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1- MOTIVATION

- Dark Energy or Modified-Gravity are motivated by the current acceleration of the Universe. 

It would be good if they could be at least useful for something:

Apart from its current value, the main clue we have is that it is so small:

This could point to the solution !

“OLD COSMOLOGICAL CONSTANT PROBLEM”

- Many DE or MG models have been ruled out.  The remaining ones do not match data 
much better than LCDM. 

solve/address the cosmological constant problem !



The problem of the  vacuum energy  should always have been at  the fore of cosmological research. Indeed one can 
learn a great deal from its examination: 

9 The result seems to depend on an arbitrary UV cut off.
9 The result should take into account not only the electron but all 

the known particles.
9 The sole contribution from the proton is larger than the energy at 

the formation of the elements (Big Bang Nucleosynthesis) 
preventing one from understanding the Universe’s dynamics 
since then.  

The first two points have been gradually understood since the 1950’s with the advent of modern Quantum 
Field Theory: 

Cosmological constant
Phase transitions: QCD, 
electroweak … Vacuum quantum fluctuations

“Old cosmological constant problem”: it is very sensitive to details of UV physics and gets 
huge contributions that arise during the radiation era: 

A primordial tuning is not enough !

“Self-tuning”:  add extra fields that cancel the vacuum energy.

Weinberg’s theorem: this is impossible without fine tuning, under general assumptions !

- Lagrangian:

in the absence of full di↵eomorphism invariance, it depends explicitly on a dynamical Jacobian5. For
a more detailed discussion of the issues relating the cosmological constant problem to unimodular
gravity, we refer the reader to [18].

3.2 Weinberg’s no go theorem

The basic idea of self-adjustment or self tuning is to add extra fields to the matter sector whose job
is to “eat up” the large vacuum energy, protecting the spacetime curvature accordingly. Weinberg’s
venerable no go theorem argues, under very general assumptions, that this is not possible without fine
tuning. Let us repeat his argument.

We begin by assuming the following field content: a spacetime metric, gµ⌫ , and self adjusting
matter fields, 'i, with the tensor structure suppressed. The dynamics is described by a general
Lagrangian density L[g,'i]. We further assume that the vacuum is translationally invariant, so that
on-shell we have gµ⌫ ,'i = constant. This leaves a residual GL(4) symmetry, given by a coordinate
change xµ ! (M�1)µ⌫x⌫ , where Mµ

⌫ is a constant 4⇥ 4 matrix. Note that the metric transforms as

gµ⌫ ! g↵�M
↵
µM

�
⌫ (3.5)

and the Lagrangian density as
L(g,'i) ! detML(g,'i) (3.6)

We can write these transformations infinitesimally as

��Mgµ⌫ = �Mµ⌫ + �M⌫µ, ��ML = Tr�ML (3.7)

and because we have a constant vacuum solution, we can also infer the following relation

��ML =
@L
@'i

��M'i +
@L
@gµ⌫

��Mgµ⌫ (3.8)

Meanwhile, the vacuum field equations are given by

@L
@'i

= 0,
@L
@gµ⌫

= 0 (3.9)

We now consider two distinct scenarios: (1) where both equations in (3.9) hold independently, and
(2) where they do not hold independently. For the first scenario, we may assume @L

@'i
= 0 without, for

the moment, assuming @L
@gµ⌫

= 0. Then our expressions for ��ML imply a relation

@L
@gµ⌫

(�Mµ⌫ + �M⌫µ) = Tr�ML =) @L
@gµ⌫

=
1

2
gµ⌫L (3.10)

which we can solve explicitly to give
L =

p�gV ('i) (3.11)

The remaining field equation @L
@gµ⌫

= 0 now yields V ('i) = 0, which corresponds to fine tuning.
We now consider the second scenario assuming that the equations in (3.9) do not hold indepen-

dently thanks to the following relation (which Weinberg assumes)

2gµ⌫
@L
@gµ⌫

=
X

i

fi(')
@L
@'i

(3.12)

5Let x

µ ! X

µ(x), then
R
d

4
x ! R

d

4
x

��� @X
@x

���, and �

�X

µ

R
d

4
x

��� @X
@x

��� 6= 0 (see [30]).
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II- DEFINITION  OF  THE  MODEL

2

cations of gravity are provided by scalar-tensor theories,
e.g. within the Horndeski class [33]. A few of such mod-
els have been proposed [34–40], where the scalar field is
coupled to various curvature terms, that can lead to a
self-tuning mechanism. Then, the cosmological constant
can be screened while solutions that mimic the various
cosmological eras can be associated with di↵erent fixed
points of the dynamics. Modifications of gravity are ac-
tually very delicate, because of the exquisite match be-
tween the predictions of General Relativity and measure-
ments of gravity on small astrophysical scales and the
solar system. This calls for nonlinear screening mech-
anisms, that can limit the range where one can derive
practical predictions, and can raise issues regarding UV
completions [41, 42]. Then, going to even larger scales,
one can consider the Universe, or the full spacetime vol-
ume, as a whole. A radical proposal is to introduce a
mirror universe [43], with negative energy particles so
that the two cosmological constants (given by an average
over all spacetime of the other universe content) cancel
each other. Alternatively, keeping only one universe, the
sequestering mechanism [44, 45] introduces global vari-
ables. This yields constraint equations that set the bare
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General Relativity (i.e., entering the Einstein-Hilbert ac-
tion), to couple a new scalar field � to the trace Tµ

µ of
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model in section II, where we also derive the equations of
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II. DEFINITION OF THE MODEL

A. Definition of the total action

Let us consider the action

S = SEH + Sm + S',� (1)
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where we defined the dimensionless kinetic terms (using
the Einstein-frame metric gµ⌫),
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(5)
The first term SEH is the usual Einstein-Hilbert action of
General Relativity, written in terms of the Einstein-frame
metric tensor gµ⌫ . The second term Sm is the matter ac-
tion (associated with all particles, including photons and

dark matter), where  (i)
m are the various matter fields and

g̃µ⌫ is the Jordan-frame metric, seen by matter, which we
define by the conformal rescaling

g̃µ⌫ = A2(')gµ⌫ , A(') > 0. (6)

Here '(x) is an additional scalar field. We also intro-
duced a second scalar field �(x), and both scalar fields
enter the new term S',�. Here M is a mass parameter
that we introduce for dimensional purposes. We shall
check that the cancellation mechanism does not depend
on the value ofM. Indeed, for any constant rescaling fac-
tor ↵ the change M ! ↵M is absorbed by the change
� ! ↵�3�. This also requires appropriate changes to
the function K. Therefore, the choice of M corresponds
for instance to a choice of normalization for �. For con-
stant ' and �, neglecting S',� we recover General Rela-
tivity and the standard model of particle physics, with a
rescaling of the Planck mass seen by matter in the Jordan
frame,

M̃2
Pl = M2

Pl/A(')2. (7)

The idea leading to the action (1) is that ' plays the role
of a Lagrange multiplier that enforces the cancellation of
the vacuum energy arising from the matter sector by the
second field �. This can be expected by noticing that the
action S obeys the symmetry

L̃m ! L̃m � Ṽvac, �! �+ Ṽvac/M3, S ! S, (8)

where we used
p�g̃ = A4p�g and Ṽvac is any constant

shift of the matter-sector vacuum energy. This cancella-
tion mechanism arises from the first term in the action
S',�. The second term is introduced to enlarge the space
of solutions and behaviors. To make it independent of

the value of the matter vacuum energy, it only depends
on derivatives of �.
In fact, because the matter action couples the scalar

field ' to the trace Tµ
µ of the matter energy-momentum

tensor, the Lagrange multiplier ' will ensure the cancel-
lation of all matter contributions to the trace Tµ

µ . This
exactly cancels any constant vacuum energy density, but
also partly cancels the nonrelativistic matter density. In
contrast, the radiation energy-momentum tensor is not
cancelled at all because its trace vanishes. This means
that the cancellation mechanism associated with the ac-
tion (1) is satisfactory during the radiation era, but can
raise problems during the late matter era and must stop
during the dark energy and inflation eras.

B. Equations of motion

For simplicity, we consider conformal rescalings such
that A(') is constant at late times and it is su�cient
to analyze the Einstein equations in the Einstein frame.
Defining the matter energy-momentum tensors in the
Einstein and Jordan frames as
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�Sm
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, T̃(m)µ⌫ =

�2p�g̃
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�g̃µ⌫
, (9)

we have Tµ
(m)⌫ = A4 T̃µ

(m)⌫ and the Einstein equations
write in the Einstein frame as

M2
PlG

µ
⌫ = A4T̃µ

(m)⌫ + Tµ
(',�)⌫ , (10)

where Tµ
(',�)⌫ is the energy-momentum tensor associated

with the scalar-fields action S',�. We write the mat-
ter energy-momentum tensor in the Jordan frame as the
sum of three components, the vacuum energy density
Ṽvac, the nonrelativistic matter density ⇢̃, with negligi-
ble pressure, and the radiation density and pressure, ⇢̃�
and p̃� = ⇢̃�/3. We include a possible cosmological con-
stant into the definition of the vacuum energy density.
This gives

T̃ 0
(m)0 = �Ṽvac � ⇢̃� ⇢̃� , T̃ i

(m)i = �Ṽvac + ⇢̃�/3, (11)

while non-diagonal elements vanish. By definition, be-
tween phase transitions the vacuum energy density is
constant while the nonrelativistic and relativistic den-
sities decrease as

⇢̃ =
⇢̃0
ã3

, ⇢̃� =
⇢̃�0
ã4

, ã = Aa, (12)

where ã is the Jordan-frame scale factor. At a phase tran-
sition, which can lead to a jump of the vacuum energy
density, the values of ⇢̃0 and ⇢̃�0 may also jump as some
energy can be exchanged between the vacuum energy and
the matter components. However, in this section, we fo-
cus on the behavior in-between phase transitions, where
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where we used
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In fact, because the matter action couples the scalar

field ' to the trace Tµ
µ of the matter energy-momentum

tensor, the Lagrange multiplier ' will ensure the cancel-
lation of all matter contributions to the trace Tµ

µ . This
exactly cancels any constant vacuum energy density, but
also partly cancels the nonrelativistic matter density. In
contrast, the radiation energy-momentum tensor is not
cancelled at all because its trace vanishes. This means
that the cancellation mechanism associated with the ac-
tion (1) is satisfactory during the radiation era, but can
raise problems during the late matter era and must stop
during the dark energy and inflation eras.

B. Equations of motion

For simplicity, we consider conformal rescalings such
that A(') is constant at late times and it is su�cient
to analyze the Einstein equations in the Einstein frame.
Defining the matter energy-momentum tensors in the
Einstein and Jordan frames as

T(m)µ⌫ =
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�Sm

�gµ⌫
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we have Tµ
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(m)⌫ and the Einstein equations
write in the Einstein frame as

M2
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⌫ = A4T̃µ

(m)⌫ + Tµ
(',�)⌫ , (10)

where Tµ
(',�)⌫ is the energy-momentum tensor associated

with the scalar-fields action S',�. We write the mat-
ter energy-momentum tensor in the Jordan frame as the
sum of three components, the vacuum energy density
Ṽvac, the nonrelativistic matter density ⇢̃, with negligi-
ble pressure, and the radiation density and pressure, ⇢̃�
and p̃� = ⇢̃�/3. We include a possible cosmological con-
stant into the definition of the vacuum energy density.
This gives

T̃ 0
(m)0 = �Ṽvac � ⇢̃� ⇢̃� , T̃ i

(m)i = �Ṽvac + ⇢̃�/3, (11)

while non-diagonal elements vanish. By definition, be-
tween phase transitions the vacuum energy density is
constant while the nonrelativistic and relativistic den-
sities decrease as

⇢̃ =
⇢̃0
ã3

, ⇢̃� =
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ã4

, ã = Aa, (12)

where ã is the Jordan-frame scale factor. At a phase tran-
sition, which can lead to a jump of the vacuum energy
density, the values of ⇢̃0 and ⇢̃�0 may also jump as some
energy can be exchanged between the vacuum energy and
the matter components. However, in this section, we fo-
cus on the behavior in-between phase transitions, where
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metric tensor gµ⌫ . The second term Sm is the matter ac-
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where ã is the Jordan-frame scale factor. At a phase tran-
sition, which can lead to a jump of the vacuum energy
density, the values of ⇢̃0 and ⇢̃�0 may also jump as some
energy can be exchanged between the vacuum energy and
the matter components. However, in this section, we fo-
cus on the behavior in-between phase transitions, where

using

3

with

SEH =

Z
d4x

p�g
M2

Pl

2
R, (2)

Sm =

Z
d4x

p
�g̃L̃m( 

(i)
m , g̃µ⌫), (3)

and

S',� =

Z
d4x

p�g
⇥M3A4(')�+M4K(';X,Y, Z)

⇤
,

(4)
where we defined the dimensionless kinetic terms (using
the Einstein-frame metric gµ⌫),

X = �@
µ�@µ�

2M4
, Y = �@

µ'@µ�

M4
, Z = �@

µ'@µ'

2M4
.

(5)
The first term SEH is the usual Einstein-Hilbert action of
General Relativity, written in terms of the Einstein-frame
metric tensor gµ⌫ . The second term Sm is the matter ac-
tion (associated with all particles, including photons and

dark matter), where  (i)
m are the various matter fields and

g̃µ⌫ is the Jordan-frame metric, seen by matter, which we
define by the conformal rescaling

g̃µ⌫ = A2(')gµ⌫ , A(') > 0. (6)

Here '(x) is an additional scalar field. We also intro-
duced a second scalar field �(x), and both scalar fields
enter the new term S',�. Here M is a mass parameter
that we introduce for dimensional purposes. We shall
check that the cancellation mechanism does not depend
on the value ofM. Indeed, for any constant rescaling fac-
tor ↵ the change M ! ↵M is absorbed by the change
� ! ↵�3�. This also requires appropriate changes to
the function K. Therefore, the choice of M corresponds
for instance to a choice of normalization for �. For con-
stant ' and �, neglecting S',� we recover General Rela-
tivity and the standard model of particle physics, with a
rescaling of the Planck mass seen by matter in the Jordan
frame,

M̃2
Pl = M2

Pl/A(')2. (7)

The idea leading to the action (1) is that ' plays the role
of a Lagrange multiplier that enforces the cancellation of
the vacuum energy arising from the matter sector by the
second field �. This can be expected by noticing that the
action S obeys the symmetry
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p�g̃ = A4p�g and Ṽvac is any constant

shift of the matter-sector vacuum energy. This cancella-
tion mechanism arises from the first term in the action
S',�. The second term is introduced to enlarge the space
of solutions and behaviors. To make it independent of

the value of the matter vacuum energy, it only depends
on derivatives of �.
In fact, because the matter action couples the scalar

field ' to the trace Tµ
µ of the matter energy-momentum

tensor, the Lagrange multiplier ' will ensure the cancel-
lation of all matter contributions to the trace Tµ

µ . This
exactly cancels any constant vacuum energy density, but
also partly cancels the nonrelativistic matter density. In
contrast, the radiation energy-momentum tensor is not
cancelled at all because its trace vanishes. This means
that the cancellation mechanism associated with the ac-
tion (1) is satisfactory during the radiation era, but can
raise problems during the late matter era and must stop
during the dark energy and inflation eras.

B. Equations of motion

For simplicity, we consider conformal rescalings such
that A(') is constant at late times and it is su�cient
to analyze the Einstein equations in the Einstein frame.
Defining the matter energy-momentum tensors in the
Einstein and Jordan frames as

T(m)µ⌫ =
�2p�g

�Sm

�gµ⌫
, T̃(m)µ⌫ =

�2p�g̃

�Sm

�g̃µ⌫
, (9)

we have Tµ
(m)⌫ = A4 T̃µ

(m)⌫ and the Einstein equations
write in the Einstein frame as

M2
PlG

µ
⌫ = A4T̃µ

(m)⌫ + Tµ
(',�)⌫ , (10)

where Tµ
(',�)⌫ is the energy-momentum tensor associated

with the scalar-fields action S',�. We write the mat-
ter energy-momentum tensor in the Jordan frame as the
sum of three components, the vacuum energy density
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(m)i = �Ṽvac + ⇢̃�/3, (11)

while non-diagonal elements vanish. By definition, be-
tween phase transitions the vacuum energy density is
constant while the nonrelativistic and relativistic den-
sities decrease as

⇢̃ =
⇢̃0
ã3
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, ã = Aa, (12)
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B)  Equations of motion

Friedmann equations:
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the conformal time ⌧ and H = d ln a/d⌧ is the conformal
Hubble expansion rate.

The derivatives of the action with respect to the scalar
fields ' and � give the equations of motion

M4 @K

@'
� a�4@⌧


a2

✓
@K

@Y
�0 +

@K

@Z
'0
◆�

=

4A3 dA

d'
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C. Cancellation mechanism in the radiation era

We can see at once on Eqs.(14)-(17) the cancellation
of the vacuum energy density in the radiation era. Thus,
let us neglect the nonrelativistic matter density ⇢̃ and
consider a constant vacuum energy density Ṽvac,

⇢̃ = 0, Ṽvac = constant. (19)

Then, the equation of motion (16) has the constant so-
lution

� = Ṽvac/M3, �0 = 0, (20)

provided the kinetic function K satisfies
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= 0 when �0 = 0. (21)

Then, the Einstein equations (14) and (15) become

3M2
PlH2 = a2⇢� , M2

Pl(H2 + 2H0) = �a2⇢�/3, (22)

where the Einstein-frame radiation density is

⇢� = A4⇢̃� = ⇢̃�0/a
4, (23)

provided the kinetic function K also satisfies

K = 0 when �0 = 0. (24)

Then, we recover the standard Friedmann equations of
the radiation era.
The vacuum energy Ṽvac has been cancelled by M3�,

as the scalar field ' acts as a Lagrange multiplier that
enforces the constraint (20). The equation of motion (17)
provides the evolution of '. At this stage, the role of the
kinetic term in the scalar field action (4) is only to make
sure that the equation of motion (17) does not imply
A = 0, as would be the case if it were absent. It does
not spoil the vacuum energy cancellation, as long as the
latter is constant, if its e↵ect vanishes for constant �
following the conditions (21) and (24). The cancellation
works for any value of the vacuum energy density Ṽvac

and does not depend on the value of the mass parameter
M, which disappears from the Friedmann equations.
The manner this scenario evades the well-known no-go

theorem by Weinberg [25] can be seen from Eq.(17). If
we look for static solutions in the Minkowski background,
so that time derivatives vanish, Eq.(17) implies at once
A = 0, and hence the matter action vanishes. This cor-
responds to Weinberg’s result. In our case, we avoid a
vanishing A thanks to the nonzero time derivatives on the
left-hand side. This is because we solve the cosmological
constant problem within a cosmological setting, which
implies nonzero time derivatives of the scale factor a as
the Universe is expanding. Moreover, the background
field ' also evolves with time. Note that in a cosmologi-
cal framework, because the Universe is not static there is
no reason to require static background fields. In this re-
spect, our solution of the cosmological constant problem
is related to the cosmological framework of our Universe.
In particular, the Minkowski limit, which applies to lab-
oratory experiments, is understood as the limit of the
FLRW metric over short time scales and small lengths.
But the resolution of the cosmological constant problem
must be taken into account in the exact FLRW metric,
before taking the local Minkowski limit. This way out of
Weinberg’s no-go theorem is shared by other self-tuning
models [37–40], which also require time-dependent back-
ground fields. An alternative is to introduce a spatial
dependence for some background fields [32], or Lorentz-
violating theories.

D. Dimensionless variables

It is convenient to write the equations of motion in
terms of dimensionless variables. Thus, we define the di-
mensionless density parameters and the reduced Hubble
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(Ṽvac + ⇢̃/4�M3�) (16)

and

a�4@⌧


a2

✓
@K

@X
�0 +

@K

@Y
'0
◆�

= M3A4, (17)

while the kinetic factors are

X =
�02

2M4a2
, Y =

'0�0

M4a2
, Z =

'02

2M4a2
. (18)

C. Cancellation mechanism in the radiation era

We can see at once on Eqs.(14)-(17) the cancellation
of the vacuum energy density in the radiation era. Thus,
let us neglect the nonrelativistic matter density ⇢̃ and
consider a constant vacuum energy density Ṽvac,
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and does not depend on the value of the mass parameter
M, which disappears from the Friedmann equations.
The manner this scenario evades the well-known no-go

theorem by Weinberg [25] can be seen from Eq.(17). If
we look for static solutions in the Minkowski background,
so that time derivatives vanish, Eq.(17) implies at once
A = 0, and hence the matter action vanishes. This cor-
responds to Weinberg’s result. In our case, we avoid a
vanishing A thanks to the nonzero time derivatives on the
left-hand side. This is because we solve the cosmological
constant problem within a cosmological setting, which
implies nonzero time derivatives of the scale factor a as
the Universe is expanding. Moreover, the background
field ' also evolves with time. Note that in a cosmologi-
cal framework, because the Universe is not static there is
no reason to require static background fields. In this re-
spect, our solution of the cosmological constant problem
is related to the cosmological framework of our Universe.
In particular, the Minkowski limit, which applies to lab-
oratory experiments, is understood as the limit of the
FLRW metric over short time scales and small lengths.
But the resolution of the cosmological constant problem
must be taken into account in the exact FLRW metric,
before taking the local Minkowski limit. This way out of
Weinberg’s no-go theorem is shared by other self-tuning
models [37–40], which also require time-dependent back-
ground fields. An alternative is to introduce a spatial
dependence for some background fields [32], or Lorentz-
violating theories.

D. Dimensionless variables

It is convenient to write the equations of motion in
terms of dimensionless variables. Thus, we define the di-
mensionless density parameters and the reduced Hubble

4
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responds to Weinberg’s result. In our case, we avoid a
vanishing A thanks to the nonzero time derivatives on the
left-hand side. This is because we solve the cosmological
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implies nonzero time derivatives of the scale factor a as
the Universe is expanding. Moreover, the background
field ' also evolves with time. Note that in a cosmologi-
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is related to the cosmological framework of our Universe.
In particular, the Minkowski limit, which applies to lab-
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Pl(H2 + 2H0) = a2A4(Ṽvac � ⇢̃�/3�M3�)� a2M4K,

(15)
where the primes denote the derivative with respect to
the conformal time ⌧ and H = d ln a/d⌧ is the conformal
Hubble expansion rate.

The derivatives of the action with respect to the scalar
fields ' and � give the equations of motion

M4 @K

@'
� a�4@⌧


a2

✓
@K

@Y
�0 +

@K

@Z
'0
◆�

=

4A3 dA

d'
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We can see at once on Eqs.(14)-(17) the cancellation
of the vacuum energy density in the radiation era. Thus,
let us neglect the nonrelativistic matter density ρ̃ and
consider a constant vacuum energy density Ṽvac,

ρ̃ = 0, Ṽvac = constant. (19)

Then, the equation of motion (16) has the constant so-
lution

λ = Ṽvac/M3, λ′ = 0, (20)

provided the kinetic function K satisfies

∂K

∂ϕ
= 0 and

∂K

∂Z
= 0 when λ′ = 0. (21)

Then, the Einstein equations (14) and (15) become

3M2
PlH2 = a2ργ , M2

Pl(H2 + 2H′) = −a2ργ/3, (22)

where the Einstein-frame radiation density is

ργ = A4ρ̃γ = ρ̃γ0/a
4, (23)

provided the kinetic function K also satisfies

K = 0 when λ′ = 0. (24)

Then, we recover the standard Friedmann equations of
the radiation era.
The vacuum energy Ṽvac has been cancelled by M3λ,

as the scalar field ϕ acts as a Lagrange multiplier that
enforces the constraint (20). The equation of motion (17)
provides the evolution of ϕ. At this stage, the role of the
kinetic term in the scalar field action (4) is only to make
sure that the equation of motion (17) does not imply
A = 0, as would be the case if it were absent. It does
not spoil the vacuum energy cancellation, as long as the
latter is constant, if its effect vanishes for constant λ
following the conditions (21) and (24). The cancellation
works for any value of the vacuum energy density Ṽvac

and does not depend on the value of the mass parameter
M, which disappears from the Friedmann equations.
The manner this scenario evades the well-known no-go

theorem by Weinberg [25] can be seen from Eq.(17). If
we look for static solutions in the Minkowski background,
so that time derivatives vanish, Eq.(17) implies at once
A = 0, and hence the matter action vanishes. This cor-
responds to Weinberg’s result. In our case, we avoid a
vanishing A thanks to the nonzero time derivatives on the
left-hand side. This is because we solve the cosmological
constant problem within a cosmological setting, which
implies nonzero time derivatives of the scale factor a as
the Universe is expanding. Moreover, the background
field ϕ also evolves with time. Note that in a cosmologi-
cal framework, because the Universe is not static there is
no reason to require static background fields. In this re-
spect, our solution of the cosmological constant problem
is related to the cosmological framework of our Universe.
In particular, the Minkowski limit, which applies to lab-
oratory experiments, is understood as the limit of the
FLRW metric over short time scales and small lengths.
But the resolution of the cosmological constant problem
must be taken into account in the exact FLRW metric,
before taking the local Minkowski limit. This way out of
Weinberg’s no-go theorem is shared by other self-tuning
models [37–40], which also require time-dependent back-
ground fields. An alternative is to introduce a spatial
dependence for some background fields [32], or Lorentz-
violating theories.

D. Dimensionless variables

It is convenient to write the equations of motion in
terms of dimensionless variables. Thus, we define the di-
mensionless density parameters and the reduced Hubble

includes a possible cosmological constant
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theorem by Weinberg [25] can be seen from Eq.(17). If
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so that time derivatives vanish, Eq.(17) implies at once
A = 0, and hence the matter action vanishes. This cor-
responds to Weinberg’s result. In our case, we avoid a
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is related to the cosmological framework of our Universe.
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must be taken into account in the exact FLRW metric,
before taking the local Minkowski limit. This way out of
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D. Dimensionless variables

It is convenient to write the equations of motion in
terms of dimensionless variables. Thus, we define the di-
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� - eq. of motion was:

If we look for static solutions in Minkowski: A = 0

the matter action vanishes !  
(Weinberg’s result)     

This is avoided by a time-dependent background      that evolves on cosmological timescale.'

Thus, this solution of the cosmological constant/vacuum energy problem is tied to 
the cosmological framework: time-dependent FLRW and background fields 
(instead of static Minkowski and backgrounds).

