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Théorie de la matiere topologlque
au LPS

- Isolants topologiques
- Graphene et semi-conducteurs bi-dimensionnels

- Semi-métaux de Dirac et de Weyl tri-dimensionnels
- Supraconductivité topologique

- Effets Hall quantiques
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Topological iInsulators (1980 - 2007)
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Information beyond the spectrum
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Mathematical formulation (— Berry)
Geometric (Berry) phase (~ magnetic flux):

Yo = / dk - Ay (k) Pa(t) = e_iEt/he_mC%,k(t)
C

— 4 : band index

Vk(1)
Berry connection (~ vector potential): ky
Ak(k) — ’W;,kvk%\,k
Berry curvature (~ magnetic field):
B)\,k — Vk X A)\(k)

Chern number (topological invariant):
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Berry curvature — some properties
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Berry curvature for insulating
graphene
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Berry curvature concentrated around Dirac points



Berry curvature for insulating
graphene

_~T——__ to obtain a topological insulator
ange-sign of local Berry curvature !
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Cy =0 Since curvature is antisymmetric

Berry curvature concentrated around Dirac points
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Berry phase of a single Dirac point

—i&¢
Continuum Hamiltonian: Hp = ( oA hvge )

huge's? —0A

§{ =x: valley index (K and K') .

Berry connection: Az xe(q) = —Xosin® §qu¢
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Berry curvature: 3, ¢(q) = —

- Berry phase:
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“Half Chern number”

« Calculation in continuum limit
— non-compact space (2D plane)

— Dirac points arise necessarily in pairs !
[Nielssen and Ninomiya (1983)]

 Each (massive) Dirac point contributes +1/2 to
the total Chern number

— In order to obtain a non-zero Chern number
(per band), one needs an inverted gap

o —0(§) =0¢



Berry curvature of a massive Dirac
fermion — correlations
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Berry curvature of a massive Dirac
fermion — correlations

Ao& IRIRIAN q—0 Ao€
Boxe(@) = — 2 (A2 1 120223/ — —— te

hv h
mpv

. effective Compton length

. - “minimal” length scale
— Berry curvature corrections

In exciton spectra of 2D TMDC —~ important for correlations
Zhou et al., PRL (2015) %
Srivastava & Imamoglu, PRL (2015) gC —-& ap
Trushin, MOG, Belzig, PRL (2018) 5 A
Hishri, Jaziri, MOG, arXiv (2018) ot — e - | h2€
— Stability of matter, hev — ap = 5
: mpe
breakdown effects for effective
effective

« fine-structure constant
o > 1 Bohr radius



Haldane model (broken time-
reversal symmetry, 1988)

insulator without gap inversion

Croo =+1/2  cp=—-1/2

insulator

wave vector

Crr = —1/2 v
= /2 = /3,

Broken TR symmetry :  FE(k) # F(—k)

modify Dirac points independently from one another

vacuum




Haldane model (broken time-
reversal symmetry, 1988)

E-EL

insulator without gap inversion

CK/ — —|—1/2

Crx ="

wave vector

semimetal
vacuum

closing
gap
Crr = _1/2 Cr =7

Broken TR symmetry :  FE(k) # F(—k)

modify Dirac points independently from one another



Haldane model (broken time-
reversal symmetry, 1988)

E-EL

insulator with gap inversion

Crr =+1/2  Cr=+41/2

vacuum

~Jwave vector

topo insulator

inverted
gap

CK’:_1/2 CK:—1/2

Broken TR symmetry :  FE(k) # F(—k)
Change in total Chern number: AC = ACx = *£1




Kane-Mele model (2005)

-~ TR symmetry respected
profit from spin ! E.(—k) = E, (k)

"two" insulators with gap inversion

insulator
vacuum

~Jwave vectgr
Cl. =—1/2
Cr, =1/2

inverted
gap




Kane-Mele model (2005)

-~ TR symmetry respected
profit from spin ! E.(—k) = E, (k)

"two" insulators with gap inversion

E

(C
0 . 2 ||| S

inverted ~Jwave vector =

gap T _
Cr =1/2
Model for quantum spin Hall effect '

