
Lavinia Heisenberg
(ETH-ITP) 

Institute for Theoretical Physics, Zürich 
         Lavinia.Heisenberg@phys.ethz.ch 

20th Nov 2019, Colloque national Action Dark Energy 2019, Paris/France 

Dark Energy and 
the Swampland

mailto:Lavinia.Heisenberg@phys.ethz.ch


General Relativity

Albert Einstein



Geometrical Trinity of General Relativity

GR

Curvature

equivalent

L.H & J.Beltran, T.Koivisto 
Universe 5 (2019) 7, 173, 

arXiv:1903.06830

TEGR CGR



Geometrical Trinity of General Relativity

GR

TEGR CGR

Curvature

Torsion

equivalent

L.H & J.Beltran, T.Koivisto 
Universe 5 (2019) 7, 173, 

arXiv:1903.06830



Geometrical Trinity of General Relativity

GR

TEGR CGR

Curvature

Torsion Non-Metricity

equivalent

L.H & J.Beltran, T.Koivisto 
Universe 5 (2019) 7, 173, 

arXiv:1903.06830



Geometrical objects

Curvature: R↵
�µ⌫ 6= 0 Torsion:

Non-metricity:

T↵
µ⌫ 6= 0

Q↵µ⌫ 6= 0
<latexit sha1_base64="M3pKIKqEB0yt0gYTQCZPltM5lJA="></latexit><latexit sha1_base64="M3pKIKqEB0yt0gYTQCZPltM5lJA="></latexit><latexit sha1_base64="M3pKIKqEB0yt0gYTQCZPltM5lJA="></latexit><latexit sha1_base64="M3pKIKqEB0yt0gYTQCZPltM5lJA="></latexit>



Geometrical objects

Curvature: R↵
�µ⌫ 6= 0 Torsion:

Non-metricity:

T↵
µ⌫ 6= 0

Q↵µ⌫ 6= 0
<latexit sha1_base64="M3pKIKqEB0yt0gYTQCZPltM5lJA="></latexit><latexit sha1_base64="M3pKIKqEB0yt0gYTQCZPltM5lJA="></latexit><latexit sha1_base64="M3pKIKqEB0yt0gYTQCZPltM5lJA="></latexit><latexit sha1_base64="M3pKIKqEB0yt0gYTQCZPltM5lJA="></latexit>



Geometrical objects

Curvature: Torsion:

Non-metricity:

T↵
µ⌫ 6= 0

Q↵
µ⌫ 6= 0



General Relativity (Curvature)

gµ⌫

(pseudo-) Riemanian manifold

GR



General Relativity (Curvature)

gµ⌫ �↵
µ⌫ = {↵µ⌫}

(pseudo-) Riemanian manifold

GR



General Relativity (Curvature)

gµ⌫ �↵
µ⌫ = {↵µ⌫}

(pseudo-) Riemanian manifold

{↵µ⌫} =
1

2
g↵�(@⌫g�µ + @µg�⌫ � @�gµ⌫)

GR



General Relativity (Curvature)

gµ⌫ �↵
µ⌫ = {↵µ⌫}

(pseudo-) Riemanian manifold

{↵µ⌫} =
1

2
g↵�(@⌫g�µ + @µg�⌫ � @�gµ⌫)

GR

Curvature: R↵
�µ⌫ 6= 0

T↵
µ⌫ = 0Torsion:

Non-metricity: Q↵
µ⌫ = 0



General Relativity (Curvature)

gµ⌫ �↵
µ⌫ = {↵µ⌫}

(pseudo-) Riemanian manifold

{↵µ⌫} =
1

2
g↵�(@⌫g�µ + @µg�⌫ � @�gµ⌫)

