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Fig. 2. Planck 2018 T E (top) and EE (bottom) power spectra. At multipoles ` � 30 we show the coadded frequency spectra
computed from the Plik cross-half-mission likelihood with foreground and other nuisance parameters fixed to a best fit assuming
the base-⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectra estimates from the SimAll likelihood
(though only the EE spectrum is used in the baseline parameter analysis at `  29). The best-fit base-⇤CDM theoretical spectrum fit
to the Planck TT,TE,EE+lowE+lensing likelihood is plotted in light blue in the upper panels. Residuals with respect to this model
are shown in the lower panels. The error bars show Gaussian ±1� diagonal uncertainties including cosmic variance. Note that the
vertical scale changes at ` = 30, where the horizontal axis switches from logarithmic to linear.
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Fig. 2. Planck 2018 T E (top) and EE (bottom) power spectra. At multipoles ` � 30 we show the coadded frequency spectra
computed from the Plik cross-half-mission likelihood with foreground and other nuisance parameters fixed to a best fit assuming
the base-⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectra estimates from the SimAll likelihood
(though only the EE spectrum is used in the baseline parameter analysis at `  29). The best-fit base-⇤CDM theoretical spectrum fit
to the Planck TT,TE,EE+lowE+lensing likelihood is plotted in light blue in the upper panels. Residuals with respect to this model
are shown in the lower panels. The error bars show Gaussian ±1� diagonal uncertainties including cosmic variance. Note that the
vertical scale changes at ` = 30, where the horizontal axis switches from logarithmic to linear.
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Fig. 3. CMB lensing-potential power spectrum, as measured by
Planck (see PL2018 for a detailed description of this measure-
ment). Orange points show the full range of scales reconstructed
with a logarithmic binning, while grey bands show the error and
multipole range of the conservative band powers used for the
likelihood, with black points showing the average multipole of
the band weight. The solid line shows the best ⇤CDM fit to the
conservative points alone, and the dot-dashed line shows the pre-
diction from the best fit to the Planck CMB power spectra alone.
The dashed line shows the prediction from the best fit to the
CMB power spectra when the lensing amplitude AL is also var-
ied (AL = 1.19 for the best-fit model; see Sect. 6.2 for a detailed
discussion of AL).

sibly also systematic di↵erences between individual frequencies
that we were unable to resolve. Multipoles at L < 8 are very
sensitive to the large mean-field correction on these scales, and
hence are sensitive to the fidelity of the simulations used to esti-
mate the mean field. As described above, our baseline cosmolog-
ical results therefore conservatively use only the multipole range
8  L  400.

The Planck measurements of C
��
L

are plotted in Fig. 3, where
they are compared to the predicted spectrum from the best-fitting
base-⇤CDM model of Sect. 3, and Fig. 4 shows the correspond-
ing broad redshift ranges that contribute to the lensing band pow-
ers in the ⇤CDM model. Fig. 3 shows that the lensing data are in
excellent agreement with the predictions inferred from the CMB
power spectra in the base-⇤CDM model (�2

e↵ = 8.9 for 9 binned
conservative band-power measurements, �2

e↵ = 14.0 for 14 bins
over the full multipole range; we discuss agreement in exten-
sions to the ⇤CDM model in more detail below). The lensing
data prefer lensing power spectra that are slightly tilted towards
less power on small scales compared to the best fit to the CMB
power spectra. This small tilt pulls joint constraints a small frac-
tion of an error bar towards parameters that give a lower lensing
amplitude on small scales. Parameter results from the full mul-
tipole range would be a little tighter and largely consistent with
the conservative band powers, although preferring slightly lower
fluctuation amplitudes (see PL2018).

As described in detail in PL2018, the lensing likelihood (in
combination with some weak priors) can alone provide ⇤CDM

Fig. 4. Contributions to the conservative CMB lensing band
powers (see text and Fig. 3) as a function of redshift in
the base-⇤CDM model (evaluated here, and only here, using
the Limber approximation (LoVerde & Afshordi 2008) on all
scales). Multipole ranges of the corresponding band powers are
shown in the legend.

parameter constraints that are competitive with current galaxy
lensing and clustering, measuring

�8⌦
0.25
m = 0.589 ± 0.020 (68 %, Planck lensing). (5)

Combined with BAO (see Sect. 5.1 below) and a baryon density
prior to break the main degeneracy between H0,⌦m, and �8 (de-
scribed in PL2015), individual parameters H0, ⌦m, and �8 can
also separately be constrained to a precision of a few percent. We
use ⌦bh

2 = 0.0222 ± 0.0005 (motivated by the primordial deu-
terium abundance measurements of Cooke et al. 2018, see also
Sect. 7.6), which gives

H0 = 67.9+1.2
�1.3 km s�1Mpc�1,

�8 = 0.811 ± 0.019,

⌦m = 0.303+0.016
�0.018,

9>>>>=
>>>>;

68 %, lensing+BAO. (6)

The constraints of Eq. (5) and (6) in are in very good agreement
with the estimates derived from the Planck power spectra and are
independent of how the Planck power spectra depend on the cos-
mological model at high multipoles. This is a strong test of the
internal consistency of the Planck data. The Planck lensing con-
straints in Eqs. (5) and (6), and the consistency of these results
with the Planck power spectrum likelihoods, should be borne in
mind when comparing Planck results with other astrophysical
data (e.g., direct measurements of H0 and galaxy shear surveys,
see Sect. 5).

In this paper we focus on joint constraints with the main
Planck power spectrum results, where the lensing power spec-
trum tightens measurements of the fluctuation amplitude and im-
proves constraints on extended models, especially when allow-
ing for spatial curvature.

A peculiar feature of the Planck TT likelihood, reported in
PCP13 and PCP15, is the favouring of high values for the lens-
ing consistency parameter AL (at about 2.5�). This result is dis-
cussed in detail in Sect. 6.2. It is clear from Fig. 3, however, that
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Fig. 1. Planck 2018 temperature power spectrum. At multipoles ` � 30 we show the frequency-coadded temperature spectrum
computed from the Plik cross-half-mission likelihood, with foreground and other nuisance parameters fixed to a best fit assuming
the base-⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum estimates from the Commander
component-separation algorithm, computed over 86 % of the sky. The base-⇤CDM theoretical spectrum best fit to the Planck

TT,TE,EE+lowE+lensing likelihoods is plotted in light blue in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� diagonal uncertainties, including cosmic variance (approximated as Gaussian) and not
including uncertainties in the foreground model at ` � 30. Note that the vertical scale changes at ` = 30, where the horizontal axis
switches from logarithmic to linear.

the best-fit temperature data alone, assuming the base-⇤CDM
model, adding the beam-leakage model and fixing the Galactic
dust amplitudes to the central values of the priors obtained from
using the 353-GHz maps. This is clearly a model-dependent pro-
cedure, but given that we fit over a restricted range of multipoles,
where the TT spectra are measured to cosmic variance, the re-
sulting polarization calibrations are insensitive to small changes
in the underlying cosmological model.

In principle, the polarization e�ciencies found by fitting the
T E spectra should be consistent with those obtained from EE.
However, the polarization e�ciency at 143 ⇥ 143, c

EE

143, derived
from the EE spectrum is about 2� lower than that derived from
T E (where the � is the uncertainty of the T E estimate, of the
order of 0.02). This di↵erence may be a statistical fluctuation or
it could be a sign of residual systematics that project onto cali-
bration parameters di↵erently in EE and T E. We have investi-
gated ways of correcting for e↵ective polarization e�ciencies:
adopting the estimates from EE (which are about a factor of
2 more precise than T E) for both the T E and EE spectra (we
call this the “map-based” approach); or applying independent

estimates from T E and EE (the “spectrum-based” approach). In
the baseline Plik likelihood we use the map-based approach,
with the polarization e�ciencies fixed to the e�ciencies ob-
tained from the fits on EE:

⇣
c

EE

100

⌘
EE fit

= 1.021;
⇣
c

EE

143

⌘
EE fit

=

0.966; and
⇣
c

EE

217

⌘
EE fit

= 1.040. The CamSpec likelihood, de-
scribed in the next section, uses spectrum-based e↵ective polar-
ization e�ciency corrections, leaving an overall temperature-to-
polarization calibration free to vary within a specified prior.

The use of spectrum-based polarization e�ciency estimates
(which essentially di↵ers by applying to EE the e�ciencies
given above, and to T E the e�ciencies obtained fitting the T E

spectra,
⇣
c

EE

100

⌘
TE fit

= 1.04,
⇣
c

EE

143

⌘
TE fit

= 1.0, and
⇣
c

EE

217

⌘
TE fit

=

1.02), also has a small, but non-negligible impact on cosmo-
logical parameters. For example, for the ⇤CDM model, fitting
the Plik TT,TE,EE+lowE likelihood, using spectrum-based po-
larization e�ciencies, we find small shifts in the base-⇤CDM
parameters compared with ignoring spectrum-based polariza-
tion e�ciency corrections entirely; the largest of these shifts
are +0.5� in !b, +0.1� in !c, and +0.3� in ns (to be com-
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• 6 parameters 

-2 for the primordial matter spectrum 

-1 expansion rate            (in practice sound horizon      ) 

-2 parameters for densities 

- reionization 

• hypothesis (released in the extensions to ΛCDM)

- 3 neutrinos 
- standard neutrinos with low mass

CMB in (relative) tensions
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Fig. 5. Constraints on parameters of the base-⇤CDM model from the separate Planck EE, T E, and TT high-` spectra combined
with low-` polarization (lowE), and, in the case of EE also with BAO (described in Sect. 5.1), compared to the joint result using
Planck TT,TE,EE+lowE. Parameters on the bottom axis are our sampled MCMC parameters with flat priors, and parameters on the
left axis are derived parameters (with H0 in km s�1Mpc�1). Contours contain 68 % and 95 % of the probability.

Table 1. Base-⇤CDM cosmological parameters from Planck TT,TE,EE+lowE+lensing. Results for the parameter best fits,
marginalized means and 68 % errors from our default analysis using the Plik likelihood are given in the first two numerical
columns. The CamSpec likelihood results give some idea of the remaining modelling uncertainty in the high-` polarization, though
parts of the small shifts are due to slightly di↵erent sky areas in polarization. The “Combined” column give the average of the
Plik and CamSpec results, assuming equal weight. The combined errors are from the equal-weighted probabilities, hence including
some uncertainty from the systematic di↵erence between them; however, the di↵erences between the high-` likelihoods are so small
that they have little e↵ect on the 1� errors. The errors do not include modelling uncertainties in the lensing and low-` likelihoods
or other modelling errors (such as temperature foregrounds) common to both high-` likelihoods. A total systematic uncertainty of
around 0.5� may be more realistic, and values should not be overinterpreted beyond this level. The best-fit values give a represen-
tative model that is an excellent fit to the baseline likelihood, though models nearby in the parameter space may have very similar
likelihoods. The first six parameters here are the ones on which we impose flat priors and use as sampling parameters; the remaining
parameters are derived from the first six. Note that ⌦m includes the contribution from one neutrino with a mass of 0.06 eV. The
quantity ✓MC is an approximation to the acoustic scale angle, while ✓⇤ is the full numerical result.

