 − π2abT01 + π2a2
2 J1 + derivatives

(Origin explained later)

For a = b = 0 get original deformation
No λ on RHS
All terms bilinear (antisymmetric) or linear in currents
Finitely many terms because [a] = 1, [b] = 0
Analogue with KdV charges has infinitely many terms?

Deduce evolution of energies
∂λEn = (· · ·)∂aEn + (· · ·)∂bEn + (· · ·)∂LEn

To solve, need initial data En(λ = 0|a, b, L)
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Example: JT

∂λT00(λ, a, b) = − 2πiJ[0|Tz|1] − πbJ[0|T0|1]

− 2π2iaTz1 − π2abT01 + π2a2
2 J1 + derivatives

(Origin explained later)
For a = b = 0 get original deformation
No λ on RHS
All terms bilinear (antisymmetric) or linear in currents
Finitely many terms because [a] = 1, [b] = 0
Analogue with KdV charges has infinitely many terms?

Deduce evolution of energies
∂λEn = (· · ·)∂aEn + (· · ·)∂bEn + (· · ·)∂LEn

To solve, need initial data En(λ = 0|a, b, L)
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Strategy

Get initial data En(λ = 0|a, b, L)
Doable for chiral flavour currents and stress tensor of CFT
Doable for some currents of free scalars/fermions

Write evolution equation ∂λEn
Doable for flavour symmetries and stress tensor (JJ, JT , JΘ, TJ, ΘJ, TT )

Solve using method of characteristics
(actually just used Ansatz and checked)
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Initial data

Goal: deform CFT by ∂bT00 = iT01
Recall we keep momentum and charges fixed so T10 = TCFT

10

Ansatz

T00 = f (b)TCFT
00 + ig(b)TCFT

10

iT01 = f ′(b)TCFT
00 + ig ′(b)TCFT

10

Conservation [
∫
T00,T00] = ∂1T01 translates to differential

equations f ′(b) = 2f (b)g(b) and g ′(b) = f (b)2 + g(b)2:

T00 = 1
1− b2T

CFT
00 + b

1− b2 iT
CFT
10

iT01 = 2b
(1− b2)2T

CFT
00 + 1 + b2

(1− b2)2 iT
CFT
10
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Initial data
Recall we keep momentum and charges fixed so

T10 = TCFT
10 , J0 = JCFT0 , J0 = JCFT0

We want the deformation

T01 = −i∂bT00 , J1 = i∂aT00 , J1 = −i∂aT00

Conservation of Tµν , Jν , Jν is solved by

T00 = 1
1− b2T

CFT
00 + ib

1− b2T
CFT
10 − 1

1− b aJ
CFT
0 − 1

1 + b aJ
CFT
0

〈
n
∣∣∣∣∣ H = −

PCFT
+ + aQ
1− b −

PCFT
− + aQ
1 + b

∣∣∣∣∣n
〉
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Ambiguities

Improvements Jµ → Jµ + εµν∂
νφ (with φ local)

Mixing JA
µ → ΛA

BJB
µ (linear combinations)

Shifts JA
µ → JA

µ + (#× 1)
Fixing time components (J0, J0, T10 and the evolution of T00)
=⇒ ∂1J1 known and J1 local =⇒ J1 fixed up to shifts by 1

Boils down to ambiguous f1, f2, f3 in

T00 = 1
1− b2T

CFT
00 + ib

1− b2T
CFT
10 − 1

1− b aJ
CFT
0 − 1

1 + b aJ
CFT
0

+ f1(b)a2 + f2(b)aa + f3(b)a2

Bruno Le Floch (Philippe Meyer Institute, ENS Paris) KdV charges ride the TT flow (and JT )



TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Evolution equation

Goal: find universal evolution equation

∂λT00(λ|a, b, L) = O1(λ|a, b, L)︸ ︷︷ ︸
e.g. JT

+bO2(λ|a, b, L)+aO3(λ|a, b, L)+. . .

Universal =⇒ holds classically so pick a classical theory
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Classical scalar with shift symmetry
Hamiltonian H =

∫
dx H(∂xφ,Π)

Translation symmetry t → t + . . . and x → x + . . .

