
Bardeen potentials. If matter is assumed to be freely falling within that space-time, then its
flow is characterised by Euler’s equation,

V 0 + HV + r = 0, (2.2)

where V is the peculiar matter velocity field, which encodes deviations from the homogeneous
expansion flow, H ⌘ a0/a is the conformal Hubble rate, and a prime denotes a derivative
with respect to conformal time ⌘. Equation (2.2) directly follows from the geodesic equation,
assuming that |V |, ⌧ 1. There are, of course, standard corrections to eq. (2.2), due to
the fact that fluid elements are not exactly in free fall. The most common deviation comes
from the velocity dispersion of the fluid, which gives rise to a pressure term; other forms of
stress can yield di↵erent corrections, like shear viscosity, turning the Euler equation into the
Navier-Stokes equation. These e↵ects have been considered in a cosmological context, e.g. in
ref. [9], and typically manifest on scales below 1 Mpc. In this article, we will consider much
larger scales and neglect such departures from free fall.

It also is worth mentioning that, even in GR, free fall does not necessarily implies geodesic
motion, on which eq. (2.2) is based. Indeed, this implication is valid for test particles, but
not exactly for extended self-gravitating bodies, despite the validity of the strong equivalence
principle. A first example is the case of spinning objects, whose motion is described by the
Mathisson-Papapetrou-Dixon equations [10–12]. In weak fields, the deviation from geodesic
motion is encoded in a force arising from the coupling between the angular momentum J of
the object and the gravito-magnetic field Bg as [13]

FMPD = �r(J ·Bg). (2.3)

In cosmology, one has at most Bg ⇠ 10�2r [14], so that the ratio between FMPD and
the ‘Newtonian’ force mr is on the order of 10�2kR2⌦ ⇠ 10�7(k ⇥ 1 Mpc), where k is
the perturbation mode at hand, while R,⌦ are the size and angular velocity of the galaxy.
Another known e↵ect, which can make extended objects deviate from geodesic motion, is the
so-called self-force, related to the gravitational radiation emitted by the objects [15].

The ‘post-geodesic motion’ phenomenology gets infinitely richer as one allows for theories
of gravity beyond GR. Adding new degrees of freedom to gravitation, or new interactions to
the dark-universe sector, generically yields violations of the equivalence principles, a↵ecting
de facto the way things fall. Such violations can be classified into three categories:

1. Violation of the weak equivalence principle. The universality of free fall is automatically
broken if gravity contains degrees of freedom that couple di↵erently to various matter
species. This manifests in the apparition of a fifth force, which cannot be absorbed by a
simple redefinition of metric (Einstein to Jordan frame). The archetype of this situation
is a scalar-tensor theory where the scalar degree of freedom � couples di↵erently to dark
matter and to the standard model. We will focus on this in sec. 2.2.

2. Violation of local Lorentz invariance. It is expected, in particular, that the existence of
preferred frames or directions implies that objects with di↵erent velocities fall di↵erently.
An example often cited in this context is the Einstein-æther theory (see sec. 2.3), which
contains an additional vector degree of freedom uµ compared to GR. This field can be
thought of as the four-velocity of an æther, defining a preferred frame.

3. Violation of the strong equivalence principle. The strong equivalence principle is very
specific to GR. Apart from Nordstrøm’s theory [16], none of the alternative seems to
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