GR

Curvature: R↵
�µ⌫ 6= 0

R↵
�µ⌫ = @µ{↵⌫�}� @⌫{↵µ�}

+ {↵µ⇢}{
⇢
⌫�}� {↵⌫⇢}{

⇢
µ�}

<latexit sha1_base64="sGu0sR9hz1qRkEQ4WgyC1ffSIsk=">AAADgXichVFtaxQxEJ7tam1PbU/7UT8sHhZFPHaLYKEIpb4gtEIVry009chu07tw2eySzRba4/6W/0V/ix98Erc97oo0S3YmzzzzzCSTlkpWNo5/BQvhnbuL95aWW/cfPFxZbT96fFAVtclELytUYY5SXgkltehZaZU4Ko3gearEYTp67+KH58JUstDf7UUpTnI+0PJMZtwC6rd/fvvBuCqHvD9mqbCc5TXT9WT9HSu5sZKrvk PGU5KuPW/CJq+nFD1Dya8pEWOt9VdzMTMsEHIgvDnF2ULzzKlwv92Ju7Ff0U0naZwONWu/aP8mRqdUUEY15SRIk4WviFOF75gSiqkEdkJjYAae9HFBE2ohtwZLgMGBjvAf4HTcoBpnp1n57AxVFLZBZkTPsT95xRRsV1XAr2D/YF96bPDfCmOv7Dq8gE2huOwVvwC3NATjtsy8YV71cnumu5WlM9r0t5Hor/SIu2d2rfMBEQNs5CMRffTMATRSfz7HC2jYHjpwr3ylEPkbn8Jyb4VX0Y0ih56Bda+PfjDmZH6oN52DjW4Sd5OvbzrbO83Al+gJPaMXmOpb2qbPtI8+suBpsBPsBnthGL4M43DjH3UhaHLWaGaFW38BqgrVSQ==</latexit><latexit sha1_base64="sGu0sR9hz1qRkEQ4WgyC1ffSIsk=">AAADgXichVFtaxQxEJ7tam1PbU/7UT8sHhZFPHaLYKEIpb4gtEIVry009chu07tw2eySzRba4/6W/0V/ix98Erc97oo0S3YmzzzzzCSTlkpWNo5/BQvhnbuL95aWW/cfPFxZbT96fFAVtclELytUYY5SXgkltehZaZU4Ko3gearEYTp67+KH58JUstDf7UUpTnI+0PJMZtwC6rd/fvvBuCqHvD9mqbCc5TXT9WT9HSu5sZKrvk PGU5KuPW/CJq+nFD1Dya8pEWOt9VdzMTMsEHIgvDnF2ULzzKlwv92Ju7Ff0U0naZwONWu/aP8mRqdUUEY15SRIk4WviFOF75gSiqkEdkJjYAae9HFBE2ohtwZLgMGBjvAf4HTcoBpnp1n57AxVFLZBZkTPsT95xRRsV1XAr2D/YF96bPDfCmOv7Dq8gE2huOwVvwC3NATjtsy8YV71cnumu5WlM9r0t5Hor/SIu2d2rfMBEQNs5CMRffTMATRSfz7HC2jYHjpwr3ylEPkbn8Jyb4VX0Y0ih56Bda+PfjDmZH6oN52DjW4Sd5OvbzrbO83Al+gJPaMXmOpb2qbPtI8+suBpsBPsBnthGL4M43DjH3UhaHLWaGaFW38BqgrVSQ==</latexit><latexit sha1_base64="sGu0sR9hz1qRkEQ4WgyC1ffSIsk=">AAADgXichVFtaxQxEJ7tam1PbU/7UT8sHhZFPHaLYKEIpb4gtEIVry009chu07tw2eySzRba4/6W/0V/ix98Erc97oo0S3YmzzzzzCSTlkpWNo5/BQvhnbuL95aWW/cfPFxZbT96fFAVtclELytUYY5SXgkltehZaZU4Ko3gearEYTp67+KH58JUstDf7UUpTnI+0PJMZtwC6rd/fvvBuCqHvD9mqbCc5TXT9WT9HSu5sZKrvk PGU5KuPW/CJq+nFD1Dya8pEWOt9VdzMTMsEHIgvDnF2ULzzKlwv92Ju7Ff0U0naZwONWu/aP8mRqdUUEY15SRIk4WviFOF75gSiqkEdkJjYAae9HFBE2ohtwZLgMGBjvAf4HTcoBpnp1n57AxVFLZBZkTPsT95xRRsV1XAr2D/YF96bPDfCmOv7Dq8gE2huOwVvwC3NATjtsy8YV71cnumu5WlM9r0t5Hor/SIu2d2rfMBEQNs5CMRffTMATRSfz7HC2jYHjpwr3ylEPkbn8Jyb4VX0Y0ih56Bda+PfjDmZH6oN52DjW4Sd5OvbzrbO83Al+gJPaMXmOpb2qbPtI8+suBpsBPsBnthGL4M43DjH3UhaHLWaGaFW38BqgrVSQ==</latexit><latexit sha1_base64="sGu0sR9hz1qRkEQ4WgyC1ffSIsk=">AAADgXichVFtaxQxEJ7tam1PbU/7UT8sHhZFPHaLYKEIpb4gtEIVry009chu07tw2eySzRba4/6W/0V/ix98Erc97oo0S3YmzzzzzCSTlkpWNo5/BQvhnbuL95aWW/cfPFxZbT96fFAVtclELytUYY5SXgkltehZaZU4Ko3gearEYTp67+KH58JUstDf7UUpTnI+0PJMZtwC6rd/fvvBuCqHvD9mqbCc5TXT9WT9HSu5sZKrvk PGU5KuPW/CJq+nFD1Dya8pEWOt9VdzMTMsEHIgvDnF2ULzzKlwv92Ju7Ff0U0naZwONWu/aP8mRqdUUEY15SRIk4WviFOF75gSiqkEdkJjYAae9HFBE2ohtwZLgMGBjvAf4HTcoBpnp1n57AxVFLZBZkTPsT95xRRsV1XAr2D/YF96bPDfCmOv7Dq8gE2huOwVvwC3NATjtsy8YV71cnumu5WlM9r0t5Hor/SIu2d2rfMBEQNs5CMRffTMATRSfz7HC2jYHjpwr3ylEPkbn8Jyb4VX0Y0ih56Bda+PfjDmZH6oN52DjW4Sd5OvbzrbO83Al+gJPaMXmOpb2qbPtI8+suBpsBPsBnthGL4M43DjH3UhaHLWaGaFW38BqgrVSQ==</latexit>