This way out (time dependence) is shared by other self-tuning models.
Alternatives can be to introduce spatial dependence for backgrounds, 
or Lorentz-violating theories.
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A)  Explicit model
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H
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The parameters Ωi0 are constant during most of the his-
tory of the Universe, but can vary during phase transi-
tions. We also define the dimensionless scalar fields

ϕ̂ =
ϕ

MPl
, λ̂ =

M3λ

3M2
PlH

2
0

, (26)

the rescaled kinetic factors,

X̂ =
!2

2

(

dλ̂

dη

)2

, Ŷ = !
2 dλ̂

dη

dϕ̂

dη
, Ẑ =

!2

2

(

dϕ̂

dη

)2

,

(27)
and the rescaled kinetic function

K̂(ϕ̂; X̂, Ŷ , Ẑ) =
M4

3M2
PlH

2
0

K(ϕ;X,Y, Z). (28)

Using the dimensionless time coordinate η = ln(a), the
Einstein equations (14)-(15) give

!
2 = A4(Ωvac0 − λ̂) +

AΩ0

a3
+

Ωγ0

a4
− K̂

+2X̂
∂K̂

∂X̂
+ 2Ŷ

∂K̂

∂Ŷ
+ 2Ẑ

∂K̂

∂Ẑ
(29)

and

2!2
d ln !

dη
= −3

AΩ0

a3
− 4

Ωγ0

a4
− 6X̂

∂K̂

∂X̂

−6Ŷ
∂K̂

∂Ŷ
− 6Ẑ

∂K̂

∂Ẑ
, (30)

while the scalar-field equations (16)-(17) read as

∂K̂

∂ϕ̂
− a−3

!
d

dη

[

a3!

(

∂K̂

∂Ŷ

dλ̂

dη
+
∂K̂

∂Ẑ

dϕ̂

dη

)]

=

4A3 dA

dϕ̂

(

Ωvac0 − λ̂+
Ω0

4A3a3

)

(31)

and

a−3
!
d

dη

[

a3!

(

∂K̂

∂X̂

dλ̂

dη
+
∂K̂

∂Ŷ

dϕ̂

dη

)]

= A4. (32)

In the following, we work with these dimensionless quan-
tities and omit the hats to simplify notations.

E. Exponential conformal coupling and power-law
kinetic function

For simplicity, in this paper we only consider exponen-
tials and power laws for the conformal coupling function

A and the kinetic function K. More precisely, we take a
simple exponential for A(ϕ),

A(ϕ) = A⋆e
νAϕ, A⋆ > 0, (33)

while for K(ϕ;X,Y, Z) we take the separable form

K(ϕ;X,Y, Z) = KXeνXϕXγ +KY Y, (34)

with γ > 0. We shall take the parameters A⋆, νi,Ki, γ
constant for most of the expansion history of the Uni-
verse, but allow them to vary between different eras. In
more complex scenarios, they would only be effective co-
efficients that provide approximations of the kinetic func-
tion over limited ranges, and smoothly vary with the ar-
guments ϕ, X, Y and Z. For simplicity, we do not include
a component of the form KZZ, because we can already
recover interesting cosmological behaviors in the subclass
KZ = 0. It appears that the kinetic functions (34) are the
simplest choice that can reproduce all cosmological eras,
from the inflationary stage to the current dark-energy
era.
As the kinetic function K does not depend on λ, the

equations of motion only depend on the difference λ̄ be-
tween λ and the vacuum energy density,

λ̄ = λ− Ωvac0, (35)

as can be checked in Eqs.(29)-(32). This is the property
that ensures the cancellation of the vacuum energy den-
sity, independently of its value. Except at matter phase
transitions, we shall take the matter vacuum energy den-
sity Ωvac0 to be constant. Then, it will be convenient to
write the equations of motion in terms of λ̄, and most of
the discussions below will use λ̄.

III. EARLY RADIATION ERA

A. Equations of motion

We now consider in more details the radiation era and
the cancellation mechanism of the vacuum energy den-
sity. In particular, to check its efficiency we must go be-
yond the constant-λ solution (20) and verify that pertur-
bations decay. To simplify the analysis, we take KY = 0
in the general class (34), and we focus on the simpler
kinetic functions

K(ϕ;X,Y, Z) = KXeνXϕXγ , γ > 0, (36)

which satisfy the constraints (21) and (24). They do not
depend on Y and Z and the dependence on ϕ and X
factorizes. From Eq.(27) we have X ≥ 0. Then, the
equations of motion of the scalar fields simplify as

νXKXeνXϕXγ = −4νAA
4
⋆e

4νAϕλ̄+ νAA⋆e
νAϕΩ0

a3
, (37)
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A. Equations of motion

We now consider in more details the radiation era and
the cancellation mechanism of the vacuum energy den-
sity. In particular, to check its efficiency we must go be-
yond the constant-λ solution (20) and verify that pertur-
bations decay. To simplify the analysis, we take KY = 0
in the general class (34), and we focus on the simpler
kinetic functions

K(ϕ;X,Y, Z) = KXeνXϕXγ , γ > 0, (36)

which satisfy the constraints (21) and (24). They do not
depend on Y and Z and the dependence on ϕ and X
factorizes. From Eq.(27) we have X ≥ 0. Then, the
equations of motion of the scalar fields simplify as

νXKXeνXϕXγ = −4νAA
4
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4νAϕλ̄+ νAA⋆e
νAϕΩ0

a3
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Eqs. of motion are nonlinear but we can obtain simple solutions:
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and

γKXeνXϕXγ−1
!
2

[(

3 + (2γ − 1)
d ln !

dη
+ νX

dϕ

dη

)

dλ̄

dη

+(2γ − 1)
d2λ̄

dη2

]

= A4
⋆e

4νAϕ. (38)

Thus, Eq.(37) becomes a constraint equation for ϕ, as
there is no kinetic term over ϕ, while Eq.(38) is a non-
linear second-order equation of motion for λ̄.

B. Relaxation solution

We will perform an exact numerical computation in
section IIID below, but in this section we present an an-
alytic study of the solutions that appear in the radiation
era. We derive explicit solutions and check their linear
stability. This allows us to obtain the range of the pa-
rameters νX and γ of the kinetic function (36) that give
rise to the required scalings and stability conditions. For
this purpose, we can neglect the nonrelativistic matter
density. In terms of the effective matter density param-
eter, this means Ω0 = 0. We have seen in section II C
that for a constant vacuum energy density, the constant
solution (20) provides a radiation-like expansion for the
Einstein-frame scale factor. Since we aim at building so-
lutions where the scalar fields are subdominant in the
Friedmann equations (except temporarily at phase tran-
sitions), we take the Hubble expansion rate to follow the
radiation era scaling,

! = h⋆e
−2η, (39)

where h⋆ is an irrelevant proportionality factor.
With Ω0 = 0, the constraint equation (37) gives for ϕ

the explicit expression

ϕ =
1

4νA − νX
ln

[

−σKX

A4
⋆λ̄

(

h2
⋆

2
e−4η

(

dλ̄

dη

)2
)γ ]

, (40)

while Eq.(38) leads to

d2λ̄

dη2
+

5− 5σ − 4γ

σ + 2γ − 1

dλ̄

dη
−

σ

2γ
λ̄−1

(

dλ̄

dη

)2

= 0, (41)

where we introduced the ratio

σ ≡
νX
4νA

. (42)

The choice (36) implies that λ̄ and dλ̄/dη are nonzero,
that is, the scalar field λ has not completely relaxed to the
solution (20). These equations of motion are nonlinear,
but we can look for a simple solution of the form

ϕ = ϕ⋆ + µϕη, λ̄ = λ⋆e
µλη. (43)

Substituting into Eqs.(40)-(41), we obtain the three con-
straints

ϕ⋆ =
1

4νA − νX
ln

[

−σKX

A4
⋆

(

h2
⋆µ

2
λ

2

)γ

λ2γ−1
⋆

]

,

µλ =
2γ(5− 5σ − 4γ)

(σ − 2γ)(σ + 2γ − 1)
,

µϕ =
γ(2σ + 10γ − 5)

2νA(σ − 2γ)(σ + 2γ − 1)
. (44)

This determines the two coefficients µi and sets the nor-
malization of λ̄ in terms of the normalization of ϕ. In-
deed, as the nonlinear equation of motion (41) is actually
homogeneous of degree one, any constant rescaling of λ̄
provides a new solution.
For the cancellation of the vacuum energy density to

occur, we require that the deviation of λ from Ωvac0 de-
cays, that is,

µλ < 0, hence
5− 5σ − 4γ

(σ − 2γ)(σ + 2γ − 1)
< 0. (45)

To ensure that the Friedmann equation (29) remains close
to the radiation-like behavior (22), we also require the
stronger condition that λ−Ωvac0 decay faster than ρ̃γ ∝
A−4a−4 and that K decay faster than ργ ∝ a−4. Both
conditions give the same constraint,

2σ + γ − 2

σ + 2γ − 1
< 0. (46)

Indeed, for the kinetic and coupling functions (36) and
(33), the equation of motion (37) reads as

σK = −A4λ̄+A
Ω0

4a3
. (47)

Then, the conditions |λ̄| ≪ Ωγ0/(A4a4) and |K| ≪
Ωγ0/a4 are equivalent, as we take Ω0 = 0 in the early
radiation era. We also require that the Jordan-frame
scale factor ã = Aa grows with time. We obtain

ã ∝ aα with α =
2σ2 + 2(γ − 1)σ + 2γ2 − γ

2(σ − 2γ)(σ + 2γ − 1)
> 0.

(48)
To ensure that the solution (43) is relevant, we also

require that it is a local attractor, i.e., that it is stable.
Thus, we consider the small deviations δϕ and δλ̄,

ϕ = ϕ⋆ + µϕη + δϕ, λ̄ = λ⋆e
µλη(1 + δλ̄). (49)

Substituting into the equations of motion (40)-(41), we
obtain at linear order

d2δλ̄

dη2
−

µλ(σ − 2γ)

2γ

dδλ̄

dη
= 0. (50)

This gives a constant mode, associated with a change of
the normalizations ϕ⋆ and λ⋆ of the solution (43), and
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∂Ŷ

dλ̂

dη
+
∂K̂

∂Ẑ
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In the following, we work with these dimensionless quan-
tities and omit the hats to simplify notations.

E. Exponential conformal coupling and power-law
kinetic function

For simplicity, in this paper we only consider exponen-
tials and power laws for the conformal coupling function

A and the kinetic function K. More precisely, we take a
simple exponential for A(ϕ),

A(ϕ) = A⋆e
νAϕ, A⋆ > 0, (33)

while for K(ϕ;X,Y, Z) we take the separable form

K(ϕ;X,Y, Z) = KXeνXϕXγ +KY Y, (34)

with γ > 0. We shall take the parameters A⋆, νi,Ki, γ
constant for most of the expansion history of the Uni-
verse, but allow them to vary between different eras. In
more complex scenarios, they would only be effective co-
efficients that provide approximations of the kinetic func-
tion over limited ranges, and smoothly vary with the ar-
guments ϕ, X, Y and Z. For simplicity, we do not include
a component of the form KZZ, because we can already
recover interesting cosmological behaviors in the subclass
KZ = 0. It appears that the kinetic functions (34) are the
simplest choice that can reproduce all cosmological eras,
from the inflationary stage to the current dark-energy
era.
As the kinetic function K does not depend on λ, the

equations of motion only depend on the difference λ̄ be-
tween λ and the vacuum energy density,

λ̄ = λ− Ωvac0, (35)

as can be checked in Eqs.(29)-(32). This is the property
that ensures the cancellation of the vacuum energy den-
sity, independently of its value. Except at matter phase
transitions, we shall take the matter vacuum energy den-
sity Ωvac0 to be constant. Then, it will be convenient to
write the equations of motion in terms of λ̄, and most of
the discussions below will use λ̄.

III. EARLY RADIATION ERA

A. Equations of motion

We now consider in more details the radiation era and
the cancellation mechanism of the vacuum energy den-
sity. In particular, to check its efficiency we must go be-
yond the constant-λ solution (20) and verify that pertur-
bations decay. To simplify the analysis, we take KY = 0
in the general class (34), and we focus on the simpler
kinetic functions

K(ϕ;X,Y, Z) = KXeνXϕXγ , γ > 0, (36)

which satisfy the constraints (21) and (24). They do not
depend on Y and Z and the dependence on ϕ and X
factorizes. From Eq.(27) we have X ≥ 0. Then, the
equations of motion of the scalar fields simplify as

νXKXeνXϕXγ = −4νAA
4
⋆e

4νAϕλ̄+ νAA⋆e
νAϕΩ0

a3
, (37)

By symmetry, only the difference                        enters.

We require:

5

expansion rate

Ṽvac

3M2
PlH

2
0

= Ωvac0,
ρ̃

3M2
PlH

2
0

=
Ω0

A3a3
,

ρ̃γ
3M2

PlH
2
0

=
Ωγ0

A4a4
, ! =

H

H0
. (25)

The parameters Ωi0 are constant during most of the his-
tory of the Universe, but can vary during phase transi-
tions. We also define the dimensionless scalar fields

ϕ̂ =
ϕ

MPl
, λ̂ =

M3λ

3M2
PlH

2
0

, (26)

the rescaled kinetic factors,

X̂ =
!2

2

(

dλ̂

dη

)2

, Ŷ = !
2 dλ̂

dη

dϕ̂

dη
, Ẑ =

!2

2

(

dϕ̂

dη

)2

,

(27)
and the rescaled kinetic function

K̂(ϕ̂; X̂, Ŷ , Ẑ) =
M4

3M2
PlH

2
0

K(ϕ;X,Y, Z). (28)

Using the dimensionless time coordinate η = ln(a), the
Einstein equations (14)-(15) give

!
2 = A4(Ωvac0 − λ̂) +

AΩ0

a3
+

Ωγ0

a4
− K̂

+2X̂
∂K̂

∂X̂
+ 2Ŷ

∂K̂

∂Ŷ
+ 2Ẑ

∂K̂

∂Ẑ
(29)

and

2!2
d ln !

dη
= −3

AΩ0

a3
− 4

Ωγ0

a4
− 6X̂

∂K̂

∂X̂

−6Ŷ
∂K̂

∂Ŷ
− 6Ẑ

∂K̂

∂Ẑ
, (30)

while the scalar-field equations (16)-(17) read as

∂K̂

∂ϕ̂
− a−3

!
d

dη

[

a3!

(

∂K̂

∂Ŷ

dλ̂

dη
+
∂K̂

∂Ẑ

dϕ̂

dη

)]

=

4A3 dA

dϕ̂

(

Ωvac0 − λ̂+
Ω0

4A3a3

)

(31)

and

a−3
!
d

dη

[

a3!

(

∂K̂

∂X̂

dλ̂

dη
+
∂K̂

∂Ŷ

dϕ̂

dη

)]

= A4. (32)

In the following, we work with these dimensionless quan-
tities and omit the hats to simplify notations.

E. Exponential conformal coupling and power-law
kinetic function

For simplicity, in this paper we only consider exponen-
tials and power laws for the conformal coupling function

A and the kinetic function K. More precisely, we take a
simple exponential for A(ϕ),

A(ϕ) = A⋆e
νAϕ, A⋆ > 0, (33)

while for K(ϕ;X,Y, Z) we take the separable form

K(ϕ;X,Y, Z) = KXeνXϕXγ +KY Y, (34)

with γ > 0. We shall take the parameters A⋆, νi,Ki, γ
constant for most of the expansion history of the Uni-
verse, but allow them to vary between different eras. In
more complex scenarios, they would only be effective co-
efficients that provide approximations of the kinetic func-
tion over limited ranges, and smoothly vary with the ar-
guments ϕ, X, Y and Z. For simplicity, we do not include
a component of the form KZZ, because we can already
recover interesting cosmological behaviors in the subclass
KZ = 0. It appears that the kinetic functions (34) are the
simplest choice that can reproduce all cosmological eras,
from the inflationary stage to the current dark-energy
era.
As the kinetic function K does not depend on λ, the

equations of motion only depend on the difference λ̄ be-
tween λ and the vacuum energy density,

λ̄ = λ− Ωvac0, (35)

as can be checked in Eqs.(29)-(32). This is the property
that ensures the cancellation of the vacuum energy den-
sity, independently of its value. Except at matter phase
transitions, we shall take the matter vacuum energy den-
sity Ωvac0 to be constant. Then, it will be convenient to
write the equations of motion in terms of λ̄, and most of
the discussions below will use λ̄.

III. EARLY RADIATION ERA

A. Equations of motion

We now consider in more details the radiation era and
the cancellation mechanism of the vacuum energy den-
sity. In particular, to check its efficiency we must go be-
yond the constant-λ solution (20) and verify that pertur-
bations decay. To simplify the analysis, we take KY = 0
in the general class (34), and we focus on the simpler
kinetic functions

K(ϕ;X,Y, Z) = KXeνXϕXγ , γ > 0, (36)

which satisfy the constraints (21) and (24). They do not
depend on Y and Z and the dependence on ϕ and X
factorizes. From Eq.(27) we have X ≥ 0. Then, the
equations of motion of the scalar fields simplify as

νXKXeνXϕXγ = −4νAA
4
⋆e

4νAϕλ̄+ νAA⋆e
νAϕΩ0

a3
, (37)

decays  (so that cancellation occurs)* 

and 
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0

=
Ωγ0

A4a4
, ! =

H

H0
. (25)

The parameters Ωi0 are constant during most of the his-
tory of the Universe, but can vary during phase transi-
tions. We also define the dimensionless scalar fields

ϕ̂ =
ϕ

MPl
, λ̂ =

M3λ

3M2
PlH

2
0

, (26)

the rescaled kinetic factors,

X̂ =
!2

2

(

dλ̂

dη

)2

, Ŷ = !
2 dλ̂

dη

dϕ̂

dη
, Ẑ =

!2

2

(

dϕ̂

dη

)2

,

(27)
and the rescaled kinetic function

K̂(ϕ̂; X̂, Ŷ , Ẑ) =
M4

3M2
PlH

2
0

K(ϕ;X,Y, Z). (28)

Using the dimensionless time coordinate η = ln(a), the
Einstein equations (14)-(15) give

!
2 = A4(Ωvac0 − λ̂) +

AΩ0

a3
+

Ωγ0

a4
− K̂

+2X̂
∂K̂

∂X̂
+ 2Ŷ

∂K̂

∂Ŷ
+ 2Ẑ

∂K̂

∂Ẑ
(29)

and

2!2
d ln !

dη
= −3

AΩ0

a3
− 4

Ωγ0

a4
− 6X̂

∂K̂

∂X̂

−6Ŷ
∂K̂

∂Ŷ
− 6Ẑ

∂K̂

∂Ẑ
, (30)

while the scalar-field equations (16)-(17) read as

∂K̂

∂ϕ̂
− a−3

!
d

dη

[

a3!

(

∂K̂

∂Ŷ

dλ̂

dη
+
∂K̂

∂Ẑ

dϕ̂

dη

)]

=

4A3 dA

dϕ̂

(

Ωvac0 − λ̂+
Ω0

4A3a3

)

(31)

and

a−3
!
d

dη

[

a3!

(

∂K̂

∂X̂

dλ̂

dη
+
∂K̂

∂Ŷ

dϕ̂

dη

)]

= A4. (32)

In the following, we work with these dimensionless quan-
tities and omit the hats to simplify notations.

E. Exponential conformal coupling and power-law
kinetic function

For simplicity, in this paper we only consider exponen-
tials and power laws for the conformal coupling function

A and the kinetic function K. More precisely, we take a
simple exponential for A(ϕ),

A(ϕ) = A⋆e
νAϕ, A⋆ > 0, (33)

while for K(ϕ;X,Y, Z) we take the separable form

K(ϕ;X,Y, Z) = KXeνXϕXγ +KY Y, (34)

with γ > 0. We shall take the parameters A⋆, νi,Ki, γ
constant for most of the expansion history of the Uni-
verse, but allow them to vary between different eras. In
more complex scenarios, they would only be effective co-
efficients that provide approximations of the kinetic func-
tion over limited ranges, and smoothly vary with the ar-
guments ϕ, X, Y and Z. For simplicity, we do not include
a component of the form KZZ, because we can already
recover interesting cosmological behaviors in the subclass
KZ = 0. It appears that the kinetic functions (34) are the
simplest choice that can reproduce all cosmological eras,
from the inflationary stage to the current dark-energy
era.
As the kinetic function K does not depend on λ, the

equations of motion only depend on the difference λ̄ be-
tween λ and the vacuum energy density,

λ̄ = λ− Ωvac0, (35)

as can be checked in Eqs.(29)-(32). This is the property
that ensures the cancellation of the vacuum energy den-
sity, independently of its value. Except at matter phase
transitions, we shall take the matter vacuum energy den-
sity Ωvac0 to be constant. Then, it will be convenient to
write the equations of motion in terms of λ̄, and most of
the discussions below will use λ̄.

III. EARLY RADIATION ERA

A. Equations of motion

We now consider in more details the radiation era and
the cancellation mechanism of the vacuum energy den-
sity. In particular, to check its efficiency we must go be-
yond the constant-λ solution (20) and verify that pertur-
bations decay. To simplify the analysis, we take KY = 0
in the general class (34), and we focus on the simpler
kinetic functions

K(ϕ;X,Y, Z) = KXeνXϕXγ , γ > 0, (36)

which satisfy the constraints (21) and (24). They do not
depend on Y and Z and the dependence on ϕ and X
factorizes. From Eq.(27) we have X ≥ 0. Then, the
equations of motion of the scalar fields simplify as

νXKXeνXϕXγ = −4νAA
4
⋆e

4νAϕλ̄+ νAA⋆e
νAϕΩ0

a3
, (37)

K decay faster than radiation density* 
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and

γKXeνXϕXγ−1
!
2

[(

3 + (2γ − 1)
d ln !

dη
+ νX

dϕ

dη

)

dλ̄

dη

+(2γ − 1)
d2λ̄

dη2

]

= A4
⋆e

4νAϕ. (38)

Thus, Eq.(37) becomes a constraint equation for ϕ, as
there is no kinetic term over ϕ, while Eq.(38) is a non-
linear second-order equation of motion for λ̄.

B. Relaxation solution

We will perform an exact numerical computation in
section IIID below, but in this section we present an an-
alytic study of the solutions that appear in the radiation
era. We derive explicit solutions and check their linear
stability. This allows us to obtain the range of the pa-
rameters νX and γ of the kinetic function (36) that give
rise to the required scalings and stability conditions. For
this purpose, we can neglect the nonrelativistic matter
density. In terms of the effective matter density param-
eter, this means Ω0 = 0. We have seen in section II C
that for a constant vacuum energy density, the constant
solution (20) provides a radiation-like expansion for the
Einstein-frame scale factor. Since we aim at building so-
lutions where the scalar fields are subdominant in the
Friedmann equations (except temporarily at phase tran-
sitions), we take the Hubble expansion rate to follow the
radiation era scaling,

! = h⋆e
−2η, (39)

where h⋆ is an irrelevant proportionality factor.
With Ω0 = 0, the constraint equation (37) gives for ϕ

the explicit expression

ϕ =
1

4νA − νX
ln

[

−σKX

A4
⋆λ̄

(

h2
⋆

2
e−4η

(

dλ̄

dη

)2
)γ ]

, (40)

while Eq.(38) leads to

d2λ̄

dη2
+

5− 5σ − 4γ

σ + 2γ − 1

dλ̄

dη
−

σ

2γ
λ̄−1

(

dλ̄

dη

)2

= 0, (41)

where we introduced the ratio

σ ≡
νX
4νA

. (42)

The choice (36) implies that λ̄ and dλ̄/dη are nonzero,
that is, the scalar field λ has not completely relaxed to the
solution (20). These equations of motion are nonlinear,
but we can look for a simple solution of the form

ϕ = ϕ⋆ + µϕη, λ̄ = λ⋆e
µλη. (43)

Substituting into Eqs.(40)-(41), we obtain the three con-
straints

ϕ⋆ =
1

4νA − νX
ln

[

−σKX

A4
⋆

(

h2
⋆µ

2
λ

2

)γ

λ2γ−1
⋆

]

,

µλ =
2γ(5− 5σ − 4γ)

(σ − 2γ)(σ + 2γ − 1)
,

µϕ =
γ(2σ + 10γ − 5)

2νA(σ − 2γ)(σ + 2γ − 1)
. (44)

This determines the two coefficients µi and sets the nor-
malization of λ̄ in terms of the normalization of ϕ. In-
deed, as the nonlinear equation of motion (41) is actually
homogeneous of degree one, any constant rescaling of λ̄
provides a new solution.
For the cancellation of the vacuum energy density to

occur, we require that the deviation of λ from Ωvac0 de-
cays, that is,

µλ < 0, hence
5− 5σ − 4γ

(σ − 2γ)(σ + 2γ − 1)
< 0. (45)

To ensure that the Friedmann equation (29) remains close
to the radiation-like behavior (22), we also require the
stronger condition that λ−Ωvac0 decay faster than ρ̃γ ∝
A−4a−4 and that K decay faster than ργ ∝ a−4. Both
conditions give the same constraint,

2σ + γ − 2

σ + 2γ − 1
< 0. (46)

Indeed, for the kinetic and coupling functions (36) and
(33), the equation of motion (37) reads as

σK = −A4λ̄+A
Ω0

4a3
. (47)

Then, the conditions |λ̄| ≪ Ωγ0/(A4a4) and |K| ≪
Ωγ0/a4 are equivalent, as we take Ω0 = 0 in the early
radiation era. We also require that the Jordan-frame
scale factor ã = Aa grows with time. We obtain

ã ∝ aα with α =
2σ2 + 2(γ − 1)σ + 2γ2 − γ

2(σ − 2γ)(σ + 2γ − 1)
> 0.

(48)
To ensure that the solution (43) is relevant, we also

require that it is a local attractor, i.e., that it is stable.
Thus, we consider the small deviations δϕ and δλ̄,

ϕ = ϕ⋆ + µϕη + δϕ, λ̄ = λ⋆e
µλη(1 + δλ̄). (49)

Substituting into the equations of motion (40)-(41), we
obtain at linear order

d2δλ̄

dη2
−

µλ(σ − 2γ)

2γ

dδλ̄

dη
= 0. (50)

This gives a constant mode, associated with a change of
the normalizations ϕ⋆ and λ⋆ of the solution (43), and

Jordan-frame scale factor grows with time and a* 

the solution is stable* 

This gives the allowed range of parameters:
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an exponential mode that decays with respect to the so-
lution (43) when

σ > 2γ. (51)

The combination of the four constraints (45), (46), (48)
and (51) gives the two allowed regimes

0 < γ ≤
5

14
:

1− γ +
√

1− 3γ2

2
< σ < 1−

γ

2
, (52)

5

14
≤ γ <

2

5
: 2γ < σ < 1−

γ

2
. (53)

Thus, only the ratio σ = νX/4νA and the exponent γ are
constrained by these stability requirements. A change of
νA at fixed σ simply gives a rescaling of the evolution of
the scalar field ϕ. The scalar field ϕ and the conformal
factor A between the Einstein and Jordan frames are
constant if µϕ = 0. This corresponds to

µϕ = 0 when σ =
5

2
− 5γ,

1

3
< γ <

5

14
. (54)

As λ̄ will typically jump upward at phase transitions, we
take λ⋆ > 0. Then, Eq.(40) implies KX < 0.