Shift symmetry φ(t, x)→ φ(t, x) + . . . splits into two
symmetry currents Jµ and Jµ

Noether currents

J0 = −1
2(∂xφ− 4πΠ) , J1 = 2πi

(
∂H

∂(∂xφ) −
1
4π

∂H
∂Π

)
,

J0 = −1
2(∂xφ+ 4πΠ) , J1 = −2πi

(
∂H

∂(∂xφ) + 1
4π

∂H
∂Π

)
,

T00 = −H , T01 = −i ∂H
∂Π

∂H
∂(∂xφ) ,

T10 = −i Π∂xφ , T11 = Π∂H
∂Π + ∂xφ

∂H
∂(∂xφ) −H .
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .
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Translation symmetry t → t + . . . and x → x + . . .

Shift symmetry φ(t, x)→ φ(t, x) + . . . splits into two
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∂Π

)
,
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2(∂xφ+ 4πΠ) , J1 = −2πi

(
∂H

∂(∂xφ) + 1
4π

∂H
∂Π

)
,

T00 = −H , T01 = −i ∂H
∂Π
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T10 = −i Π∂xφ , T11 = Π∂H
∂Π + ∂xφ
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Input at a = b = 0: ∂λH = F
(
H, ∂H

∂(∂xφ) ,
∂H
∂Π , ∂xφ,Π

)
Wanted output: ∂λH = F

(
a, b,H, ∂H

∂(∂xφ) ,
∂H
∂Π , ∂xφ,Π

)

Recall H is defined by first turning on λ then a, b so we know
nothing about ∂λH at non-zero a, b. But

∂a∂λH = ∂λ∂aH = ∂λiJ1 = −2π
(

∂

∂(∂xφ) −
1
4π

∂

∂Π

)
∂λH

Namely D1∂λH = 0 (likewise, D2∂λH = 0) where

D1 := −∂a − 2π
(

∂

∂(∂xφ) −
1
4π

∂

∂Π

)
D2 := −∂b −

(
∂H

∂(∂xφ)
∂

∂Π + ∂H
∂Π

∂

∂(∂xφ)

)
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Input at a = b = 0: ∂λH = F
(
H, ∂H

∂(∂xφ) ,
∂H
∂Π , ∂xφ,Π

)
Wanted output: ∂λH = F

(
a, b,H, ∂H

∂(∂xφ) ,
∂H
∂Π , ∂xφ,Π

)
Recall H is defined by first turning on λ then a, b so we know
nothing about ∂λH at non-zero a, b. But

∂a∂λH = ∂λ∂aH = ∂λiJ1 = −2π
(

∂

∂(∂xφ) −
1
4π

∂

∂Π

)
∂λH

Namely D1∂λH = 0 (likewise, D2∂λH = 0) where

D1 := −∂a − 2π
(

∂

∂(∂xφ) −
1
4π

∂

∂Π

)
D2 := −∂b −

(
∂H

∂(∂xφ)
∂

∂Π + ∂H
∂Π

∂

∂(∂xφ)

)
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KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

∂λH known at a = b = 0, and D1∂λH = 0 and D2∂λH = 0
=⇒ unique solution

∂λH =
∑

m,n≥0

1
m!n!a

mbnDm
1 Dn

2F
(
H, ∂H

∂(∂xφ) ,
∂H
∂Π , ∂xφ,Π

)

where ∂a, ∂b, ∂
∂(∂xφ) ,

∂
∂Π inside D1,D2 act on the H arguments too

Explicit calculations show D1 and D2 map currents to currents

Jt Jx J t Jx Ttt Ttx Txt Txx

D1 2π 0 0 0 0 0 iJt iJx
D1 0 0 2π 0 0 0 −iJ t −iJx
D2 iJx 0 iJx 0 iTtx 0 −i(Ttt − Txx ) −iTtx

and (bi)linears to (bi)linears
(We also found this for more general classical scalars)
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KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Example of JT :

∂λH = 2πiJ[t|Tz|x ] + πbJ[t|Tt|x ] + 2π2iaTzx + π2abTtx −
π2a2
2 Jx

More generally, given in the table

JJ JT JΘ JT JΘ TT Jt Jx J t Jx Ttt Ttx Txt Txx

JJ 1 0 0 0 0 0 0 iπa 0 −iπa 0 0 0 0
JT iπa 1− b

2 −b
2 0 0 0 0 −π2

2
(
a2 + a2

)
0 π2aa 0 −π2a(1− b) 0 iπ2a

JΘ −iπa b
2 1 + b

2 0 0 0 0 π2

2
(
a2 + a2

)
0 −π2aa 0 −π2a(1 + b) 0 −iπ2a

JT −iπa 0 0 1 + b
2

b
2 0 0 π2aa 0 −π2

2
(
a2 + a2

)
0 −π2a(1 + b) 0 −iπ2a

JΘ iπa 0 0 −b
2 1− b

2 0 0 −π2aa 0 π2

2
(
a2 + a2

)
0 −π2a(1− b) 0 iπ2a

TT 0 −iπa −iπa iπa iπa 1 0 0 0 0 0 iπ3
(
a2 − a2

)
0 0

RHS has no λ. Finitely-many terms, all (bi)linears of currents

“JJ” ≡ −iJ[tJx ], “JT ” ≡ 2πiJ[t|Tz|x ], “JΘ” ≡ −2πiJ[t|Tz|x ]