Parameter Plik best fit Plik [1] CamSpec [2] ([2] � [1])/�1 Combined

⌦bh
2 . . . . . . . . . . . . . 0.022383 0.02237 ± 0.00015 0.02229 ± 0.00015 �0.5 0.02233 ± 0.00015

⌦ch
2 . . . . . . . . . . . . . 0.12011 0.1200 ± 0.0012 0.1197 ± 0.0012 �0.3 0.1198 ± 0.0012

100✓MC . . . . . . . . . . . 1.040909 1.04092 ± 0.00031 1.04087 ± 0.00031 �0.2 1.04089 ± 0.00031
⌧ . . . . . . . . . . . . . . . . 0.0543 0.0544 ± 0.0073 0.0536+0.0069

�0.0077 �0.1 0.0540 ± 0.0074
ln(1010

As) . . . . . . . . . 3.0448 3.044 ± 0.014 3.041 ± 0.015 �0.3 3.043 ± 0.014
ns . . . . . . . . . . . . . . . 0.96605 0.9649 ± 0.0042 0.9656 ± 0.0042 +0.2 0.9652 ± 0.0042

⌦mh
2 . . . . . . . . . . . . 0.14314 0.1430 ± 0.0011 0.1426 ± 0.0011 �0.3 0.1428 ± 0.0011

H0 [ km s�1Mpc�1] . . . 67.32 67.36 ± 0.54 67.39 ± 0.54 +0.1 67.37 ± 0.54
⌦m . . . . . . . . . . . . . . 0.3158 0.3153 ± 0.0073 0.3142 ± 0.0074 �0.2 0.3147 ± 0.0074
Age [Gyr] . . . . . . . . . 13.7971 13.797 ± 0.023 13.805 ± 0.023 +0.4 13.801 ± 0.024
�8 . . . . . . . . . . . . . . . 0.8120 0.8111 ± 0.0060 0.8091 ± 0.0060 �0.3 0.8101 ± 0.0061
S 8 ⌘ �8(⌦m/0.3)0.5 . . 0.8331 0.832 ± 0.013 0.828 ± 0.013 �0.3 0.830 ± 0.013
zre . . . . . . . . . . . . . . . 7.68 7.67 ± 0.73 7.61 ± 0.75 �0.1 7.64 ± 0.74
100✓⇤ . . . . . . . . . . . . 1.041085 1.04110 ± 0.00031 1.04106 ± 0.00031 �0.1 1.04108 ± 0.00031
rdrag [Mpc] . . . . . . . . . 147.049 147.09 ± 0.26 147.26 ± 0.28 +0.6 147.18 ± 0.29
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polarization spectra are generally highly 
consistent with TT spectra

[Planck 2018 results. VI]

with spectra



CMB in (relative) tensions

WMAP Planck 2013 Planck 2015 Planck 2018

Ωbh2 0.02264 ± 0.00050 0.02205 ± 0.00028 0.02225 ± 0.00016 0.02236 ± 0.00015

Ωch2 0.1138 ± 0.0045 0.1199 ± 0.0027 0.1198 ± 0.0015 0.1202 ± 0.0014

H0 70.0 ± 2.2 67.3 ± 1.2 67.27 ± 0.66 67.27 ± 0.60

ns 0.972 ± 0.013 0.960 ± 0.007 0.964 ± 0.005 0.965 ± 0.004

109 As 2.189 ± 0.090 2.196 ± 0.060 2.207 ± 0.074 2.101 ± 0.033

τ 0.089 ± 0.014 0.089 ± 0.014 0.079 ± 0.017 0.054 ± 0.007

ΩΛ 0.721 ± 0.025 0.685 ± 0.018 0.684 ± 0.009 0.685 ± 0.007

Ωm 0.279 ± 0.023 0.315 ± 0.018 0.316 ± 0.009 0.315 ± 0.007

ΛCDM results

M. Tristram

• Very stable with time 
• Precision cosmology (below 1% error bar for most of them)

with time



CMB in (relative) tensions

ΛCDM results

M. Tristram

[Planck 2018 results. VI]Planck Collaboration: Cosmological parameters

0.0220 0.0225

�bh2

0.0

0.2

0.4

0.6

0.8

1.0

P
/P

m
ax

0.120 0.126

�ch2

1.0400 1.0416

100�MC

0.04 0.06 0.08

�

3.00 3.03 3.06 3.09

ln(1010As)

0.0

0.2

0.4

0.6

0.8

1.0

P
/P

m
ax

0.960 0.976

ns

64.5 66.0 67.5 69.0

H0

0.81 0.84

�8

2018 Planck TT,TE,EE+2018 lowE

2018, No beam leakage

2018, No correlated noise, no subpixel e�ect

2018, No polar e�ciency correction

2018, None of these corrections

2015 Planck TT,TE,EE+2018 lowE

Fig. 8. Impact of corrections for systematic e↵ects on 2018 marginalized ⇤CDM parameters from Planck TT,TE,EE+lowE. The
plot shows the baseline results (black solid line), and the baseline result excluding corrections for various e↵ects: beam leakage
(dashed orange); polarization e�ciencies (dot-dashed pink); and subpixel e↵ects and correlated noise (dotted cyan). The impact of
not including any of these corrections is shown in solid blue, and agree fairly well with the 2015 results if the 2015 low-` polarization
likelihood is replaced with 2018 lowE likelihood (2015 Planck TT,TE,EE+2018 lowE). This shows that corrections for polarization
systematics account for most of the small changes between the 2015 and 2018 results that are not caused by the change in optical
depth.

Fig. 9. Di↵erences between the 2018 and 2015 coadded power spectra at high ` in TT , T E, and EE from top to bottom (red points).
The 2015 TT spectrum has been recalibrated by a factor of 1.00014. For T E and EE, the orange points show the same di↵erences
but without applying the polar-e�ciency and beam-leakage corrections to the 2018 spectra. This shows that the di↵erences between
the two data releases in polarization are caused mainly by these two e↵ects. Finally, the green line shows the coadded beam-leakage
correction, while the blue line shows the sum of the beam-leakage and polar-e�ciency corrections. The grey band shows the ±1�
errors of the 2018 power spectra (for TT , the grey line also shows error bars scaled down by a factor of 10).
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"A total systematic uncertainty of round 0.5σ may be more realistic, and 
values should not be overinterpreted beyond this level."
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Table 4. Constraints on 1-parameter extensions to the base-⇤CDM model for combinations of Planck power spectra, Planck lensing,
and BAO (equivalent results using the CamSpec likelihood are given in Table A.2). Note that we quote 95 % limits here.

Parameter TT+lowE TT,TE,EE+lowE TT,TE,EE+lowE+lensing TT,TE,EE+lowE+lensing+BAO

⌦K . . . . . . . . . . . . . . �0.056+0.044
�0.050 �0.044+0.033

�0.034 �0.011+0.013
�0.012 0.0007+0.0037

�0.0037
⌃m⌫ [eV] . . . . . . . . . . < 0.537 < 0.257 < 0.241 < 0.120
Ne↵ . . . . . . . . . . . . . . 3.00+0.57

�0.53 2.92+0.36
�0.37 2.89+0.36

�0.38 2.99+0.34
�0.33

YP . . . . . . . . . . . . . . . 0.246+0.039
�0.041 0.240+0.024

�0.025 0.239+0.024
�0.025 0.242+0.023

�0.024
dns/d ln k . . . . . . . . . . �0.004+0.015

�0.015 �0.006+0.013
�0.013 �0.005+0.013

�0.013 �0.004+0.013
�0.013

r0.002 . . . . . . . . . . . . . < 0.102 < 0.107 < 0.101 < 0.106
w0 . . . . . . . . . . . . . . . �1.56+0.60

�0.48 �1.58+0.52
�0.41 �1.57+0.50

�0.40 �1.04+0.10
�0.10

Table 5. Constraints on standard cosmological parameters from Planck TT,TE,EE+lowE+lensing when the base-⇤CDM model is
extended by varying additional parameters. The constraint on ⌧ is also stable but not shown for brevity; however, we include H0 (in
km s�1Mpc�1) as a derived parameter (which is very poorly constrained from Planck alone in the ⇤CDM+w0 extension). Here ↵�1
is a matter isocurvature amplitude parameter, following PCP15. All limits are 68 % in this table. The results assume standard BBN
except when varying YP independently (which requires non-standard BBN). Varying AL is not a physical model (see Sect. 6.2).

Parameter(s) ⌦bh
2 ⌦ch

2 100✓MC H0 ns ln(1010
As)

Base ⇤CDM . . . . . . . 0.02237 ± 0.00015 0.1200 ± 0.0012 1.04092 ± 0.00031 67.36 ± 0.54 0.9649 ± 0.0042 3.044 ± 0.014
r . . . . . . . . . . . . . . . . 0.02237 ± 0.00014 0.1199 ± 0.0012 1.04092 ± 0.00031 67.40 ± 0.54 0.9659 ± 0.0041 3.044 ± 0.014
dns/d ln k . . . . . . . . . . 0.02240 ± 0.00015 0.1200 ± 0.0012 1.04092 ± 0.00031 67.36 ± 0.53 0.9641 ± 0.0044 3.047 ± 0.015
dns/d ln k, r . . . . . . . . 0.02243 ± 0.00015 0.1199 ± 0.0012 1.04093 ± 0.00030 67.44 ± 0.54 0.9647 ± 0.0044 3.049 ± 0.015
d2

ns/d ln k
2, dns/d ln k . 0.02237 ± 0.00016 0.1202 ± 0.0012 1.04090 ± 0.00030 67.28 ± 0.56 0.9625 ± 0.0048 3.049 ± 0.015

Ne↵ . . . . . . . . . . . . . . 0.02224 ± 0.00022 0.1179 ± 0.0028 1.04116 ± 0.00043 66.3 ± 1.4 0.9589 ± 0.0084 3.036 ± 0.017
Ne↵ , dns/d ln k . . . . . . 0.02216 ± 0.00022 0.1157 ± 0.0032 1.04144 ± 0.00048 65.2 ± 1.6 0.950 ± 0.011 3.034 ± 0.017
⌃m⌫ . . . . . . . . . . . . . 0.02236 ± 0.00015 0.1201 ± 0.0013 1.04088 ± 0.00032 67.1+1.2

�0.67 0.9647 ± 0.0043 3.046 ± 0.015
⌃m⌫,Ne↵ . . . . . . . . . . 0.02223 ± 0.00023 0.1180 ± 0.0029 1.04113 ± 0.00044 66.0+1.8

�1.6 0.9587 ± 0.0086 3.038 ± 0.017
m

e↵
⌫, sterile,Ne↵ . . . . . . . . 0.02242+0.00014

�0.00016 0.1200+0.0032
�0.0020 1.04074+0.00033

�0.00029 67.11+0.63
�0.79 0.9652+0.0045

�0.0056 3.050+0.014
�0.016

↵�1 . . . . . . . . . . . . . . 0.02238 ± 0.00015 0.1201 ± 0.0015 1.04087 ± 0.00043 67.30 ± 0.67 0.9645 ± 0.0061 3.045 ± 0.014
w0 . . . . . . . . . . . . . . . 0.02243 ± 0.00015 0.1193 ± 0.0012 1.04099 ± 0.00031 . . . 0.9666 ± 0.0041 3.038 ± 0.014
⌦K . . . . . . . . . . . . . . 0.02249 ± 0.00016 0.1185 ± 0.0015 1.04107 ± 0.00032 63.6+2.1

�2.3 0.9688 ± 0.0047 3.030+0.017
�0.015

YP . . . . . . . . . . . . . . . 0.02230 ± 0.00020 0.1201 ± 0.0012 1.04067 ± 0.00055 67.19 ± 0.63 0.9621 ± 0.0070 3.042 ± 0.016
YP,Ne↵ . . . . . . . . . . . 0.02224 ± 0.00022 0.1171+0.0042

�0.0049 1.0415 ± 0.0012 66.0+1.7
�1.9 0.9589 ± 0.0085 3.036 ± 0.018

AL . . . . . . . . . . . . . . . 0.02251 ± 0.00017 0.1182 ± 0.0015 1.04110 ± 0.00032 68.16 ± 0.70 0.9696 ± 0.0048 3.029+0.018
�0.016

ing even more freedom for the spectrum to vary with scale. For
example, allowing for running of the running we find

d
2
ns/d ln k

2 = 0.009 ± 0.012,
dns/d ln k = 0.0011 ± 0.0099,

ns = 0.9647 ± 0.0043,

9>>>>=
>>>>;

68 %, TT,TE,EE
+lowE+lensing
+BAO.