C. Matter phase transitions

We have described in the previous section the smooth
evolution of the scalar fields at constant vacuum energy
density. However, during the radiation era, the Uni-
verse is expected to go through several phase transi-
tions (PT), such as the quantum chromodynamics (QCD)
PT at TQCD ∼ 200MeV, the electroweak (EW) PT
at TEW ∼ 100GeV, and possibly the grand unification
(GUT) PT at TGUT ∼ 1015 GeV. At each transition, we
expect the vacuum energy density Ṽvac to jump down-
ward by an amount of order T 4 ∼ ρ̃γ .
In this paper, we are not interested in the details of

the phase transitions and we consider the simpler case
of instantaneous and homogeneous transitions. Then,
the vacuum energy density parameter Ωvac0 jumps from
Ωvac1 to Ωvac2 at the transition time η, by the amount

∆Ωvac = Ωvac2 − Ωvac1 = −αpt
Ωγ1

A4
1a

4
. (55)

This corresponds to the change of vacuum energy den-
sity ∆Ṽvac = −αptρ̃γ , in the matter Jordan frame, and
we expect αpt ! 1. This leads to a jump of the radiation
energy density parameter Ωγ , of the scalar field ϕ, and of
the first derivative dλ/dη. Indeed, the Einstein equations
are of second order in the metric, and the second Fried-
mann equation (30) enforces the Hubble expansion rate
! to be continuous. Next, from the equation of motion
(32), the scalar field λ and the product ∂K

∂X
dλ
dη are also

continuous. On the other hand, because there is no ki-
netic term in ϕ for the class of kinetic functions (36), the
scalar field ϕ is discontinuous and follows the constraint

equation (31). This gives the junction conditions at the
transition,

(

dλ

dη

)

2

=

(

dλ

dη

)

1

(

λ− Ωvac2

λ− Ωvac1

)σ/(σ+2γ−1)

, (56)

and

Ωγ2 − Ωγ1 = a4A4
1(Ωvac1 − λ)− a4A4

2(Ωvac2 − λ)

+(2γ − 1)a4(K1 −K2). (57)

The drop of the vacuum energy density is not identically
transferred to the radiation energy density because the
scalar field kinetic and coupling functions are also discon-
tinuous at the transition and enter the energy balance.
We could make the scalar field contributions continuous
by including kinetic terms in (∂ϕ)2 in the kinetic func-
tion, but for simplicity we keep the same kinetic function
(36) throughout the radiation era. At the phase transi-
tion, the difference λ̄ = λ−Ωvac0 shows a positive jump,
because of the discontinuity of Ωvac0, with

λ̄2 = λ̄1 −∆Ωvac. (58)

After the phase transition, provided the system remains
in the basin of attraction of the solution (43), the dif-
ference λ̄ again decays and λ cancels the new vacuum
energy density Ωvac2.

D. Numerical computation

For a numerical computation of the evolution of the
fields in the radiation era, we do not use the approxi-
mation (39) as we keep the exact Hubble expansion rate
given by the Friedmann equation (29). We also take into
account the nonrelativistic matter density Ω0 in the equa-
tion of motion (37).
We consider two phase transitions during the radiation

era, the electroweak and QCD phase transitions, which
we set at

TEW = 100GeV and TQCD = 200MeV. (59)

We model them as instantaneous, with a sudden jump of
the vacuum energy density as in Eq.(55), with

αEW = 0.1 and αQCD = 0.1. (60)

This is a simplified and somewhat arbitrary choice, but
our goal here is simply to check that the system can han-
dle such phase transitions and restore the cancellation of
the vacuum energy density. We can expect that if this is
the case, it would also accommodate more realistic and
smoother phase transitions.
We found numerically that the system goes through

the phase transitions more easily if the scalar field differ-
ence λ̄ is not too small as compared with the radiation
density. Indeed, from Eq.(58) λ̄ jumps upward at the
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and

γKXeνXϕXγ−1
!
2

[(

3 + (2γ − 1)
d ln !

dη
+ νX

dϕ

dη

)

dλ̄

dη

+(2γ − 1)
d2λ̄

dη2

]

= A4
⋆e

4νAϕ. (38)

Thus, Eq.(37) becomes a constraint equation for ϕ, as
there is no kinetic term over ϕ, while Eq.(38) is a non-
linear second-order equation of motion for λ̄.

B. Relaxation solution

We will perform an exact numerical computation in
section IIID below, but in this section we present an an-
alytic study of the solutions that appear in the radiation
era. We derive explicit solutions and check their linear
stability. This allows us to obtain the range of the pa-
rameters νX and γ of the kinetic function (36) that give
rise to the required scalings and stability conditions. For
this purpose, we can neglect the nonrelativistic matter
density. In terms of the effective matter density param-
eter, this means Ω0 = 0. We have seen in section II C
that for a constant vacuum energy density, the constant
solution (20) provides a radiation-like expansion for the
Einstein-frame scale factor. Since we aim at building so-
lutions where the scalar fields are subdominant in the
Friedmann equations (except temporarily at phase tran-
sitions), we take the Hubble expansion rate to follow the
radiation era scaling,

! = h⋆e
−2η, (39)

where h⋆ is an irrelevant proportionality factor.
With Ω0 = 0, the constraint equation (37) gives for ϕ

the explicit expression

ϕ =
1

4νA − νX
ln

[

−σKX

A4
⋆λ̄

(

h2
⋆

2
e−4η

(

dλ̄

dη

)2
)γ ]

, (40)

while Eq.(38) leads to

d2λ̄

dη2
+

5− 5σ − 4γ

σ + 2γ − 1

dλ̄

dη
−

σ

2γ
λ̄−1

(

dλ̄

dη

)2

= 0, (41)

where we introduced the ratio

σ ≡
νX
4νA

. (42)

The choice (36) implies that λ̄ and dλ̄/dη are nonzero,
that is, the scalar field λ has not completely relaxed to the
solution (20). These equations of motion are nonlinear,
but we can look for a simple solution of the form

ϕ = ϕ⋆ + µϕη, λ̄ = λ⋆e
µλη. (43)

Substituting into Eqs.(40)-(41), we obtain the three con-
straints

ϕ⋆ =
1

4νA − νX
ln

[

−σKX

A4
⋆

(

h2
⋆µ

2
λ

2

)γ

λ2γ−1
⋆

]

,

µλ =
2γ(5− 5σ − 4γ)

(σ − 2γ)(σ + 2γ − 1)
,

µϕ =
γ(2σ + 10γ − 5)

2νA(σ − 2γ)(σ + 2γ − 1)
. (44)

This determines the two coefficients µi and sets the nor-
malization of λ̄ in terms of the normalization of ϕ. In-
deed, as the nonlinear equation of motion (41) is actually
homogeneous of degree one, any constant rescaling of λ̄
provides a new solution.
For the cancellation of the vacuum energy density to

occur, we require that the deviation of λ from Ωvac0 de-
cays, that is,

µλ < 0, hence
5− 5σ − 4γ

(σ − 2γ)(σ + 2γ − 1)
< 0. (45)

To ensure that the Friedmann equation (29) remains close
to the radiation-like behavior (22), we also require the
stronger condition that λ−Ωvac0 decay faster than ρ̃γ ∝
A−4a−4 and that K decay faster than ργ ∝ a−4. Both
conditions give the same constraint,

2σ + γ − 2

σ + 2γ − 1
< 0. (46)

Indeed, for the kinetic and coupling functions (36) and
(33), the equation of motion (37) reads as

σK = −A4λ̄+A
Ω0

4a3
. (47)

Then, the conditions |λ̄| ≪ Ωγ0/(A4a4) and |K| ≪
Ωγ0/a4 are equivalent, as we take Ω0 = 0 in the early
radiation era. We also require that the Jordan-frame
scale factor ã = Aa grows with time. We obtain

ã ∝ aα with α =
2σ2 + 2(γ − 1)σ + 2γ2 − γ

2(σ − 2γ)(σ + 2γ − 1)
> 0.

(48)
To ensure that the solution (43) is relevant, we also

require that it is a local attractor, i.e., that it is stable.
Thus, we consider the small deviations δϕ and δλ̄,

ϕ = ϕ⋆ + µϕη + δϕ, λ̄ = λ⋆e
µλη(1 + δλ̄). (49)

Substituting into the equations of motion (40)-(41), we
obtain at linear order

d2δλ̄

dη2
−

µλ(σ − 2γ)

2γ

dδλ̄

dη
= 0. (50)

This gives a constant mode, associated with a change of
the normalizations ϕ⋆ and λ⋆ of the solution (43), and

' and A are constant for:

7

an exponential mode that decays with respect to the so-
lution (43) when

σ > 2γ. (51)

The combination of the four constraints (45), (46), (48)
and (51) gives the two allowed regimes

0 < γ ≤
5

14
:

1− γ +
√

1− 3γ2

2
< σ < 1−

γ

2
, (52)

5

14
≤ γ <

2

5
: 2γ < σ < 1−

γ

2
. (53)

Thus, only the ratio σ = νX/4νA and the exponent γ are
constrained by these stability requirements. A change of
νA at fixed σ simply gives a rescaling of the evolution of
the scalar field ϕ. The scalar field ϕ and the conformal
factor A between the Einstein and Jordan frames are
constant if µϕ = 0. This corresponds to

µϕ = 0 when σ =
5

2
− 5γ,

1

3
< γ <

5

14
. (54)

As λ̄ will typically jump upward at phase transitions, we
take λ⋆ > 0. Then, Eq.(40) implies KX < 0.

C. Matter phase transitions

We have described in the previous section the smooth
evolution of the scalar fields at constant vacuum energy
density. However, during the radiation era, the Uni-
verse is expected to go through several phase transi-
tions (PT), such as the quantum chromodynamics (QCD)
PT at TQCD ∼ 200MeV, the electroweak (EW) PT
at TEW ∼ 100GeV, and possibly the grand unification
(GUT) PT at TGUT ∼ 1015 GeV. At each transition, we
expect the vacuum energy density Ṽvac to jump down-
ward by an amount of order T 4 ∼ ρ̃γ .
In this paper, we are not interested in the details of

the phase transitions and we consider the simpler case
of instantaneous and homogeneous transitions. Then,
the vacuum energy density parameter Ωvac0 jumps from
Ωvac1 to Ωvac2 at the transition time η, by the amount

∆Ωvac = Ωvac2 − Ωvac1 = −αpt
Ωγ1

A4
1a

4
. (55)

This corresponds to the change of vacuum energy den-
sity ∆Ṽvac = −αptρ̃γ , in the matter Jordan frame, and
we expect αpt ! 1. This leads to a jump of the radiation
energy density parameter Ωγ , of the scalar field ϕ, and of
the first derivative dλ/dη. Indeed, the Einstein equations
are of second order in the metric, and the second Fried-
mann equation (30) enforces the Hubble expansion rate
! to be continuous. Next, from the equation of motion
(32), the scalar field λ and the product ∂K

∂X
dλ
dη are also

continuous. On the other hand, because there is no ki-
netic term in ϕ for the class of kinetic functions (36), the
scalar field ϕ is discontinuous and follows the constraint

equation (31). This gives the junction conditions at the
transition,

(

dλ

dη

)

2

=

(

dλ

dη

)

1

(

λ− Ωvac2

λ− Ωvac1

)σ/(σ+2γ−1)

, (56)

and

Ωγ2 − Ωγ1 = a4A4
1(Ωvac1 − λ)− a4A4

2(Ωvac2 − λ)

+(2γ − 1)a4(K1 −K2). (57)

The drop of the vacuum energy density is not identically
transferred to the radiation energy density because the
scalar field kinetic and coupling functions are also discon-
tinuous at the transition and enter the energy balance.
We could make the scalar field contributions continuous
by including kinetic terms in (∂ϕ)2 in the kinetic func-
tion, but for simplicity we keep the same kinetic function
(36) throughout the radiation era. At the phase transi-
tion, the difference λ̄ = λ−Ωvac0 shows a positive jump,
because of the discontinuity of Ωvac0, with

λ̄2 = λ̄1 −∆Ωvac. (58)

After the phase transition, provided the system remains
in the basin of attraction of the solution (43), the dif-
ference λ̄ again decays and λ cancels the new vacuum
energy density Ωvac2.

D. Numerical computation

For a numerical computation of the evolution of the
fields in the radiation era, we do not use the approxi-
mation (39) as we keep the exact Hubble expansion rate
given by the Friedmann equation (29). We also take into
account the nonrelativistic matter density Ω0 in the equa-
tion of motion (37).
We consider two phase transitions during the radiation

era, the electroweak and QCD phase transitions, which
we set at

TEW = 100GeV and TQCD = 200MeV. (59)

We model them as instantaneous, with a sudden jump of
the vacuum energy density as in Eq.(55), with

αEW = 0.1 and αQCD = 0.1. (60)

This is a simplified and somewhat arbitrary choice, but
our goal here is simply to check that the system can han-
dle such phase transitions and restore the cancellation of
the vacuum energy density. We can expect that if this is
the case, it would also accommodate more realistic and
smoother phase transitions.
We found numerically that the system goes through

the phase transitions more easily if the scalar field differ-
ence λ̄ is not too small as compared with the radiation
density. Indeed, from Eq.(58) λ̄ jumps upward at the

(Weinberg: there is a nonzero running of     )

5

expansion rate

Ṽvac

3M2
PlH

2
0

= Ωvac0,
ρ̃

3M2
PlH

2
0

=
Ω0

A3a3
,

ρ̃γ
3M2

PlH
2
0

=
Ωγ0

A4a4
, ! =

H

H0
. (25)

The parameters Ωi0 are constant during most of the his-
tory of the Universe, but can vary during phase transi-
tions. We also define the dimensionless scalar fields

ϕ̂ =
ϕ

MPl
, λ̂ =

M3λ

3M2
PlH

2
0

, (26)

the rescaled kinetic factors,

X̂ =
!2

2

(

dλ̂

dη

)2

, Ŷ = !
2 dλ̂

dη

dϕ̂

dη
, Ẑ =

!2

2

(

dϕ̂

dη

)2

,

(27)
and the rescaled kinetic function

K̂(ϕ̂; X̂, Ŷ , Ẑ) =
M4

3M2
PlH

2
0

K(ϕ;X,Y, Z). (28)

Using the dimensionless time coordinate η = ln(a), the
Einstein equations (14)-(15) give

!
2 = A4(Ωvac0 − λ̂) +

AΩ0

a3
+

Ωγ0

a4
− K̂

+2X̂
∂K̂

∂X̂
+ 2Ŷ

∂K̂

∂Ŷ
+ 2Ẑ

∂K̂

∂Ẑ
(29)

and

2!2
d ln !

dη
= −3

AΩ0

a3
− 4

Ωγ0

a4
− 6X̂

∂K̂

∂X̂

−6Ŷ
∂K̂

∂Ŷ
− 6Ẑ

∂K̂

∂Ẑ
, (30)

while the scalar-field equations (16)-(17) read as

∂K̂

∂ϕ̂
− a−3

!
d

dη

[

a3!

(

∂K̂

∂Ŷ

dλ̂

dη
+
∂K̂

∂Ẑ

dϕ̂

dη

)]

=

4A3 dA

dϕ̂

(

Ωvac0 − λ̂+
Ω0

4A3a3

)

(31)

and

a−3
!
d

dη

[

a3!

(

∂K̂

∂X̂

dλ̂

dη
+
∂K̂

∂Ŷ

dϕ̂

dη

)]

= A4. (32)

In the following, we work with these dimensionless quan-
tities and omit the hats to simplify notations.

E. Exponential conformal coupling and power-law
kinetic function

For simplicity, in this paper we only consider exponen-
tials and power laws for the conformal coupling function

A and the kinetic function K. More precisely, we take a
simple exponential for A(ϕ),

A(ϕ) = A⋆e
νAϕ, A⋆ > 0, (33)

while for K(ϕ;X,Y, Z) we take the separable form

K(ϕ;X,Y, Z) = KXeνXϕXγ +KY Y, (34)

with γ > 0. We shall take the parameters A⋆, νi,Ki, γ
constant for most of the expansion history of the Uni-
verse, but allow them to vary between different eras. In
more complex scenarios, they would only be effective co-
efficients that provide approximations of the kinetic func-
tion over limited ranges, and smoothly vary with the ar-
guments ϕ, X, Y and Z. For simplicity, we do not include
a component of the form KZZ, because we can already
recover interesting cosmological behaviors in the subclass
KZ = 0. It appears that the kinetic functions (34) are the
simplest choice that can reproduce all cosmological eras,
from the inflationary stage to the current dark-energy
era.
As the kinetic function K does not depend on λ, the

equations of motion only depend on the difference λ̄ be-
tween λ and the vacuum energy density,

λ̄ = λ− Ωvac0, (35)

as can be checked in Eqs.(29)-(32). This is the property
that ensures the cancellation of the vacuum energy den-
sity, independently of its value. Except at matter phase
transitions, we shall take the matter vacuum energy den-
sity Ωvac0 to be constant. Then, it will be convenient to
write the equations of motion in terms of λ̄, and most of
the discussions below will use λ̄.

III. EARLY RADIATION ERA

A. Equations of motion

We now consider in more details the radiation era and
the cancellation mechanism of the vacuum energy den-
sity. In particular, to check its efficiency we must go be-
yond the constant-λ solution (20) and verify that pertur-
bations decay. To simplify the analysis, we take KY = 0
in the general class (34), and we focus on the simpler
kinetic functions

K(ϕ;X,Y, Z) = KXeνXϕXγ , γ > 0, (36)

which satisfy the constraints (21) and (24). They do not
depend on Y and Z and the dependence on ϕ and X
factorizes. From Eq.(27) we have X ≥ 0. Then, the
equations of motion of the scalar fields simplify as

νXKXeνXϕXγ = −4νAA
4
⋆e

4νAϕλ̄+ νAA⋆e
νAϕΩ0

a3
, (37)



B)  Matter phase transitions

The vacuum energy density is expected to jump at phase transitions during the radiation era:

7

an exponential mode that decays with respect to the so-
lution (43) when

σ > 2γ. (51)

The combination of the four constraints (45), (46), (48)
and (51) gives the two allowed regimes

0 < γ ≤
5

14
:

1− γ +
√

1− 3γ2

2
< σ < 1−

γ

2
, (52)

5

14
≤ γ <

2

5
: 2γ < σ < 1−

γ

2
. (53)

Thus, only the ratio σ = νX/4νA and the exponent γ are
constrained by these stability requirements. A change of
νA at fixed σ simply gives a rescaling of the evolution of
the scalar field ϕ. The scalar field ϕ and the conformal
factor A between the Einstein and Jordan frames are
constant if µϕ = 0. This corresponds to

µϕ = 0 when σ =
5

2
− 5γ,

1

3
< γ <

5

14
. (54)

As λ̄ will typically jump upward at phase transitions, we
take λ⋆ > 0. Then, Eq.(40) implies KX < 0.

C. Matter phase transitions

We have described in the previous section the smooth
evolution of the scalar fields at constant vacuum energy
density. However, during the radiation era, the Uni-
verse is expected to go through several phase transi-
tions (PT), such as the quantum chromodynamics (QCD)
PT at TQCD ∼ 200MeV, the electroweak (EW) PT
at TEW ∼ 100GeV, and possibly the grand unification
(GUT) PT at TGUT ∼ 1015 GeV. At each transition, we
expect the vacuum energy density Ṽvac to jump down-
ward by an amount of order T 4 ∼ ρ̃γ .
In this paper, we are not interested in the details of

the phase transitions and we consider the simpler case
of instantaneous and homogeneous transitions. Then,
the vacuum energy density parameter Ωvac0 jumps from
Ωvac1 to Ωvac2 at the transition time η, by the amount

∆Ωvac = Ωvac2 − Ωvac1 = −αpt
Ωγ1

A4
1a

4
. (55)

This corresponds to the change of vacuum energy den-
sity ∆Ṽvac = −αptρ̃γ , in the matter Jordan frame, and
we expect αpt ! 1. This leads to a jump of the radiation
energy density parameter Ωγ , of the scalar field ϕ, and of
the first derivative dλ/dη. Indeed, the Einstein equations
are of second order in the metric, and the second Fried-
mann equation (30) enforces the Hubble expansion rate
! to be continuous. Next, from the equation of motion
(32), the scalar field λ and the product ∂K

∂X
dλ
dη are also

continuous. On the other hand, because there is no ki-
netic term in ϕ for the class of kinetic functions (36), the
scalar field ϕ is discontinuous and follows the constraint

equation (31). This gives the junction conditions at the
transition,

(

dλ

dη

)

2

=

(

dλ

dη

)

1

(

λ− Ωvac2

λ− Ωvac1

)σ/(σ+2γ−1)

, (56)

and

Ωγ2 − Ωγ1 = a4A4
1(Ωvac1 − λ)− a4A4

2(Ωvac2 − λ)

+(2γ − 1)a4(K1 −K2). (57)

The drop of the vacuum energy density is not identically
transferred to the radiation energy density because the
scalar field kinetic and coupling functions are also discon-
tinuous at the transition and enter the energy balance.
We could make the scalar field contributions continuous
by including kinetic terms in (∂ϕ)2 in the kinetic func-
tion, but for simplicity we keep the same kinetic function
(36) throughout the radiation era. At the phase transi-
tion, the difference λ̄ = λ−Ωvac0 shows a positive jump,
because of the discontinuity of Ωvac0, with

λ̄2 = λ̄1 −∆Ωvac. (58)

After the phase transition, provided the system remains
in the basin of attraction of the solution (43), the dif-
ference λ̄ again decays and λ cancels the new vacuum
energy density Ωvac2.

D. Numerical computation

For a numerical computation of the evolution of the
fields in the radiation era, we do not use the approxi-
mation (39) as we keep the exact Hubble expansion rate
given by the Friedmann equation (29). We also take into
account the nonrelativistic matter density Ω0 in the equa-
tion of motion (37).
We consider two phase transitions during the radiation

era, the electroweak and QCD phase transitions, which
we set at

TEW = 100GeV and TQCD = 200MeV. (59)

We model them as instantaneous, with a sudden jump of
the vacuum energy density as in Eq.(55), with

αEW = 0.1 and αQCD = 0.1. (60)

This is a simplified and somewhat arbitrary choice, but
our goal here is simply to check that the system can han-
dle such phase transitions and restore the cancellation of
the vacuum energy density. We can expect that if this is
the case, it would also accommodate more realistic and
smoother phase transitions.
We found numerically that the system goes through

the phase transitions more easily if the scalar field differ-
ence λ̄ is not too small as compared with the radiation
density. Indeed, from Eq.(58) λ̄ jumps upward at the

7

an exponential mode that decays with respect to the so-
lution (43) when

σ > 2γ. (51)

The combination of the four constraints (45), (46), (48)
and (51) gives the two allowed regimes

0 < γ ≤
5

14
:

1− γ +
√

1− 3γ2

2
< σ < 1−

γ

2
, (52)

5

14
≤ γ <

2

5
: 2γ < σ < 1−

γ

2
. (53)

Thus, only the ratio σ = νX/4νA and the exponent γ are
constrained by these stability requirements. A change of
νA at fixed σ simply gives a rescaling of the evolution of
the scalar field ϕ. The scalar field ϕ and the conformal
factor A between the Einstein and Jordan frames are
constant if µϕ = 0. This corresponds to

µϕ = 0 when σ =
5

2
− 5γ,

1

3
< γ <

5

14
. (54)

As λ̄ will typically jump upward at phase transitions, we
take λ⋆ > 0. Then, Eq.(40) implies KX < 0.

C. Matter phase transitions

We have described in the previous section the smooth
evolution of the scalar fields at constant vacuum energy
density. However, during the radiation era, the Uni-
verse is expected to go through several phase transi-
tions (PT), such as the quantum chromodynamics (QCD)
PT at TQCD ∼ 200MeV, the electroweak (EW) PT
at TEW ∼ 100GeV, and possibly the grand unification
(GUT) PT at TGUT ∼ 1015 GeV. At each transition, we
expect the vacuum energy density Ṽvac to jump down-
ward by an amount of order T 4 ∼ ρ̃γ .
In this paper, we are not interested in the details of

the phase transitions and we consider the simpler case
of instantaneous and homogeneous transitions. Then,
the vacuum energy density parameter Ωvac0 jumps from
Ωvac1 to Ωvac2 at the transition time η, by the amount

∆Ωvac = Ωvac2 − Ωvac1 = −αpt
Ωγ1

A4
1a

4
. (55)

This corresponds to the change of vacuum energy den-
sity ∆Ṽvac = −αptρ̃γ , in the matter Jordan frame, and
we expect αpt ! 1. This leads to a jump of the radiation
energy density parameter Ωγ , of the scalar field ϕ, and of
the first derivative dλ/dη. Indeed, the Einstein equations
are of second order in the metric, and the second Fried-
mann equation (30) enforces the Hubble expansion rate
! to be continuous. Next, from the equation of motion
(32), the scalar field λ and the product ∂K

∂X
dλ
dη are also

continuous. On the other hand, because there is no ki-
netic term in ϕ for the class of kinetic functions (36), the
scalar field ϕ is discontinuous and follows the constraint

equation (31). This gives the junction conditions at the
transition,

(

dλ

dη

)

2

=

(

dλ

dη

)

1

(

λ− Ωvac2

λ− Ωvac1

)σ/(σ+2γ−1)

, (56)

and

Ωγ2 − Ωγ1 = a4A4
1(Ωvac1 − λ)− a4A4

2(Ωvac2 − λ)

+(2γ − 1)a4(K1 −K2). (57)

The drop of the vacuum energy density is not identically
transferred to the radiation energy density because the
scalar field kinetic and coupling functions are also discon-
tinuous at the transition and enter the energy balance.
We could make the scalar field contributions continuous
by including kinetic terms in (∂ϕ)2 in the kinetic func-
tion, but for simplicity we keep the same kinetic function
(36) throughout the radiation era. At the phase transi-
tion, the difference λ̄ = λ−Ωvac0 shows a positive jump,
because of the discontinuity of Ωvac0, with

λ̄2 = λ̄1 −∆Ωvac. (58)

After the phase transition, provided the system remains
in the basin of attraction of the solution (43), the dif-
ference λ̄ again decays and λ cancels the new vacuum
energy density Ωvac2.