“JT ” ≡ −2πiJ [t|Tz|x ], “JΘ” ≡ 2πiJ [t|Tz|x ], “TT ” ≡ −2π2Tt[t|Tx|x ]
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TT -like deformations
KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Back to quantum

Conjecture that universal classical equation holds quantumly

∂λJT
H = 2πiJ[t|Tz|x ] + πbJ[t|Tt|x ]

+ 2π2iaTzx + π2abTtx −
π2a2
2 Jx + derivatives

Use factorization 〈n|J[t|Tz|x ]|n〉 = 〈n|J[t||n〉〈n|Tz|x ]|n〉 then write
time-components as charges and space-components as a, b, L
derivatives to get

0 = 2L
iπ

∂

∂λJT
En +

(
−aQ̂n − π(a2 − a2)L− (1− b)En + Pn

)
∂aEn

− aQ̂n∂aEn + (1− b)Q̂n∂bEn + LQ̂n∂LEn ,

where Q̂ ≡ Q + 2πaL and Q̂ ≡ Q + 2πaL
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∂
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KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Solution
Turn on JT , JΘ, JT , JΘ, TT with a single coupling µ

εn ≡ EnL̂ =
1 + b
2

ε+
1− b
2

ε+
−B −

√
B2 − 4AC
2A

,

ε ≡ ε0 + p + 2aL
(

Q̂ − πaL
)
, ε ≡ ε0 − p + 2aL

(
Q̂ − πaL

)
,

L̂ ≡ (1− b2)L , Q̂ ≡ Q + 2πaL , Q̂ ≡ Q + 2πaL ,

A =
(
π

2
(

G2
JT

+ G2
JT

)
+ ĜTT

)
µ2 ,

B = −1−
(

GJT Q̂ + GJT Q̂
)
µ+
((
πG2

JT
+ ĜTT

)
ε+
(
πG2

JT
+ ĜTT

)
ε

)
µ2 ,

C = −
(

GJT Q̂ε+ GJT Q̂ε
)
µ+
(
π

2
G2

JT
ε2 + ĜTT εε+

π

2
G2

JT
ε2
)
µ2 ,

GJT ≡ (1− b)gJT , GJT ≡ (1 + b)gJT ,

ĜTT ≡ (1− b2)
(

gTT +
π

2
(gJT gJΘ + gJT gJΘ)

)
.
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KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Square-root singularity

εn = · · · − 1
2A
√
B2 − 4AC

B2 − 4AC

=
(
1 +

(
GJT Q̂ + GJT Q̂

)
µ
)2
− µ2(ε− ε)

(
πG2

JT − πG
2
JT
)

+ 2µ3(ε− ε)
(
GJT Q̂

(
πG2

JT + ĜTT

)
− GJT Q̂

(
πG2

JT + ĜTT
))

+ µ4(ε− ε)2
(
Ĝ2

TT − π
2G2

JTG
2
JT
)
− 4Aε+ ε

2
Here ε− ε ∼ momentum while ε+ ε ∼ energy
Whether low-lying or high-energy modes are lost (become
complex) is controlled by

A =
(π
2
(
G2

JT + G2
JT
)

+ ĜTT

)
µ2 ≷ 0 ,
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KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Matching with “holomorphic” JT

In other works, JT is solved by preserving holomorphy of J

Instead we keep Jt fixed

We determine 〈n|Jx |n〉 using background fields rather than
holomorphy

Are the deformations the same? Yes,

Jholomorphic
µ = Jusµ − 2π2λTzµ

so
JholT = εµνJholµ Tzν = εµνJusµ Tzν − 2π2λ εµνTzµTzν︸ ︷︷ ︸

0 by antisymmetry
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KdV charges under TT flow

Energy levels of CFT + JT + TT + . . .