(41)

Here the slight preference for negative running has almost dis-
appeared, and there is instead a slight preference for lower large-
scale power by having positive running of the running, leaving
a near power-law solution on small scales. There is no evidence
for any significant deviation from a power law on small scales.
This is consistent with the simplest slow-roll inflation models
where the running (and higher derivatives of the spectral index)
are higher order in slow-roll (so that dns/d ln k = O(|ns � 1|2),
d

2
ns/d ln k

2 = O(|ns � 1|3)) and all deviations from a constant
spectral index can be neglected at Planck sensitivity.

An analysis of more general parameterizations of the
primordial power spectrum are presented in section 6 of
Planck Collaboration X (2018), including various specific phys-
ically motivated models, as well as general parametric recon-
structions. Models with many more free parameters can pro-

vide better fits to the data, but none are favoured; in all cases
the small-scale spectrum is found to be consistent with a power
law over the range 0.008 Mpc�1 <⇠ k <⇠ 0.1 Mpc�1, with low-
significance hints of larger-scale features corresponding to the
dip in the low-` temperature power spectrum. The introduction
of the additional degrees of freedom in the initial power spec-
trum had no significant impact on the determination of the main
cosmological parameters for the parameterizations considered.

7.2.2. Tensor modes

Primordial gravitational waves, or tensor modes, source a dis-
tinctive curl-like (“B-mode”) pattern in the CMB polarization
and add additional power to the large-scale temperature power
spectrum (Kamionkowski et al. 1997; Seljak & Zaldarriaga
1997). Planck’s B-mode measurement is noise and systematics
limited and provides a relative weak constraint on the tensor-
to-scalar ratio r0.002 < 0.41 (95 % CL, Planck Collaboration V
2018). As with the 2013 and 2015 releases, the strongest con-
straint on tensor modes from the Planck data alone comes from
the TT spectrum at ` <⇠ 100.
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Table 4. Constraints on 1-parameter extensions to the base-⇤CDM model for combinations of Planck power spectra, Planck lensing,
and BAO (equivalent results using the CamSpec likelihood are given in Table A.2). Note that we quote 95 % limits here.

Parameter TT+lowE TT,TE,EE+lowE TT,TE,EE+lowE+lensing TT,TE,EE+lowE+lensing+BAO

⌦K . . . . . . . . . . . . . . �0.056+0.044
�0.050 �0.044+0.033

�0.034 �0.011+0.013
�0.012 0.0007+0.0037

�0.0037
⌃m⌫ [eV] . . . . . . . . . . < 0.537 < 0.257 < 0.241 < 0.120
Ne↵ . . . . . . . . . . . . . . 3.00+0.57

�0.53 2.92+0.36
�0.37 2.89+0.36

�0.38 2.99+0.34
�0.33

YP . . . . . . . . . . . . . . . 0.246+0.039
�0.041 0.240+0.024

�0.025 0.239+0.024
�0.025 0.242+0.023

�0.024
dns/d ln k . . . . . . . . . . �0.004+0.015

�0.015 �0.006+0.013
�0.013 �0.005+0.013

�0.013 �0.004+0.013
�0.013

r0.002 . . . . . . . . . . . . . < 0.102 < 0.107 < 0.101 < 0.106
w0 . . . . . . . . . . . . . . . �1.56+0.60

�0.48 �1.58+0.52
�0.41 �1.57+0.50

�0.40 �1.04+0.10
�0.10

Table 5. Constraints on standard cosmological parameters from Planck TT,TE,EE+lowE+lensing when the base-⇤CDM model is
extended by varying additional parameters. The constraint on ⌧ is also stable but not shown for brevity; however, we include H0 (in
km s�1Mpc�1) as a derived parameter (which is very poorly constrained from Planck alone in the ⇤CDM+w0 extension). Here ↵�1
is a matter isocurvature amplitude parameter, following PCP15. All limits are 68 % in this table. The results assume standard BBN
except when varying YP independently (which requires non-standard BBN). Varying AL is not a physical model (see Sect. 6.2).

Parameter(s) ⌦bh
2 ⌦ch

2 100✓MC H0 ns ln(1010
As)

Base ⇤CDM . . . . . . . 0.02237 ± 0.00015 0.1200 ± 0.0012 1.04092 ± 0.00031 67.36 ± 0.54 0.9649 ± 0.0042 3.044 ± 0.014
r . . . . . . . . . . . . . . . . 0.02237 ± 0.00014 0.1199 ± 0.0012 1.04092 ± 0.00031 67.40 ± 0.54 0.9659 ± 0.0041 3.044 ± 0.014
dns/d ln k . . . . . . . . . . 0.02240 ± 0.00015 0.1200 ± 0.0012 1.04092 ± 0.00031 67.36 ± 0.53 0.9641 ± 0.0044 3.047 ± 0.015
dns/d ln k, r . . . . . . . . 0.02243 ± 0.00015 0.1199 ± 0.0012 1.04093 ± 0.00030 67.44 ± 0.54 0.9647 ± 0.0044 3.049 ± 0.015
d2

ns/d ln k
2, dns/d ln k . 0.02237 ± 0.00016 0.1202 ± 0.0012 1.04090 ± 0.00030 67.28 ± 0.56 0.9625 ± 0.0048 3.049 ± 0.015

Ne↵ . . . . . . . . . . . . . . 0.02224 ± 0.00022 0.1179 ± 0.0028 1.04116 ± 0.00043 66.3 ± 1.4 0.9589 ± 0.0084 3.036 ± 0.017
Ne↵ , dns/d ln k . . . . . . 0.02216 ± 0.00022 0.1157 ± 0.0032 1.04144 ± 0.00048 65.2 ± 1.6 0.950 ± 0.011 3.034 ± 0.017
⌃m⌫ . . . . . . . . . . . . . 0.02236 ± 0.00015 0.1201 ± 0.0013 1.04088 ± 0.00032 67.1+1.2

�0.67 0.9647 ± 0.0043 3.046 ± 0.015
⌃m⌫,Ne↵ . . . . . . . . . . 0.02223 ± 0.00023 0.1180 ± 0.0029 1.04113 ± 0.00044 66.0+1.8

�1.6 0.9587 ± 0.0086 3.038 ± 0.017
m

e↵
⌫, sterile,Ne↵ . . . . . . . . 0.02242+0.00014

�0.00016 0.1200+0.0032
�0.0020 1.04074+0.00033

�0.00029 67.11+0.63
�0.79 0.9652+0.0045

�0.0056 3.050+0.014
�0.016

↵�1 . . . . . . . . . . . . . . 0.02238 ± 0.00015 0.1201 ± 0.0015 1.04087 ± 0.00043 67.30 ± 0.67 0.9645 ± 0.0061 3.045 ± 0.014
w0 . . . . . . . . . . . . . . . 0.02243 ± 0.00015 0.1193 ± 0.0012 1.04099 ± 0.00031 . . . 0.9666 ± 0.0041 3.038 ± 0.014
⌦K . . . . . . . . . . . . . . 0.02249 ± 0.00016 0.1185 ± 0.0015 1.04107 ± 0.00032 63.6+2.1

�2.3 0.9688 ± 0.0047 3.030+0.017
�0.015

YP . . . . . . . . . . . . . . . 0.02230 ± 0.00020 0.1201 ± 0.0012 1.04067 ± 0.00055 67.19 ± 0.63 0.9621 ± 0.0070 3.042 ± 0.016
YP,Ne↵ . . . . . . . . . . . 0.02224 ± 0.00022 0.1171+0.0042

�0.0049 1.0415 ± 0.0012 66.0+1.7
�1.9 0.9589 ± 0.0085 3.036 ± 0.018

AL . . . . . . . . . . . . . . . 0.02251 ± 0.00017 0.1182 ± 0.0015 1.04110 ± 0.00032 68.16 ± 0.70 0.9696 ± 0.0048 3.029+0.018
�0.016

ing even more freedom for the spectrum to vary with scale. For
example, allowing for running of the running we find

d
2
ns/d ln k

2 = 0.009 ± 0.012,
dns/d ln k = 0.0011 ± 0.0099,

ns = 0.9647 ± 0.0043,

9>>>>=
>>>>;

68 %, TT,TE,EE
+lowE+lensing
+BAO.

(41)

Here the slight preference for negative running has almost dis-
appeared, and there is instead a slight preference for lower large-
scale power by having positive running of the running, leaving
a near power-law solution on small scales. There is no evidence
for any significant deviation from a power law on small scales.
This is consistent with the simplest slow-roll inflation models
where the running (and higher derivatives of the spectral index)
are higher order in slow-roll (so that dns/d ln k = O(|ns � 1|2),
d

2
ns/d ln k

2 = O(|ns � 1|3)) and all deviations from a constant
spectral index can be neglected at Planck sensitivity.

An analysis of more general parameterizations of the
primordial power spectrum are presented in section 6 of
Planck Collaboration X (2018), including various specific phys-
ically motivated models, as well as general parametric recon-
structions. Models with many more free parameters can pro-

vide better fits to the data, but none are favoured; in all cases
the small-scale spectrum is found to be consistent with a power
law over the range 0.008 Mpc�1 <⇠ k <⇠ 0.1 Mpc�1, with low-
significance hints of larger-scale features corresponding to the
dip in the low-` temperature power spectrum. The introduction
of the additional degrees of freedom in the initial power spec-
trum had no significant impact on the determination of the main
cosmological parameters for the parameterizations considered.

7.2.2. Tensor modes

Primordial gravitational waves, or tensor modes, source a dis-
tinctive curl-like (“B-mode”) pattern in the CMB polarization
and add additional power to the large-scale temperature power
spectrum (Kamionkowski et al. 1997; Seljak & Zaldarriaga
1997). Planck’s B-mode measurement is noise and systematics
limited and provides a relative weak constraint on the tensor-
to-scalar ratio r0.002 < 0.41 (95 % CL, Planck Collaboration V
2018). As with the 2013 and 2015 releases, the strongest con-
straint on tensor modes from the Planck data alone comes from
the TT spectrum at ` <⇠ 100.
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Figure 12. Comparison of H0 constraints for early-Universe and late-Universe probes in a flat ⇤CDM cosmology. The early-Universe
probes shown here are from Planck (orange; Planck Collaboration et al. 2018b) and a combination of clustering and weak lensing data,
BAO, and big bang nucleosynthesis (grey; Abbott et al. 2018b). The late-Universe probes shown are the latest results from SH0ES (blue;
Riess et al. 2019) and H0LiCOW (red; this work). When combining the late-Universe probes (purple), we find a 5.3� tension with Planck.