D. Numerical computation

For a numerical computation of the evolution of the
fields in the radiation era, we do not use the approxi-
mation (39) as we keep the exact Hubble expansion rate
given by the Friedmann equation (29). We also take into
account the nonrelativistic matter density Ω0 in the equa-
tion of motion (37).
We consider two phase transitions during the radiation

era, the electroweak and QCD phase transitions, which
we set at

TEW = 100GeV and TQCD = 200MeV. (59)

We model them as instantaneous, with a sudden jump of
the vacuum energy density as in Eq.(55), with

αEW = 0.1 and αQCD = 0.1. (60)

This is a simplified and somewhat arbitrary choice, but
our goal here is simply to check that the system can han-
dle such phase transitions and restore the cancellation of
the vacuum energy density. We can expect that if this is
the case, it would also accommodate more realistic and
smoother phase transitions.
We found numerically that the system goes through

the phase transitions more easily if the scalar field differ-
ence λ̄ is not too small as compared with the radiation
density. Indeed, from Eq.(58) λ̄ jumps upward at the

We take:

7

an exponential mode that decays with respect to the so-
lution (43) when

σ > 2γ. (51)

The combination of the four constraints (45), (46), (48)
and (51) gives the two allowed regimes

0 < γ ≤
5

14
:

1− γ +
√

1− 3γ2

2
< σ < 1−

γ

2
, (52)

5

14
≤ γ <

2

5
: 2γ < σ < 1−

γ

2
. (53)

Thus, only the ratio σ = νX/4νA and the exponent γ are
constrained by these stability requirements. A change of
νA at fixed σ simply gives a rescaling of the evolution of
the scalar field ϕ. The scalar field ϕ and the conformal
factor A between the Einstein and Jordan frames are
constant if µϕ = 0. This corresponds to

µϕ = 0 when σ =
5

2
− 5γ,

1

3
< γ <

5

14
. (54)

As λ̄ will typically jump upward at phase transitions, we
take λ⋆ > 0. Then, Eq.(40) implies KX < 0.

C. Matter phase transitions

We have described in the previous section the smooth
evolution of the scalar fields at constant vacuum energy
density. However, during the radiation era, the Uni-
verse is expected to go through several phase transi-
tions (PT), such as the quantum chromodynamics (QCD)
PT at TQCD ∼ 200MeV, the electroweak (EW) PT
at TEW ∼ 100GeV, and possibly the grand unification
(GUT) PT at TGUT ∼ 1015 GeV. At each transition, we
expect the vacuum energy density Ṽvac to jump down-
ward by an amount of order T 4 ∼ ρ̃γ .
In this paper, we are not interested in the details of

the phase transitions and we consider the simpler case
of instantaneous and homogeneous transitions. Then,
the vacuum energy density parameter Ωvac0 jumps from
Ωvac1 to Ωvac2 at the transition time η, by the amount

∆Ωvac = Ωvac2 − Ωvac1 = −αpt
Ωγ1

A4
1a

4
. (55)

This corresponds to the change of vacuum energy den-
sity ∆Ṽvac = −αptρ̃γ , in the matter Jordan frame, and
we expect αpt ! 1. This leads to a jump of the radiation
energy density parameter Ωγ , of the scalar field ϕ, and of
the first derivative dλ/dη. Indeed, the Einstein equations
are of second order in the metric, and the second Fried-
mann equation (30) enforces the Hubble expansion rate
! to be continuous. Next, from the equation of motion
(32), the scalar field λ and the product ∂K

∂X
dλ
dη are also

continuous. On the other hand, because there is no ki-
netic term in ϕ for the class of kinetic functions (36), the
scalar field ϕ is discontinuous and follows the constraint

equation (31). This gives the junction conditions at the
transition,

(

dλ

dη

)

2

=

(

dλ

dη

)

1

(

λ− Ωvac2

λ− Ωvac1

)σ/(σ+2γ−1)

, (56)

and

Ωγ2 − Ωγ1 = a4A4
1(Ωvac1 − λ)− a4A4

2(Ωvac2 − λ)

+(2γ − 1)a4(K1 −K2). (57)

The drop of the vacuum energy density is not identically
transferred to the radiation energy density because the
scalar field kinetic and coupling functions are also discon-
tinuous at the transition and enter the energy balance.
We could make the scalar field contributions continuous
by including kinetic terms in (∂ϕ)2 in the kinetic func-
tion, but for simplicity we keep the same kinetic function
(36) throughout the radiation era. At the phase transi-
tion, the difference λ̄ = λ−Ωvac0 shows a positive jump,
because of the discontinuity of Ωvac0, with

λ̄2 = λ̄1 −∆Ωvac. (58)

After the phase transition, provided the system remains
in the basin of attraction of the solution (43), the dif-
ference λ̄ again decays and λ cancels the new vacuum
energy density Ωvac2.

D. Numerical computation

For a numerical computation of the evolution of the
fields in the radiation era, we do not use the approxi-
mation (39) as we keep the exact Hubble expansion rate
given by the Friedmann equation (29). We also take into
account the nonrelativistic matter density Ω0 in the equa-
tion of motion (37).
We consider two phase transitions during the radiation

era, the electroweak and QCD phase transitions, which
we set at

TEW = 100GeV and TQCD = 200MeV. (59)

We model them as instantaneous, with a sudden jump of
the vacuum energy density as in Eq.(55), with

αEW = 0.1 and αQCD = 0.1. (60)

This is a simplified and somewhat arbitrary choice, but
our goal here is simply to check that the system can han-
dle such phase transitions and restore the cancellation of
the vacuum energy density. We can expect that if this is
the case, it would also accommodate more realistic and
smoother phase transitions.
We found numerically that the system goes through

the phase transitions more easily if the scalar field differ-
ence λ̄ is not too small as compared with the radiation
density. Indeed, from Eq.(58) λ̄ jumps upward at the

Thus, even if the total vacuum energy density is zero at very early times, these jumps generate 
an effective cosmological constant that is much greater than the observed value at z=0:

standard cosmological constant problem

The cancellation mechanism must respond to these jumps and adjust to the new vacuum 
energy densities.

We take:
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FIG. 1: Upper panel: scalar field ϕ during the radiation era, as
a function of the scale factor a. The red solid line corresponds
to T > TEW, the blue dashed line to TEW > T > TQCD,
and the green dot-dashed line to TQCD > T . Lower panel:
difference λ̄ = λ− Ωvac0.

transition by αptΩγ/(Aa)4. If this is too large as com-
pared with the previous value of λ̄, this may destabilize
the system and lead to a vanishing Hubble expansion
rate. This means that the downward jump of the vac-
uum energy density in the Friedmann equation (29) is
too strong and too fast to be quickly absorbed by the
scalar field λ; this yields a strong deviation of the Hubble
expansion rate. Although this problem may be cured by
smoother phase transitions, or different kinetic functions
K, we can still find well-behaved solutions by ensuring
that λ̄ is not too small. As we start the radiation-era so-
lution (43) at the end of the inflation era, when a ∼ 10−28

and T ∼ 1015GeV, much before the EW transition, we
require that λ̄ does not decay much faster than the ra-
diation component ρ̃γ . From Eq.(46) this corresponds
to 2σ + γ − 2 ≃ 0. On the other hand, it is convenient
to have µϕ ≃ 0 as in Eq.(54), so that the conformal
factor A does not evolve too much. This is especially
important at the time of the Big Bang Nucleosynthesis
(BBN), TBBN ∼ 1MeV, as the Hubble expansion rate of

the Jordan frame must follow the standard radiation era
evolution to recover the usual abundance of primordial
elements. This implies
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! 10−2 at TBBN ∼ 1MeV, (61)

to make sure that standard predictions are not modified
by more than a percent. Both constraints are satisfied
for

γ ≃
1

3
and σ ≃

5

6
, (62)

where the line µϕ = 0 crosses the upper boundary
σ = 1 − γ/2 of the allowed region (52). (In practice
we take σ slightly below 1 − γ/2 to be safely within the
allowed region). For simplicity, we consider this solution
for our numerical computation (with also νA = 1, but this
parameter has no physical effect and only corresponds to
a choice of normalization for ϕ). However, more general
functions such that γ and σ vary slowly in the domains
(52)-(53), with σ ≃ 1− γ/2 until the EW transition and
σ ≃ 5/2 − 5γ around the BBN, would also satisfy our
requirements.
We show in Fig. 1 the evolution with time of the scalar

fields ϕ and λ. The three different line styles correspond
to three successive epochs, i) after the inflation era until
the EW transition, ii) between the EW and QCD tran-
sitions, and iii) after the QCD transition. Between the
phase transitions, ϕ is roughly constant, because µϕ ≃ 0,
while the difference λ̄ decays slightly faster than ρ̃γ . At
each phase transition, ϕ and λ̄ jump along with the jump
of the vacuum energy density, and next recover the re-
laxing solution (43).
We show in Fig. 2 the conformal factor A and its log-

arithmic derivative with respect to the scale factor. The
factor A follows the evolution of ϕ, remaining almost con-
stant between transitions and jumping at the phase tran-
sitions. This gives a time derivative d lnA/d ln a that is
of the order of 1% in the smooth relaxation regime, with
jumps to high values at the transitions. In particular, we
can check that |d lnA/d lna| ≤ 1% at the BBN, which
corresponds to aBBN ∼ 10−11. This ensures that the
standard predictions for the primordial elements abun-
dances are recovered to 1%.
We show in Fig. 3 the reduced Hubble expansion rate

(zooming around the phase transitions), its logarithmic
derivative with respect to the scale factor, and the various
contributions Xi to the Friedmann equation (29), where
we defined

Xλ =
A4(Ωvac0 − λ)

!2
, X =

AΩ0

a3!2
, Xγ =

Ωγ0

a4!2
,

XK =
(2γ − 1)K

!2
. (63)

The Hubble expansion rate is continuous and deviations
from the standard radiation-era decrease ! ∝ a−2 cannot
be distinguished in the upper panel. Indeed, the middle
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The parameters Ωi0 are constant during most of the his-
tory of the Universe, but can vary during phase transi-
tions. We also define the dimensionless scalar fields

ϕ̂ =
ϕ

MPl
, λ̂ =

M3λ
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2
0

, (26)

the rescaled kinetic factors,
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, Ŷ = !
2 dλ̂

dη

dϕ̂

dη
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(27)
and the rescaled kinetic function

K̂(ϕ̂; X̂, Ŷ , Ẑ) =
M4
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PlH

2
0

K(ϕ;X,Y, Z). (28)

Using the dimensionless time coordinate η = ln(a), the
Einstein equations (14)-(15) give
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while the scalar-field equations (16)-(17) read as

∂K̂
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[
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(
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=
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and
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(

∂K̂

∂X̂

dλ̂

dη
+
∂K̂

∂Ŷ

dϕ̂

dη

)]

= A4. (32)

In the following, we work with these dimensionless quan-
tities and omit the hats to simplify notations.

E. Exponential conformal coupling and power-law
kinetic function

For simplicity, in this paper we only consider exponen-
tials and power laws for the conformal coupling function

A and the kinetic function K. More precisely, we take a
simple exponential for A(ϕ),

A(ϕ) = A⋆e
νAϕ, A⋆ > 0, (33)

while for K(ϕ;X,Y, Z) we take the separable form

K(ϕ;X,Y, Z) = KXeνXϕXγ +KY Y, (34)

with γ > 0. We shall take the parameters A⋆, νi,Ki, γ
constant for most of the expansion history of the Uni-
verse, but allow them to vary between different eras. In
more complex scenarios, they would only be effective co-
efficients that provide approximations of the kinetic func-
tion over limited ranges, and smoothly vary with the ar-
guments ϕ, X, Y and Z. For simplicity, we do not include
a component of the form KZZ, because we can already
recover interesting cosmological behaviors in the subclass
KZ = 0. It appears that the kinetic functions (34) are the
simplest choice that can reproduce all cosmological eras,
from the inflationary stage to the current dark-energy
era.
As the kinetic function K does not depend on λ, the

equations of motion only depend on the difference λ̄ be-
tween λ and the vacuum energy density,

λ̄ = λ− Ωvac0, (35)

as can be checked in Eqs.(29)-(32). This is the property
that ensures the cancellation of the vacuum energy den-
sity, independently of its value. Except at matter phase
transitions, we shall take the matter vacuum energy den-
sity Ωvac0 to be constant. Then, it will be convenient to
write the equations of motion in terms of λ̄, and most of
the discussions below will use λ̄.

III. EARLY RADIATION ERA

A. Equations of motion

We now consider in more details the radiation era and
the cancellation mechanism of the vacuum energy den-
sity. In particular, to check its efficiency we must go be-
yond the constant-λ solution (20) and verify that pertur-
bations decay. To simplify the analysis, we take KY = 0
in the general class (34), and we focus on the simpler
kinetic functions

K(ϕ;X,Y, Z) = KXeνXϕXγ , γ > 0, (36)

which satisfy the constraints (21) and (24). They do not
depend on Y and Z and the dependence on ϕ and X
factorizes. From Eq.(27) we have X ≥ 0. Then, the
equations of motion of the scalar fields simplify as

νXKXeνXϕXγ = −4νAA
4
⋆e

4νAϕλ̄+ νAA⋆e
νAϕΩ0

a3
, (37)

decays only slightly faster than radiation

' and A are almost constant
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FIG. 1: Upper panel: scalar field ϕ during the radiation era, as
a function of the scale factor a. The red solid line corresponds
to T > TEW, the blue dashed line to TEW > T > TQCD,
and the green dot-dashed line to TQCD > T . Lower panel:
difference λ̄ = λ− Ωvac0.

transition by αptΩγ/(Aa)4. If this is too large as com-
pared with the previous value of λ̄, this may destabilize
the system and lead to a vanishing Hubble expansion
rate. This means that the downward jump of the vac-
uum energy density in the Friedmann equation (29) is
too strong and too fast to be quickly absorbed by the
scalar field λ; this yields a strong deviation of the Hubble
expansion rate. Although this problem may be cured by
smoother phase transitions, or different kinetic functions
K, we can still find well-behaved solutions by ensuring
that λ̄ is not too small. As we start the radiation-era so-
lution (43) at the end of the inflation era, when a ∼ 10−28

and T ∼ 1015GeV, much before the EW transition, we
require that λ̄ does not decay much faster than the ra-
diation component ρ̃γ . From Eq.(46) this corresponds
to 2σ + γ − 2 ≃ 0. On the other hand, it is convenient
to have µϕ ≃ 0 as in Eq.(54), so that the conformal
factor A does not evolve too much. This is especially
important at the time of the Big Bang Nucleosynthesis
(BBN), TBBN ∼ 1MeV, as the Hubble expansion rate of

the Jordan frame must follow the standard radiation era
evolution to recover the usual abundance of primordial
elements. This implies

∣
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∣

d lnA

d ln a

∣
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! 10−2 at TBBN ∼ 1MeV, (61)

to make sure that standard predictions are not modified
by more than a percent. Both constraints are satisfied
for

γ ≃
1

3
and σ ≃

5

6
, (62)

where the line µϕ = 0 crosses the upper boundary
σ = 1 − γ/2 of the allowed region (52). (In practice
we take σ slightly below 1 − γ/2 to be safely within the
allowed region). For simplicity, we consider this solution
for our numerical computation (with also νA = 1, but this
parameter has no physical effect and only corresponds to
a choice of normalization for ϕ). However, more general
functions such that γ and σ vary slowly in the domains
(52)-(53), with σ ≃ 1− γ/2 until the EW transition and
σ ≃ 5/2 − 5γ around the BBN, would also satisfy our
requirements.
We show in Fig. 1 the evolution with time of the scalar

fields ϕ and λ. The three different line styles correspond
to three successive epochs, i) after the inflation era until
the EW transition, ii) between the EW and QCD tran-
sitions, and iii) after the QCD transition. Between the
phase transitions, ϕ is roughly constant, because µϕ ≃ 0,
while the difference λ̄ decays slightly faster than ρ̃γ . At
each phase transition, ϕ and λ̄ jump along with the jump
of the vacuum energy density, and next recover the re-
laxing solution (43).
We show in Fig. 2 the conformal factor A and its log-

arithmic derivative with respect to the scale factor. The
factor A follows the evolution of ϕ, remaining almost con-
stant between transitions and jumping at the phase tran-
sitions. This gives a time derivative d lnA/d ln a that is
of the order of 1% in the smooth relaxation regime, with
jumps to high values at the transitions. In particular, we
can check that |d lnA/d lna| ≤ 1% at the BBN, which
corresponds to aBBN ∼ 10−11. This ensures that the
standard predictions for the primordial elements abun-
dances are recovered to 1%.
We show in Fig. 3 the reduced Hubble expansion rate

(zooming around the phase transitions), its logarithmic
derivative with respect to the scale factor, and the various
contributions Xi to the Friedmann equation (29), where
we defined

Xλ =
A4(Ωvac0 − λ)

!2
, X =

AΩ0

a3!2
, Xγ =

Ωγ0

a4!2
,

XK =
(2γ − 1)K

!2
. (63)

The Hubble expansion rate is continuous and deviations
from the standard radiation-era decrease ! ∝ a−2 cannot
be distinguished in the upper panel. Indeed, the middle

so that H(z) is not too much modified at BBN
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FIG. 1: Upper panel: scalar field ϕ during the radiation era, as
a function of the scale factor a. The red solid line corresponds
to T > TEW, the blue dashed line to TEW > T > TQCD,
and the green dot-dashed line to TQCD > T . Lower panel:
difference λ̄ = λ− Ωvac0.

transition by αptΩγ/(Aa)4. If this is too large as com-
pared with the previous value of λ̄, this may destabilize
the system and lead to a vanishing Hubble expansion
rate. This means that the downward jump of the vac-
uum energy density in the Friedmann equation (29) is
too strong and too fast to be quickly absorbed by the
scalar field λ; this yields a strong deviation of the Hubble
expansion rate. Although this problem may be cured by
smoother phase transitions, or different kinetic functions
K, we can still find well-behaved solutions by ensuring
that λ̄ is not too small. As we start the radiation-era so-
lution (43) at the end of the inflation era, when a ∼ 10−28

and T ∼ 1015GeV, much before the EW transition, we
require that λ̄ does not decay much faster than the ra-
diation component ρ̃γ . From Eq.(46) this corresponds
to 2σ + γ − 2 ≃ 0. On the other hand, it is convenient
to have µϕ ≃ 0 as in Eq.(54), so that the conformal
factor A does not evolve too much. This is especially
important at the time of the Big Bang Nucleosynthesis
(BBN), TBBN ∼ 1MeV, as the Hubble expansion rate of

the Jordan frame must follow the standard radiation era
evolution to recover the usual abundance of primordial
elements. This implies
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to make sure that standard predictions are not modified
by more than a percent. Both constraints are satisfied
for

γ ≃
1

3
and σ ≃
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6
, (62)

where the line µϕ = 0 crosses the upper boundary
σ = 1 − γ/2 of the allowed region (52). (In practice
we take σ slightly below 1 − γ/2 to be safely within the
allowed region). For simplicity, we consider this solution
for our numerical computation (with also νA = 1, but this
parameter has no physical effect and only corresponds to
a choice of normalization for ϕ). However, more general
functions such that γ and σ vary slowly in the domains
(52)-(53), with σ ≃ 1− γ/2 until the EW transition and
σ ≃ 5/2 − 5γ around the BBN, would also satisfy our
requirements.
We show in Fig. 1 the evolution with time of the scalar

fields ϕ and λ. The three different line styles correspond
to three successive epochs, i) after the inflation era until
the EW transition, ii) between the EW and QCD tran-
sitions, and iii) after the QCD transition. Between the
phase transitions, ϕ is roughly constant, because µϕ ≃ 0,
while the difference λ̄ decays slightly faster than ρ̃γ . At
each phase transition, ϕ and λ̄ jump along with the jump
of the vacuum energy density, and next recover the re-
laxing solution (43).
We show in Fig. 2 the conformal factor A and its log-

arithmic derivative with respect to the scale factor. The
factor A follows the evolution of ϕ, remaining almost con-
stant between transitions and jumping at the phase tran-
sitions. This gives a time derivative d lnA/d ln a that is
of the order of 1% in the smooth relaxation regime, with
jumps to high values at the transitions. In particular, we
can check that |d lnA/d lna| ≤ 1% at the BBN, which
corresponds to aBBN ∼ 10−11. This ensures that the
standard predictions for the primordial elements abun-
dances are recovered to 1%.
We show in Fig. 3 the reduced Hubble expansion rate

(zooming around the phase transitions), its logarithmic
derivative with respect to the scale factor, and the various
contributions Xi to the Friedmann equation (29), where
we defined

Xλ =
A4(Ωvac0 − λ)

!2
, X =

AΩ0

a3!2
, Xγ =

Ωγ0

a4!2
,

XK =
(2γ − 1)K

!2
. (63)

The Hubble expansion rate is continuous and deviations
from the standard radiation-era decrease ! ∝ a−2 cannot
be distinguished in the upper panel. Indeed, the middle
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FIG. 1: Upper panel: scalar field ϕ during the radiation era, as
a function of the scale factor a. The red solid line corresponds
to T > TEW, the blue dashed line to TEW > T > TQCD,
and the green dot-dashed line to TQCD > T . Lower panel:
difference λ̄ = λ− Ωvac0.

transition by αptΩγ/(Aa)4. If this is too large as com-
pared with the previous value of λ̄, this may destabilize
the system and lead to a vanishing Hubble expansion
rate. This means that the downward jump of the vac-
uum energy density in the Friedmann equation (29) is
too strong and too fast to be quickly absorbed by the
scalar field λ; this yields a strong deviation of the Hubble
expansion rate. Although this problem may be cured by
smoother phase transitions, or different kinetic functions
K, we can still find well-behaved solutions by ensuring
that λ̄ is not too small. As we start the radiation-era so-
lution (43) at the end of the inflation era, when a ∼ 10−28

and T ∼ 1015GeV, much before the EW transition, we
require that λ̄ does not decay much faster than the ra-
diation component ρ̃γ . From Eq.(46) this corresponds
to 2σ + γ − 2 ≃ 0. On the other hand, it is convenient
to have µϕ ≃ 0 as in Eq.(54), so that the conformal
factor A does not evolve too much. This is especially
important at the time of the Big Bang Nucleosynthesis
(BBN), TBBN ∼ 1MeV, as the Hubble expansion rate of

the Jordan frame must follow the standard radiation era
evolution to recover the usual abundance of primordial
elements. This implies
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to make sure that standard predictions are not modified
by more than a percent. Both constraints are satisfied
for

γ ≃
1

3
and σ ≃

5

6
, (62)

where the line µϕ = 0 crosses the upper boundary
σ = 1 − γ/2 of the allowed region (52). (In practice
we take σ slightly below 1 − γ/2 to be safely within the
allowed region). For simplicity, we consider this solution
for our numerical computation (with also νA = 1, but this
parameter has no physical effect and only corresponds to
a choice of normalization for ϕ). However, more general
functions such that γ and σ vary slowly in the domains
(52)-(53), with σ ≃ 1− γ/2 until the EW transition and
σ ≃ 5/2 − 5γ around the BBN, would also satisfy our
requirements.
We show in Fig. 1 the evolution with time of the scalar

fields ϕ and λ. The three different line styles correspond
to three successive epochs, i) after the inflation era until
the EW transition, ii) between the EW and QCD tran-
sitions, and iii) after the QCD transition. Between the
phase transitions, ϕ is roughly constant, because µϕ ≃ 0,
while the difference λ̄ decays slightly faster than ρ̃γ . At
each phase transition, ϕ and λ̄ jump along with the jump
of the vacuum energy density, and next recover the re-
laxing solution (43).
We show in Fig. 2 the conformal factor A and its log-

arithmic derivative with respect to the scale factor. The
factor A follows the evolution of ϕ, remaining almost con-
stant between transitions and jumping at the phase tran-
sitions. This gives a time derivative d lnA/d ln a that is
of the order of 1% in the smooth relaxation regime, with
jumps to high values at the transitions. In particular, we
can check that |d lnA/d lna| ≤ 1% at the BBN, which
corresponds to aBBN ∼ 10−11. This ensures that the
standard predictions for the primordial elements abun-
dances are recovered to 1%.
We show in Fig. 3 the reduced Hubble expansion rate

(zooming around the phase transitions), its logarithmic
derivative with respect to the scale factor, and the various
contributions Xi to the Friedmann equation (29), where
we defined

Xλ =
A4(Ωvac0 − λ)

!2
, X =

AΩ0

a3!2
, Xγ =

Ωγ0

a4!2
,

XK =
(2γ − 1)K

!2
. (63)

The Hubble expansion rate is continuous and deviations
from the standard radiation-era decrease ! ∝ a−2 cannot
be distinguished in the upper panel. Indeed, the middle
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FIG. 2: Upper panel: conformal factor A(ϕ) during the radi-
ation era. Lower panel: derivative d lnA/d ln a.

panels shows that the time derivative d ln !/d ln a remains
very close to −2, with very small jumps at the phase
transitions. In particular, at the time of the BBN, we
have |2 + d ln !/d lna| ≃ 1%, so that the standard BBN
predictions are recovered within about 1%.
The contributions Xλ and XK to the Friedmann equa-

tion, associated with the scalar field λ, decay with time
between phase transitions, as we verify the constraint
(46). This decrease is very slow because we choose the
coefficient σ as in Eq.(62). At each phase transition,
where Ṽvac jumps by an amount of the order of the radi-
ation density ρ̃γ , the contribution Xλ jumps to a value
of order unity. In agreement with Eq.(47), the kinetic
energy of the scalar field shows a similar jump. The sum
of these contributions is negative; this implies a small
positive jump for the contribution Xγ of the radiation
component.
Because the EW transition occurs much later than the

beginning of the radiation era, the difference λ̄ has had
time to decay much below the radiation density. This
leads to a strong jump for λ̄ at the EW transition. This
also yields the large jumps seen in Figs. 1 and 2 for ϕ
and A. In contrast, the QCD transition occurs shortly
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FIG. 3: Upper panel: reduced Hubble expansion rate around
the phase transitions. Middle panel: derivative d ln !/d ln a
during the radiation era. Lower panel: contributions Xi of
Eq.(63) to the Friedmann equation.

after the EW transition and the difference λ̄ has not yet
decayed much below ρ̃γ . This leads to a smaller jump for
λ̄ and ϕ at this second transition.
We can also check that the nonrelativistic matter den-

sity remains negligible at all times shown in Fig. 3.
We show in Fig. 4 the temperature of the radiation

component in the Jordan frame, which we define by
T 4 = ρ̃γ . Between transitions it decays as 1/ã, which

At each phase transition,      and      jump.  '
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The parameters Ωi0 are constant during most of the his-
tory of the Universe, but can vary during phase transi-
tions. We also define the dimensionless scalar fields

ϕ̂ =
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MPl
, λ̂ =

M3λ
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, (26)

the rescaled kinetic factors,
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(27)
and the rescaled kinetic function

K̂(ϕ̂; X̂, Ŷ , Ẑ) =
M4

3M2
PlH

2
0

K(ϕ;X,Y, Z). (28)

Using the dimensionless time coordinate η = ln(a), the
Einstein equations (14)-(15) give
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+
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and
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∂K̂

∂Ŷ
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while the scalar-field equations (16)-(17) read as
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=
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and
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= A4. (32)

In the following, we work with these dimensionless quan-
tities and omit the hats to simplify notations.