Deformations one after another

Doing the deformations one after the other typically commutes,
except for V = JT and W = JΘ (or complex conjugates)
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F [�V V ]
<latexit sha1_base64="nZCbBrx6cCj6SZGoImWy2/+5wPY=">AAACCXicbVDLSsNAFL3xWeur6tLNYBG6KokKuiwI4rKCTQtpLJPJpB06mYSZiVhCv8AfcKt/4E7c+hX+gN/htM3Cth64cDjnXO7lBClnStv2t7Wyura+sVnaKm/v7O7tVw4OXZVkktAWSXgiOwFWlDNBW5ppTjuppDgOOG0Hw+uJ336kUrFE3OtRSv0Y9wWLGMHaSA83XpebcIh7LnL9XqVq1+0p0DJxClKFAs1e5acbJiSLqdCEY6U8x061n2OpGeF0XO5miqaYDHGfeoYKHFPl59Ovx+jUKCGKEmlGaDRV/27kOFZqFAcmGWM9UIveRPzP8zIdXfk5E2mmqSCzQ1HGkU7QpAIUMkmJ5iNDMJHM/IrIAEtMtClq7srT7NWyKcZZrGGZuGd157xu311UG7WiohIcwwnUwIFLaMAtNKEFBCS8wCu8Wc/Wu/Vhfc6iK1axcwRzsL5+ARdMmlo=</latexit>

F [�V V ]
<latexit sha1_base64="nZCbBrx6cCj6SZGoImWy2/+5wPY=">AAACCXicbVDLSsNAFL3xWeur6tLNYBG6KokKuiwI4rKCTQtpLJPJpB06mYSZiVhCv8AfcKt/4E7c+hX+gN/htM3Cth64cDjnXO7lBClnStv2t7Wyura+sVnaKm/v7O7tVw4OXZVkktAWSXgiOwFWlDNBW5ppTjuppDgOOG0Hw+uJ336kUrFE3OtRSv0Y9wWLGMHaSA83XpebcIh7LnL9XqVq1+0p0DJxClKFAs1e5acbJiSLqdCEY6U8x061n2OpGeF0XO5miqaYDHGfeoYKHFPl59Ovx+jUKCGKEmlGaDRV/27kOFZqFAcmGWM9UIveRPzP8zIdXfk5E2mmqSCzQ1HGkU7QpAIUMkmJ5iNDMJHM/IrIAEtMtClq7srT7NWyKcZZrGGZuGd157xu311UG7WiohIcwwnUwIFLaMAtNKEFBCS8wCu8Wc/Wu/Vhfc6iK1axcwRzsL5+ARdMmlo=</latexit>

F [�W W ]
<latexit sha1_base64="I8IdUVlaaOWWjZoAevpQ9Zbynwc=">AAACCXicbVDLSsNAFL3xWeur6tLNYBG6KokKuiwI4rKCbQppLJPJpB06mYSZiVhCv8AfcKt/4E7c+hX+gN/htM3Cth64cDjnXO7lBClnStv2t7Wyura+sVnaKm/v7O7tVw4O2yrJJKEtkvBEdgKsKGeCtjTTnHZSSXEccOoGw+uJ7z5SqVgi7vUopX6M+4JFjGBtpIcbr8tNOMQ9F7l+r1K16/YUaJk4BalCgWav8tMNE5LFVGjCsVKeY6faz7HUjHA6LnczRVNMhrhPPUMFjqny8+nXY3RqlBBFiTQjNJqqfzdyHCs1igOTjLEeqEVvIv7neZmOrvyciTTTVJDZoSjjSCdoUgEKmaRE85EhmEhmfkVkgCUm2hQ1d+Vp9mrZFOMs1rBM2md157xu311UG7WiohIcwwnUwIFLaMAtNKEFBCS8wCu8Wc/Wu/Vhfc6iK1axcwRzsL5+ARqAmlw=</latexit>