7 SUMMARY

We have combined time-delay distances and angular diame-
ter distances from six lensed quasars in the H0LiCOW sam-
ple to achieve the highest-precision probe of H0 to date from
strong lensing time delays. Five of the six lenses are analyzed
blindly with respect to the cosmological parameters of inter-
est. Our main results are as follows:

• We find H0 = 73.3+1.7
�1.8 km s�1 Mpc�1 for a flat ⇤CDM

cosmology, which is a measurement to a precision of 2.4%.
This result is in agreement with the latest results from mea-
surements of type Ia SNe calibrated by the distance ladder
(Riess et al. 2019) and in 3.1� tension with Planck CMB
measurements (Planck Collaboration et al. 2018b).

• Our constraint on H0 in flat ⇤CDM is completely in-
dependent of and complementary to the latest results from
the SH0ES collaboration, so these two measurements can be
combined into a late-Universe constraint on H0. Together,
these are in tension with the best early-Universe (i.e., CMB)
determination of H0 from Planck at a significance of 5.3�.

• We check that the lenses in our sample are statistically
consistent with one another by computing Bayes factors be-
tween their H0 PDFs. We find that all six lenses are pairwise
consistent (i.e., F > 1), indicating that we are not underesti-

mating our uncertainties and are able to control systematic
e↵ects in our analysis.

• We compute parameter constraints for cosmologies be-
yond flat ⇤CDM. In an open ⇤CDM cosmology, we find
⌦k = 0.26+0.17

�0.25 and H0 = 74.4+2.1
�2.3 km s�1 Mpc�1, which

is still in tension with Planck, suggesting that allowing for
spatial curvature cannot resolve the discrepancy. In a flat
wCDM cosmology, we find H0 = 81.6+4.9

�5.3 km s�1 Mpc�1

and w = �1.90+0.56
�0.41. In a flat w0waCDM cosmology, we

find H0 = 81.3+5.1
�5.4 km s�1 Mpc�1, but are unable to place

meaningful constraints on w0 and wa.

• We combine our constraints with Planck, including
CMB weak lensing and BAO constraints. Although time-
delay cosmography is primarily sensitive to H0, with only
a weak dependence on other cosmological parameters, the
constraints are highly complementary to other probes such
as Planck, CMB weak lensing, and BAO. We test the open
⇤CDM and wCDM cosmologies, as well as cosmologies with
variable e↵ective neutrino species and/or sum of neutrino
masses, and a wCDM cosmology with a time-varying w. The
full parameter constraints for these models when combining
H0LiCOW and Planck are given in Table 7.

• We use the distance measurements from time-delay cos-
mography to calibrate the distance scale of type Ia SNe from
the JLA and Pantheon samples. This provides a probe of H0

MNRAS 000, 1–?? (2019)

[Wong et al. 2019]
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Figure 17. A plot of H0 values as a function of time. The points and shaded region
in black are those determined from measurements of the CMB; those in blue are Cepheid
calibrations of the local value of H0; and the red points are TRGB calibrations. The red
star is the best-fit value obtained in this paper. Error bars are 1�.

zero point (e.g., Zhang et al. 2017; Feeney et al. 2017). This conclusion highlights

the (simple and obvious) point that can be made without any formal re-analysis: the

values of H0 move in lock step with the adopted zero point of the Leavitt law.

7.6. Comparison of H0 Values for Cepheids, TRGB and Planck

We show in Figure 17 a comparison of local Cepheid (in blue) and TRGB (in

red) determinations of H0, as well as values based on CMB measurements (in black),

plotted as a function of year of publication. The value of H0 determined in this paper

is denoted by a red star, and falls between the values defining the current H0 tension.

It favors neither method, and equally can be used to argue for evidence that there

is no tension (but ignoring the Cepheid results), or that, combining the TRGB and

Cepheid results, it provides low-level additional evidence that there is tension between

the local and CMB values of H0.

8. THE FUTURE

In the next few years, a number of ongoing studies will help to sharpen the

current debate over the early-universe and locally-determined values of H0. We list

five of them here:

1. A major improvement to the parallax measurements from Gaia is expected in

2022. At that time, accurate parallaxes (<< 1%) will become available for both

Hubble constant

M. Tristram

[Freedman et al. 2019] 
cf. talk on GAIA companion parallaxes (L. Breuval)

H0

PlanckTT,TE,EE+lowE+lens 67.4 ± 0.5
DES + BAO + BBN 67.4 ± 1.1
Cepheid+SNe  74.0 ± 1.4
H0LiCOW 73.3 ± 1.7 
TRGB+SNe 69.8 ± 0.8 (stat) ± 1.7 (sys)

[Planck 2018 results. VI]
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indirect
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Fig. 19. Base-⇤CDM model 68 % and 95 % constraint contours
on the matter-density parameter ⌦m and fluctuation amplitude
�8 from DES lensing (Troxel et al. 2017, green), Planck CMB
lensing (grey), and the joint lensing constraint (red). For compar-
ison, the dashed line shows the constraint from the DES cosmic
shear plus galaxy-clustering joint analysis (DES Collaboration
2017a), the dotted line the constraint from the original KiDS-450
analysis (Hildebrandt et al. 2017, without the corrections con-
sidered in Troxel et al. 2018), and the blue filled contour shows
the independent constraint from the Planck CMB power spectra.

fits are shown in Fig. 18. Note that intrinsic alignments con-
tribute significantly to the observed shear correlation functions
(as shown by the dotted lines in the figure). This introduces ad-
ditional modelling uncertainty and a possible source of bias if
the intrinsic alignment model is not correct. The DES model is
validated in Troxel et al. (2017); Krause et al. (2017).

Figure 19 shows the constraints in the ⌦m–�8 plane from
DES lensing, compared to the constraints from the CMB power
spectra and CMB lensing. The DES cosmic shear constraint is of
comparable statistical power to CMB lensing, but due to the sig-
nificantly lower mean source redshift, the degeneracy directions
are di↵erent (with DES cosmic shear approximately constrain-
ing ⌦m�0.5

8 and CMB lensing constraining ⌦m�0.25
8 ). The corre-

lation between the DES cosmic shear and CMB lensing results
is relatively small, since the sky area of the CMB reconstruction
is much larger than that for DES, and it is also mostly not at
high signal-to-noise ratio. Neglecting the cross-correlation, we
combine the DES and Planck lensing results to break a large
part of the degeneracy, giving a substantially tighter constraint
than either alone. The lensing results separately, and jointly, are
both consistent with the main Planck power-spectrum results,
although preferring �8 and ⌦m values at the lower end of those
allowed by Planck. The DES joint analysis of lensing and clus-
tering is also marginally consistent, but with posteriors prefer-
ring lower values of ⌦m (see the next subsection). Overlap of
contours in a marginalized 2D subspace does not of course guar-
antee consistency in the full parameter space. However, the val-
ues of the Hubble parameter in the region of ⌦m–�8 parameter
space consistent with Planck ⌦m and �8 are also consistent with
Planck’s value of H0. A joint analysis of DES with BAO and a
BBN baryon-density constraint gives values of the Hubble pa-

Planck power spectrum constraints are much less sensitive to priors and
we use our default priors for those.

rameter that are very consistent with the Planck power spectrum
analysis (DES Collaboration 2017b).

5.6. Galaxy clustering and cross-correlation

The power spectrum of tracers of large-scale structure can yield
a biased estimate of the matter power spectrum, which can then
be used as a probe of cosmology. For adiabatic Gaussian ini-
tial perturbations the bias is expected to be constant on large
scales where the tracers are out of causal contact with each
other, and nearly constant on scales where nonlinear growth
e↵ects are small. Much more information is available if small
scales can also be used, but this requires detailed modelling of
perturbative biases out to k ⇡ 0.3–0.6 Mpc�1, and fully non-
linear predictions beyond that. Any violation of scale-invariant
bias on super-horizon scales would be a robust test for non-
Gaussian initial perturbations protected by causality (Dalal et al.
2008). However, using the shape of the biased-tracer power
spectrum on smaller scales to constrain cosmology requires at
least a model of constant bias parameters for each population at
each redshift, and, as precision is increased, or smaller scales
probed, a model for the scale dependence of the bias. Early
galaxy surveys provided cosmology constraints that were com-
petitive with those from CMB power spectrum measurements
(e.g., Percival et al. 2001), but as precision has improved, fo-
cus has mainly moved away to using the cleaner BAO and RSD
measurements and, in parallel, developing ways to get the quasi-
linear theoretical predictions under better control. Most recent
studies of galaxy clustering have focussed on investigating bias
rather than background cosmology, with the notable exception
of WiggleZ (Parkinson et al. 2012).

Here we focus on the first-year DES survey measurement
of galaxy clustering (Elvin-Poole et al. 2017) and the cross-
correlation with galaxy lensing (Prat et al. 2017, “galaxy-galaxy
lensing”). By simultaneously fitting for the clustering, lensing,
and cross-correlation, the bias parameters can be constrained
empirically (DES Collaboration 2017a). Similar analyses using
KiDS lensing data combined with spectroscopic surveys have
been performed by van Uitert et al. (2018) and Joudaki et al.
(2018).

To keep the theoretical model under control (nearly in the
linear regime), DES exclude all correlations on scales where
modelling uncertainties in the nonlinear regime could begin to
bias parameter constraints (at the price of substantially reduc-
ing the total statistical power available in the data). Assuming
a constant bias parameter for each of the given source red-
shift bins, parameter constraints are obtained after marginaliz-
ing over the bias, as well as a photometric redshift window
mid-point shift parameter to account for redshift uncertainties.
Together with galaxy lensing parameters, the full joint analysis
has 20 nuisance parameters. Although this is a relatively com-
plex nuisance-parameter model, it clearly does not fully model
all possible sources of error: for example, correlations between
redshift bins may depend on photometric redshift uncertainties
that are not well captured by a single shift in the mean of each
window’s population. However, Troxel et al. (2017) estimate
that the impact on parameters is below 0.5� for all more com-
plex models they considered. The DES theoretical model for the
correlation functions (which we follow) neglects redshift-space
distortions, and assumes that the bias is constant in redshift and k

across each redshift bin; these may be adequate approximations
for current noise levels and data cuts, but will likely need to be
re-examined in the future as statistical errors improve.
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and power spectrum. We considered the cluster sample pro-
vided by Planck Collaboration XXVI (2016), which consists of
439 clusters from the 65% cleanest part of the sky, above the
S/N threshold of 6 and in the redshift range z = [0, 1]. In order
to obtain the cluster number counts, we sampled on both red-
shift and S/N bins, as described in Planck Collaboration XXIV
(2016). For the power spectrum, we used Planck estimates
from Planck Collaboration XXII (2016) and an estimate of the
angular power spectrum from SPT at ` = 3000 (George et al.
2015). We integrated in the redshift range z = [0, 3] and in the
mass range M500 = [1013 h�1

M�, 5 ⇥ 1015 h�1
M�], following

Planck Collaboration XXII (2016). In combining cluster number
counts and tSZ power spectrum, we followed the analysis shown
in Hurier & Lacasa (2017), who have found a low level of corre-
lation between cluster number counts and tSZ power spectrum.
This is due to varying contributions to the variance for the two
probes, depending on the mass range. In particular, for the tSZ
power spectrum the main contribution comes from massive halos
(M500 > 105

M�), while for the number counts the main contri-
bution comes from lower mass halos. This small overlap between
the two galaxy cluster populations results in a small correlation.
Therefore in our combination of tSZ cluster number counts and
power spectrum, we decided to neglect any correlation between
the two tSZ probes

We used a Monte Carlo Markov Chains (MCMC) approach
to sample and constrain at the same time cosmological and
scaling-relation parameters, which we consider as nuisance
parameters in this analysis. When considering tSZ power
spectrum data from Planck, we used the error bars already
marginalized over the foreground and noise contributions
(in particular clustered cosmic infrared background, radio
point sources, infrared point sources, and correlated noise),
as described in Planck Collaboration XXII (2016). We stress
that even if SZ number counts and power spectrum show
similar dependencies on cosmological parameters, they have
different dependencies on scaling relations parameter ↵. We
find dN/dz / �9

8⌦
3
m

(1 � b)3.6 and C
tSZ
` / �8.1

8 ⌦
3.2
m

(1 � b)3.2.
Combining the two probes, we should therefore be able to reduce
the degeneracy between nuisance and cosmological parameters.