C=C'+C"*'=0 but Cypu=C-C'=-2
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energy

How can we use this to describe an

Interface ?

normal
insulator

Dirac
semimetal

topological
insulator

\ wave vector
) . K;\

in parameter space



How can we use this to describe an

Interface ?
@ U
insulator insulator

Dirac
semimetal

energy

wave vector
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A>0
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Simplified 2D model of a smooth
mterface (topological heterojunction)

topological Dirac normal

insulator semimetal insulator

energy

SPACE ?

|
Interface

7 ( A7 | hv(qy —xiqy) )
hv(qs +1qy) —A7

Sign change in an interface of size !



Simplified 2D model of a smooth
Interface (topological heterojunction)

Change of “guantization axis” (unitary trafo)

v v(qr + 155
77 Qy':t (q gs)
v(Gr — 175) —Vqy

S

With characteristic (~"magnetic”) length: /(¢ = \/ thv /A = \/B_f
(intrinsic length: £ = hv/A )

solution via ladder operators of harmonic oscillator:

0= L +in/By) = ae—ie/fy) 0l =1

Tchoumakov et al., PRB (2017)



Simplified 2D model of a smooth
Interface (topological heterojunction)

— Hamiltonian of massive Dirac fermions in a
magnetic field

7 huq, \/57”2%&
\/ih%&ff —hvg,

surface states ~ Landau levels

En:() — U{y
Exnzo = Av\/qé +2n/l%




Surface (edge) states

chirality : sign of

/
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0Ly

n=0
topological surface q,
state massive surface
states
—1
-2

8Qy /



Surface (edge) states
S

n=0

L
-

topological surface q
state i massive surface

states

depends on surface model




Surface (edge) states
How to change sign of chirality:

\ E
— changing the valley (for \/
helical edge states with spin) I
etats de surface
n=0 massifs

§— —¢

_ état de surface q
- changing the edge topologique

(~ flipping orientation of
“magnetic field”)
R, /////




Surface states in 3D materials
»e.q. PbTe/SnTe and HgTe/CdTe interfaces : gap switches sign

Complication in 3D: 4x4 Hamiltonian ,9 ﬁfUF
(% =te =1—=
A
H=vp(k1® 1y + (ky 0 — ky0,) ® 7,) + A2) | ® 7,
here:  A(z) = Atanh(z/¢)
. . t/$
+ numerical k.p calculations (~ ENS Lyon)
>
abrupt intermediate very smooth
oate(ky) [eV] o,y‘@(k‘”) [eV] 0afe(ky) [eV]
0.10 0.05 O.IOS kH [A—?] K-O.I10I = IOI05 IIIIIII OIOSI kH[All]

S. Tchoumakov et al., PRB 96, 201302 (2017)
Volkov and Pankratov, JETP Lett. 42, 4 (1985)




Conclusions

» Surface states of topological materials with
smooth interfaces ~ Landau bands of Dirac
fermions

» Topologically protected surface state ~ chiral
n=0 Landau band

» Additional massive Landau bands (n # 0)
* Intriguing relativistic effects
* Experimental evidence in HgTe samples
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energy

Weyl semimetals — “3D graphene”

g A= PR ho(k, — iky)
fo(ky +ik,) —A 2k

2m0

Dirac monopoles
(in wave function)




Weyl semimetals — “3D graphene”

energy

2D Berry curvature: ‘
A ﬁQUQAkz
Bk (B)) = =5 a2 2,537
2 (A} +h*v kH)
“half Chern number™:

1
Cr(kz) = —5)\ sgn(Ay, )




Weyl semimetals — “3D graphene”

hk? :
[ A—Ge ho(ks — Zkg)
hv(ky +iky) —AH R

energy

2m0

‘ edge states

€0,k (ky)
2D Berry curvature: ‘
A ﬁQUQAkz
Bk (Ky) = =5 7555 5,537
2 (AR, + n2o2ki)?/
“half Chern number”:

1
Cr(kz) = —5)\ sgn(Ay, )




Fermi arc as a collection of 1D edge

channels
\ A
(2D “bulk” gap)
n=0
topological surf :
S?S%oglca o i massive surface k?ﬂ Fermi arc
Y




Fermi arc as a collection of 1D edge
channels

Ag.
(2D “bulk” gap)

topological surface 4y,
state massive surface

states

: v)

i _},

\ ky &)‘}r

Pl ___——-——
. .
l"l - .