General Relativity (Curvature)

gµ⌫ �↵
µ⌫ = {↵µ⌫}

(pseudo-) Riemanian manifold

{↵µ⌫} =
1

2
g↵�(@⌫g�µ + @µg�⌫ � @�gµ⌫)

GR

Curvature: R↵
�µ⌫ 6= 0

Einstein-Hilbert action

R↵
�µ⌫ = @µ{↵⌫�}� @⌫{↵µ�}

+ {↵µ⇢}{
⇢
⌫�}� {↵⌫⇢}{

⇢
µ�}

<latexit sha1_base64="sGu0sR9hz1qRkEQ4WgyC1ffSIsk=">AAADgXichVFtaxQxEJ7tam1PbU/7UT8sHhZFPHaLYKEIpb4gtEIVry009chu07tw2eySzRba4/6W/0V/ix98Erc97oo0S3YmzzzzzCSTlkpWNo5/BQvhnbuL95aWW/cfPFxZbT96fFAVtclELytUYY5SXgkltehZaZU4Ko3gearEYTp67+KH58JUstDf7UUpTnI+0PJMZtwC6rd/fvvBuCqHvD9mqbCc5TXT9WT9HSu5sZKrvk PGU5KuPW/CJq+nFD1Dya8pEWOt9VdzMTMsEHIgvDnF2ULzzKlwv92Ju7Ff0U0naZwONWu/aP8mRqdUUEY15SRIk4WviFOF75gSiqkEdkJjYAae9HFBE2ohtwZLgMGBjvAf4HTcoBpnp1n57AxVFLZBZkTPsT95xRRsV1XAr2D/YF96bPDfCmOv7Dq8gE2huOwVvwC3NATjtsy8YV71cnumu5WlM9r0t5Hor/SIu2d2rfMBEQNs5CMRffTMATRSfz7HC2jYHjpwr3ylEPkbn8Jyb4VX0Y0ih56Bda+PfjDmZH6oN52DjW4Sd5OvbzrbO83Al+gJPaMXmOpb2qbPtI8+suBpsBPsBnthGL4M43DjH3UhaHLWaGaFW38BqgrVSQ==</latexit><latexit sha1_base64="sGu0sR9hz1qRkEQ4WgyC1ffSIsk=">AAADgXichVFtaxQxEJ7tam1PbU/7UT8sHhZFPHaLYKEIpb4gtEIVry009chu07tw2eySzRba4/6W/0V/ix98Erc97oo0S3YmzzzzzCSTlkpWNo5/BQvhnbuL95aWW/cfPFxZbT96fFAVtclELytUYY5SXgkltehZaZU4Ko3gearEYTp67+KH58JUstDf7UUpTnI+0PJMZtwC6rd/fvvBuCqHvD9mqbCc5TXT9WT9HSu5sZKrvk PGU5KuPW/CJq+nFD1Dya8pEWOt9VdzMTMsEHIgvDnF2ULzzKlwv92Ju7Ff0U0naZwONWu/aP8mRqdUUEY15SRIk4WviFOF75gSiqkEdkJjYAae9HFBE2ohtwZLgMGBjvAf4HTcoBpnp1n57AxVFLZBZkTPsT95xRRsV1XAr2D/YF96bPDfCmOv7Dq8gE2huOwVvwC3NATjtsy8YV71cnumu5WlM9r0t5Hor/SIu2d2rfMBEQNs5CMRffTMATRSfz7HC2jYHjpwr3ylEPkbn8Jyb4VX0Y0ih56Bda+PfjDmZH6oN52DjW4Sd5OvbzrbO83Al+gJPaMXmOpb2qbPtI8+suBpsBPsBnthGL4M43DjH3UhaHLWaGaFW38BqgrVSQ==</latexit><latexit