For the present analysis, we used the November 2016 ver-
sion of the publicly available package cosmomc (Lewis & Bridle
2002), relying on a convergence diagnostic based on Gelman
and Rubin statistics. This version includes the cluster number-
count likelihood for Planck (Planck Collaboration XXIV 2016).
We modified this version to add the likelihood for the tSZ power
spectrum (Planck Collaboration XXI 2014).

For the cosmological model, we first considered the ⇤CDM
model, varying the six standard parameters: the baryon and
CDM densities, ⌦b and ⌦c; ratio of the sound horizon to the
angular diameter distance at decoupling ✓; scalar spectral index,
ns; overall normalization of the spectrum, As at k = 0.05 Mpc�1;
and reionization optical depth ⌧. We updated the results
from Planck Collaboration XIII (2016) with the new value of
the optical depth from Planck Collaboration Int. XLVI (2016);
Planck Collaboration Int. XLVII (2016) by adding a Gaussian
prior in our analysis, i.e. ⌧ = 0.055 ± 0.009. We included in our
analysis the four scaling parameters reported in Table 1, i.e. Y⇤,
↵, (1 � b), and �ln Y⇤ , only for number counts. Since SZ num-
ber counts and power spectrum are not able to constrain the
basic six-parameters model alone, we also added BAO mea-
surements from Anderson et al. (2014). We compared and com-
bined our results with CMB primary temperature and polarisa-
tion anisotropy data from Planck Collaboration XIII (2016); we
updated these results with the new optical depth reported above.

Fig. 1. Two-dimensional probability distributions for ⌧ and �8 for var-
ious values of optical depths (see text). We compare results for SZ
number counts alone (pink and purple) and for CMB data alone (blue
and light blue).

Finally, we explored results obtained by relaxing the assump-
tions of the standard model, i.e. allowing first the sum of neutrino
masses

P
m⌫ and then the dark energy EoS parameter w to vary,

and therefore added these to our analysis.

4. Results

We report here our results, comparing constraints from tSZ
power spectrum alone, tSZ number counts alone, and their com-
bination. We compared these results with those obtained from
CMB temperature and polarization anisotropy data and the com-
plete combination of datasets (power spectrum, number counts,
and CMB data). We stress that when considering tSZ probes,
alone or in combination with CMB data, we always add BAO
measurements as well. We analysed both the standard ⇤CDM
model and extensions to it.

We present results for cosmological parameters to which
galaxy clusters are more sensitive, in particular the total matter
density, ⌦m, and the standard deviation of density perturbations,
defined in Eq. (17), evaluated at radius R = 8 Mpc h

�1, �8.

4.1. ⇤CDM model

We first show the effect of the new value of the optical depth.
In Fig. 1, we compare two-dimensional probability distributions
for ⌧ and �8 for tSZ number counts and CMB data, for the var-
ious values of ⌧. We find that while this change in the optical
depth does not affect the constraining power of cluster num-
ber counts on �8, the change modifies constraints from CMB,
therefore reducing the discrepancy between the two different
probes. The change in CMB constraints is due to the degeneracy
between optical depth and �8, that is the fact that small-scale
CMB power spectrum is proportional to the quantity �8e

�⌧ (see
e.g. Planck Collaboration XVI 2014). The improved constraint
on �8 from CMB reduces the tension with SZ number counts
from 2.4� (Planck Collaboration XIII 2016) to 1.5�.

We focus now on the results for �8 and the matter den-
sity ⌦m. We show the constraints from CMB temperature and
polarization anisotropy data, from the tSZ power spectrum
alone (CtSZ

` ), from tSZ number counts alone (NCtSZ), from
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Fig. 2. Two-dimensional probability distributions for ⌦m and �8 in
the ⇤CDM scenario, only power spectrum (grey), only number counts
(orange), the combination of the two probes (green), only CMB (red),
and the combination of all the probes (blue).

Table 2. Figures of merit (FoM) for tSZ spectrum alone, number counts
alone, the combination of the two probes, and for⌦m and �8 parameters
in the ⇤CDM scenario.

FoM C
tSZ
` NCtSZ

C
tSZ
` + NCtSZ

1
��8�⌦m

567 1462 1592

the combination of the two tSZ probes (CtSZ
` + NCtSZ), and

finally those from the complete combination of all datasets
(CMB + CtSZ

` + NCtSZ), adding BAO data as well. We stress
that from now on we always use the new prior for the optical
depth and that results for C

tSZ
` are always obtained by combining

Planck and SPT data. We present the results in Figs. 2, 3 and
4, we show the corresponding figure of merits (FoM) in Table 2
and we summarize the constraints (68% c.l.) in Table 3 for the
various datasets.

When considering the combination of tSZ number counts
and power spectrum, we note that the combination is driven by
tSZ counts since tSZ spectrum shows weaker constraints; see
comparison of the figure of merits for the various datasets in
Table 2. We nevertheless obtain a small improvement on the ⌦m
and �8 constraints, within 10% on individual error bars, and a
small shift towards lower values of ⌦m and �8, within 0.2 and
0.3�. The slight differences in scaling-cosmological parame-
ter degeneracies between the two tSZ probes drive this small
improvement, as shown in Fig. 4. As for the comparison between
constraints from the CMB and tSZ combined probes, we find a
slightly larger discrepancy, of '1.8�, than the case of the CMB
vs tSZ counts alone.

We now focus on the scaling-relation parameters and in
particular on the mass bias, which significantly affects the
values of �8. As noted in Planck Collaboration XX (2014);
Planck Collaboration XXIV (2016), low values of mass bias lead
to high values of �8 (see also Fig. 4). We show in Fig. 3 the
results from the tSZ combination probes, adding the CMB data,
together with the CCCP-based prior considered in our analysis.

Fig. 3. One-dimensional probability distribution for the mass bias
(1 � b) for various dataset combinations: the complete tSZ combina-
tion and BAO (orange); CMB and the complete tSZ combination (blue,
almost completely overlapped by the red line); CMB and number counts
(green); the combination of CMB and tSZ, adding the effect of massive
neutrinos (light blue); and the combination of CMB and tSZ, adding
the effect of varying the dark energy EoS parameter (red). All of these
combinations are compared to the CCCP prior we used in our analysis
(black).

In our updated analysis with the new optical depth, we find that
results from the tSZ combined probes are driven by the prior
distribution. Adding CMB data to the tSZ counts or to the com-
bined tSZ probes drives the mass bias to lower values; in this
case we do not add the BAO data in order to fully compare
with results from Planck Collaboration XXIV (2016). On the one
hand, we find that the bias needed to reconcile CMB constraints
with those from the tSZ number counts is (1 � b) = 0.62 ± 0.07,
which is comparable to the value (1 � b) = 0.58 ± 0.04 found in
Planck Collaboration XXIV (2016). However, the bias increases
to (1 � b) = 0.63 ± 0.04 when using the tSZ counts and power
spectrum.

4.2. Extensions to ⇤CDM

We now consider two extensions to the ⇤CDM model: adding
massive neutrinos and including the EoS of dark energy. For
these extensions to the standard model, we explore whether the
combination of the two tSZ probes can improve the constraints
on cosmological and scaling-relation parameters with respect to
only number counts. We compare these various results with con-
straints from only CMB and from the complete combination of
all datasets.

4.2.1. Massive neutrinos

For a given large-scale amplitude (constrained by CMB low
multipoles), adding massive neutrinos damps the amplitude of
matter power spectrum at small scales, which in turn lowers the
value of �8. We present in the left panel of Fig. 5 and in Table 4,
the new constraints on ⌦m and �8 obtained from number counts
alone, CMB alone, tSZ probes alone, and from the combination
of the three. In performing the analysis with massive neutrinos,
we exclude the values

P
m⌫ < 0.06 eV, ruled out by neutrino

oscillations experiments; see e.g. Patrignani & Particule Data
Group (2016). Constraints from CMB primary anisotropies alone
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Fig. 5. Two-dimensional probability distributions for (⌦m,�8), (�8,
P

m⌫), and (�8, (1 � b)) for varying neutrino mass scenario. We report results
for number counts (orange), the combination of number counts and power spectrum (green), we add also CMB data (blue), and we show results for
CMB alone (red).

worsen, as compared to the ⇤CDM case, because of the low sen-
sitivity of CMB to the neutrino mass. As expected, lower values
of �8 are reached, but along a ⌦m � �8 degeneracy line, parallel
to the tSZ degeneracy.

Constraints from tSZ probes alone are not significantly
affected by the neutrino mass. As a matter of fact, the high
S/N threshold of the Planck cluster sample selects massive clus-
ters (M & 2 ⇥ 1014) whose abundance is not impacted by matter
power spectrum damping. The Planck tSZ power spectrum does
not probe sufficiently well the small angular scales where the
effect of the matter power spectrum damping due to massive neu-
trinos should take place. However, the addition of estimation of
the tSZ power spectrum at ` = 3000 from SPT is expected to
increase the sensitivity of the power spectrum to massive neu-
trinos. The full tSZ probe combination thus improves the final
constraints on cosmological parameters with respect to num-
ber counts alone, as can be seen in Fig. 5 and in Table 4. In
particular, it provides an upper 95% limit on neutrino massP

m⌫ < 1.88 eV, while number counts alone are only able to
provide

P
m⌫ < 2.84 eV.

Despite the wider CMB constraints along the degeneracy
line, we obtain an agreement within 1.3� between CMB and the
tSZ probes. For the constraints obtained from the combination
between tSZ probes (+BAO) and CMB, we stress that they are
mainly driven by the latter, as can be seen in Fig. 5. We show also
the one-dimensional probability distribution for the mass bias for
this datasets combination as the light blue line in Fig. 3. The pre-
ferred bias value is (1 � b) = 0.67 ± 0.04, of the same order of
the ⇤CDM case. We highlight that when analysing these results
we need to take into account the combined effect of different
degeneracies between (1� b),

P
m⌫ and �8. In fact, the preferred

high value of�8 from CMB primary anisotropies data still drives
the constraints to lower values of the mass bias, despite the effect
of massive neutrinos and the addition of tSZ probes, as shown in
Fig. 5 right panel. Finally, we find an upper limit on the neu-
trino mass of

P
m⌫ < 0.23 eV at 95% that is more stringent than

constraints obtained from CMB alone (
P

m⌫ < 0.49 eV, from
Planck Collaboration XIII 2016).