F [�V V ]
<latexit sha1_base64="nZCbBrx6cCj6SZGoImWy2/+5wPY=">AAACCXicbVDLSsNAFL3xWeur6tLNYBG6KokKuiwI4rKCTQtpLJPJpB06mYSZiVhCv8AfcKt/4E7c+hX+gN/htM3Cth64cDjnXO7lBClnStv2t7Wyura+sVnaKm/v7O7tVw4OXZVkktAWSXgiOwFWlDNBW5ppTjuppDgOOG0Hw+uJ336kUrFE3OtRSv0Y9wWLGMHaSA83XpebcIh7LnL9XqVq1+0p0DJxClKFAs1e5acbJiSLqdCEY6U8x061n2OpGeF0XO5miqaYDHGfeoYKHFPl59Ovx+jUKCGKEmlGaDRV/27kOFZqFAcmGWM9UIveRPzP8zIdXfk5E2mmqSCzQ1HGkU7QpAIUMkmJ5iNDMJHM/IrIAEtMtClq7srT7NWyKcZZrGGZuGd157xu311UG7WiohIcwwnUwIFLaMAtNKEFBCS8wCu8Wc/Wu/Vhfc6iK1axcwRzsL5+ARdMmlo=</latexit>

F [�W W ]
<latexit sha1_base64="I8IdUVlaaOWWjZoAevpQ9Zbynwc=">AAACCXicbVDLSsNAFL3xWeur6tLNYBG6KokKuiwI4rKCbQppLJPJpB06mYSZiVhCv8AfcKt/4E7c+hX+gN/htM3Cth64cDjnXO7lBClnStv2t7Wyura+sVnaKm/v7O7tVw4O2yrJJKEtkvBEdgKsKGeCtjTTnHZSSXEccOoGw+uJ7z5SqVgi7vUopX6M+4JFjGBtpIcbr8tNOMQ9F7l+r1K16/YUaJk4BalCgWav8tMNE5LFVGjCsVKeY6faz7HUjHA6LnczRVNMhrhPPUMFjqny8+nXY3RqlBBFiTQjNJqqfzdyHCs1igOTjLEeqEVvIv7neZmOrvyciTTTVJDZoSjjSCdoUgEKmaRE85EhmEhmfkVkgCUm2hQ1d+Vp9mrZFOMs1rBM2md157xu311UG7WiohIcwwnUwIFLaMAtNKEFBCS8wCu8Wc/Wu/Vhfc6iK1axcwRzsL5+ARqAmlw=</latexit>

F [�V V + �W W ]
<latexit sha1_base64="5dvVv1rCeu39YPtioA8fpN0jQ9g="></latexit>

F [�W W ]
<latexit sha1_base64="I8IdUVlaaOWWjZoAevpQ9Zbynwc=">AAACCXicbVDLSsNAFL3xWeur6tLNYBG6KokKuiwI4rKCbQppLJPJpB06mYSZiVhCv8AfcKt/4E7c+hX+gN/htM3Cth64cDjnXO7lBClnStv2t7Wyura+sVnaKm/v7O7tVw4O2yrJJKEtkvBEdgKsKGeCtjTTnHZSSXEccOoGw+uJ7z5SqVgi7vUopX6M+4JFjGBtpIcbr8tNOMQ9F7l+r1K16/YUaJk4BalCgWav8tMNE5LFVGjCsVKeY6faz7HUjHA6LnczRVNMhrhPPUMFjqny8+nXY3RqlBBFiTQjNJqqfzdyHCs1igOTjLEeqEVvIv7neZmOrvyciTTTVJDZoSjjSCdoUgEKmaRE85EhmEhmfkVkgCUm2hQ1d+Vp9mrZFOMs1rBM2md157xu311UG7WiohIcwwnUwIFLaMAtNKEFBCS8wCu8Wc/Wu/Vhfc6iK1axcwRzsL5+ARqAmlw=</latexit>

F [�V V + 2�W W ]
<latexit sha1_base64="YKou40RrJq3dzBsx3GtSTYm8NPY=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0UoKCWpgi4LgrisYBOhDWEymbZDJ5MwMxFLyE/4G/6AW/0Dd+pW8DuctBVs64GBM+fec+/lBAmjUlnWh1FaWl5ZXSuvVzY2t7Z3zN09R8apwKSNYxaLuwBJwignbUUVI3eJICgKGHGD4WVRd++JkDTmt2qUEC9CfU57FCOlJd886Y5nZLFAvE/y7KrTZdodIt+BznHj9+NC18srvlm16tYYcJHYU1IFU7R887sbxjiNCFeYISk7tpUoL0NCUcxIXummkiQID1GfdDTlKCLSy8YX5fBIKyHsxUI/ruBY/evIUCTlKAp0Z4TUQM7XCvG/WidVvQsvozxJFeF4sqiXMqhiWEQEQyoIVmykCcKC6lshHiCBsNJBzmx5mJxaBGPPx7BInEbdPq1bN2fVZm0aURkcgENQAzY4B01wDVqgDTB4BM/gBbwaT8ab8W58TlpLxtSzD2ZgfP0AJFSm7w==</latexit>

Nothing too exciting: stay in the same space of deformations
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Energy levels of CFT + JT + TT + . . .