sha1_base64="sGu0sR9hz1qRkEQ4WgyC1ffSIsk=">AAADgXichVFtaxQxEJ7tam1PbU/7UT8sHhZFPHaLYKEIpb4gtEIVry009chu07tw2eySzRba4/6W/0V/ix98Erc97oo0S3YmzzzzzCSTlkpWNo5/BQvhnbuL95aWW/cfPFxZbT96fFAVtclELytUYY5SXgkltehZaZU4Ko3gearEYTp67+KH58JUstDf7UUpTnI+0PJMZtwC6rd/fvvBuCqHvD9mqbCc5TXT9WT9HSu5sZKrvk PGU5KuPW/CJq+nFD1Dya8pEWOt9VdzMTMsEHIgvDnF2ULzzKlwv92Ju7Ff0U0naZwONWu/aP8mRqdUUEY15SRIk4WviFOF75gSiqkEdkJjYAae9HFBE2ohtwZLgMGBjvAf4HTcoBpnp1n57AxVFLZBZkTPsT95xRRsV1XAr2D/YF96bPDfCmOv7Dq8gE2huOwVvwC3NATjtsy8YV71cnumu5WlM9r0t5Hor/SIu2d2rfMBEQNs5CMRffTMATRSfz7HC2jYHjpwr3ylEPkbn8Jyb4VX0Y0ih56Bda+PfjDmZH6oN52DjW4Sd5OvbzrbO83Al+gJPaMXmOpb2qbPtI8+suBpsBPsBnthGL4M43DjH3UhaHLWaGaFW38BqgrVSQ==</latexit><latexit sha1_base64="sGu0sR9hz1qRkEQ4WgyC1ffSIsk=">AAADgXichVFtaxQxEJ7tam1PbU/7UT8sHhZFPHaLYKEIpb4gtEIVry009chu07tw2eySzRba4/6W/0V/ix98Erc97oo0S3YmzzzzzCSTlkpWNo5/BQvhnbuL95aWW/cfPFxZbT96fFAVtclELytUYY5SXgkltehZaZU4Ko3gearEYTp67+KH58JUstDf7UUpTnI+0PJMZtwC6rd/fvvBuCqHvD9mqbCc5TXT9WT9HSu5sZKrvk PGU5KuPW/CJq+nFD1Dya8pEWOt9VdzMTMsEHIgvDnF2ULzzKlwv92Ju7Ff0U0naZwONWu/aP8mRqdUUEY15SRIk4WviFOF75gSiqkEdkJjYAae9HFBE2ohtwZLgMGBjvAf4HTcoBpnp1n57AxVFLZBZkTPsT95xRRsV1XAr2D/YF96bPDfCmOv7Dq8gE2huOwVvwC3NATjtsy8YV71cnumu5WlM9r0t5Hor/SIu2d2rfMBEQNs5CMRffTMATRSfz7HC2jYHjpwr3ylEPkbn8Jyb4VX0Y0ih56Bda+PfjDmZH6oN52DjW4Sd5OvbzrbO83Al+gJPaMXmOpb2qbPtI8+suBpsBPsBnthGL4M43DjH3UhaHLWaGaFW38BqgrVSQ==</latexit>