4.2.2. Dark energy EoS

We now consider the extension of the parameter space to dark
energy EoS by allowing this parameter to differ from the stan-
dard value w = �1 for a cosmological constant. We focus on the
simplest case, where w is constant with time, to compare our
results with those from Planck Collaboration XXIV (2016). We

Fig. 6. Two-dimensional probability distributions for ⌦m and �8 for
varying dark energy EoS scenario, number counts (orange), the com-
bination of number counts and power spectrum (green), the addition of
CMB data (blue), and for only CMB (red).

show the constraints on matter density ⌦m and �8 in Fig. 6 and
Table 5. Again, CMB constraints are enlarged along a degener-
acy line, but towards higher values of �8 and lower values of⌦m.
Given this shift, we find an increased discrepancy between CMB
and tSZ probes, at about 3.6�, still driven by the �8 parameter,
as shown in Fig. 7. For the combination of tSZ probes we find
a value of EoS parameter w = �1.04+0.20

�0.17 (68% c.l.), which is
consistent with that found in Planck Collaboration XXIV (2016)
(w = �1.01 ± 0.18 for number counts in combination with
BAO). We underline that in this case the addition of tSZ power
spectrum does not improve the results with respect to number
counts alone, as shown in Figs. 6 and 7, while all results are
reported in Table 5. For the complete combination of CMB
and tSZ, we find the 68% constraints w = �1.03+0.08

�0.06. We stress
that these results (both for tSZ probes alone and in combina-
tion with CMB data) present a 1� consistency with the standard
value w = �1, while results from CMB and BAO reported in
Planck Collaboration XXIV (2016) show only a 2� consistency.

Finally, we stress that in this case as well the preferred value
of the mass bias for the complete combination of CMB and tSZ
probes is shifted to lower values, (1� b) = 0.63± 0.05, as shown
also in Fig. 3, red line.
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Fig. 7. Two-dimensional probability distributions for �8 and w for
varying dark energy EoS scenario, for number counts (orange), the com-
bination of number counts and power spectrum (green), the addition of
CMB data (blue), and for only CMB (red).

from CMB primary anisotropies, increasing the constraining
power on �8 of about 1�. This is due to the dependence of
the CMB power spectrum small-scale regime to the combina-
tion�8e

�⌧. Results on�8 from number counts remain unchanged
given that we use the approach and cluster sample from
Planck Collaboration XIII (2016). For the tSZ effect, we assume
the same baseline model as that of Planck Collaboration XXIV
(2016), i.e. we use a mass function from Tinker et al. (2008)
and a Gaussian prior on mass bias from Hoekstra et al. (2015),
which is in agreement with the average mass bias obtained from
the recent weak lensing (WL) estimates (Fig. 10). In this way,
we can more easily and directly compare with the results from
Planck Collaboration XXIV (2016).

The changes in the CMB results when considering the new
value of ⌧ reduce the discrepancy with tSZ counts, i.e. from
2.4� to 1.5� in the present study. We perform an actual com-
bined analysis of tSZ number counts and power spectrum to
carry out a complete MCMC exploration of the parameter space,
sampling at the same time on cosmological and scaling-relation
parameters. We neglect the correlation between the two com-
bined probes in the likelihood as it is expected to be low
with the current Planck cluster sample and large-scale power
spectrum estimate (Hurier & Lacasa 2017). We find that the
addition of tSZ power spectrum (including Planck and SPT)
leads to ⇠1.8� tension on �8 when compared to CMB results.
Recent studies, using the LSS probes, also seem to show a dis-
agreement with the best cosmology of the CMB. This includes
studies based on cluster samples (Vikhlinin et al. 2009; Has-
selfield et al. 2013; Benson et al. 2013; Böhringer & Chon 2016;
Böhringer et al. 2017; Schellenberger & Reiprich 2017), on the
linear growth rate data (Moresco & Marulli 2017, and refer-
ences therein), or on cosmic shear (Hildebrandt et al. 2017; van
Uitert et al. 2018; Joudaki et al. 2017). Despite intrinsic limita-
tions to each of these probes (e.g. Efstathiou & Lemos 2018), the
LSS cosmological analyses exhibit a general trend towards lower
values of �8.

It was noticed in Planck Collaboration XXIV (2016) that
there was a factor ⇠2.5 more clusters predicted than observed
when taking into account the CMB cosmology and a mass bias
of 0.8. The new optical depth reduces the �8 derived from the

Fig. 8. tSZ cluster sample from Planck (blue line) compared with
predicted counts with CMB best-fit cosmological parameters and
(1 � b) = 0.8 ± 0.08 (red line and orange envelope).

Fig. 9. tSZ power spectrum from Planck (blue points) and SPT (purple
point) compared with predicted counts with CMB best-fit cosmolog-
ical parameters and (1 � b) = 0.8 (red line) and our best fit (orange
envelope).

CMB analysis to �8 = 0.817 ± 0.018. Nevertheless, assuming a
mass bias of 0.8 (average value of recent WL estimates), due to
the high value of �8, we still find a difference between predicted
and observed low redshift (z < 0.3) cluster number counts of the
order of 2.5 (Fig. 8). We obtain a consistent discrepancy also for
the tSZ power spectrum. Assuming again a mass bias of 0.8, the
predicted power spectrum from CMB data shows an amplitude a
factor of two higher than the measured tSZ power spectrum, as
shown in Fig. 9.

More biased estimates of the cluster mass could explain
this difference, and in turn reduce the tSZ/CMB tension since
cosmological parameters are degenerate with scaling-relation
parameters. We thus focus on the mass bias (1 � b). We
show results for the combination of CMB primary anisotropies
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the AL parameter
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[Lewis&Challinor, Phys. Rept. 429 1 (2006)] 
[Calabrese et al, PRD 77 123531 (2008)]

AL = 1.011 ± 0.028  (Planck ɸɸ)
[Planck 2018 results. VIII]

• weak lensing enters the prediction of the  
CMB spectrum through a convolution of  
the unlensed spectrum with the lensing  
potential power spectrum    

➡smooth out the acoustic peaks  

• The AL parameter is a fudge factor defined as: 
– AL =0 : weak lensing ignored 

– AL =1 : standard ΛCDM 

• PLANCK lensing measurements 

• Measuring AL ≠ 1 indicates either a problem in the model (e.g. modification of the 
gravity) or remaining systematics in the data
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2017), and new results for the combined temperature-
polarization likelihood (upper triangle). Part of the di↵erence be-
tween the low- and high-multipole ranges is caused by the large-
scale temperature dip discussed above; if we exclude multipoles
` < 30 (unfilled grey contours), the contours from `  801 shift
towards the area of consistency with the high multipoles. This
could indicate that the low-multipole results have been pulled
unusually far from the truth by the large-scale power spectrum
dip; if so, the WMAP temperature results would also have been
pulled at a similar (but not identical) level. The region of overlap
of the high- and low-multipole parameter constraints is consis-
tent with constraints from the nearly-independent combination
of EE polarization and lensing with a conservative ⌦bh

2 prior
(green contours). This is consistent with a statistical fluctuation
pulling the low and high multipoles in opposite directions, so
that their intersection is closer to the truth if ⇤CDM is correct.

Figure 22 shows marginalized individual parameter con-
straints, and also a comparison with the results from the polariza-
tion likelihoods at high and low multipoles. The ` � 802 temper-
ature results pull parameters to a region of higher matter density
and fluctuation amplitude (and to lower ns and H0) than the lower
multipole range, and predict a CMB lensing amplitude parame-
ter �8⌦

0.25
m = 0.649 ± 0.018. This is in tension with the CMB

lensing-reconstruction measurement of �8⌦
0.25
m = 0.589± 0.020

at 2.2� (as pointed out by Addison et al. 2016 with 2015 data;
also see the closely-related discussion in the next subsection).
As shown in Fig. 22, combining the ` � 802 CMB likelihood
with the lensing reconstruction, all parameter results move back
towards the same region of parameter space as combining with
`  801, consistent with the high-` temperature result having
fluctuated high along the main degeneracy direction. As dis-
cussed in Sects. 2.3 and 3.3, the combined CMB power spec-
trum results over the full multipole range are consistent with the
lensing likelihood.

It is also interesting to compare to parameter constraints
from the CMB power spectrum multipoles `  801 combined
with the lensing and BAO, which gives

H0 = (67.85 ± 0.52) km s�1Mpc�1,

�8 = 0.8058 ± 0.0063,
⌦m = 0.3081 ± 0.0065.

9>>>>=
>>>>;

68 %, TT,TE,EE
[`  801]+lowE
+lensing+BAO.

(35)

These results are entirely independent of the cosmological pa-
rameter fit to the ` � 801 power spectra, but agree well at the
1� level with the full joint results in Table 1 (which have sim-
ilar errors on these parameters). An equivalent result could be
obtained using WMAP data after replacing their low-` polariza-
tion with the Planck HFI measurement (i.e., lowE).

For the temperature likelihoods, the di↵erence between the
low- and high-multipole constraints remains evident, with ⌦mh

2

di↵ering at the 2.8� level. Adding polarization, the results from
the multipole ranges are more consistent, as shown in Fig. 22,
though the di↵erence in ⌦mh

2 is still unusual at the roughly
2� level. However, the shifts in the di↵erent parameters are all
highly correlated, due to partial parameter degeneracies, so the
significance of any individual large shift is lower after account-
ing for the number of parameters (Planck Collaboration Int. LI
2017). The internal tensions between multipole ranges appear to
be consistent with moderate statistical fluctuations, related to the
low-` dip at large scales and correlated with the lensing ampli-
tude on small scales. The large-scale feature is well determined
by both WMAP and Planck and very robustly measured. The
internal consistency of the Planck power spectra between dif-
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Fig. 23. Constraints on the value of the consistency parameter
AL, as a single-parameter extension to the base-⇤CDM model,
using various combinations of Planck data. When only power
spectrum data are used, AL > 1 is favoured at about 3�, but
including the lensing reconstruction the result is consistent at
2� with AL = 1. The dotted lines show equivalent results for
the CamSpec likelihood, which peak slightly nearer to AL = 1,
indicating some sensitivity of the AL results to choices made in
constructing the high-multipole likelihoods.

ferent frequencies and detectors (PPL15, PPL18) argues against
systematics driving large parameter shifts at high multipoles.
Equation (35) also demonstrates that any e↵ect from the high-
multipole spectra alone cannot be pulling our baseline parame-
ters by more than about 1�. In the next subsection we describe
in more detail the apparent preference for a higher lensing am-
plitude, and the features in the observed spectrum that could be
responsible for it.

6.2. Lensing smoothing and AL

In addition to the direct measurement of CMB lensing described
in Sect. 2.3 and PL2018, lensing can be seen in the Planck CMB
power spectra via the lensing-induced smoothing of the acous-
tic peaks and transfer of power to the damping tail. This e↵ect
is modelled in our main parameter analysis, and can be calcu-
lated accurately from the unlensed CMB power spectra and the
CMB lensing potential power spectrum in each model (Seljak
1996; Lewis & Challinor 2006). Interesting consistency checks
include testing if the amplitude of the smoothing e↵ect in the
CMB power matches expectation and whether the amplitude of
the smoothing is consistent with that measured by the lensing
reconstruction. To do this, the theoretical prediction for the lens-
ing spectrum in each model is often scaled by an “AL” consis-
tency parameter, where the theoretical expectation is that AL = 1
(Calabrese et al. 2008).