E. Exponential conformal coupling and power-law
kinetic function

For simplicity, in this paper we only consider exponen-
tials and power laws for the conformal coupling function

A and the kinetic function K. More precisely, we take a
simple exponential for A(ϕ),

A(ϕ) = A⋆e
νAϕ, A⋆ > 0, (33)

while for K(ϕ;X,Y, Z) we take the separable form

K(ϕ;X,Y, Z) = KXeνXϕXγ +KY Y, (34)

with γ > 0. We shall take the parameters A⋆, νi,Ki, γ
constant for most of the expansion history of the Uni-
verse, but allow them to vary between different eras. In
more complex scenarios, they would only be effective co-
efficients that provide approximations of the kinetic func-
tion over limited ranges, and smoothly vary with the ar-
guments ϕ, X, Y and Z. For simplicity, we do not include
a component of the form KZZ, because we can already
recover interesting cosmological behaviors in the subclass
KZ = 0. It appears that the kinetic functions (34) are the
simplest choice that can reproduce all cosmological eras,
from the inflationary stage to the current dark-energy
era.
As the kinetic function K does not depend on λ, the

equations of motion only depend on the difference λ̄ be-
tween λ and the vacuum energy density,

λ̄ = λ− Ωvac0, (35)

as can be checked in Eqs.(29)-(32). This is the property
that ensures the cancellation of the vacuum energy den-
sity, independently of its value. Except at matter phase
transitions, we shall take the matter vacuum energy den-
sity Ωvac0 to be constant. Then, it will be convenient to
write the equations of motion in terms of λ̄, and most of
the discussions below will use λ̄.

III. EARLY RADIATION ERA

A. Equations of motion

We now consider in more details the radiation era and
the cancellation mechanism of the vacuum energy den-
sity. In particular, to check its efficiency we must go be-
yond the constant-λ solution (20) and verify that pertur-
bations decay. To simplify the analysis, we take KY = 0
in the general class (34), and we focus on the simpler
kinetic functions

K(ϕ;X,Y, Z) = KXeνXϕXγ , γ > 0, (36)

which satisfy the constraints (21) and (24). They do not
depend on Y and Z and the dependence on ϕ and X
factorizes. From Eq.(27) we have X ≥ 0. Then, the
equations of motion of the scalar fields simplify as

νXKXeνXϕXγ = −4νAA
4
⋆e

4νAϕλ̄+ νAA⋆e
νAϕΩ0

a3
, (37)

7

an exponential mode that decays with respect to the so-
lution (43) when

σ > 2γ. (51)

The combination of the four constraints (45), (46), (48)
and (51) gives the two allowed regimes

0 < γ ≤
5

14
:

1− γ +
√

1− 3γ2

2
< σ < 1−

γ

2
, (52)

5

14
≤ γ <

2

5
: 2γ < σ < 1−

γ

2
. (53)

Thus, only the ratio σ = νX/4νA and the exponent γ are
constrained by these stability requirements. A change of
νA at fixed σ simply gives a rescaling of the evolution of
the scalar field ϕ. The scalar field ϕ and the conformal
factor A between the Einstein and Jordan frames are
constant if µϕ = 0. This corresponds to

µϕ = 0 when σ =
5

2
− 5γ,

1

3
< γ <

5

14
. (54)

As λ̄ will typically jump upward at phase transitions, we
take λ⋆ > 0. Then, Eq.(40) implies KX < 0.

C. Matter phase transitions

We have described in the previous section the smooth
evolution of the scalar fields at constant vacuum energy
density. However, during the radiation era, the Uni-
verse is expected to go through several phase transi-
tions (PT), such as the quantum chromodynamics (QCD)
PT at TQCD ∼ 200MeV, the electroweak (EW) PT
at TEW ∼ 100GeV, and possibly the grand unification
(GUT) PT at TGUT ∼ 1015 GeV. At each transition, we
expect the vacuum energy density Ṽvac to jump down-
ward by an amount of order T 4 ∼ ρ̃γ .
In this paper, we are not interested in the details of

the phase transitions and we consider the simpler case
of instantaneous and homogeneous transitions. Then,
the vacuum energy density parameter Ωvac0 jumps from
Ωvac1 to Ωvac2 at the transition time η, by the amount

∆Ωvac = Ωvac2 − Ωvac1 = −αpt
Ωγ1

A4
1a

4
. (55)

This corresponds to the change of vacuum energy den-
sity ∆Ṽvac = −αptρ̃γ , in the matter Jordan frame, and
we expect αpt ! 1. This leads to a jump of the radiation
energy density parameter Ωγ , of the scalar field ϕ, and of
the first derivative dλ/dη. Indeed, the Einstein equations
are of second order in the metric, and the second Fried-
mann equation (30) enforces the Hubble expansion rate
! to be continuous. Next, from the equation of motion
(32), the scalar field λ and the product ∂K

∂X
dλ
dη are also

continuous. On the other hand, because there is no ki-
netic term in ϕ for the class of kinetic functions (36), the
scalar field ϕ is discontinuous and follows the constraint

equation (31). This gives the junction conditions at the
transition,

(

dλ

dη

)

2

=

(

dλ

dη

)

1

(

λ− Ωvac2

λ− Ωvac1

)σ/(σ+2γ−1)

, (56)

and

Ωγ2 − Ωγ1 = a4A4
1(Ωvac1 − λ)− a4A4

2(Ωvac2 − λ)

+(2γ − 1)a4(K1 −K2). (57)

The drop of the vacuum energy density is not identically
transferred to the radiation energy density because the
scalar field kinetic and coupling functions are also discon-
tinuous at the transition and enter the energy balance.
We could make the scalar field contributions continuous
by including kinetic terms in (∂ϕ)2 in the kinetic func-
tion, but for simplicity we keep the same kinetic function
(36) throughout the radiation era. At the phase transi-
tion, the difference λ̄ = λ−Ωvac0 shows a positive jump,
because of the discontinuity of Ωvac0, with

λ̄2 = λ̄1 −∆Ωvac. (58)

After the phase transition, provided the system remains
in the basin of attraction of the solution (43), the dif-
ference λ̄ again decays and λ cancels the new vacuum
energy density Ωvac2.

D. Numerical computation

For a numerical computation of the evolution of the
fields in the radiation era, we do not use the approxi-
mation (39) as we keep the exact Hubble expansion rate
given by the Friedmann equation (29). We also take into
account the nonrelativistic matter density Ω0 in the equa-
tion of motion (37).
We consider two phase transitions during the radiation

era, the electroweak and QCD phase transitions, which
we set at

TEW = 100GeV and TQCD = 200MeV. (59)

We model them as instantaneous, with a sudden jump of
the vacuum energy density as in Eq.(55), with

αEW = 0.1 and αQCD = 0.1. (60)

This is a simplified and somewhat arbitrary choice, but
our goal here is simply to check that the system can han-
dle such phase transitions and restore the cancellation of
the vacuum energy density. We can expect that if this is
the case, it would also accommodate more realistic and
smoother phase transitions.
We found numerically that the system goes through

the phase transitions more easily if the scalar field differ-
ence λ̄ is not too small as compared with the radiation
density. Indeed, from Eq.(58) λ̄ jumps upward at the

But     resumes its decay:  the cancellation mechanism cancels the new vacuum energy density.
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expansion rate

Ṽvac

3M2
PlH

2
0

= Ωvac0,
ρ̃

3M2
PlH

2
0

=
Ω0

A3a3
,

ρ̃γ
3M2

PlH
2
0

=
Ωγ0

A4a4
, ! =

H

H0
. (25)

The parameters Ωi0 are constant during most of the his-
tory of the Universe, but can vary during phase transi-
tions. We also define the dimensionless scalar fields

ϕ̂ =
ϕ

MPl
, λ̂ =

M3λ

3M2
PlH

2
0

, (26)

the rescaled kinetic factors,

X̂ =
!2

2

(

dλ̂

dη

)2

, Ŷ = !
2 dλ̂

dη

dϕ̂

dη
, Ẑ =

!2

2

(

dϕ̂

dη

)2

,

(27)
and the rescaled kinetic function

K̂(ϕ̂; X̂, Ŷ , Ẑ) =
M4

3M2
PlH

2
0

K(ϕ;X,Y, Z). (28)

Using the dimensionless time coordinate η = ln(a), the
Einstein equations (14)-(15) give

!
2 = A4(Ωvac0 − λ̂) +

AΩ0

a3
+

Ωγ0

a4
− K̂

+2X̂
∂K̂

∂X̂
+ 2Ŷ

∂K̂

∂Ŷ
+ 2Ẑ

∂K̂

∂Ẑ
(29)

and

2!2
d ln !

dη
= −3

AΩ0

a3
− 4

Ωγ0

a4
− 6X̂

∂K̂

∂X̂

−6Ŷ
∂K̂

∂Ŷ
− 6Ẑ

∂K̂

∂Ẑ
, (30)

while the scalar-field equations (16)-(17) read as

∂K̂

∂ϕ̂
− a−3

!
d

dη

[

a3!

(

∂K̂

∂Ŷ

dλ̂

dη
+
∂K̂

∂Ẑ

dϕ̂

dη

)]

=

4A3 dA

dϕ̂

(

Ωvac0 − λ̂+
Ω0

4A3a3

)

(31)

and

a−3
!
d

dη

[

a3!

(

∂K̂

∂X̂

dλ̂

dη
+
∂K̂

∂Ŷ

dϕ̂

dη

)]

= A4. (32)

In the following, we work with these dimensionless quan-
tities and omit the hats to simplify notations.

E. Exponential conformal coupling and power-law
kinetic function

For simplicity, in this paper we only consider exponen-
tials and power laws for the conformal coupling function

A and the kinetic function K. More precisely, we take a
simple exponential for A(ϕ),

A(ϕ) = A⋆e
νAϕ, A⋆ > 0, (33)

while for K(ϕ;X,Y, Z) we take the separable form

K(ϕ;X,Y, Z) = KXeνXϕXγ +KY Y, (34)

with γ > 0. We shall take the parameters A⋆, νi,Ki, γ
constant for most of the expansion history of the Uni-
verse, but allow them to vary between different eras. In
more complex scenarios, they would only be effective co-
efficients that provide approximations of the kinetic func-
tion over limited ranges, and smoothly vary with the ar-
guments ϕ, X, Y and Z. For simplicity, we do not include
a component of the form KZZ, because we can already
recover interesting cosmological behaviors in the subclass
KZ = 0. It appears that the kinetic functions (34) are the
simplest choice that can reproduce all cosmological eras,
from the inflationary stage to the current dark-energy
era.
As the kinetic function K does not depend on λ, the

equations of motion only depend on the difference λ̄ be-
tween λ and the vacuum energy density,

λ̄ = λ− Ωvac0, (35)

as can be checked in Eqs.(29)-(32). This is the property
that ensures the cancellation of the vacuum energy den-
sity, independently of its value. Except at matter phase
transitions, we shall take the matter vacuum energy den-
sity Ωvac0 to be constant. Then, it will be convenient to
write the equations of motion in terms of λ̄, and most of
the discussions below will use λ̄.

III. EARLY RADIATION ERA

A. Equations of motion

We now consider in more details the radiation era and
the cancellation mechanism of the vacuum energy den-
sity. In particular, to check its efficiency we must go be-
yond the constant-λ solution (20) and verify that pertur-
bations decay. To simplify the analysis, we take KY = 0
in the general class (34), and we focus on the simpler
kinetic functions

K(ϕ;X,Y, Z) = KXeνXϕXγ , γ > 0, (36)

which satisfy the constraints (21) and (24). They do not
depend on Y and Z and the dependence on ϕ and X
factorizes. From Eq.(27) we have X ≥ 0. Then, the
equations of motion of the scalar fields simplify as

νXKXeνXϕXγ = −4νAA
4
⋆e

4νAϕλ̄+ νAA⋆e
νAϕΩ0

a3
, (37)

' jumps but remains stable

5

expansion rate
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M4
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PlH

2
0

K(ϕ;X,Y, Z). (28)

Using the dimensionless time coordinate η = ln(a), the
Einstein equations (14)-(15) give

!
2 = A4(Ωvac0 − λ̂) +

AΩ0
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+
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∂Ẑ
, (30)

while the scalar-field equations (16)-(17) read as

∂K̂

∂ϕ̂
− a−3

!
d

dη

[

a3!

(

∂K̂

∂Ŷ

dλ̂

dη
+
∂K̂

∂Ẑ

dϕ̂

dη

)]

=

4A3 dA

dϕ̂

(

Ωvac0 − λ̂+
Ω0

4A3a3

)

(31)

and

a−3
!
d

dη

[

a3!

(

∂K̂

∂X̂

dλ̂

dη
+
∂K̂

∂Ŷ

dϕ̂

dη

)]

= A4. (32)

In the following, we work with these dimensionless quan-
tities and omit the hats to simplify notations.

E. Exponential conformal coupling and power-law
kinetic function

For simplicity, in this paper we only consider exponen-
tials and power laws for the conformal coupling function

A and the kinetic function K. More precisely, we take a
simple exponential for A(ϕ),

A(ϕ) = A⋆e
νAϕ, A⋆ > 0, (33)

while for K(ϕ;X,Y, Z) we take the separable form

K(ϕ;X,Y, Z) = KXeνXϕXγ +KY Y, (34)

with γ > 0. We shall take the parameters A⋆, νi,Ki, γ
constant for most of the expansion history of the Uni-
verse, but allow them to vary between different eras. In
more complex scenarios, they would only be effective co-
efficients that provide approximations of the kinetic func-
tion over limited ranges, and smoothly vary with the ar-
guments ϕ, X, Y and Z. For simplicity, we do not include
a component of the form KZZ, because we can already
recover interesting cosmological behaviors in the subclass
KZ = 0. It appears that the kinetic functions (34) are the
simplest choice that can reproduce all cosmological eras,
from the inflationary stage to the current dark-energy
era.
As the kinetic function K does not depend on λ, the

equations of motion only depend on the difference λ̄ be-
tween λ and the vacuum energy density,

λ̄ = λ− Ωvac0, (35)

as can be checked in Eqs.(29)-(32). This is the property
that ensures the cancellation of the vacuum energy den-
sity, independently of its value. Except at matter phase
transitions, we shall take the matter vacuum energy den-
sity Ωvac0 to be constant. Then, it will be convenient to
write the equations of motion in terms of λ̄, and most of
the discussions below will use λ̄.

III. EARLY RADIATION ERA

A. Equations of motion

We now consider in more details the radiation era and
the cancellation mechanism of the vacuum energy den-
sity. In particular, to check its efficiency we must go be-
yond the constant-λ solution (20) and verify that pertur-
bations decay. To simplify the analysis, we take KY = 0
in the general class (34), and we focus on the simpler
kinetic functions

K(ϕ;X,Y, Z) = KXeνXϕXγ , γ > 0, (36)

which satisfy the constraints (21) and (24). They do not
depend on Y and Z and the dependence on ϕ and X
factorizes. From Eq.(27) we have X ≥ 0. Then, the
equations of motion of the scalar fields simplify as

νXKXeνXϕXγ = −4νAA
4
⋆e

4νAϕλ̄+ νAA⋆e
νAϕΩ0

a3
, (37)

jumps and resumes its decay scalar and vacuum energy densities 
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FIG. 1: Upper panel: scalar field ϕ during the radiation era, as
a function of the scale factor a. The red solid line corresponds
to T > TEW, the blue dashed line to TEW > T > TQCD,
and the green dot-dashed line to TQCD > T . Lower panel:
difference λ̄ = λ− Ωvac0.

transition by αptΩγ/(Aa)4. If this is too large as com-
pared with the previous value of λ̄, this may destabilize
the system and lead to a vanishing Hubble expansion
rate. This means that the downward jump of the vac-
uum energy density in the Friedmann equation (29) is
too strong and too fast to be quickly absorbed by the
scalar field λ; this yields a strong deviation of the Hubble
expansion rate. Although this problem may be cured by
smoother phase transitions, or different kinetic functions
K, we can still find well-behaved solutions by ensuring
that λ̄ is not too small. As we start the radiation-era so-
lution (43) at the end of the inflation era, when a ∼ 10−28

and T ∼ 1015GeV, much before the EW transition, we
require that λ̄ does not decay much faster than the ra-
diation component ρ̃γ . From Eq.(46) this corresponds
to 2σ + γ − 2 ≃ 0. On the other hand, it is convenient
to have µϕ ≃ 0 as in Eq.(54), so that the conformal
factor A does not evolve too much. This is especially
important at the time of the Big Bang Nucleosynthesis
(BBN), TBBN ∼ 1MeV, as the Hubble expansion rate of

the Jordan frame must follow the standard radiation era
evolution to recover the usual abundance of primordial
elements. This implies

∣

∣

∣

∣

d lnA

d ln a

∣

∣

∣

∣

! 10−2 at TBBN ∼ 1MeV, (61)

to make sure that standard predictions are not modified
by more than a percent. Both constraints are satisfied
for

γ ≃
1

3
and σ ≃

5

6
, (62)

where the line µϕ = 0 crosses the upper boundary
σ = 1 − γ/2 of the allowed region (52). (In practice
we take σ slightly below 1 − γ/2 to be safely within the
allowed region). For simplicity, we consider this solution
for our numerical computation (with also νA = 1, but this
parameter has no physical effect and only corresponds to
a choice of normalization for ϕ). However, more general
functions such that γ and σ vary slowly in the domains
(52)-(53), with σ ≃ 1− γ/2 until the EW transition and
σ ≃ 5/2 − 5γ around the BBN, would also satisfy our
requirements.
We show in Fig. 1 the evolution with time of the scalar

fields ϕ and λ. The three different line styles correspond
to three successive epochs, i) after the inflation era until
the EW transition, ii) between the EW and QCD tran-
sitions, and iii) after the QCD transition. Between the
phase transitions, ϕ is roughly constant, because µϕ ≃ 0,
while the difference λ̄ decays slightly faster than ρ̃γ . At
each phase transition, ϕ and λ̄ jump along with the jump
of the vacuum energy density, and next recover the re-
laxing solution (43).
We show in Fig. 2 the conformal factor A and its log-

arithmic derivative with respect to the scale factor. The
factor A follows the evolution of ϕ, remaining almost con-
stant between transitions and jumping at the phase tran-
sitions. This gives a time derivative d lnA/d ln a that is
of the order of 1% in the smooth relaxation regime, with
jumps to high values at the transitions. In particular, we
can check that |d lnA/d lna| ≤ 1% at the BBN, which
corresponds to aBBN ∼ 10−11. This ensures that the
standard predictions for the primordial elements abun-
dances are recovered to 1%.
We show in Fig. 3 the reduced Hubble expansion rate

(zooming around the phase transitions), its logarithmic
derivative with respect to the scale factor, and the various
contributions Xi to the Friedmann equation (29), where
we defined

Xλ =
A4(Ωvac0 − λ)

!2
, X =

AΩ0

a3!2
, Xγ =

Ωγ0

a4!2
,

XK =
(2γ − 1)K

!2
. (63)

The Hubble expansion rate is continuous and deviations
from the standard radiation-era decrease ! ∝ a−2 cannot
be distinguished in the upper panel. Indeed, the middle
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FIG. 2: Upper panel: conformal factor A(ϕ) during the radi-
ation era. Lower panel: derivative d lnA/d ln a.

panels shows that the time derivative d ln !/d ln a remains
very close to −2, with very small jumps at the phase
transitions. In particular, at the time of the BBN, we
have |2 + d ln !/d lna| ≃ 1%, so that the standard BBN
predictions are recovered within about 1%.
The contributions Xλ and XK to the Friedmann equa-

tion, associated with the scalar field λ, decay with time
between phase transitions, as we verify the constraint
(46). This decrease is very slow because we choose the
coefficient σ as in Eq.(62). At each phase transition,
where Ṽvac jumps by an amount of the order of the radi-
ation density ρ̃γ , the contribution Xλ jumps to a value
of order unity. In agreement with Eq.(47), the kinetic
energy of the scalar field shows a similar jump. The sum
of these contributions is negative; this implies a small
positive jump for the contribution Xγ of the radiation
component.
Because the EW transition occurs much later than the

beginning of the radiation era, the difference λ̄ has had
time to decay much below the radiation density. This
leads to a strong jump for λ̄ at the EW transition. This
also yields the large jumps seen in Figs. 1 and 2 for ϕ
and A. In contrast, the QCD transition occurs shortly
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FIG. 3: Upper panel: reduced Hubble expansion rate around
the phase transitions. Middle panel: derivative d ln !/d ln a
during the radiation era. Lower panel: contributions Xi of
Eq.(63) to the Friedmann equation.

after the EW transition and the difference λ̄ has not yet
decayed much below ρ̃γ . This leads to a smaller jump for
λ̄ and ϕ at this second transition.
We can also check that the nonrelativistic matter den-

sity remains negligible at all times shown in Fig. 3.
We show in Fig. 4 the temperature of the radiation

component in the Jordan frame, which we define by
T 4 = ρ̃γ . Between transitions it decays as 1/ã, which

BBN

9

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

10-25 10-20 10-15 10-10

A
(ϕ

)

a

10-3

10-2

10-1

100

10-25 10-20 10-15 10-10

| d
ln

A
 / 

dl
na

 |

a

FIG. 2: Upper panel: conformal factor A(ϕ) during the radi-
ation era. Lower panel: derivative d lnA/d ln a.

panels shows that the time derivative d ln !/d ln a remains
very close to −2, with very small jumps at the phase
transitions. In particular, at the time of the BBN, we
have |2 + d ln !/d lna| ≃ 1%, so that the standard BBN
predictions are recovered within about 1%.
The contributions Xλ and XK to the Friedmann equa-

tion, associated with the scalar field λ, decay with time
between phase transitions, as we verify the constraint
(46). This decrease is very slow because we choose the
coefficient σ as in Eq.(62). At each phase transition,
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FIG. 3: Upper panel: reduced Hubble expansion rate around
the phase transitions. Middle panel: derivative d ln !/d ln a
during the radiation era. Lower panel: contributions Xi of
Eq.(63) to the Friedmann equation.

after the EW transition and the difference λ̄ has not yet
decayed much below ρ̃γ . This leads to a smaller jump for
λ̄ and ϕ at this second transition.
We can also check that the nonrelativistic matter den-

sity remains negligible at all times shown in Fig. 3.
We show in Fig. 4 the temperature of the radiation

component in the Jordan frame, which we define by
T 4 = ρ̃γ . Between transitions it decays as 1/ã, which
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FIG. 4: Temperature of the radiation component during the
radiation era.

closely follows 1/a as A is almost constant. It decreases
somewhat faster right after the EW transition because of
the sudden increase of A.

IV. MATTER ERA

A. Impact of the coupling to matter

We have seen in the previous section that the radia-
tion era is easily recovered, with a cancellation of the
vacuum energy jumps at the EW and QCD phase transi-
tions. This is because the conformal coupling A(ϕ) only
couples the scalar fields to the vacuum and matter en-
ergy densities, through the right-hand side in Eq.(31).
The coupling to the vacuum energy density gives rise to
the cancellation mechanism we wish to achieve, while the
coupling to nonrelativistic matter is irrelevant during the
radiation era as it is a negligible component. However,
at later times we must recover the matter era, where
nonrelativistic matter is the dominant component of the
Universe. This is more difficult as the coupling generated
by the right-hand side in Eq.(31) would typically mean
that one fourth of the matter density is now cancelled by
the scalar field.
This difficulty to recover the matter era is actually

common with some other self-tuning models, see for in-
stance the discussion in [40]. It arises from the fact that
at a given time there is no simple and unambiguous way
to distinguish between the vacuum and the matter en-
ergy densities. In the sequestering model [44, 45], this
problem is solved in a simple and elegant fashion by the
use of global variables. Then, the value of the cancella-
tion field λ is set by an integral over all spacetime of the
trace of the energy-momentum tensor, and the integral is
naturally dominated by the contribution of the vacuum
energy density at late times (while the matter component
is diluted by the expansion of the Universe). In the dy-

namical model that we develop in this paper, we cannot
use this remedy and we must face the consequences of the
coupling to the trace of the energy-momentum tensor at
each cosmological time.
One could try to cancel the matter component in the

right-hand side in Eq.(31) by a component of the kinetic
term on the left-hand side. For instance, we considered
kinetic functions of the form K = KXeνϕXγ+KZeνZϕZ,
where we add a Z-component to the form (36). Then,
we obtained solutions such that the KZ terms, associ-
ated with ϕ, cancel the Ω0 term in Eq.(31), and λ̄ shows
a fast decay. Unfortunately, these solutions are not sta-
ble and the system typically converges to another solu-
tion where λ̄ is constant while ϕ runs towards −∞ so
that the coupling A decreases with time. This can be
easily understood from the form of the equations of mo-
tion (31)-(32). If the first equation (31) mainly governs
ϕ, through the KZ terms, so that it cancels the matter
terms, it also means that it does not dictate λ (a sin-
gle equation does not simultaneously govern two fields).
Then, λ is set by the second equation (32), which only
depends on derivatives of λ. Therefore, it always admits
a constant solution, which is typically more stable. This
quickly makes the λ component greater than the matter
component in the Friedmann equations, and we escape
from the matter era. We did not conduct a thorough in-
vestigation of this scenario, and it may happen that more
complex kinetic functions provide a stable and fast decay
of λ̄. On the other hand, it may be a clue that the mat-
ter era is only a transient between the radiation and dark
energy eras, which could point towards such scenarios.
In this paper, we consider instead solutions where λ̄

scales as a constant fraction of the matter component.
This provides an Hubble expansion rate that obeys the
usual matter era scaling ! ∝ a−3/2, but with a pro-
portionality factor that is typically different than in the
ΛCDM cosmology, because of the contribution from the
scalar fields.

B. Solutions driven by the matter

As we keep the same form (36) for the kinetic func-
tion as in the radiation era (but we allow the parameters
to be different), the equations of motion (37)-(38) still
apply. Again, we first present an analytic study of the
relevant solutions and their linear stability, to obtain the
range of the parameters νX and γ that lead to the de-
sired properties. Since we aim at recovering the matter
era expansion, to be consistent with observational data,
we now write the Hubble expansion rate as

! = h⋆e
−3η/2. (64)

Moreover, we require the Planck mass to be constant
in the Jordan frame. Then, the conformal factor A(ϕ)
must remain almost constant with time. This means that
the scalar field ϕ must also remain almost constant. As
we explained above, the scalar field λ̄ must also follow
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the vacuum energy density Ṽvac is constant. The scalar-
field energy-momentum tensor reads
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(15)
where the primes denote the derivative with respect to
the conformal time ⌧ and H = d ln a/d⌧ is the conformal
Hubble expansion rate.