� @2g
<latexit sha1_base64="T4r/8E1ooesftAVqBwGLCdhf3HA="></latexit><latexit sha1_base64="T4r/8E1ooesftAVqBwGLCdhf3HA="></latexit><latexit sha1_base64="T4r/8E1ooesftAVqBwGLCdhf3HA="></latexit><latexit sha1_base64="T4r/8E1ooesftAVqBwGLCdhf3HA="></latexit>

Lg =
p
�gR

<latexit sha1_base64="eq7qyVyah0qsrTbxcDqAFZV4J+Y="></latexit><latexit sha1_base64="eq7qyVyah0qsrTbxcDqAFZV4J+Y="></latexit><latexit sha1_base64="eq7qyVyah0qsrTbxcDqAFZV4J+Y="></latexit><latexit sha1_base64="eq7qyVyah0qsrTbxcDqAFZV4J+Y="></latexit>



a manifold based on torsion

TEGR

�↵
µ⌫

<latexit sha1_base64="XPrd0pPlEStlzYNHhWRctjbbnMs="></latexit><latexit sha1_base64="XPrd0pPlEStlzYNHhWRctjbbnMs="></latexit><latexit sha1_base64="XPrd0pPlEStlzYNHhWRctjbbnMs="></latexit><latexit sha1_base64="XPrd0pPlEStlzYNHhWRctjbbnMs="></latexit>

TEGR (Torsion)



TEGR (Torsion)

a manifold based on torsion

TEGR

�↵
µ⌫

<latexit sha1_base64="XPrd0pPlEStlzYNHhWRctjbbnMs="></latexit><latexit sha1_base64="XPrd0pPlEStlzYNHhWRctjbbnMs="></latexit><latexit sha1_base64="XPrd0pPlEStlzYNHhWRctjbbnMs="></latexit><latexit sha1_base64="XPrd0pPlEStlzYNHhWRctjbbnMs="></latexit>

�↵
µ⌫ = {↵µ⌫}+K↵

µ⌫(T )
<latexit sha1_base64="Lt43gv/j2kvHpfQ8Paybz8qz4SI="></latexit><latexit sha1_base64="Lt43gv/j2kvHpfQ8Paybz8qz4SI="></latexit><latexit sha1_base64="Lt43gv/j2kvHpfQ8Paybz8qz4SI="></latexit><latexit sha1_base64="Lt43gv/j2kvHpfQ8Paybz8qz4SI="></latexit>

K↵
µ⌫ =

1

2
T↵
µ⌫ + T ↵

(µ ⌫) contorsion tensor



TEGR (Torsion)

a manifold based on torsion

TEGR

�↵
µ⌫

<latexit sha1_base64="XPrd0pPlEStlzYNHhWRctjbbnMs="></latexit><latexit sha1_base64="XPrd0pPlEStlzYNHhWRctjbbnMs="></latexit><latexit sha1_base64="XPrd0pPlEStlzYNHhWRctjbbnMs="></latexit><latexit sha1_base64="XPrd0pPlEStlzYNHhWRctjbbnMs="></latexit>

�↵
µ⌫ = {↵µ⌫}+K↵

µ⌫(T )
<latexit sha1_base64="Lt43gv/j2kvHpfQ8Paybz8qz4SI="></latexit><latexit sha1_base64="Lt43gv/j2kvHpfQ8Paybz8qz4SI="></latexit><latexit sha1_base64="Lt43gv/j2kvHpfQ8Paybz8qz4SI="></latexit><latexit sha1_base64="Lt43gv/j2kvHpfQ8Paybz8qz4SI="></latexit>

