
the perturbations of the scalar field are proportional to the gravitational potential, �� /  ,
just like in our simple example 2.2.1. More precisely,

� ⌘ 3H�c��

 
=

���⇠(�⇠ + ��)

�⇠ + �2

⇠ (�⇠ + ��)
, (2.14)

where �� , �⇠ are functions of time that depend on combinations of the EFT parameters; see
sec. 4 of ref. [19] for further details. If we call ⇥ ⌘ 3�c�̄0, then Euler’s equation takes the
phenomenological form

V 0 + H(1 +⇥)V = �(1 + �) , (2.15)

where ⇥(⌘) and �(⌘) fully encode the deviations from geodesic motion.

2.3 Vector-tensor theories

As a further step towards generality, this section deals with a class of vector-tensor theories,
namely Einstein-æther theories, with direct coupling between dark matter and æther. We are
going to show that, under some reasonable assumptions, the modified Euler equation takes
the same form as in eq. (2.15).

2.3.1 Fundamentals

The most natural way to break Lorentz invariance in gravitation, while keeping general
covariance, consists in exhuming the idea of an æther, defining a preferred frame. This idea is
implemented by equipping gravity with an extra vector degree of freedom uµ, which must be
thought of as the four-velocity of æther. Following refs. [25, 26], we consider the action

S[gµ⌫ , u
µ] =

1

16⇡G

Z
d4x

p
�g

⇥
R + Kµ⌫

⇢�rµu⇢r⌫u
� + �(uµuµ + 1)

⇤
(2.16)

which contains the usual Einstein-Hilbert term, but also the kinetic term for uµ, with

Kµ⌫⇢� ⌘ c1gµ⌫g⇢� + c2gµ⇢g⌫� + c3gµ�g⌫⇢ � c4uµu⌫g⇢� , (2.17)

the coe�cients c1...4 being free parameters of the theory5. These parameters are already
severely constrained by experiments. On the one hand, tests in the Solar system impose
|↵1| < 10�4 and |↵2| < 2⇥10�9, where those PPN parameters are given by the combinations [6]

↵1 ⌘ � 8(c2
3
+ c1c4)

2c1 � c2
1
+ c2

3

(2.18)

↵2 ⌘ 2↵1 �
[2(c1 + c3) � (c1 + c4)][(c1 + c4) + (c1 + 3c2 + c3)]

(c1 + c2 + c3)(2 � c1 � c4)
. (2.19)

On the other hand, the recent constraints on the relative velocity of light and gravitational
waves set by GW170817 [30] and GRB170817A [30–32] impose |↵T| < 10�15 [33], where

↵T ⌘ � c1 + c3
1 + c1 + c3

. (2.20)

5We use the same convention as refs. [6, 27]. Note the di↵erence with refs. [25, 28], where mostly-minus
signature was used, and c4 ! �c4. The authors of ref. [29] chose to parametrise the Einstein-æther theory
by �1,�2,�3, with ca = �16⇡G�a, and c4 = 0.
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