The derivatives of the action with respect to the scalar
fields ' and � give the equations of motion
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C. Cancellation mechanism in the radiation era

We can see at once on Eqs.(14)-(17) the cancellation
of the vacuum energy density in the radiation era. Thus,
let us neglect the nonrelativistic matter density ⇢̃ and
consider a constant vacuum energy density Ṽvac,

⇢̃ = 0, Ṽvac = constant. (19)

Then, the equation of motion (16) has the constant so-
lution

� = Ṽvac/M3, �0 = 0, (20)

provided the kinetic function K satisfies

@K

@'
= 0 and

@K

@Z
= 0 when �0 = 0. (21)

Then, the Einstein equations (14) and (15) become

3M2
PlH2 = a2⇢� , M2

Pl(H2 + 2H0) = �a2⇢�/3, (22)

where the Einstein-frame radiation density is

⇢� = A4⇢̃� = ⇢̃�0/a
4, (23)

provided the kinetic function K also satisfies

K = 0 when �0 = 0. (24)

Then, we recover the standard Friedmann equations of
the radiation era.
The vacuum energy Ṽvac has been cancelled by M3�,

as the scalar field ' acts as a Lagrange multiplier that
enforces the constraint (20). The equation of motion (17)
provides the evolution of '. At this stage, the role of the
kinetic term in the scalar field action (4) is only to make
sure that the equation of motion (17) does not imply
A = 0, as would be the case if it were absent. It does
not spoil the vacuum energy cancellation, as long as the
latter is constant, if its e↵ect vanishes for constant �
following the conditions (21) and (24). The cancellation
works for any value of the vacuum energy density Ṽvac

and does not depend on the value of the mass parameter
M, which disappears from the Friedmann equations.
The manner this scenario evades the well-known no-go

theorem by Weinberg [25] can be seen from Eq.(17). If
we look for static solutions in the Minkowski background,
so that time derivatives vanish, Eq.(17) implies at once
A = 0, and hence the matter action vanishes. This cor-
responds to Weinberg’s result. In our case, we avoid a
vanishing A thanks to the nonzero time derivatives on the
left-hand side. This is because we solve the cosmological
constant problem within a cosmological setting, which
implies nonzero time derivatives of the scale factor a as
the Universe is expanding. Moreover, the background
field ' also evolves with time. Note that in a cosmologi-
cal framework, because the Universe is not static there is
no reason to require static background fields. In this re-
spect, our solution of the cosmological constant problem
is related to the cosmological framework of our Universe.
In particular, the Minkowski limit, which applies to lab-
oratory experiments, is understood as the limit of the
FLRW metric over short time scales and small lengths.
But the resolution of the cosmological constant problem
must be taken into account in the exact FLRW metric,
before taking the local Minkowski limit. This way out of
Weinberg’s no-go theorem is shared by other self-tuning
models [37–40], which also require time-dependent back-
ground fields. An alternative is to introduce a spatial
dependence for some background fields [32], or Lorentz-
violating theories.

D. Dimensionless variables

It is convenient to write the equations of motion in
terms of dimensionless variables. Thus, we define the di-
mensionless density parameters and the reduced Hubble
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expansion rate

Ṽvac

3M2
PlH

2
0

= Ωvac0,
ρ̃

3M2
PlH

2
0

=
Ω0

A3a3
,

ρ̃γ
3M2

PlH
2
0

=
Ωγ0

A4a4
, ! =

H

H0
. (25)

The parameters Ωi0 are constant during most of the his-
tory of the Universe, but can vary during phase transi-
tions. We also define the dimensionless scalar fields

ϕ̂ =
ϕ

MPl
, λ̂ =

M3λ

3M2
PlH

2
0

, (26)

the rescaled kinetic factors,
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(27)
and the rescaled kinetic function

K̂(ϕ̂; X̂, Ŷ , Ẑ) =
M4

3M2
PlH

2
0

K(ϕ;X,Y, Z). (28)

Using the dimensionless time coordinate η = ln(a), the
Einstein equations (14)-(15) give
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and
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∂K̂

∂Ŷ
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∂K̂

∂Ẑ
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while the scalar-field equations (16)-(17) read as
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and
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= A4. (32)

In the following, we work with these dimensionless quan-
tities and omit the hats to simplify notations.

E. Exponential conformal coupling and power-law
kinetic function

For simplicity, in this paper we only consider exponen-
tials and power laws for the conformal coupling function

A and the kinetic function K. More precisely, we take a
simple exponential for A(ϕ),

A(ϕ) = A⋆e
νAϕ, A⋆ > 0, (33)

while for K(ϕ;X,Y, Z) we take the separable form

K(ϕ;X,Y, Z) = KXeνXϕXγ +KY Y, (34)

with γ > 0. We shall take the parameters A⋆, νi,Ki, γ
constant for most of the expansion history of the Uni-
verse, but allow them to vary between different eras. In
more complex scenarios, they would only be effective co-
efficients that provide approximations of the kinetic func-
tion over limited ranges, and smoothly vary with the ar-
guments ϕ, X, Y and Z. For simplicity, we do not include
a component of the form KZZ, because we can already
recover interesting cosmological behaviors in the subclass
KZ = 0. It appears that the kinetic functions (34) are the
simplest choice that can reproduce all cosmological eras,
from the inflationary stage to the current dark-energy
era.
As the kinetic function K does not depend on λ, the

equations of motion only depend on the difference λ̄ be-
tween λ and the vacuum energy density,

λ̄ = λ− Ωvac0, (35)

as can be checked in Eqs.(29)-(32). This is the property
that ensures the cancellation of the vacuum energy den-
sity, independently of its value. Except at matter phase
transitions, we shall take the matter vacuum energy den-
sity Ωvac0 to be constant. Then, it will be convenient to
write the equations of motion in terms of λ̄, and most of
the discussions below will use λ̄.

III. EARLY RADIATION ERA

A. Equations of motion

We now consider in more details the radiation era and
the cancellation mechanism of the vacuum energy den-
sity. In particular, to check its efficiency we must go be-
yond the constant-λ solution (20) and verify that pertur-
bations decay. To simplify the analysis, we take KY = 0
in the general class (34), and we focus on the simpler
kinetic functions

K(ϕ;X,Y, Z) = KXeνXϕXγ , γ > 0, (36)

which satisfy the constraints (21) and (24). They do not
depend on Y and Z and the dependence on ϕ and X
factorizes. From Eq.(27) we have X ≥ 0. Then, the
equations of motion of the scalar fields simplify as

νXKXeνXϕXγ = −4νAA
4
⋆e

4νAϕλ̄+ νAA⋆e
νAϕΩ0

a3
, (37)



We look for stable solutions:
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the matter component Ω0/a3 in Eq.(37). Indeed, if λ̄
becomes much greater it will dominate in the Friedmann
equation (29) and we do not recover the matter era. On
the other hand, if λ̄ becomes much smaller it can be
neglected in Eq.(37). Then, the equations of motion (37)-
(38) only depend on derivatives of λ̄ and we typically
branch to a constant-λ̄ solution, which will eventually
take over the matter component. Therefore, we now look
for solutions of the form

ϕ = ϕ⋆, λ̄ = λ⋆e
−3η. (65)

Substituting into the equations of motion (37)-(38), we
obtain the three constraints

γ =
1

3
, σ = 1−

Ω0

4λ⋆A3
⋆

e−3νAϕ⋆ ,

KXeνXϕ⋆
(

9h2
⋆λ

2
⋆/2
)1/3

= −λ⋆A4
⋆e

4νAϕ⋆ . (66)

As compared with the analysis of the radiation era in
(44), we have now imposed µλ = −3 and µϕ = 0. This
uniquely determines the exponent γ = 1/3 while the last
two equations in (66) set the normalization ϕ⋆,λ⋆ of the
solution (65), which is no longer defined up to a fixed
rescaling. This is because the Ω0 term in Eq.(37) pro-
vides an external source that governs the amplitude of
the scalar fields. We must again require that this solu-
tion be stable. Therefore, we now study the evolution of
the perturbations δϕ, δλ̄ and δ! at linear order, with

ϕ = ϕ⋆ + δϕ, λ̄ = λ⋆e
−3η(1 + δλ̄),

! = h⋆e
−3η/2(1 + δ!). (67)

We must now take into account the perturbation of the
Hubble expansion rate, as the scalar fields give a non-
negligible contribution to the Friedmann equation that
scales like the matter density. The Friedmann equation
(29) and the constraint equation (37) give δ! and δϕ in
terms of δλ̄. Substituting into Eq.(38) we obtain

d2δλ̄

dη2
+

3

2

dδλ̄

dη
+

54(2− 5σ + 3σ2)

3 + σ − 12σ2
δλ̄ = 0. (68)

This gives two decaying modes when

1−
√
145

24
< σ <

1 +
√
145

24
or

2

3
< σ < 1. (69)

On the other hand, the relative contribution of the scalar
fields to the Friedmann equation (29) reads as

Xλ +XK =
1

6σ − 5
, (70)

while the requirement !2 > 0 implies

!
2 > 0 : σ <

5

6
or σ > 1. (71)

To be consistent with observations, the contribution
of the scalar fields to the Friedmann equation should be

small, which points to small values of σ. In fact, even for
σ ≃ −0.46, which corresponds to the lower boundary in
(69), the scalar fields contribute for 13% to !2, which is
most likely too large to obey observational constraints.
Another shortcoming is that we need to change the form
of the kinetic function between the radiation and mat-
ter eras. Indeed, while γ = 1/3 can be kept identical
for both the radiation era, from the constraint (52), and
the matter era, from the first constraint in (66), the ex-
ponent σ must decrease from about 5/6 to about −0.4
(if we wish to minimize the contribution to the Fried-
mann equation). This change can start somewhat be-
fore the matter era, but should not occur too early after
the last matter phase transition as a small value of σ
would trigger instabilities, being outside of the stability
range (52). This corresponds to some degree of tuning,
in the sense that this change of the kinetic function ap-
pears as a coincidence, unless the scalar field Lagrangian
“knows” about the matter Lagrangian and the final back-
ground radiation and matter densities. This means that
our simple example, based on the kinetic function (36),
is not very satisfactory. Some other self-tuning models
introduced to tackle the cosmological constant problem
also share this behavior. For instance, in the self-tuning
models presented in [37, 38], the radiation and matter
eras also correspond to different terms in the Lagrangian
being dominant. It would be desirable to find a kinetic
function that can simultaneously reproduce the radiation
and matter eras and also give a small enough contribu-
tion from the scalar fields to the Friedmann equation.
We leave this investigation for future works.

C. Numerical computation

We now present an explicit numerical implementation
of the solutions found in the previous section. Our imple-
mentation of the decrease of the exponent σ = νX/(νA)
of the kinetic function, from its radiation-era value 5/6
down to its final matter era value −0.4, which we choose
close to the lower boundary (69), is illustrated by the up-
per panel in Fig. 5, which shows the evolution with time
of the scalar field ϕ. The three line styles correspond to
three different stages. The green dot-dashed line is the
end of the radiation era, already displayed in Fig. 1, with
the kinetic function of section III D. The blue dotted line
corresponds to a slow and smooth decrease of the expo-
nent σ. During the first flat part, we decrease σ from 5/6
down to 0.75 along the line µϕ = 0 of Eq.(54), so that ϕ
remains constant. Next, we further decrease σ down to
0.6 while keeping γ below 0.37. This falls below the line
defined by Eq.(54), so that ϕ is no longer constant and
decreases. Next, the solid line starting at a ∼ 10−5 starts
with a discontinuous jump of σ down to 0.5, to reach the
lowest allowed range (69) within the basin of attraction
of the solution (65). We found numerically that using in-
stead a slow and continuous transition down to σ = 0.5
makes it difficult to reach the solution (65) and leads

1�
p
145
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5

6
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1

3
, σ = 1−

Ω0

4λ⋆A3
⋆

e−3νAϕ⋆ ,

KXeνXϕ⋆
(

9h2
⋆λ

2
⋆/2
)1/3

= −λ⋆A4
⋆e

4νAϕ⋆ . (66)

As compared with the analysis of the radiation era in
(44), we have now imposed µλ = −3 and µϕ = 0. This
uniquely determines the exponent γ = 1/3 while the last
two equations in (66) set the normalization ϕ⋆,λ⋆ of the
solution (65), which is no longer defined up to a fixed
rescaling. This is because the Ω0 term in Eq.(37) pro-
vides an external source that governs the amplitude of
the scalar fields. We must again require that this solu-
tion be stable. Therefore, we now study the evolution of
the perturbations δϕ, δλ̄ and δ! at linear order, with

ϕ = ϕ⋆ + δϕ, λ̄ = λ⋆e
−3η(1 + δλ̄),

! = h⋆e
−3η/2(1 + δ!). (67)

We must now take into account the perturbation of the
Hubble expansion rate, as the scalar fields give a non-
negligible contribution to the Friedmann equation that
scales like the matter density. The Friedmann equation
(29) and the constraint equation (37) give δ! and δϕ in
terms of δλ̄. Substituting into Eq.(38) we obtain

d2δλ̄

dη2
+

3

2

dδλ̄

dη
+

54(2− 5σ + 3σ2)

3 + σ − 12σ2
δλ̄ = 0. (68)

This gives two decaying modes when

1−
√
145

24
< σ <

1 +
√
145

24
or

2

3
< σ < 1. (69)

On the other hand, the relative contribution of the scalar
fields to the Friedmann equation (29) reads as

Xλ +XK =
1

6σ − 5
, (70)

while the requirement !2 > 0 implies

!
2 > 0 : σ <

5

6
or σ > 1. (71)

To be consistent with observations, the contribution
of the scalar fields to the Friedmann equation should be

small, which points to small values of σ. In fact, even for
σ ≃ −0.46, which corresponds to the lower boundary in
(69), the scalar fields contribute for 13% to !2, which is
most likely too large to obey observational constraints.
Another shortcoming is that we need to change the form
of the kinetic function between the radiation and mat-
ter eras. Indeed, while γ = 1/3 can be kept identical
for both the radiation era, from the constraint (52), and
the matter era, from the first constraint in (66), the ex-
ponent σ must decrease from about 5/6 to about −0.4
(if we wish to minimize the contribution to the Fried-
mann equation). This change can start somewhat be-
fore the matter era, but should not occur too early after
the last matter phase transition as a small value of σ
would trigger instabilities, being outside of the stability
range (52). This corresponds to some degree of tuning,
in the sense that this change of the kinetic function ap-
pears as a coincidence, unless the scalar field Lagrangian
“knows” about the matter Lagrangian and the final back-
ground radiation and matter densities. This means that
our simple example, based on the kinetic function (36),
is not very satisfactory. Some other self-tuning models
introduced to tackle the cosmological constant problem
also share this behavior. For instance, in the self-tuning
models presented in [37, 38], the radiation and matter
eras also correspond to different terms in the Lagrangian
being dominant. It would be desirable to find a kinetic
function that can simultaneously reproduce the radiation
and matter eras and also give a small enough contribu-
tion from the scalar fields to the Friedmann equation.
We leave this investigation for future works.

C. Numerical computation

We now present an explicit numerical implementation
of the solutions found in the previous section. Our imple-
mentation of the decrease of the exponent σ = νX/(νA)
of the kinetic function, from its radiation-era value 5/6
down to its final matter era value −0.4, which we choose
close to the lower boundary (69), is illustrated by the up-
per panel in Fig. 5, which shows the evolution with time
of the scalar field ϕ. The three line styles correspond to
three different stages. The green dot-dashed line is the
end of the radiation era, already displayed in Fig. 1, with
the kinetic function of section III D. The blue dotted line
corresponds to a slow and smooth decrease of the expo-
nent σ. During the first flat part, we decrease σ from 5/6
down to 0.75 along the line µϕ = 0 of Eq.(54), so that ϕ
remains constant. Next, we further decrease σ down to
0.6 while keeping γ below 0.37. This falls below the line
defined by Eq.(54), so that ϕ is no longer constant and
decreases. Next, the solid line starting at a ∼ 10−5 starts
with a discontinuous jump of σ down to 0.5, to reach the
lowest allowed range (69) within the basin of attraction
of the solution (65). We found numerically that using in-
stead a slow and continuous transition down to σ = 0.5
makes it difficult to reach the solution (65) and leads
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the matter component Ω0/a3 in Eq.(37). Indeed, if λ̄
becomes much greater it will dominate in the Friedmann
equation (29) and we do not recover the matter era. On
the other hand, if λ̄ becomes much smaller it can be
neglected in Eq.(37). Then, the equations of motion (37)-
(38) only depend on derivatives of λ̄ and we typically
branch to a constant-λ̄ solution, which will eventually
take over the matter component. Therefore, we now look
for solutions of the form

ϕ = ϕ⋆, λ̄ = λ⋆e
−3η. (65)

Substituting into the equations of motion (37)-(38), we
obtain the three constraints
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3
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Ω0

4λ⋆A3
⋆

e−3νAϕ⋆ ,

KXeνXϕ⋆
(

9h2
⋆λ

2
⋆/2
)1/3

= −λ⋆A4
⋆e

4νAϕ⋆ . (66)

As compared with the analysis of the radiation era in
(44), we have now imposed µλ = −3 and µϕ = 0. This
uniquely determines the exponent γ = 1/3 while the last
two equations in (66) set the normalization ϕ⋆,λ⋆ of the
solution (65), which is no longer defined up to a fixed
rescaling. This is because the Ω0 term in Eq.(37) pro-
vides an external source that governs the amplitude of
the scalar fields. We must again require that this solu-
tion be stable. Therefore, we now study the evolution of
the perturbations δϕ, δλ̄ and δ! at linear order, with

ϕ = ϕ⋆ + δϕ, λ̄ = λ⋆e
−3η(1 + δλ̄),

! = h⋆e
−3η/2(1 + δ!). (67)

We must now take into account the perturbation of the
Hubble expansion rate, as the scalar fields give a non-
negligible contribution to the Friedmann equation that
scales like the matter density. The Friedmann equation
(29) and the constraint equation (37) give δ! and δϕ in
terms of δλ̄. Substituting into Eq.(38) we obtain

d2δλ̄

dη2
+

3

2

dδλ̄

dη
+

54(2− 5σ + 3σ2)

3 + σ − 12σ2
δλ̄ = 0. (68)

This gives two decaying modes when

1−
√
145

24
< σ <

1 +
√
145

24
or

2

3
< σ < 1. (69)

On the other hand, the relative contribution of the scalar
fields to the Friedmann equation (29) reads as

Xλ +XK =
1

6σ − 5
, (70)

while the requirement !2 > 0 implies

!
2 > 0 : σ <

5

6
or σ > 1. (71)

To be consistent with observations, the contribution
of the scalar fields to the Friedmann equation should be

small, which points to small values of σ. In fact, even for
σ ≃ −0.46, which corresponds to the lower boundary in
(69), the scalar fields contribute for 13% to !2, which is
most likely too large to obey observational constraints.
Another shortcoming is that we need to change the form
of the kinetic function between the radiation and mat-
ter eras. Indeed, while γ = 1/3 can be kept identical
for both the radiation era, from the constraint (52), and
the matter era, from the first constraint in (66), the ex-
ponent σ must decrease from about 5/6 to about −0.4
(if we wish to minimize the contribution to the Fried-
mann equation). This change can start somewhat be-
fore the matter era, but should not occur too early after
the last matter phase transition as a small value of σ
would trigger instabilities, being outside of the stability
range (52). This corresponds to some degree of tuning,
in the sense that this change of the kinetic function ap-
pears as a coincidence, unless the scalar field Lagrangian
“knows” about the matter Lagrangian and the final back-
ground radiation and matter densities. This means that
our simple example, based on the kinetic function (36),
is not very satisfactory. Some other self-tuning models
introduced to tackle the cosmological constant problem
also share this behavior. For instance, in the self-tuning
models presented in [37, 38], the radiation and matter
eras also correspond to different terms in the Lagrangian
being dominant. It would be desirable to find a kinetic
function that can simultaneously reproduce the radiation
and matter eras and also give a small enough contribu-
tion from the scalar fields to the Friedmann equation.
We leave this investigation for future works.

C. Numerical computation

We now present an explicit numerical implementation
of the solutions found in the previous section. Our imple-
mentation of the decrease of the exponent σ = νX/(νA)
of the kinetic function, from its radiation-era value 5/6
down to its final matter era value −0.4, which we choose
close to the lower boundary (69), is illustrated by the up-
per panel in Fig. 5, which shows the evolution with time
of the scalar field ϕ. The three line styles correspond to
three different stages. The green dot-dashed line is the
end of the radiation era, already displayed in Fig. 1, with
the kinetic function of section III D. The blue dotted line
corresponds to a slow and smooth decrease of the expo-
nent σ. During the first flat part, we decrease σ from 5/6
down to 0.75 along the line µϕ = 0 of Eq.(54), so that ϕ
remains constant. Next, we further decrease σ down to
0.6 while keeping γ below 0.37. This falls below the line
defined by Eq.(54), so that ϕ is no longer constant and
decreases. Next, the solid line starting at a ∼ 10−5 starts
with a discontinuous jump of σ down to 0.5, to reach the
lowest allowed range (69) within the basin of attraction
of the solution (65). We found numerically that using in-
stead a slow and continuous transition down to σ = 0.5
makes it difficult to reach the solution (65) and leads
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FIG. 5: Upper panel: scalar field ϕ during the late radiation
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and the matter era.

to strong instabilities, in agreement with the forbidden
range 0.54 ! σ ! 0.66 found in (69). (Because these
events take place somewhat before the radiation-matter
equality, these bounds do not rigorously apply but are
suggestive of possible problems.) Next, we slowly de-
crease σ down to −0.4 in a continuous manner, while γ
goes to 1/3, so as to minimize the contribution (70) of
the scalar fields to the Friedmann equation. We tune the
speed of this last step so that the final value of ϕ is almost
equal to the one obtained during the radiation era after
the QCD transition. This ensures that after these steps
the Planck mass remains equal to its value at the BBN.
The transitions associated with the decrease of σ dur-
ing the matter era lead to small oscillations. This agrees
with the fact that the roots of Eq.(68) have a nonzero
imaginary part, and a real part equal to −3/4. This cor-
responds to oscillatory decaying modes, with an envelope
that only falls as a−3/4. Some of these oscillations may
disappear by using a continuous kinetic function, whereas
in our numerical implementation we discretize the change
of σ as a series of small jumps, while ensuring that the
jonction conditions are satisfied across each transition.
We provide more details of our numerical procedure in
appendix A.

Thus, we consider a scenario where the kinetic func-
tion K(ϕ;X,Y, Z) takes the simple form (36) in both
the radiation and matter eras, but where the parameters
KX , νX and γ are different and evolve with the cosmic
time. This change of the kinetic function is possible, and
does not imply a multivalued function, because X shows
a monotonic decrease with time, through the radiation
and matter era, along with the Hubble expansion rate !

and the scalar field derivative dλ̄/dη. Therefore, we can
use X as a ”clock” and consider that the different forms
of the kinetic functions correspond to different ranges of
its argument X . A more realistic scenario would use a
more complex kinetic function, which smoothly interpo-
lates between these different regimes.

As seen in the lower panel in Fig. 5, λ̄ keeps decreasing
with time. While during the radiation era it decreased
roughly as a−4, because of our choice (62), during the
matter era it tracks the matter density and decreases as
a−3, as in Eq.(65).

The coupling function A(ϕ) remains given by Eq.(33)
throughout. As seen in Fig. 6, this conformal factor fol-
lows the evolution of ϕ and is roughly constant during the
matter era. In practice, we normalize ϕ at the beginning
of the radiation era, and hence A, so that the asymp-
totic value reached at the end of the matter era is unity.
This means that at low redshifts the Einstein-frame and
Jordan-frame scale factors and Planck masses are equal,
as well as the Hubble expansion rate. Therefore, MPl and
H0 are simply given by their observed values. In partic-
ular, because the transition of the kinetic function oc-
curs somewhat before the radiation-matter equality, the
fields have relaxed before the time of the last-scattering
surface (a ∼ 10−3) probed by the Cosmic Microwave
Background (CMB) anisotropies. This ensures that MPl
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to strong instabilities, in agreement with the forbidden
range 0.54 ! σ ! 0.66 found in (69). (Because these
events take place somewhat before the radiation-matter
equality, these bounds do not rigorously apply but are
suggestive of possible problems.) Next, we slowly de-
crease σ down to −0.4 in a continuous manner, while γ
goes to 1/3, so as to minimize the contribution (70) of
the scalar fields to the Friedmann equation. We tune the
speed of this last step so that the final value of ϕ is almost
equal to the one obtained during the radiation era after
the QCD transition. This ensures that after these steps
the Planck mass remains equal to its value at the BBN.
The transitions associated with the decrease of σ dur-
ing the matter era lead to small oscillations. This agrees
with the fact that the roots of Eq.(68) have a nonzero
imaginary part, and a real part equal to −3/4. This cor-
responds to oscillatory decaying modes, with an envelope
that only falls as a−3/4. Some of these oscillations may
disappear by using a continuous kinetic function, whereas
in our numerical implementation we discretize the change
of σ as a series of small jumps, while ensuring that the
jonction conditions are satisfied across each transition.
We provide more details of our numerical procedure in
appendix A.

Thus, we consider a scenario where the kinetic func-
tion K(ϕ;X,Y, Z) takes the simple form (36) in both
the radiation and matter eras, but where the parameters
KX , νX and γ are different and evolve with the cosmic
time. This change of the kinetic function is possible, and
does not imply a multivalued function, because X shows
a monotonic decrease with time, through the radiation
and matter era, along with the Hubble expansion rate !

and the scalar field derivative dλ̄/dη. Therefore, we can
use X as a ”clock” and consider that the different forms
of the kinetic functions correspond to different ranges of
its argument X . A more realistic scenario would use a
more complex kinetic function, which smoothly interpo-
lates between these different regimes.

As seen in the lower panel in Fig. 5, λ̄ keeps decreasing
with time. While during the radiation era it decreased
roughly as a−4, because of our choice (62), during the
matter era it tracks the matter density and decreases as
a−3, as in Eq.(65).