Tchoumakov, Civelli & MOG, PRB (2017)



Fermi arc in a smooth interface — TI

Effective interface model for Weyl node merging:

A%A(aj):A—A’%

g (M@= ek - k)
ho(ky +iky)  —A(z) + 52
‘k_.;mdes

- A J— v
H; v AR
g 5 Ak = V2mA z i

| '
A/ i h-z (U)

Insulator




Fermi arc in a smooth interface — TI

Effective interface model for Weyl node merging:

X change of “guantization axis” (unitary trafo)
A—=Alr)=A—-A"- 0, — —0y, oy — 0,

¢/
7 huk,, ﬂh%a
\/ih%af hvk,,

ladder operators:

ls T — X : gs{ .x—iUo}
= 2 |k, and a' = — |k, —1
) ﬂ{ z } V2

with [a,a] =1

Tchoumakov, Civelli & MOG, PRB (2017)
Grushin et al., PRX (2016)



Fermi arc in a smooth interface — TI

Effective interface model for Weyl node merging:

X change of “guantization axis” (unitary trafo)
A—=Alr)=A—-A"- 0, — —0y, oy — 0,

¢/
7 huk,, ﬁh%a
\/iii%cfr hvk,,

“Landau levels”:

En—o(ky) = huk, = Fermi arc
E)\’n#o(ky) — )\fw\/kg + Qn/ég < massive VP states
ky A Fermi arc
0 2

Tchoumakov, Civelli & MOG, PRB (2017)



Dispersing Fermi arcs
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%, /Ak

dispersion of Fermi arcs in k,

-1.0fF

— magnetic field in interface
(conspires with confinement)

Tchoumakov, Civelli & MOG, PRB (2017)



Surface states of tilted Weyl nodes

k. . electric
o § R S E R C R R ‘
A H ;it k_% - A %(t ko +t k )“.
Ak - ‘.\Z(x) o (x) |+ A \xltx +t,(0)ky !

_A A’; M(k,) ‘7;:...:\‘." .................. 1.(%.::,1.‘...'.'.‘. .........
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= RN L e
magnetic

S. Tchoumakov, M. Civelli and M.O. Goerbig, Phys. Rev. B 95, 125306 (2017)



Special relativity in surface states

Aot 1 H=V(@) 1+ vk, 1Q 1, + (ky 0y — ky0,)) @ T,) +A(2) 1 Q 1,
2 _ Ae(ky) [eV]
@ i | Lorentz boost : g = —£2=&1 ¢
i 4,4, 01l
- - / -OI1O -OIOS O.IOS A—l;
é; Mt Electric field: £ — E" =0 nt
sl > :  Magneticfield: B — By/1 — 32 |Z=bukai |
A E.‘ﬂlil:k| = U)
L2+
)
A
1L
—eV, | Lhe -
3 Jo 2 |
bulk A; =1

S. Tchoumakov, V. Jouffrey et al., PRB 96, 201302 (2017)



£ne(ky = 0)
Experimental evidence. -
“: ‘bull’(
» Electrical resistance and capacitance of HgTe
100 T T 12 4 T T m
Qualitative agreement N
ok, ., ) \\.\
- | )
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—}_QC %40- ® e | '
d v -Q Insulator (oxider) ’ i /)l
S C 0 / :
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s Y s g w5 0 05 1 15 2
@ Nre-Na 110 cm?] E™ 1108 V/ml
] 6 e - S S, 10— ,
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= - 5 1
0F l;\ b
~ 40 _ 7
V. = Q Q 530' g E E or iy
m — T\Ys T VA v éE, 8_ 5 -
//////////////////////E/]/é/éfF(/)/dé//(AU) Jnk % j
0k 410
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Nrgs Ny [10 em? E™ [10% V/m]

A. Inhofer et al., PRB 96, 195104 (2017)
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