As shown in Fig. 3, the Planck lensing-reconstruction power
spectrum is consistent with the amplitude expected for ⇤CDM
models that fit the CMB spectra, so the Planck lensing measure-
ment is compatible with AL = 1. However, the distributions of
AL inferred from the CMB power spectra alone are shown in
Fig. 23 for various di↵erent data combinations, and these indi-

33

CMB in (relative) tensions

the AL parameter

M. Tristram

[Planck 2018 results. VI] 
[Couchot et al. 2017a]

AL = 1.160 ± 0.075 (68 % , TT + lowE [Hillipop])
AL = 1.246 ± 0.095 (68 % , TT + lowE [CamSpec])
AL = 1.243 ± 0.096 (68 % , TT + lowE [Plik])

the three likelihoods share the same data but different foreground 
modelling. Reveal the impact of the uncertainties related to foregrounds.

TT, TE and EE are barely compatible

results
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• tension on optical depth 

• relation with AL

M. Tristram

τ = 0.1274 ± 0.0366 (68 % , TT [Plik])

τ = 0.0507 ± 0.0080 (68 % , EE [lowE])

the AL parameter
AL and optical depth

[Planck 2018 results. VI] 
[Couchot et al. 2017a]

Planck 2018
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[Planck 2018 results. VI]

data
PlanckTT + lowE
PlanckTT,TE,EE + lowE
PlanckTT,TE,EE + lowE + lensing
PlanckTT,TE,EE + lowE + lensing + BAO
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FIG. 1. Three tensions from Fig. 2 plotted in the (⌦K , H0) plane using anesthetic [17]. In the first panel, whilst the
lensing posterior alone is barely distinguishable from the prior, when combined with Planck, lensing has draws the combined
posterior significantly toward flatness, at a tension of 2.5�. The second panel shows BAO’s preference for a flat universe. The
BAO posterior is disconnected from the Planck posterior, at a tension of 3�. Finally, in the third panel the Planck-SH0ES
inconsistency in the curved case is shown to be 4.5�.

a model) [19, 20]. The evidence ratio gives the Bayesian
betting odds one would assign between two competing
models, assuming equal a priori model probability.

Parameter estimation is typically performed by com-
pressing the high-dimensional posterior into a set of rep-
resentative samples via a Markov-Chain Monte-Carlo
process [21]. The evidence is derived from the likelihood
by marginalising over the prior

Z =

Z
L(✓)⇡(✓) d✓ = hLi⇡ , (3)

which may be computed numerically via a Laplace
approximation [22], Savage Dickey ratio [23], nearest-
neighbour volume estimation [24, 25] or nested sam-
pling [19, 26–31]. If one has access to the evidence, then
it is straightforward to compute the Kullback-Leibler di-
vergence

D =

Z
P(✓) log

P(✓)

⇡(✓)
d✓ =

⌧
log

P
⇡

�

P
, (4)

which quantifies the degree of compression from prior to
posterior provided by the data.

As a model comparison tool, the evidence naturally
quantifies Occam’s razor, incorporating a parameter
volume-based penalty that penalises models with unnec-
essary constrained parameters. This penalty factor may
be approximated using the di↵erence in KL divergence
between models. For further detail on Bayesian statis-
tics, readers are recommended references [22, 32–34].

Tension quantification

The Bayesian evidence from Eq. (3) also appears in
tension quantification [35, 37–42]. The Bayes ratio

R =
P (D2|D1)

P (D2)
=

P (D1|D2)

P (D1)
=

Z12

Z1Z2
, (5)

quantifies the compatibility of two datasets D1 and D2 by
giving a Bayesian’s relative confidence in their combina-
tion. As with many Bayesian quantities, R is naturally
prior dependent [35]. In the absence of well-motivated
priors, or if deliberately over-wide ranges on parameters
are used (as is often the case in cosmology), the prior
dependency can be removed from R using the KL diver-
gence from Eq. (4). Dividing R by the information ratio
I gives the suspiciousness S

S =
R

I
, log I = D1 + D2 � D12, (6)

Using a Gaussian analogy, one may calibrate S into a
tension probability p and convert this into an equivalent
“sigma value” via the survival function of the chi-squared
distribution

p =

Z 1

d�2 log S
�

2
d(x) dx, � =

p
2Erfc�1(p), (7)

where Erfc�1 is the inverse complementary error function
and d is quantified by the Bayesian model dimensional-
ity [36, 43–46]

d = d̃1 + d̃2 � d̃12, d̃/2 = h(log L)2iP �hlog Li2P . (8)

[Handley 2019] [Di Valentino et al., Nature 2019]

H0 = 63.6 ± 2.2



• CMB sensitive to the number of relativistic species at decoupling 
- standards neutrinos : Neff = 3.046 

- confuse situation since WMAP + SPT + ACT...
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neutrino sector
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Fig. 11.— The one-dimensional marginalized constraint on the e⌅ective number of relativistic species Ne� . The standard value of
Ne� = 3.046 is shown by the vertical dotted line.

TABLE 6
Constraints on Cosmological Parameters using

SPT+WMAP+H0+BAO+Clusters

⇥CDM ⇥CDM ⇥CDM
+ dns/d ln k + Yp + Ne�

Primary 100⇤bh2 2.23± 0.040 2.26± 0.045 2.24± 0.041
Parameters ⇤ch2 0.111± 0.0020 0.111± 0.0020 0.116± 0.0054

100�s 1.04± 0.0016 1.04± 0.0019 1.04± 0.0017
ns 0.9751± 0.0110 0.9787± 0.0123 0.9757± 0.0116
⇤ 0.0897± 0.015 0.0852± 0.014 0.0821± 0.014

109�2
R 2.33± 0.092 2.35± 0.082 2.37± 0.081

Extension dns/d ln k �0.017± 0.012 — —
Parameters Yp (0.2478± 0.0002) 0.288± 0.029 (0.2526± 0.004)

Ne� (3.046) (3.046) 3.42± 0.32
Derived ⇥8 (0.809± 0.014) (0.819± 0.016) (0.823± 0.019)

⌅2
min 7509.3 7509.3 7510.3

The constraints on cosmological parameters using
SPT+WMAP7+H0+BAO+Clusters, where “Clusters” refers to the local
cluster abundance measurement of Vikhlinin et al. (2009). We report the mean
of the likelihood distribution and the symmetric 68% confidence interval about
the mean.

WMAP + SPT

[K
eisler et al. 2011]

Planck

compatible with 3

Planck Collaboration: Cosmological parameters

Fig. 30. Constraints on the sum of the neutrino masses for vari-
ous data combinations.

This is slightly weaker than the constraint from Planck
TT,TE,EE+lowP+lensing+BAO (which is tighter in both the
CamSpec and Plik likelihoods), but is immune to low level sys-
tematics that might a↵ect the constraints from the Planck polar-
ization spectra. Equation (57) is therefore a conservative limit.
Marginalizing over the range of neutrino masses, the Planck con-
straints on the late-time parameters are28

H0 = 67.7 ± 0.6

�8 = 0.810+0.015
�0.012

9>=
>; Planck TT+lowP+lensing+ext. (58)

For this restricted range of neutrino masses, the impact on the
other cosmological parameters is small and, in particular, low
values of �8 will remain in tension with the parameter space
preferred by Planck.

The constraint of Eq. (57) is weaker than the constraint of
Eq. (54b) excluding lensing, but there is no good reason to disre-
gard the Planck lensing information while retaining other astro-
physical data. The CMB lensing signal probes very-nearly lin-
ear scales and passes many consistency checks over the multi-
pole range used in the Planck lensing likelihood (see Sect. 5.1
and Planck Collaboration XV 2016). The situation with galaxy
weak lensing is rather di↵erent, as discussed in Sect. 5.5.2. In
addition to possible observational systematics, the weak lensing
data probe lower redshifts than CMB lensing, and smaller spa-
tial scales, where uncertainties in modelling nonlinearities in the
matter power spectrum and baryonic feedback become impor-
tant (Harnois-Déraps et al. 2015).

A larger range of neutrino masses was found by Beutler et al.
(2014) using a combination of RSD, BAO, and weak lens-
ing information. The tension between the RSD results and
base ⇤CDM was subsequently reduced following the analysis
of Samushia et al. (2014), as shown in Fig. 17. Galaxy weak
lensing and some cluster constraints remain in tension with base
⇤CDM, and we discuss possible neutrino resolutions of these
problems in Sect. 6.4.4.

28To simplify the displayed equations, H0 is given in units of
km s�1Mpc�1 in this section.

Fig. 31. Samples from Planck TT+lowP chains in the Ne↵–H0
plane, colour-coded by �8. The grey bands show the constraint
H0 = (70.6 ± 3.3) km s�1Mpc�1 of Eq. (30). Notice that higher
Ne↵ brings H0 into better consistency with direct measurements,
but increases �8. Solid black contours show the constraints from
Planck TT,TE,EE+lowP+BAO. Models with Ne↵ < 3.046 (left
of the solid vertical line) require photon heating after neutrino
decoupling or incomplete thermalization. Dashed vertical lines
correspond to specific fully-thermalized particle models, for ex-
ample one additional massless boson that decoupled around the
same time as the neutrinos (�Ne↵ ⇡ 0.57), or before muon
annihilation (�Ne↵ ⇡ 0.39), or an additional sterile neutrino
that decoupled around the same time as the active neutrinos
(�Ne↵ ⇡ 1).

Another way of potentially improving neutrino mass con-
straints is to use measurements of the Ly↵ flux power spectrum
of high-redshift quasars. Palanque-Delabrouille et al. (2015)
have recently reported an analysis of a large sample of quasar
spectra from the SDSSIII/BOSS survey. When combining their
results with 2013 Planck data, these authors find a bound

P
m⌫ <

0.15 eV (95 % CL), compatible with the results presented in this
section.

An exciting future prospect is the possible direct detection
of non-relativistic cosmic neutrinos by capture on tritium, for
example with the PTOLEMY experiment (Cocco et al. 2007;
Betts et al. 2013; Long et al. 2014). Unfortunately, for the mass
range

P
m⌫ < 0.23 eV preferred by Planck, detection with the

first generation experiment will be extremely di�cult.

6.4.2. Constraints on Ne↵

Dark radiation density in the early Universe is usually parame-
terized by Ne↵ , defined so that the total relativistic energy density
in neutrinos and any other dark radiation is given in terms of the
photon density ⇢� at T ⌧ 1 MeV by

⇢ = Ne↵
7
8

 
4

11

!4/3

⇢�. (59)

The numerical factors in this equation are included so that
Ne↵ = 3 for three standard model neutrinos that were thermal-
ized in the early Universe and decoupled well before electron-
positron annihilation. The standard cosmological prediction is
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• constraints on the sum of neutrino masses is important for the neutrino 
hierarchy

∑m𝛎

∑ mν > 0.06 ∑ mν > 0.10
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Figure 7. ⌃m⌫ profile likelihoods derived for the combina-
tion of lowTEB, various Planck high-` likelihoods, BAO
and SNIa: A comparison is made between hlpTT, hlpTTps,
and PlikTT.