K↵
µ⌫ =

1

2
T↵
µ⌫ + T ↵

(µ ⌫) contorsion tensor

Curvature:

Non-metricity: Q↵
µ⌫ = 0

R↵
�µ⌫ = 0

Torsion: T↵
µ⌫ 6= 0



TEGR (Torsion)

a manifold based on torsion

TEGR

�↵
µ⌫

<latexit sha1_base64="XPrd0pPlEStlzYNHhWRctjbbnMs="></latexit><latexit sha1_base64="XPrd0pPlEStlzYNHhWRctjbbnMs="></latexit><latexit sha1_base64="XPrd0pPlEStlzYNHhWRctjbbnMs="></latexit><latexit sha1_base64="XPrd0pPlEStlzYNHhWRctjbbnMs="></latexit>

�↵
µ⌫ = {↵µ⌫}+K↵

µ⌫(T )
<latexit sha1_base64="Lt43gv/j2kvHpfQ8Paybz8qz4SI="></latexit><latexit sha1_base64="Lt43gv/j2kvHpfQ8Paybz8qz4SI="></latexit><latexit sha1_base64="Lt43gv/j2kvHpfQ8Paybz8qz4SI="></latexit><latexit sha1_base64="Lt43gv/j2kvHpfQ8Paybz8qz4SI="></latexit>

K↵
µ⌫ =

1

2
T↵
µ⌫ + T ↵

(µ ⌫) contorsion tensor

Curvature:

Non-metricity: Q↵
µ⌫ = 0

R↵
�µ⌫ = 0

Torsion: T↵
µ⌫ 6= 0 T↵

µ⌫ = �↵
µ⌫ � �↵

⌫µ
<latexit sha1_base64="VTP7mR2W3+wLVUSHBCj4uhlevQM="></latexit><latexit sha1_base64="VTP7mR2W3+wLVUSHBCj4uhlevQM="></latexit><latexit sha1_base64="VTP7mR2W3+wLVUSHBCj4uhlevQM="></latexit><latexit sha1_base64="VTP7mR2W3+wLVUSHBCj4uhlevQM="></latexit>



TEGR (Torsion)

a manifold based on torsion

TEGR

�↵
µ⌫

<latexit sha1_base64="XPrd0pPlEStlzYNHhWRctjbbnMs="></latexit><latexit sha1_base64="XPrd0pPlEStlzYNHhWRctjbbnMs="></latexit><latexit sha1_base64="XPrd0pPlEStlzYNHhWRctjbbnMs="></latexit><latexit sha1_base64="XPrd0pPlEStlzYNHhWRctjbbnMs="></latexit>

�↵
µ⌫ = {↵µ⌫}+K↵

µ⌫(T )
<latexit sha1_base64="Lt43gv/j2kvHpfQ8Paybz8qz4SI="></latexit><latexit sha1_base64="Lt43gv/j2kvHpfQ8Paybz8qz4SI="></latexit><latexit sha1_base64="Lt43gv/j2kvHpfQ8Paybz8qz4SI="></latexit><latexit sha1_base64="Lt43gv/j2kvHpfQ8Paybz8qz4SI="></latexit>

K↵
µ⌫ =

1

2
T↵
µ⌫ + T ↵

(µ ⌫) contorsion tensor

S =
1

2

p
�g

�
c1T↵

µ⌫T↵
µ⌫ + c2T↵

µ⌫T ↵
µ ⌫ + c3TµT

µ
�

+��µ⌫
↵ R↵

�µ⌫ + �̃µ⌫
↵ Q↵

µ⌫

c1 =
1

4
, c2 =

1

2
, c3 = �1 ! equivalent to GR!



