
is coupled to the metric via a conformal factor A(�). In the following, we consider a
linear form A(�) = A0 + ↵

p
4⇡G�, where A0 is a rescaling of the mass of dark matter,

while the dimension-less ↵ characterises the coupling between dark matter and �. We
assume ↵

p
4⇡G� ⌧ 1 in the following. Note, however, that ↵ itself is not necessarily a small

quantity. We model dark matter as a set of spin-less point particles, with individual action

S1 = �m

Z
|A(�)| d⌧, (2.5)

if ⌧ denotes proper time with respect to the physical metric gµ⌫ , and m is the bare mass of
the dark matter particle.

For this model, the equations of motions for gµ⌫ , �, and dark matter are

Rµ⌫ �
1

2
Rgµ⌫ = 8⇡G

⇣
T SM

µ⌫ + T �
µ⌫ + |A(�)|TDM

µ⌫

⌘
(2.6)

rµrµ� � U,� = A,� TDM (2.7)

rµ(⇢DMvµ) = 0 (2.8)

v⌫r⌫ [A(�)vµ] = �@µA. (2.9)

Let us first comment on the notation. We chose to call Tµ⌫
DM

= ⇢DMvµv⌫ the stress-energy
tensor of (cold) dark matter in the absence of conformal coupling, and TDM ⌘ gµ⌫T

µ⌫
DM

;
⇢DM must be thought of as related to the number of dark matter particles, while v is the
four-velocity of the dark matter flow. Note that ⇢DM is conserved, by virtue of eq. (2.8).

The presence of the conformal coupling constant ↵ between dark matter and � has three
physical e↵ects:

1. It changes the dark matter active gravitational mass by a factor |A(�)|, as this factor
multiplies the bare stress-energy tensor TDM

µ⌫ in eq. (2.6).

2. It also changes its passive gravitational mass and inertial mass by a factor A(�) —which
we will assume to keep positive— as seen in the left-hand side of eq. (2.9).

3. It adds a fifth force proportional to the gradient @µ� of the scalar field3. This gradient, in
turn, is sourced by dark matter via TDM in eq. (2.7). Note that, contrary to gravitation,
the fifth force is weaker if it is generated by a hotter dark matter fluid.

To get a better insight of the physics at work here, it is instructive to consider a
system made of two spherical dark matter haloes with bare mass M and radius R, such that
GM/R ⌧ 1 (non-compact objects). If those haloes are not moving too quickly, the space-time
metric takes a Newtonian form ds2 = �(1 + 2�)dt2 + (1 � 2�)dx2, with, at lowest order

�(t,x) = �GMA0


1

|x� x1(t)|
+

1

|x� x2(t)|

�
= A0�N (2.10)

3 Expanding the left-hand side of eq. (2.9), one can rewrite it as

v⌫r⌫v
µ = �@µ

? lnA,

where @µ
? = (�µ⌫ + vµv⌫)@

⌫ is the spatial gradient of � in the dark matter frame. This alternative expression
has the advantage to show that the e↵ect of the fifth force is frame dependent. Suppose that there exists a
frame in which � is homogeneous (but not static). If a dark matter particle is at rest with respect to this
homogeneity frame, then it experiences no fifth force, since @µ

?� = 0. However, if the particle has a small
velocity vi with respect to that frame, then the spatial gradient becomes @i

?� ⇡ ��̇v, that is a friction force.
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