PlanckTT+lowTEB ⌃m⌫ AL

BAO+SNIa limit (eV)
hlpTT 0.18 1.16±0.09
hlpTTps 0.20 1.14±0.08
PlikTT 0.17 1.19±0.09

Table 2. 95% CL upper limits on ⌃m⌫ in ⌫⇤CDM(3⌫)
(i.e. with AL = 1) and results on AL (68% CL) in the
⇤CDM(3⌫)+AL model (i.e. with ⌃m⌫ = 0.06 eV) obtained
when combining the Planck TT+lowTEB+BAO+SNIa.

that the model and the data are in very good agreement.
The information added by the ASZ constraint is of no use in
this particular combination of data within the ⌫⇤CDM(3⌫)
model. The systematic uncertainty on the ⌃m⌫ limit due
the foreground modelling, deduced from this comparison,
is therefore estimated to be of the order of 0.03 eV for this
particular data combination.

As expected, the main improvement with respect to the
Planck only case comes from the addition of the BAO
dataset: the contribution on the ⌃m⌫ limit of the addition
of SNIa is of the order of ' 0.01 eV.

4.2. Impact of low-` likelihoods

While in the previous Section we focused on the estima-
tion of the remaining systematic uncertainties linked to the
choice of the high-` likelihood, a comparison of the low-`
parts is now performed. We already discussed in Sect. 3.3
the impact of this choice on the results derived from CMB
data only; this comparison focuses on the combination of
BAO and SNIa data.

The results are summarised in Fig. 8. For the two
HiLLiPOP likelihoods, tightening the constraints on ⌧reio

with the use of ⌧reio+Commander in place of lowTEBre-
sults in a limit of 0.15 eV (resp. 0.16 eV) for hlpTTps
(resp. hlpTT) and amounts to a few 10�2 eV decrease
compared to the lowTEB case. This decrease is a di-
rect consequence of both the (⌃m⌫ ,⌧reio) correlation

Figure 8. ⌃m⌫ profile likelihoods derived for the combi-
nation of Planck high-` likelihoods (hlpTT and hlpTTps)
with BAO and SNIa, and either lowTEB or the ⌧ auxiliary
constraint at low-`.

PlanckTE+low-` ⌃m⌫

+BAO+SNIa limit (eV)
hlpTE+lowTEB 0.20
hlpTE+⌧reio+Commander 0.19

Table 3. 95% CL upper limits on ⌃m⌫ in ⌫⇤CDM(3⌫)
obtained with hlpTE+BAO+SNIa in combination with
lowTEB, or an auxiliary constraint on ⌧reio and Commander.

(Allison et al. 2015), and the smaller value of the reion-
isation optical depth constraint from ⇠ 0.07 to 0.058
(Planck Collaboration Int. XLVII 2016).

4.3. Cross-check with TE

As pointed out in Galli et al. (2014) and Couchot et al.
(2017), CMB temperature-polarisation cross-correlations
(TE) give competitive constraints on ⇤CDM parameters.
The leading advantage of using only these data is that one
depends very weakly on foreground residuals and therefore
uncertainty linked to the model parametrisation is reduced.
In practice, only one foreground nuisance parameter is re-
quired: The amplitude of the polarized dust. Nevertheless,
the S/N being lower than in the TT case for Planck, a like-
lihood based on TE spectra is not competitive when con-
straining extensions to the six ⇤CDM parameters. Indeed
an estimation of the TE-only constraint on ⌃m⌫ would lead
to a limit higher than 1 eV. However, as soon as BAO data
are added, one obtains a constraint competitive with TT
as shown in Fig. 9. As in the TT case, all profile likelihoods
are nicely parabolic, and the corresponding limits are sum-
marised in Table 3.

As for temperature-only data, adding the SNIa data
improves only very marginally the results up to 0.01 eV.
Tests of the dependencies on the low-` likelihoods have also
been performed and an example is given in Table 3. As a
final result, we obtain ⌃m⌫<0.20 eV at 95% CL as strong as
in the TT case, showing that the loss in signal over noise of
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4.3. Cross-check with TE

As pointed out in Galli et al. (2014) and Couchot et al.
(2017), CMB temperature-polarisation cross-correlations
(TE) give competitive constraints on ⇤CDM parameters.
The leading advantage of using only these data is that one
depends very weakly on foreground residuals and therefore
uncertainty linked to the model parametrisation is reduced.
In practice, only one foreground nuisance parameter is re-
quired: The amplitude of the polarized dust. Nevertheless,
the S/N being lower than in the TT case for Planck, a like-
lihood based on TE spectra is not competitive when con-
straining extensions to the six ⇤CDM parameters. Indeed
an estimation of the TE-only constraint on ⌃m⌫ would lead
to a limit higher than 1 eV. However, as soon as BAO data
are added, one obtains a constraint competitive with TT
as shown in Fig. 9. As in the TT case, all profile likelihoods
are nicely parabolic, and the corresponding limits are sum-
marised in Table 3.

As for temperature-only data, adding the SNIa data
improves only very marginally the results up to 0.01 eV.
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AL = 1.16 ± 0.09

AL = 1.14 ± 0.08

AL = 1.19 ± 0.09

ΛCDM+ ΛCDM+
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• tension on AL shows up on the neutrino sector 

– high value for AL ⇾ artificially tighter constraints on ∑m𝛎

[Couchot et al. 2017b]

2015

∑m𝛎 and AL
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τ = 0.050 ± 0.006

τ = 0.050+0.008
−0.009

Planck lowE
Planck lollipop  
alternative analysis using a full likelihood

error bar underestimated because 
simulations do not include properly 
systematic effects

∑ mν < 0.26 eV (95 % , TT, TE, EE + lowE)

∑ mν < 0.49 eV (95 % , TT, TE, EE + lowP) 2015

2018

∑m𝛎 and reionization
[Planck 2015 results. XIII] 

[Planck intermediate results. XLVII (2016)] 
[Planck 2018 results. VI]

improve. Checking for consistency between the lensed
observables will be an important systematic test for new
CMB data. For example, marginalizing over the lensing
effect in the two-point functions, by introducing a variable
lensing amplitude parameter Alens [63], would isolate the
impact of neutrinos on the four-point function.

IV. DEPENDENCE ON EXPERIMENTAL DETAILS

Since future CMB experiments are currently under
development, we investigate the importance of certain
experimental details on the mass constraint.

A. Importance of the reionization bump

The amplitude of primordial power, As, is partially
degenerate with Σm ν, since As increases the amplitude
of clustering at small scales, and Σm ν decreases it in an
approximately scale-independent fashion (e.g., Fig. 2). The
amplitude As is not well determined by the primordial
CMB temperature anisotropy; an increased optical depth to
reionization lowers the signal such that the normalization of
the anisotropy measures the combination Ase−2τ [64]. This
leads to a degeneracy between τ and Σm ν that can be
broken with precision measurements of the reionization
bump at multipoles l < 20 in polarization [25,65].
Here we explore the importance of making a robust

optical depth measurement, considering three cases for S4:
current WMAP measurements [42,66], optimistic future
Planck-pol measurements (see Appendix), and a future S4
measurement that reaches the largest scales (lmin ¼ 5). We
find forecast constraints of

σðΣm νÞ
meV

¼

8
<

:

27 ½S4ðl > 50Þ þWMAP-polþ DESI&
19 ½S4ðl > 50Þ þ Planck-polþ DESI&
15 ½S4ðl > 5Þ þ DESI&

ð8Þ

with the uncertainty on τ reducing from 0.008 to 0.005 to
0.003, respectively. This is compared to 0.013 for WMAP-
pol from EE alone; i.e., improved CMB lensing data helps
constrain τ even when the neutrino mass is varied. Figure 5
shows the expected correlation between τ and neutrino mass.
Figure 5 also shows the impact of reducing the minimum

multipole of the S4 experiment on the neutrino mass
constraint, supplemented with Planck-pol or the current
WMAP-pol at the largest scales. There is a limiting plateau
for S4 at lmin > 20, and a clear improvement as the
polarization is better measured at increasingly large scales.
The S4ðl > 5Þ þ DESI limit reaches the CV limit for
CMB data.1

We then also consider the relative importance of making a
higher sensitivity small-scale measurement, versus a new
large-scale polarization measurement. We start with a
S3-type l > 50 experiment, and then either increase the
l > 50 sensitivity, or supplement it with a new CV-low
large-scale measurement at l < 50. We find forecast con-
straints of

σðΣm νÞ
meV

¼

8
<

:

22 ½S3ðl > 50Þ þ Planck-polþ DESI&
19 ½S4ðl > 50Þ þ Planck-polþ DESI&
17 ½S3ðl > 50Þ þ CV-lowþ DESI&:

ð9Þ

This indicates that a cosmic-variance-limited measurement
of optical depth could be more valuable than more sensitive
small-scale data, especially given that Planck-pol large-scale

FIG. 5 (color online). Top: The neutrino mass Σm ν is correlated
with the optical depth to reionization τ (forecast 68% C.L.).
Current data at l < 20 (WMAP-pol) would leave a degeneracy
between Σm ν and τ that could be broken with improved large-
scale polarization data. Bottom: The expected neutrino mass
constraint as a function of the minimum multipole accessible to
S4, indicating the benefit of reaching large scales.

1Pan and Knox [32] found that a S4 experiment combined with
a CV-limited BAO experiment could tighten the neutrino mass
constraint further, to σðΣm νÞ ¼ 11 meV.

TOWARDS A COSMOLOGICAL NEUTRINO MASS DETECTION PHYSICAL REVIEW D 92, 123535 (2015)
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lower limit on sum of neutrino 
masses is too optimistic
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cosmic 
variance

statistical  
noise

systematic  
effects

• Cosmic Variance 
driven by the cosmology. Easy to simulate and propagate using a fiducial model (valid given 
our current level of sensitivity on power spectra and the range allowed for parameters) 

• Statistical Noise 
more complicated to estimate from the data. Current Planck noise simulations need to 
be rescaled a posteriori to match data jack-knives. 

• Systematic effects 
should include foreground models uncertainty + instrumental parameter uncertainties. not 
only important for potential bias but also for their effect on increasing the variance. Very 
hard but no other way than realistic Monte Carlo. Currently only 300 sims for Planck 
neglecting correlations with foregrounds and CMB.

error budget
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CMB tensions

• Hubble constant (H0, up to 5σ) 

- hard to change with CMB measurements except changing cosmo 
- number of relativistic species, non-standard thermal history or radiation (light relics) 

- early DE (e.g. [Poulin et al. 2019]) 

- non-standard neutrino interactions (e.g. [Kreisch et al. 2019]) 

- large variations on the local measurements depending on the first ladder 

• Amplitude of the fluctuations (S8, σ8 less than 2σ) 

- reduced by 1σ with new optical depth constraints 

- large degeneracy with DE 

• Internal consistency (AL, more than 2σ) 
- more subtil, depends on the details of foreground models 

- relation with 𝝉, Ωk, ∑m𝜈... 

- no effect on LCDM but important for extensions

M. Tristram
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conclusions

• CMB results on ΛCDM are robust and stable 

- in time 

- for various spectra (TT,TE,EE,ɸɸ) 

- when opening extensions one by one 

• Error bars 

- given the precision on cosmological parameters, error bars need to be 
even more accurate 

- in particular at low-l: uncertainties are underestimated 

• Consequences 

- need to work on foreground modelling (how to build a realistic stochastic 
description of the foregrounds ?) 

- need to rely on heavy Monte Carlo simulations

M. Tristram

next Planck map release (NPIPE)
coming soon !

ANR BxB (F. Boulanger)



The End