The coupling function A(ϕ) remains given by Eq.(33)
throughout. As seen in Fig. 6, this conformal factor fol-
lows the evolution of ϕ and is roughly constant during the
matter era. In practice, we normalize ϕ at the beginning
of the radiation era, and hence A, so that the asymp-
totic value reached at the end of the matter era is unity.
This means that at low redshifts the Einstein-frame and
Jordan-frame scale factors and Planck masses are equal,
as well as the Hubble expansion rate. Therefore, MPl and
H0 are simply given by their observed values. In partic-
ular, because the transition of the kinetic function oc-
curs somewhat before the radiation-matter equality, the
fields have relaxed before the time of the last-scattering
surface (a ∼ 10−3) probed by the Cosmic Microwave
Background (CMB) anisotropies. This ensures that MPl
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expansion rate

Ṽvac

3M2
PlH

2
0

= Ωvac0,
ρ̃

3M2
PlH

2
0

=
Ω0

A3a3
,

ρ̃γ
3M2

PlH
2
0

=
Ωγ0

A4a4
, ! =

H

H0
. (25)

The parameters Ωi0 are constant during most of the his-
tory of the Universe, but can vary during phase transi-
tions. We also define the dimensionless scalar fields

ϕ̂ =
ϕ

MPl
, λ̂ =

M3λ

3M2
PlH

2
0

, (26)

the rescaled kinetic factors,

X̂ =
!2

2

(

dλ̂

dη

)2

, Ŷ = !
2 dλ̂

dη

dϕ̂

dη
, Ẑ =

!2

2

(

dϕ̂

dη

)2

,

(27)
and the rescaled kinetic function

K̂(ϕ̂; X̂, Ŷ , Ẑ) =
M4

3M2
PlH

2
0

K(ϕ;X,Y, Z). (28)

Using the dimensionless time coordinate η = ln(a), the
Einstein equations (14)-(15) give

!
2 = A4(Ωvac0 − λ̂) +

AΩ0

a3
+

Ωγ0

a4
− K̂

+2X̂
∂K̂

∂X̂
+ 2Ŷ

∂K̂

∂Ŷ
+ 2Ẑ

∂K̂

∂Ẑ
(29)

and

2!2
d ln !

dη
= −3

AΩ0

a3
− 4

Ωγ0

a4
− 6X̂

∂K̂

∂X̂

−6Ŷ
∂K̂

∂Ŷ
− 6Ẑ

∂K̂

∂Ẑ
, (30)

while the scalar-field equations (16)-(17) read as

∂K̂

∂ϕ̂
− a−3

!
d

dη

[

a3!

(

∂K̂

∂Ŷ

dλ̂

dη
+
∂K̂

∂Ẑ

dϕ̂

dη

)]

=

4A3 dA

dϕ̂

(

Ωvac0 − λ̂+
Ω0

4A3a3

)

(31)

and

a−3
!
d

dη

[

a3!

(

∂K̂

∂X̂

dλ̂

dη
+
∂K̂

∂Ŷ

dϕ̂

dη

)]

= A4. (32)

In the following, we work with these dimensionless quan-
tities and omit the hats to simplify notations.

E. Exponential conformal coupling and power-law
kinetic function

For simplicity, in this paper we only consider exponen-
tials and power laws for the conformal coupling function

A and the kinetic function K. More precisely, we take a
simple exponential for A(ϕ),

A(ϕ) = A⋆e
νAϕ, A⋆ > 0, (33)

while for K(ϕ;X,Y, Z) we take the separable form

K(ϕ;X,Y, Z) = KXeνXϕXγ +KY Y, (34)

with γ > 0. We shall take the parameters A⋆, νi,Ki, γ
constant for most of the expansion history of the Uni-
verse, but allow them to vary between different eras. In
more complex scenarios, they would only be effective co-
efficients that provide approximations of the kinetic func-
tion over limited ranges, and smoothly vary with the ar-
guments ϕ, X, Y and Z. For simplicity, we do not include
a component of the form KZZ, because we can already
recover interesting cosmological behaviors in the subclass
KZ = 0. It appears that the kinetic functions (34) are the
simplest choice that can reproduce all cosmological eras,
from the inflationary stage to the current dark-energy
era.
As the kinetic function K does not depend on λ, the

equations of motion only depend on the difference λ̄ be-
tween λ and the vacuum energy density,

λ̄ = λ− Ωvac0, (35)

as can be checked in Eqs.(29)-(32). This is the property
that ensures the cancellation of the vacuum energy den-
sity, independently of its value. Except at matter phase
transitions, we shall take the matter vacuum energy den-
sity Ωvac0 to be constant. Then, it will be convenient to
write the equations of motion in terms of λ̄, and most of
the discussions below will use λ̄.

III. EARLY RADIATION ERA

A. Equations of motion

We now consider in more details the radiation era and
the cancellation mechanism of the vacuum energy den-
sity. In particular, to check its efficiency we must go be-
yond the constant-λ solution (20) and verify that pertur-
bations decay. To simplify the analysis, we take KY = 0
in the general class (34), and we focus on the simpler
kinetic functions

K(ϕ;X,Y, Z) = KXeνXϕXγ , γ > 0, (36)

which satisfy the constraints (21) and (24). They do not
depend on Y and Z and the dependence on ϕ and X
factorizes. From Eq.(27) we have X ≥ 0. Then, the
equations of motion of the scalar fields simplify as

νXKXeνXϕXγ = −4νAA
4
⋆e

4νAϕλ̄+ νAA⋆e
νAϕΩ0

a3
, (37)
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FIG. 7: Upper panel: derivative d ln !/d ln a during the late
radiation era and the matter era. Lower panel: contributions
Xi to the Friedmann equation.

has remained almost constant since the time of the last-
scattering and that we recover the standard statistics of
the CMB, provided the background expansion follows the
standard ΛCDM expansion at later times, or that we re-
cover the same angular distances. We enforce a small
increase of ϕ and A at the end of the matter era, by de-
creasing slightly the exponent γ, to authorize the tran-
sition to the dark energy era as described in section V
below.
We show in Fig. 7 the logarithmic derivative of the

Hubble expansion rate with respect to the scale factor
and the various contributions Xi to the Friedmann equa-
tion (29), which were defined in (63). The time derivative
d lnh/d lna goes from −2, which corresponds to the ra-
diation era, to −1.5, which corresponds to the matter
era. The small oscillations are due to the oscillations
of the scalar field λ, which yields a contribution to the
Friedmann equation that is not completely negligible. In
agreement with the analysis of section IVB and Eq.(70),
the contributionsXλ andXK to the Friedmann equation,
associated with the scalar field λ, converge to a constant
fraction of the matter contribution in the matter era. For

our choice σ = −0.4 this gives Xλ +XK ≃ −0.14.
Beyond the background cosmology level, cosmological

perturbations will also be affected by the presence of the
fields λ and ϕ. This could have an effect on CMB physics
and the large-scale structures of the Universe. A detailed
study of these issues is left for future works.

V. DARK ENERGY ERA

A. End of the cancellation mechanism

Eventually, we must exit from the matter era and re-
cover the dark energy era at current times. Again, this
will correspond to a change of the kinetic (and coupling)
functions. However, contrary to the case of the exit from
the radiation era, this does not really involve an addi-
tional tuning, as compared with the ΛCDM cosmology.
Indeed, for the exit from the radiation era, we had to
introduce a shift of the kinetic function somewhat before
the radiation-matter equality. This can be seen as a coin-
cidence between two unrelated events (unless the scalar
field Lagrangian “knows” about details of the matter La-
grangian that governs the baryogenesis and the relic mat-
ter density). In contrast, for the exit from the matter era,
there is no coincidence with an external event because
the dark energy era will be generated by the change it-
self of the scalar field functions; it is not an external event
associated with another component such as an external
quintessence fluid. However, we still face the standard
coincidence problem associated with the question of why
this transition happens now, and not earlier or much fur-
ther in the future.
Within our framework, which builds a cancellation

mechanism of the vacuum energy density through the
scalar field λ, it is clear that dark energy eras, or more
precisely, epochs where the expansion is driven by an
effective cosmological constant, appear naturally as pe-
riods where this cancellation mechanism stops or is in-
effective. Because this mechanism is linked to the con-
formal coupling A(ϕ), acting as a Lagrange multiplier as
explained above Eq.(8) and in section II C, this mech-
anism automatically stops or becomes inefficient when
A(ϕ) becomes a constant, or dA/dϕ is negligible. An-
other possibility is to make the kinetic function large, so
that the right-hand side in the equation of motion (16)
is negligible. This again makes the conformal coupling
inefficient.
In this paper, we consider the simple scenario where

dA/dϕ becomes zero at late times. Then, the equations
of motion (31)-(32) only depend on derivatives of λ. This
means that generically there exists a solution with a con-
stant λ, with a value that is set by the initial conditions
(i.e., just before the vanishing of dA/dϕ). Provided this
solution is stable and λ̄ ≡ λ − Ωvac0 is negative, it will
play the role of a cosmological constant in the Friedmann
equation (29). On the other hand, the equation of motion
(32) shows that if we wish to have A and λ being con-

crossover between scalar 
and matter densities

B)  Explicit implementation
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The end of the cancellation mechanism provides in a natural fashion a dark energy era.

Because the cancellation mechanism arises from the conformal coupling 
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A(')

A(') is constant or 
dA

d'
' 0

This is possible because     plays the role of a clock.'

14

stant, we need ∂K/∂Y and dϕ/dη to be nonzero. This is
related to the need to avoid Weinberg’s theorem as ex-
plained in section II C: we need a time dependent back-
ground. To have ∂K/∂Y ̸= 0, we simply consider the
case where at late times the kinetic function becomes

K(ϕ;X,Y, Z) = KXXγ +KY Y, γ > 0, (72)

while the coupling function is constant and equal to unity

ϕ > ϕDE : A(ϕ) = A⋆ = 1. (73)

Here we take a sharp transition, at a time ηDE. The
coupling A(ϕ) is continuous, as A(ϕ) computed in the
matter era and displayed in Fig. 6 reaches unity at time
ηDE. We also take a nonzero kinetic termKY Y to appear
shortly before ηDE while remaining subdominant, so as
to play no role in the dynamics before ηDE. Thus, at
time ηDE the exponent νA goes to zero while the kinetic
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This transition is possible because the scalar field ϕ

can act as a “clock”. Indeed, we can see from Figs. 1
and 5 that ϕ is greater at time ηDE than at all previ-
ous times. This ensures that the transition to (72)-(73)
does not imply multivalued functions and is set by the
crossing of the boundary value ϕDE. In more realistic
scenarios, the kinetic and coupling functions would show
a smooth transition, which would automatically ensure
that ! and d ln !/dη are continuous. However, here we do
not perform a complete study with an accurate quanti-
tative match with observational data, which we leave to
future works. We simply describe how a dark energy era
can naturally occur at late times within our framework.

B. Numerical computation

For the kinetic and coupling functions (72)-(73), the
equations of motion (31)-(32) become

d2λ̄

dη2
= −

(

3 +
d ln !

dη

)

dλ̄

dη
(74)

and

d2ϕ

dη2
=

A4

KY !
2
−
(

3 +
d ln !

dη

)

dϕ

dη

−
6(1− γ)γKX

KY
Xγ−1dλ̄

dη
. (75)

The linear equation (74) shows a constant mode and a
decaying mode, with dλ̄/dη ∝ e−3η/!. It fully deter-
mines λ̄, which is no longer coupled to ϕ. The scalar
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FIG. 8: Upper panel: scalar field ϕ during the late matter era
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field ϕ is governed by Eq.(75). If the last term is positive
or negligible, ϕ will keep growing with time and the Uni-
verse always remains in the accelerated expansion phase,
unless the kinetic and coupling functions again change
form at higher values of ϕ. On the other hand, if the last
term is sufficiently large and negative, ϕ may decrease in
the future and finally leave the regime (72)-(73), to enter
again the matter-era regime. We do not investigate these
various possibilities as they depend on the form of the ki-
netic and coupling functions for arguments that cannot
be probed by observations (at least at the background
level).
We show in Figs. 8 and 9 our numerical results, with

the transition time aDE = 0.3. In this simple example, we
can see that ϕ turns around and is decreasing at z = 0,
so that the dark energy era would not last forever. The
derivative of the Hubble expansion rate, d ln !/dη, grows
from the matter-era value 3/2 towards zero, associated
with a cosmological constant era. The contribution from
the matter component to the Friedmann equation de-
creases from about unity to 0.32, which corresponds to
the value of the cosmological parameter Ω0 today.
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creases from about unity to 0.32, which corresponds to
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field ϕ is governed by Eq.(75). If the last term is positive
or negligible, ϕ will keep growing with time and the Uni-
verse always remains in the accelerated expansion phase,
unless the kinetic and coupling functions again change
form at higher values of ϕ. On the other hand, if the last
term is sufficiently large and negative, ϕ may decrease in
the future and finally leave the regime (72)-(73), to enter
again the matter-era regime. We do not investigate these
various possibilities as they depend on the form of the ki-
netic and coupling functions for arguments that cannot
be probed by observations (at least at the background
level).
We show in Figs. 8 and 9 our numerical results, with

the transition time aDE = 0.3. In this simple example, we
can see that ϕ turns around and is decreasing at z = 0,
so that the dark energy era would not last forever. The
derivative of the Hubble expansion rate, d ln !/dη, grows
from the matter-era value 3/2 towards zero, associated
with a cosmological constant era. The contribution from
the matter component to the Friedmann equation de-
creases from about unity to 0.32, which corresponds to
the value of the cosmological parameter Ω0 today.
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FIG. 9: Upper panel: derivative d ln !/d ln a during the late
matter era and the dark energy era. Lower panel: contribu-
tions Xi to the Friedmann equation.

In this paper, we do not try to match the expansion
history shown in Fig. 9 to observational data. To do so
one would need to implement a smooth transition for the
kinetic and coupling function, tuned so as to reproduce
the observed Hubble diagram. Better still, one should
first make the scalar field negligible during the late mat-
ter era, below the contribution (70) associated with our
power-law kinetic function. This would allow one to nat-
urally implement the transition to a constant λ at much
earlier redshifts, so that at low z the dynamics becomes
identical to the standard ΛCDM cosmology. Of course,
a much earlier transition can also be achieved without
changing (70), by tuning the transition such that the
constant value λ̄ reached at late times is much smaller
than the one achieved at the beginning of the transition.
However, this requires some amount of tuning, in pro-
portion to the ratio between the initial and final values
of λ̄. We leave a detailed study of these points for future
works.
Scalar-tensor theories often give rise to long-range

fifth-forces, which are strongly constrained by solar sys-
tem data [11]. In our model no long range force is present

at low redshift as the coupling to matter dA
dϕ vanishes

identically. Hence no local deviation from General Rela-
tivity appears.

VI. INFLATION ERA

A. Accelerated expansion stage

In our numerical computation of the radiation era, in
section III D, we started at early times a ! 10−25 close to
the solution (43). We did not specify how this initial con-
dition is achieved. This can be considered as beyond the
scope of our model, if we consider that it is a low-energy
effective Lagrangian that only applies after the inflation
era. However, it is interesting to see how the inflationary
era could also be incorporated within our framework. Be-
cause it corresponds to an accelerated expansion, driven
by an effective cosmological constant that is usually as-
sociated with the value of the inflation potential during
its slow-rolling phase, the cancellation mechanism of the
vacuum energy density described in section II C must not
apply to this epoch, or be inefficient. As for the dark-
energy era discussed in section VA, this naturally hap-
pens when dA/dϕ is zero or negligible, so that the equa-
tions of motion (31)-(32) only depend on derivatives of λ.
Then, generically there is a constant mode for λ, which no
longer systematically runs towards Ωvac and compensates
the vacuum energy density in the Friedmann equations.
Thus, let us consider the case of a standard kinetic

function of the form

K(ϕ;X,Y, Z) = KXX +KY Y, (76)

and constant coupling function

ϕ < ϕI : A(ϕ) = AI. (77)

The kinetic function (76) has a standard form, in the
sense that it is a quadratic polynomial in ∂λ and ∂ϕ.
For simplicity, we put the term KZ to zero. In fact, be-
cause the system converges to dλ/dη = 0, the term KXX
plays no role and KX can take any value, including zero
(it disappears from the scalar field equations of motion,
and it gives a vanishing contribution to the Friedmann
equations for dλ/dη = 0).
We also consider an alternative scenario to the stan-

dard inflaton model, where the accelerated expansion is
due to the high-energy vacuum energy density Ωvac, and
the end of the inflationary stage is due to a phase tran-
sition that decreases Ωvac while generating a nonzero ra-
diation component, in a manner similar to the EW and
QCD phase transitions described in section III C. Then,
one would need to ascribe the small metric fluctuations
that give rise to the CMB anisotropies and large-scale
structures to other spectator fields, which do not drive
the background expansion [50]. Here we do not study
these points in details, which go beyond the scope of this

'DE
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and scalar densities

In this example DE will end
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expansion rate

Ṽvac

3M2
PlH

2
0
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2
0
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ρ̃γ
3M2
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2
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Ωγ0

A4a4
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H

H0
. (25)

The parameters Ωi0 are constant during most of the his-
tory of the Universe, but can vary during phase transi-
tions. We also define the dimensionless scalar fields

ϕ̂ =
ϕ

MPl
, λ̂ =

M3λ

3M2
PlH

2
0

, (26)

the rescaled kinetic factors,

X̂ =
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2

(
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(27)
and the rescaled kinetic function

K̂(ϕ̂; X̂, Ŷ , Ẑ) =
M4

3M2
PlH

2
0

K(ϕ;X,Y, Z). (28)

Using the dimensionless time coordinate η = ln(a), the
Einstein equations (14)-(15) give

!
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while the scalar-field equations (16)-(17) read as

∂K̂

∂ϕ̂
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∂Ŷ
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+
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∂Ẑ
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4A3 dA
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(31)

and

a−3
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d

dη

[

a3!

(

∂K̂

∂X̂

dλ̂

dη
+
∂K̂

∂Ŷ

dϕ̂
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)]

= A4. (32)

In the following, we work with these dimensionless quan-
tities and omit the hats to simplify notations.

E. Exponential conformal coupling and power-law
kinetic function

For simplicity, in this paper we only consider exponen-
tials and power laws for the conformal coupling function

A and the kinetic function K. More precisely, we take a
simple exponential for A(ϕ),

A(ϕ) = A⋆e
νAϕ, A⋆ > 0, (33)

while for K(ϕ;X,Y, Z) we take the separable form

K(ϕ;X,Y, Z) = KXeνXϕXγ +KY Y, (34)

with γ > 0. We shall take the parameters A⋆, νi,Ki, γ
constant for most of the expansion history of the Uni-
verse, but allow them to vary between different eras. In
more complex scenarios, they would only be effective co-
efficients that provide approximations of the kinetic func-
tion over limited ranges, and smoothly vary with the ar-
guments ϕ, X, Y and Z. For simplicity, we do not include
a component of the form KZZ, because we can already
recover interesting cosmological behaviors in the subclass
KZ = 0. It appears that the kinetic functions (34) are the
simplest choice that can reproduce all cosmological eras,
from the inflationary stage to the current dark-energy
era.
As the kinetic function K does not depend on λ, the

equations of motion only depend on the difference λ̄ be-
tween λ and the vacuum energy density,

λ̄ = λ− Ωvac0, (35)

as can be checked in Eqs.(29)-(32). This is the property
that ensures the cancellation of the vacuum energy den-
sity, independently of its value. Except at matter phase
transitions, we shall take the matter vacuum energy den-
sity Ωvac0 to be constant. Then, it will be convenient to
write the equations of motion in terms of λ̄, and most of
the discussions below will use λ̄.

III. EARLY RADIATION ERA

A. Equations of motion

We now consider in more details the radiation era and
the cancellation mechanism of the vacuum energy den-
sity. In particular, to check its efficiency we must go be-
yond the constant-λ solution (20) and verify that pertur-
bations decay. To simplify the analysis, we take KY = 0
in the general class (34), and we focus on the simpler
kinetic functions

K(ϕ;X,Y, Z) = KXeνXϕXγ , γ > 0, (36)

which satisfy the constraints (21) and (24). They do not
depend on Y and Z and the dependence on ϕ and X
factorizes. From Eq.(27) we have X ≥ 0. Then, the
equations of motion of the scalar fields simplify as

νXKXeνXϕXγ = −4νAA
4
⋆e

4νAϕλ̄+ νAA⋆e
νAϕΩ0

a3
, (37)

stops decaying to zero and 
plays the role of quintessence



VI- INFLATION ERA

A)  Accelerated expansion

As for DE, accelerated expansion occurs for constant A(')
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FIG. 9: Upper panel: derivative d ln !/d ln a during the late
matter era and the dark energy era. Lower panel: contribu-
tions Xi to the Friedmann equation.

In this paper, we do not try to match the expansion
history shown in Fig. 9 to observational data. To do so
one would need to implement a smooth transition for the
kinetic and coupling function, tuned so as to reproduce
the observed Hubble diagram. Better still, one should
first make the scalar field negligible during the late mat-
ter era, below the contribution (70) associated with our
power-law kinetic function. This would allow one to nat-
urally implement the transition to a constant λ at much
earlier redshifts, so that at low z the dynamics becomes
identical to the standard ΛCDM cosmology. Of course,
a much earlier transition can also be achieved without
changing (70), by tuning the transition such that the
constant value λ̄ reached at late times is much smaller
than the one achieved at the beginning of the transition.
However, this requires some amount of tuning, in pro-
portion to the ratio between the initial and final values
of λ̄. We leave a detailed study of these points for future
works.
Scalar-tensor theories often give rise to long-range

fifth-forces, which are strongly constrained by solar sys-
tem data [11]. In our model no long range force is present

at low redshift as the coupling to matter dA
dϕ vanishes

identically. Hence no local deviation from General Rela-
tivity appears.

VI. INFLATION ERA

A. Accelerated expansion stage

In our numerical computation of the radiation era, in
section III D, we started at early times a ! 10−25 close to
the solution (43). We did not specify how this initial con-
dition is achieved. This can be considered as beyond the
scope of our model, if we consider that it is a low-energy
effective Lagrangian that only applies after the inflation
era. However, it is interesting to see how the inflationary
era could also be incorporated within our framework. Be-
cause it corresponds to an accelerated expansion, driven
by an effective cosmological constant that is usually as-
sociated with the value of the inflation potential during
its slow-rolling phase, the cancellation mechanism of the
vacuum energy density described in section II C must not
apply to this epoch, or be inefficient. As for the dark-
energy era discussed in section VA, this naturally hap-
pens when dA/dϕ is zero or negligible, so that the equa-
tions of motion (31)-(32) only depend on derivatives of λ.
Then, generically there is a constant mode for λ, which no
longer systematically runs towards Ωvac and compensates
the vacuum energy density in the Friedmann equations.
Thus, let us consider the case of a standard kinetic

function of the form

K(ϕ;X,Y, Z) = KXX +KY Y, (76)

and constant coupling function

ϕ < ϕI : A(ϕ) = AI. (77)

The kinetic function (76) has a standard form, in the
sense that it is a quadratic polynomial in ∂λ and ∂ϕ.
For simplicity, we put the term KZ to zero. In fact, be-
cause the system converges to dλ/dη = 0, the term KXX
plays no role and KX can take any value, including zero
(it disappears from the scalar field equations of motion,
and it gives a vanishing contribution to the Friedmann
equations for dλ/dη = 0).
We also consider an alternative scenario to the stan-

dard inflaton model, where the accelerated expansion is
due to the high-energy vacuum energy density Ωvac, and
the end of the inflationary stage is due to a phase tran-
sition that decreases Ωvac while generating a nonzero ra-
diation component, in a manner similar to the EW and
QCD phase transitions described in section III C. Then,
one would need to ascribe the small metric fluctuations
that give rise to the CMB anisotropies and large-scale
structures to other spectator fields, which do not drive
the background expansion [50]. Here we do not study
these points in details, which go beyond the scope of this
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history shown in Fig. 9 to observational data. To do so
one would need to implement a smooth transition for the
kinetic and coupling function, tuned so as to reproduce
the observed Hubble diagram. Better still, one should
first make the scalar field negligible during the late mat-
ter era, below the contribution (70) associated with our
power-law kinetic function. This would allow one to nat-
urally implement the transition to a constant λ at much
earlier redshifts, so that at low z the dynamics becomes
identical to the standard ΛCDM cosmology. Of course,
a much earlier transition can also be achieved without
changing (70), by tuning the transition such that the
constant value λ̄ reached at late times is much smaller
than the one achieved at the beginning of the transition.
However, this requires some amount of tuning, in pro-
portion to the ratio between the initial and final values
of λ̄. We leave a detailed study of these points for future
works.
Scalar-tensor theories often give rise to long-range

fifth-forces, which are strongly constrained by solar sys-
tem data [11]. In our model no long range force is present

at low redshift as the coupling to matter dA
dϕ vanishes

identically. Hence no local deviation from General Rela-
tivity appears.

VI. INFLATION ERA

A. Accelerated expansion stage

In our numerical computation of the radiation era, in
section III D, we started at early times a ! 10−25 close to
the solution (43). We did not specify how this initial con-
dition is achieved. This can be considered as beyond the
scope of our model, if we consider that it is a low-energy
effective Lagrangian that only applies after the inflation
era. However, it is interesting to see how the inflationary
era could also be incorporated within our framework. Be-
cause it corresponds to an accelerated expansion, driven
by an effective cosmological constant that is usually as-
sociated with the value of the inflation potential during
its slow-rolling phase, the cancellation mechanism of the
vacuum energy density described in section II C must not
apply to this epoch, or be inefficient. As for the dark-
energy era discussed in section VA, this naturally hap-
pens when dA/dϕ is zero or negligible, so that the equa-
tions of motion (31)-(32) only depend on derivatives of λ.
Then, generically there is a constant mode for λ, which no
longer systematically runs towards Ωvac and compensates
the vacuum energy density in the Friedmann equations.
Thus, let us consider the case of a standard kinetic

function of the form

K(ϕ;X,Y, Z) = KXX +KY Y, (76)

and constant coupling function

ϕ < ϕI : A(ϕ) = AI. (77)

The kinetic function (76) has a standard form, in the
sense that it is a quadratic polynomial in ∂λ and ∂ϕ.
For simplicity, we put the term KZ to zero. In fact, be-
cause the system converges to dλ/dη = 0, the term KXX
plays no role and KX can take any value, including zero
(it disappears from the scalar field equations of motion,
and it gives a vanishing contribution to the Friedmann
equations for dλ/dη = 0).
We also consider an alternative scenario to the stan-

dard inflaton model, where the accelerated expansion is
due to the high-energy vacuum energy density Ωvac, and
the end of the inflationary stage is due to a phase tran-
sition that decreases Ωvac while generating a nonzero ra-
diation component, in a manner similar to the EW and
QCD phase transitions described in section III C. Then,
one would need to ascribe the small metric fluctuations
that give rise to the CMB anisotropies and large-scale
structures to other spectator fields, which do not drive
the background expansion [50]. Here we do not study
these points in details, which go beyond the scope of this
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paper, and only sketch how an inflationary era could be
connected to the later radiation era.
With the kinetic and coupling functions (76)-(77), the

equations of motion (31)-(32) give

d2λ̄

dη2
+

(

3 +
d ln !

dη

)

dλ̄

dη
= 0, (78)

d2ϕ

dη2
+

(

3 +
d ln !

dη

)

dϕ

dη
=

A4
I

KY !
2
, (79)

while the Friedmann equation (29) reads as

!
2 = A4(Ωvac0 − λ) +

Ωγ0

a4
+KXX +KY Y, (80)

where we set the energy density of nonrelativistic matter
to zero. We also set the initial radiation density to zero
and the vacuum energy density to a constant value ΩvacI,

ΩγI = 0, Ωvac = ΩvacI, (81)

Then, we have the constant-λ solution

λ = λI, λ̄ = λI−ΩvacI, ϕ = ϕI+
A4

I

3KY !
2
I

(η−ηI), (82)

where we assumed that the decaying modes ∝ e−3η of
λ and ϕ have had time to become negligible, and the
Hubble expansion rate is

!
2
I = −A4

I λ̄I, with X = 0, Y = 0. (83)

Then, we assume that the constant values ΩvacI and λI
are such that λ̄I is negative and !I is of the order of the
expected inflationary scale. We also takeKY > 0, so that
ϕ grows with time. Indeed, we wish ϕ to play the role of a
clock, which triggers different cosmic regimes through the
dependence of A and K on ϕ. Since ϕ is mostly growing
during the radiation, matter and dark-energy eras, it is
convenient to have ϕ growing during the inflationary era
to avoid multivalued functions. As noticed above, this
solution does not depend on KX , which can take any
value.