CGR (Non-metricity)

a manifold based on non-metricity

CGR L.H & J.Beltran, T.Koivisto 
PRD98 (2018) 4, 044048, 
arXiv:1803.10185

gµ⌫ ,�
↵
µ⌫

<latexit sha1_base64="bP7dURq9c6RD8Q12E4l5jAtoM3g="></latexit><latexit sha1_base64="bP7dURq9c6RD8Q12E4l5jAtoM3g="></latexit><latexit sha1_base64="bP7dURq9c6RD8Q12E4l5jAtoM3g="></latexit><latexit sha1_base64="bP7dURq9c6RD8Q12E4l5jAtoM3g="></latexit>



CGR (Non-metricity)

a manifold based on non-metricity

CGR L.H & J.Beltran, T.Koivisto 
PRD98 (2018) 4, 044048, 
arXiv:1803.10185

gµ⌫ ,�
↵
µ⌫

<latexit sha1_base64="bP7dURq9c6RD8Q12E4l5jAtoM3g="></latexit><latexit sha1_base64="bP7dURq9c6RD8Q12E4l5jAtoM3g="></latexit><latexit sha1_base64="bP7dURq9c6RD8Q12E4l5jAtoM3g="></latexit><latexit sha1_base64="bP7dURq9c6RD8Q12E4l5jAtoM3g="></latexit>

�↵
µ⌫ = {↵µ⌫}+ L↵

µ⌫(Q)
<latexit sha1_base64="1ZtPBLvQI0wcmoaT6+vQpJYGWiQ="></latexit><latexit sha1_base64="1ZtPBLvQI0wcmoaT6+vQpJYGWiQ="></latexit><latexit sha1_base64="1ZtPBLvQI0wcmoaT6+vQpJYGWiQ="></latexit><latexit sha1_base64="1ZtPBLvQI0wcmoaT6+vQpJYGWiQ="></latexit>

L↵
µ⌫ =

1

2
Q↵

µ⌫ �Q ↵
(µ ⌫) disformation tensor



CGR (Non-metricity)

a manifold based on non-metricity

CGR L.H & J.Beltran, T.Koivisto 
PRD98 (2018) 4, 044048, 
arXiv:1803.10185

gµ⌫ ,�
↵
µ⌫

<latexit sha1_base64="bP7dURq9c6RD8Q12E4l5jAtoM3g="></latexit><latexit sha1_base64="bP7dURq9c6RD8Q12E4l5jAtoM3g="></latexit><latexit sha1_base64="bP7dURq9c6RD8Q12E4l5jAtoM3g="></latexit><latexit sha1_base64="bP7dURq9c6RD8Q12E4l5jAtoM3g="></latexit>

�↵
µ⌫ = {↵µ⌫}+ L↵

µ⌫(Q)
<latexit sha1_base64="1ZtPBLvQI0wcmoaT6+vQpJYGWiQ="></latexit><latexit sha1_base64="1ZtPBLvQI0wcmoaT6+vQpJYGWiQ="></latexit><latexit sha1_base64="1ZtPBLvQI0wcmoaT6+vQpJYGWiQ="></latexit><latexit sha1_base64="1ZtPBLvQI0wcmoaT6+vQpJYGWiQ="></latexit>

L↵
µ⌫ =

1

2
Q↵

µ⌫ �Q ↵
(µ ⌫) disformation tensor

Curvature:

Torsion:

Non-metricity:

R↵
�µ⌫ = 0

T↵
µ⌫ = 0

Q↵
µ⌫ 6= 0



CGR (Non-metricity)

a manifold based on non-metricity

CGR L.H & J.Beltran, T.Koivisto 
PRD98 (2018) 4, 044048, 
arXiv:1803.10185

gµ⌫ ,�
↵
µ⌫

<latexit sha1_base64="bP7dURq9c6RD8Q12E4l5jAtoM3g="></latexit><latexit sha1_base64="bP7dURq9c6RD8Q12E4l5jAtoM3g="></latexit><latexit sha1_base64="bP7dURq9c6RD8Q12E4l5jAtoM3g="></latexit><latexit sha1_base64="bP7dURq9c6RD8Q12E4l5jAtoM3g="></latexit>