Work in progress

Interpret of ∂λEn = . . . as transport along characteristics,
compare with Turino group (Tateo, Negro, Conti, . . . )
Commutator of JJ , JT , JΘ, TJ , ΘJ , TT deformations
Prove evolution equation, generalize to KdV charges to get
control of 〈n|At

s |n〉
Massive free scalar: get initial data, solve evolution equation

Thank you!
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Hamiltonian quantum perturbation theory (TT case)
Set `n = Ln − δn,0

c
24 and `n = Ln − δn,0

c
24 . Using conservation,

P = `0 − `0

H = `0 + `0 + µ
∑

m

`m`m + O(µ2)

T00 =
−1
2π

∑
k

eikx
(
`k + `−k + µ

∑
m

`k+m`m + O(µ2)
)

T01 =
i
2π

∑
k

eikx
(
1− µ

c
12

k2
)

(`k − `−k ) + O(µ2)

T10 =
i
2π

∑
k

eikx (`k − `−k ) exactly (by definition)

T11 =
1
2π

∑
k

eikx
((

1 + µ
c
12

k2
)

(`k + `−k ) + 3µ
∑

m

`m+k`m + O(µ2)
)

Next want T00(x)T11(y)− T01(x)T10(y) OPE
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Hamiltonian quantum perturbation theory (TT case)
Practice OPE’s in CFT:

T (y + ε)T (y) =
∑
k,m

eikε+i(k+m)y`k`m =
∑

s
eisy ∑

k
eikε`k`s−k

Notice that
∑

k `k`s−k is singular: e.g. 〈0|
∑

k `k`−k |0〉 =∞.
Need to commute `’s to put lowering operators right so when
acting on |0〉 only finitely many terms remain

After deformation, `k , k > 0 don’t kill the new vacuum but

Λk = `k + µ

( c
24k

2`−k +
∑
n 6=0

n − k
2n `k+n`n

)
+ O(µ2)

Λk = `k + µ

( c
24k

2`−k +
∑
n 6=0

n − k
2n `n`k+n

)
+ O(µ2)

do! And [Λk ,Λm] = (k −m)Λk+m + c
12k

3δk+m + O(µ3), . . .
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Deformed Virasoro algebra (TT case)
Both `k , `k and Λk ,Λk obey the same algebra
but Λk ,Λk map energy eigenstates to eigenstates, and

H = Λ0 + Λ0 + µΛ0Λ0 + µ2Λ0Λ0(Λ0 + Λ0) + O(µ3)

Define Λk , Λk as `k , `k “conjugated” by the deformation:

Λk |n〉µ = (`k |n〉)µ and Λk |n〉µ = (`k |n〉)µ

so Λ0 ± Λ0 measure eigenvalues of `0 ± `0 acting on |n〉,
i.e. initial energy and momentum of |n〉, so expect

H =
1−

√
1− 2µ(Λ0 + Λ0) + µ2(Λ0 − Λ0)2

µ
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Spectrum-generating operators
Define Λk , Υk , Λk , Υk as `k , jk , `k , jk conjugated by deformation

Λ0|n〉λ = (`0|n〉)λ = h|n〉λ and so on so Λ0 ± Λ0, Υ0, Υ0 acting on
|n〉λ measure initial energy, momentum, charges
Charges fixed =⇒ Υ0 = j0, Υ0 = j0, Λ0 − Λ0 = `0 − `0
Same Virasoro and Kač–Moody algebra as `k , jk , `k , jk , e.g.,

[Λk ,Λm] = (k −m)Λk+m + c
12k

3δk+m,0

Λk , Υk , Λk , Υk times eigenstate |n〉λ gives eigenstate. “Spectrum
generating” or “raising and lowering” operators

Expect energy of |n〉λ only depends on initial energy, momentum, charges
so

H|n〉λ = H(λ; h0, q0, h0, q0)|n〉λ = H(λ; Λ0,Υ0,Λ0,Υ0)|n〉λ
e.g. for the JT -deformed CFT we expect

H prediction=
2π
L

(
Λ0−Λ0−

L2

2π4λ2

(
1−

2π2iλ
L

Υ0−
√(

1− 2π2i(λ/L)Υ0
)2
− 2
(
2π2iλ/L

)2Λ0

))
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