B. End of the accelerated expansion stage

We assume that the inflationary epoch ends at the time
ηI through a phase transition, which suddenly decreases
Ωvac while increasing the radiation component Ωγ0. As
for the matter phase transitions studied in section III C,
we consider a simplified treatment where this transition
is homogeneous and instantaneous. We also assume that
the kinetic and coupling functions show a transition at
the same time to the radiation-era forms (36) and (33),
with the coefficientsA⋆, νA,KX , νX and γ that we used in
section III D for our numerical computation of the radia-
tion era. In particular, as νA is no longer zero the scalar
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B)  End of the accelerated expansion and early radiation era

We assume a transition with a drop of the vacuum energy and a transfer to the radiation density:

while the conformal coupling and kinetic function take their radiation-era form.
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field λ will not remain constant but decay as in Fig. 1.
We can imagine a scenario where these two events are
related, associated with ϕ reaching the critical value ϕI,
or discard the change of the vacuum energy density and
only relate the end of the inflationary stage to the change
of the kinetic and coupling functions. The term ∂K

∂Y
dλ
dη

in Eq.(31) is continuous as it is zero on both sides of the
transition. The continuity of the term ∂K

∂X
dλ
dη + ∂K

∂Y
dϕ
dη in

Eq.(32) gives the junction condition

KY1
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dη

∣

∣

∣

∣

1

= KX2
eνX2

ϕ2γ2X
γ2−1
2

dλ̄

dη

∣

∣

∣

∣

2

. (84)

The scalar field λ and the Hubble expansion rate are
continuous at the transition. Because the vacuum energy
density drops at the transition by a quantity

∆Ωvac = −αI
!2I

A4
I

, αI > 0, (85)

the difference λ̄ grows by −∆Ωvac, and hence

λ̄2 = (αI − 1)
!2I

A4
I

. (86)

The radiation density after the transition is then given
by

Ωγ2 = a4I

[

!
2
I +

A4
2

A4
I

(αI − 1)h2
I − (2γ2 − 1)K2

]

. (87)

As for the matter phase transitions (57), the drop of the
vacuum energy density is transferred to both radiation
and scalar field components, because of the discontinuous
scalar field couplings.

C. Numerical computation

We show in Figs. 10-12 a numerical computation of
the scenario described in the previous sections. We take
HI = 10−5MPl for the Hubble expansion rate during the
inflationary era. This corresponds to !I ≃ 1055. At the
transition, ϕ and λ̄ are discontinuous and next follow the
evolution that characterizes the radiation era analyzed
in section III. In practice, we choose the value of AI

so as to recover the numerical values obtained in Fig. 1
during the radiation era (we can check on the figures
that they match at a ∼ 10−25 where the plots overlap).
The value of the kinetic function coefficient KY is irrel-
evant, as it only determines the value of dϕ/dη at early
times. Indeed, only the combination KY

dϕ
dη enters the

equations, therefore KY and dϕ/dη are degenerate. Be-
cause ϕ slightly decreases during the early radiation era,
as seen in Fig. 1, and we want A(ϕ) to be single-valued,
we take ϕ discontinuous at ηI so that it is safely be-
low radiation-era values during the full inflationary stage.
The value reached just before ηI is a free parameter, and
we could also make ϕ continuous by changing the slope
during the radiation era to a small positive value. The
conformal factor A(ϕ) also shows a small discontinuity
at ηI, as seen in Fig. 11. Whereas λ̄ is negative before
ηI, it is positive after the transition thanks to the drop of
the vacuum energy density, with αI > 1 in Eq.(86). Our
numerical results correspond to αI ≃ 1.3. As displayed
in Fig. 12, the Hubble expansion rate is constant during
the inflationary stage and next decreases almost as a−2.
The radiation component is dominant after ηI while the
scalar field contributions to the Friedmann equation are
subdominant and decrease slightly faster than the radia-
tion component, as described in section III.
As explained above, this numerical computation is only

meant as an example for a transition from the inflation-
ary to the radiation era. It does not address the begin-
ning of the inflationary era itself. Also, the transition
to the radiation era would deserve more detailed studies.
This is only one of the possible scenarios, and it should
be possible to discard the change of the vacuum energy
density and to associate the transition to a change of the
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paper, and only sketch how an inflationary era could be
connected to the later radiation era.
With the kinetic and coupling functions (76)-(77), the
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while the Friedmann equation (29) reads as
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2 = A4(Ωvac0 − λ) +

Ωγ0
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+KXX +KY Y, (80)

where we set the energy density of nonrelativistic matter
to zero. We also set the initial radiation density to zero
and the vacuum energy density to a constant value ΩvacI,

ΩγI = 0, Ωvac = ΩvacI, (81)

Then, we have the constant-λ solution

λ = λI, λ̄ = λI−ΩvacI, ϕ = ϕI+
A4

I

3KY !
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(η−ηI), (82)

where we assumed that the decaying modes ∝ e−3η of
λ and ϕ have had time to become negligible, and the
Hubble expansion rate is

!
2
I = −A4

I λ̄I, with X = 0, Y = 0. (83)

Then, we assume that the constant values ΩvacI and λI
are such that λ̄I is negative and !I is of the order of the
expected inflationary scale. We also takeKY > 0, so that
ϕ grows with time. Indeed, we wish ϕ to play the role of a
clock, which triggers different cosmic regimes through the
dependence of A and K on ϕ. Since ϕ is mostly growing
during the radiation, matter and dark-energy eras, it is
convenient to have ϕ growing during the inflationary era
to avoid multivalued functions. As noticed above, this
solution does not depend on KX , which can take any
value.

B. End of the accelerated expansion stage

We assume that the inflationary epoch ends at the time
ηI through a phase transition, which suddenly decreases
Ωvac while increasing the radiation component Ωγ0. As
for the matter phase transitions studied in section III C,
we consider a simplified treatment where this transition
is homogeneous and instantaneous. We also assume that
the kinetic and coupling functions show a transition at
the same time to the radiation-era forms (36) and (33),
with the coefficientsA⋆, νA,KX , νX and γ that we used in
section III D for our numerical computation of the radia-
tion era. In particular, as νA is no longer zero the scalar
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paper, and only sketch how an inflationary era could be
connected to the later radiation era.
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where we set the energy density of nonrelativistic matter
to zero. We also set the initial radiation density to zero
and the vacuum energy density to a constant value ΩvacI,
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Then, we have the constant-λ solution
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A4

I

3KY !
2
I

(η−ηI), (82)

where we assumed that the decaying modes ∝ e−3η of
λ and ϕ have had time to become negligible, and the
Hubble expansion rate is
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I λ̄I, with X = 0, Y = 0. (83)

Then, we assume that the constant values ΩvacI and λI
are such that λ̄I is negative and !I is of the order of the
expected inflationary scale. We also takeKY > 0, so that
ϕ grows with time. Indeed, we wish ϕ to play the role of a
clock, which triggers different cosmic regimes through the
dependence of A and K on ϕ. Since ϕ is mostly growing
during the radiation, matter and dark-energy eras, it is
convenient to have ϕ growing during the inflationary era
to avoid multivalued functions. As noticed above, this
solution does not depend on KX , which can take any
value.

B. End of the accelerated expansion stage

We assume that the inflationary epoch ends at the time
ηI through a phase transition, which suddenly decreases
Ωvac while increasing the radiation component Ωγ0. As
for the matter phase transitions studied in section III C,
we consider a simplified treatment where this transition
is homogeneous and instantaneous. We also assume that
the kinetic and coupling functions show a transition at
the same time to the radiation-era forms (36) and (33),
with the coefficientsA⋆, νA,KX , νX and γ that we used in
section III D for our numerical computation of the radia-
tion era. In particular, as νA is no longer zero the scalar
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field λ will not remain constant but decay as in Fig. 1.
We can imagine a scenario where these two events are
related, associated with ϕ reaching the critical value ϕI,
or discard the change of the vacuum energy density and
only relate the end of the inflationary stage to the change
of the kinetic and coupling functions. The term ∂K

∂Y
dλ
dη

in Eq.(31) is continuous as it is zero on both sides of the
transition. The continuity of the term ∂K

∂X
dλ
dη + ∂K

∂Y
dϕ
dη in

Eq.(32) gives the junction condition
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The scalar field λ and the Hubble expansion rate are
continuous at the transition. Because the vacuum energy
density drops at the transition by a quantity

∆Ωvac = −αI
!2I

A4
I

, αI > 0, (85)

the difference λ̄ grows by −∆Ωvac, and hence

λ̄2 = (αI − 1)
!2I

A4
I

. (86)

The radiation density after the transition is then given
by

Ωγ2 = a4I

[

!
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I +

A4
2

A4
I

(αI − 1)h2
I − (2γ2 − 1)K2

]

. (87)

As for the matter phase transitions (57), the drop of the
vacuum energy density is transferred to both radiation
and scalar field components, because of the discontinuous
scalar field couplings.

C. Numerical computation

We show in Figs. 10-12 a numerical computation of
the scenario described in the previous sections. We take
HI = 10−5MPl for the Hubble expansion rate during the
inflationary era. This corresponds to !I ≃ 1055. At the
transition, ϕ and λ̄ are discontinuous and next follow the
evolution that characterizes the radiation era analyzed
in section III. In practice, we choose the value of AI

so as to recover the numerical values obtained in Fig. 1
during the radiation era (we can check on the figures
that they match at a ∼ 10−25 where the plots overlap).
The value of the kinetic function coefficient KY is irrel-
evant, as it only determines the value of dϕ/dη at early
times. Indeed, only the combination KY

dϕ
dη enters the

equations, therefore KY and dϕ/dη are degenerate. Be-
cause ϕ slightly decreases during the early radiation era,
as seen in Fig. 1, and we want A(ϕ) to be single-valued,
we take ϕ discontinuous at ηI so that it is safely be-
low radiation-era values during the full inflationary stage.
The value reached just before ηI is a free parameter, and
we could also make ϕ continuous by changing the slope
during the radiation era to a small positive value. The
conformal factor A(ϕ) also shows a small discontinuity
at ηI, as seen in Fig. 11. Whereas λ̄ is negative before
ηI, it is positive after the transition thanks to the drop of
the vacuum energy density, with αI > 1 in Eq.(86). Our
numerical results correspond to αI ≃ 1.3. As displayed
in Fig. 12, the Hubble expansion rate is constant during
the inflationary stage and next decreases almost as a−2.
The radiation component is dominant after ηI while the
scalar field contributions to the Friedmann equation are
subdominant and decrease slightly faster than the radia-
tion component, as described in section III.
As explained above, this numerical computation is only

meant as an example for a transition from the inflation-
ary to the radiation era. It does not address the begin-
ning of the inflationary era itself. Also, the transition
to the radiation era would deserve more detailed studies.
This is only one of the possible scenarios, and it should
be possible to discard the change of the vacuum energy
density and to associate the transition to a change of the
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expansion rate

Ṽvac

3M2
PlH

2
0

= Ωvac0,
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2
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Ω0

A3a3
,

ρ̃γ
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PlH
2
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Ωγ0

A4a4
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H

H0
. (25)

The parameters Ωi0 are constant during most of the his-
tory of the Universe, but can vary during phase transi-
tions. We also define the dimensionless scalar fields

ϕ̂ =
ϕ

MPl
, λ̂ =

M3λ

3M2
PlH

2
0

, (26)

the rescaled kinetic factors,

X̂ =
!2

2

(
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dη

)2

, Ŷ = !
2 dλ̂

dη

dϕ̂

dη
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)2

,

(27)
and the rescaled kinetic function

K̂(ϕ̂; X̂, Ŷ , Ẑ) =
M4

3M2
PlH

2
0

K(ϕ;X,Y, Z). (28)

Using the dimensionless time coordinate η = ln(a), the
Einstein equations (14)-(15) give
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∂Ŷ
+ 2Ẑ
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while the scalar-field equations (16)-(17) read as
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In the following, we work with these dimensionless quan-
tities and omit the hats to simplify notations.

E. Exponential conformal coupling and power-law
kinetic function

For simplicity, in this paper we only consider exponen-
tials and power laws for the conformal coupling function

A and the kinetic function K. More precisely, we take a
simple exponential for A(ϕ),

A(ϕ) = A⋆e
νAϕ, A⋆ > 0, (33)

while for K(ϕ;X,Y, Z) we take the separable form

K(ϕ;X,Y, Z) = KXeνXϕXγ +KY Y, (34)

with γ > 0. We shall take the parameters A⋆, νi,Ki, γ
constant for most of the expansion history of the Uni-
verse, but allow them to vary between different eras. In
more complex scenarios, they would only be effective co-
efficients that provide approximations of the kinetic func-
tion over limited ranges, and smoothly vary with the ar-
guments ϕ, X, Y and Z. For simplicity, we do not include
a component of the form KZZ, because we can already
recover interesting cosmological behaviors in the subclass
KZ = 0. It appears that the kinetic functions (34) are the
simplest choice that can reproduce all cosmological eras,
from the inflationary stage to the current dark-energy
era.
As the kinetic function K does not depend on λ, the

equations of motion only depend on the difference λ̄ be-
tween λ and the vacuum energy density,

λ̄ = λ− Ωvac0, (35)

as can be checked in Eqs.(29)-(32). This is the property
that ensures the cancellation of the vacuum energy den-
sity, independently of its value. Except at matter phase
transitions, we shall take the matter vacuum energy den-
sity Ωvac0 to be constant. Then, it will be convenient to
write the equations of motion in terms of λ̄, and most of
the discussions below will use λ̄.

III. EARLY RADIATION ERA

A. Equations of motion

We now consider in more details the radiation era and
the cancellation mechanism of the vacuum energy den-
sity. In particular, to check its efficiency we must go be-
yond the constant-λ solution (20) and verify that pertur-
bations decay. To simplify the analysis, we take KY = 0
in the general class (34), and we focus on the simpler
kinetic functions

K(ϕ;X,Y, Z) = KXeνXϕXγ , γ > 0, (36)

which satisfy the constraints (21) and (24). They do not
depend on Y and Z and the dependence on ϕ and X
factorizes. From Eq.(27) we have X ≥ 0. Then, the
equations of motion of the scalar fields simplify as

νXKXeνXϕXγ = −4νAA
4
⋆e

4νAϕλ̄+ νAA⋆e
νAϕΩ0

a3
, (37)

drives the inflation and next 
decays in the radiation era

crossover between scalar 
and radiation densities



VII- CONCLUSION

- It is possible to build simple self-tuning models that provide a dynamical cancellation 
of the vacuum energy density

- This does not “explain” the value of the observed cosmological constant, 
but it can solve the “old cosmological constant problem”.

- For these dynamical models, a delicate issue is to cancel the vacuum and only the vacuum !
(How to distinguish it from the matter density ?)

- An interesting feature is to link together: - “old cosmological constant problem”
- DE
- Inflation

- This explicit model is probably not the final answer ! 
Need to overcome some tuning (matter era transition). 
Also need to check perturbations.

hope to see something in cosmological data !



The first possibility is immediately ruled out by observation since the presence of a large cosmological
constant right up until the current epoc would completely ruin the success of nucleosynthesis. The
second possibility means that the theory isn’t choosy: vacuum energy is cancelled by the modification,
along with a bunch of short distance modes. This is extremely dangerous, and suggests that the
phenomenology of short distance gravity will be problematic12. The third and final possibility seems
like sacrilege. Or is it?

Certainly a local violation of causality should be avoided, but what if causality is only violated
globally through a future boundary condition? Then there are no closed timelike curves and none of
the pathologies one would usually associate with acausality. Actually, the moment we define a black
hole event horizon in General Relativity we violate causality in this way, making reference to future
null infinity.

We can sum up the gist of this argument by asking how we should actually measure the zero point
energy we are trying to cancel. We cannot measure it just by looking within, say, our Hubble volume
since we cannot be sure that what we are measuring within that volume is not some locally flat section
of a non-constant potential. Even if we have access to the whole of space, we cannot the measure the
zero point energy over the course of a Hubble time since we cannot be sure that the potential won’t
change at some later time. The thing about the zero point energy is that it is constant, over all of
space and all of time, and to truly measure it we need to scan the whole of spacetime. We need to
go global. These considerations point towards a global modification of gravity, which brings us to the
sequester [9–11].

7.3 The Sequester

Consider the action for classical General Relativity coupled to a quantum matter sector (2.9), assumed
to contained the Standard Model, and imagine promoting the cosmological “counterterm”, ⇤, to that
of a global dynamical variable. That is not to say ⇤ is a field that varies in space and time. It does not.
It is a spacetime constant, but we can vary over it in the action. What we would really like to do is to
get the variable ⇤ to talk to the Standard Model vacuum energy13 in just the right way as to cancel
it. To this end, we introduce a second global dynamical variable, �, that knows about the scales, and
therefore vacuum energy, in a “protected” matter sector taken to include the Standard Model. We
then get the two dynamical variables to talk to one another by including a global interaction whose
form is set by dimensional analysis. What follows is the sequestering action [9, 10]
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Z
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where µ is some mass scale. Note that the global interaction �
⇣

⇤

�4µ4

⌘
is not integrated over. The

precise form of the sequestering function � should be determined by phenomenology, although we do
require it to be odd and di↵erentiable. The global parameter � fixes the hierarchy between matter
scales and the Planck mass. To see this note that the matter Lagrangian can be written as

p�g�4Lm(��2gµ⌫ , ) =
p
�g̃Lm(g̃µ⌫ , ) (7.4)

where g̃µ⌫ = �2gµ⌫ . This means that � is nothing more than a constant rescaling between the tilded
“Jordan” frame and the untilded “Einstein” frame. The Planck mass is fixed in the latter, while matter

12The Fab Four probably falls into this category.
13Since we are assuming classical gravity, we will not consider graviton loop contributions to the vacuum energy.
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constant conformal mapping between Jordan and Einstein metrics

Equations of motion with respect to 

scales go like m = �m̃, with m̃ the bare mass scale appearing in the matter Lagrangian. Note that
there is some conceptual overlap between the sequester and an old model of Tseytlin [59] (see also,
[60]), although it is only the sequester that achieves vacuum energy cancellation beyond tree-level.

Variation of the action (7.3) with respect to the global variables ⇤ and �, and the local variable,
gµ⌫(x) yields the following equations of motion
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where T̃µ⌫ = 2p�g̃

R
d4x

p�g̃Lm(g̃µ⌫ , ). The last equation is just the equation of motion of General
Relativity, identifying ⇤ with the cosmological counterterm and the physical energy-momentum tensor
as Tµ

⌫ = �4T̃µ
⌫ . However, now we have two extra ingredients – the two global equations (7.5) and (7.6).

As we will see, these will fix the cosmological counterterm, but first note an importance consequence
of equation (7.5). Since � is assumed to be di↵erentiable, if the spacetime volume is infinite, � is
forced to vanish. However, since all the physical masses in the matter sector scale with � relative to
the Planck scale, vanishing � would force them too to vanish. We do not live in a Universe in which all
particle masses in the Standard Model are zero, so we see that the spacetime volume must be finite.
In other words, spatial sections must be finite, and the Universe must ultimately end in a crunch.

Cancellation of vacuum energy

Let us now evaluate the cosmological counterterm. Combining equations (7.5) and (7.6) yields
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4
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↵ i (7.8)
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equation (7.7) yields
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The energy momentum tensor can be written as Tµ
⌫ = �Vvac�µ⌫ + ⌧µ⌫ , where ⌧µ⌫ are local excitations

about the vacuum, and Vvac is the vacuum energy coming from Standard Model loops. We can
calculate the latter to any desired loop order, but it makes no di↵erence to equation (7.9). The
Standard Model vacuum energy will always drop out of the gravitational dynamics, leaving us with
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This is it - there are no hidden equations like in unimodular gravity. The classical dynamics of the
gravitational field is completely determined by local matter excitations, and is independent of the
vacuum energy, no matter how it is calculated. There is a sense in which we have decoupled the zero
modes for matter from the zero mode for gravity, reminiscent of the decapitation scenario of Adams
et al [63].

The importance of a universal coupling between matter and the global degrees of freedom

The cancellation works to each and every order in loops, thanks to di↵eomorphism invariance and
the fact that protected matter couples universally to � via the metric g̃µ⌫ = �2gµ⌫ . This ensures
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equation (7.7) yields
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The energy momentum tensor can be written as Tµ
⌫ = �Vvac�µ⌫ + ⌧µ⌫ , where ⌧µ⌫ are local excitations

about the vacuum, and Vvac is the vacuum energy coming from Standard Model loops. We can
calculate the latter to any desired loop order, but it makes no di↵erence to equation (7.9). The
Standard Model vacuum energy will always drop out of the gravitational dynamics, leaving us with
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This is it - there are no hidden equations like in unimodular gravity. The classical dynamics of the
gravitational field is completely determined by local matter excitations, and is independent of the
vacuum energy, no matter how it is calculated. There is a sense in which we have decoupled the zero
modes for matter from the zero mode for gravity, reminiscent of the decapitation scenario of Adams
et al [63].

The importance of a universal coupling between matter and the global degrees of freedom

The cancellation works to each and every order in loops, thanks to di↵eomorphism invariance and
the fact that protected matter couples universally to � via the metric g̃µ⌫ = �2gµ⌫ . This ensures
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⌧µ⌫ are the local excitations above the vacuum.

The vacuum entirely drops out from the Einstein equations, to all loop orders. 
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but it is smaller than the current dark energy density: 
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but this only depends on the historic average of locally excited matter. There is no dependence
on vacuum energy! In other words, the residual cosmological constant is completely insensitive to
radiative corrections that plague zero point energies in the Standard Model. Indeed, we should think
of ⇤
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as being given by a (radiatively stable) future boundary condition. This boundary condition
then fixes the spacetime average of (the trace of) the local excitations, h⌧↵↵ i. This is a global quantity
characterising a particular solution. Fixing its value does not a↵ect local dynamics, and does not lead
to any local violation of causality. There is no obvious pathology. On the contrary, requiring a global
constraint sits well with the discussion of the previous section, and the idea that measurement of the
cosmological constant can only be achieved by scanning all of space and time.

What value should we assign to ⇤
e↵

? Well, following the philosophy outlined in section 2, now
that we are lucky enough to have a radiatively stable cosmological constant, its value should be
fixed empirically by observation. This means that it should not exceed the critical density today
⇢c ⇠ (meV)4. However, we still need to check if this empirical choice yields a boundary condition on
h⌧↵↵ i that is compatible with a large and old Universe like ours that has yet to undergo collapse.

Assuming homogeneity and isotropy, it turns out that for ordinary matter satisfying standard
energy conditions (�1 < p/⇢  1), the historic average h⌧↵↵ i is dominated by its contributions near
the turning point just before collapse. In particular, we find15 [10]
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is tiny, too small in fact to be responsible for dark energy because it is less than the current critical
density. Our future boundary condition has allowed the Universe to get old and big.

An approximate symmetry

The sequestering of vacuum energy is achieved thanks to two approximate symmetries, as one might
have expected. The first is an approximate scaling symmetry (becoming exact as Mpl ! 1),
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14In Tseytlin’s model, the tree-level vacuum energy scales as 1/V , where V is the spacetime volume, while the loops

go like 1/V 2 [9, 10].
15For p/⇢ = 1 running into either singularity, we need to regulate a logarithmic divergence but cutting o↵ the geometry

at large curvature.
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Spacetime volume is finite, Universe is closed  k>0.

Transient dark energy before collapse:

it must ultimately collapse. Being as conservative as possible, let us suppose that the same field is
responsible for both. We will also require that the potentials governing the dynamics of this field are
technically natural and do not su↵er from any radiative instabilities.

There is a dark energy theory that satisfies all of the above: the linear potential. This is one of the
first ever models of quintessence[61] in which a canonical scalar field, �, minimally coupled to gravity
moves under the influence of a potential

V = m3� (7.24)

We shall embed this in the sequestering scenario by including the scalar in the protected matter sector.
The potential (7.24) is radiatively stable, its form protected by a shift symmetry17

� ! �+ c, ⇤ ! ⇤+m3c�4

The size of m3 is also technically natural, as radiative corrections to it always involve graviton loops,
and are therefore Planck suppressed.

Once the scalar begins to dominate, it does so in slow roll, provided the initial value of � during
this epoc, �

in

& Mpl. Slow roll yields a period of cosmic acceleration until cosmological collapse occurs
at a time [11]

t
collapse

⇠
r

Mpl

m3

(7.25)

Collapse is guaranteed as the scalar rolls to su�ciently negative values, the potential providing the re-
quired negative energy. Furthermore, the time of collapse is radiatively stable, through its dependence
on the radiatively stable parameter m3. We can therefore choose it in accordance with observation,
confident in the knowledge that such a choice is invulnerable to loop corrections. In order to postpone
collapse until at least the current epic we require m3 . MplH2

0

.
Is slow roll guaranteed? When the linear potential is embedded in GR, the answer is “no”. One

has to fine tune the initial value �
in

such that it is super-Planckian. And this really is a fine tuning in
the sense that �

in

is not a radiatively stable quantity in GR. This is because the radiative instability
of ⇤ is transferred to �

in

once the the pseudo-symmetry is used to fix the former. The situation for
sequestering is much better, and slow roll is guaranteed without any fine tuning. This is because the
dynamical sequestering constraint hRi = 0 happens to select precisely those GR solutions that have
�
in

& Mpl. This is remarkable. Sequestering guarantees acceleration just before collapse in complete
constrast to GR!

Returning to the question of dark energy and why now, our answer should be because the end is

nigh. And why is it nigh? Because the radiatively stable parameter m3 ⇠ MplH2

0

. Existing and future
surveys (eg. DES, Euclid) should help to constrain this model, and some initial work is already under
way [62]

Sequester, where art thou?

At this stage we view the sequester as an e↵ective theory, valid in the semi-classical limit in which
quantum gravity e↵ects are ignored, but matter loops are important. This is precisely the regime in
which the cosmological constant problem is most sharply formulated, and we have seen how it may
be alleviated. Having said that, it is natural to ask how the sequester might arise in fundamental
theory. To this end it is illuminating to change frames to “Jordan frame”, by redefining our variables

17When embedded in GR rather than sequestering, this is reduced to a pseudo-symmetry.
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