�↵
µ⌫ = {↵µ⌫}+ L↵

µ⌫(Q)
<latexit sha1_base64="1ZtPBLvQI0wcmoaT6+vQpJYGWiQ="></latexit><latexit sha1_base64="1ZtPBLvQI0wcmoaT6+vQpJYGWiQ="></latexit><latexit sha1_base64="1ZtPBLvQI0wcmoaT6+vQpJYGWiQ="></latexit><latexit sha1_base64="1ZtPBLvQI0wcmoaT6+vQpJYGWiQ="></latexit>

L↵
µ⌫ =

1

2
Q↵

µ⌫ �Q ↵
(µ ⌫) disformation tensor

Curvature:

Torsion:

Non-metricity:

R↵
�µ⌫ = 0

T↵
µ⌫ = 0

Q↵
µ⌫ 6= 0

r↵gµ⌫ = Q↵µ⌫

Non-metricity
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4
and c4 = 0 ! equivalent to GR!
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the connection can be set to zero by means of a gauge choice
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No need for Gibbons-Hawking-York boundary term for a 
well-defined variational principle

Just partial derivatives          easier for calculation purposes

Improved and unambigous entropy of Black Holes?
New tool to canonically quantize General Relativity?

All points are equivalent!

New tool to compute the Gravitational Energy?



Modified gravity (geometrical perspective)

Z p
�qR !

Z p
�qf(R)

Z p
�qT̊ !

Z p
�qf(T̊)

Z p
�qQ̊ !

Z p
�qf(Q̊)

Other consistent quadratic actions?

Promote the scalars to general functions

S =

Z
d4x

p
�g

 
5X
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aiQ
2
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biT
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ciQiTi
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�µ⌫
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Particle Physics Perspective
Electromagnetic interactions

PHOTON particle

Gravitational interactions

GRAVITON particle



Particle Physics Perspective

GRAVITON particle

What is the most natural candidate for 
the GRAVITON particle?
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Facts that we know about gravity:

Gravity

is long-range               particle is massless

exists as a classical theory              no fermionic particle                                             
(only bosonic, spin=0,1,2..)

is attractive              not photon-like (no spin=1)

interacts with light            not Higgs boson-like ( no spin=0)

This leaves massless spin-2 field as a natural candidate!

General Relativity



A model of the Universe

The equations of General Relativity are very difficult to solve.

Make simplified assumptions!

Gµ⌫ =
Tµ⌫
M2

Pl
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A model of the Universe

The equations of General Relativity are very difficult to solve.

Make simplified assumptions!

Gµ⌫ =
Tµ⌫
M2

Pl
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Alexander Friedmann

spherically symmetric
for every observer

Georges Lemaitre

(FLRW model)

homogeneous and 
isotropic universe!



Budget of the Universe

Observations indicate

DM DE

GR + hom. & iso. 

Gµ⌫ =
Tµ⌫
M2

Pl
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A model of the Universe
Residual heat: cosmic microwaves}

INFLATON: early phase of accelerated expansion!



What is the origin of DM?

DM DE

?

?
?

??

?

?
?

?
?

?
?

??

?

?
?

What causes these two accelerated 
expansion phases of the universe?

Is DE just a cosmological constant or a 
field evolving in time like the inflaton?

Inflaton

?

?
?

??

?

?
?



Effective Field Theories

}}

 …

particle 1

particle 2

particle 3

⇡

DM DE Infl.

 …



Scalar Field (Galileons)

second order equations of motion 

Lorentz invariant and local 

shift and galileon symmetry ⇡ ! ⇡ + c+ xµb
µ
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Scalar Field (Galileons)

second order equations of motion 

Lorentz invariant and local 

shift and galileon symmetry ⇡ ! ⇡ + c+ xµb
µ

⇡

Galileon interactions
Nicolis, Rattazzi, Trincherini

Phys.Rev.D79 064036, 2009

L2 = (@⇡)2

L3 = (@⇡)2[⇧]

L4 = (@⇡)2([⇧]2 � [⇧2])

L5 = (@⇡)2([⇧]3 � 3[⇧][⇧2] + 2[⇧3])

[⇧] = ⇤⇡

⇧µ⌫ = @µ@⌫⇡



Gµ⌫ =
Tµ⌫

M2
Pl

gµ⌫
?

?

?

?
?

Horndeski theory (scalar-tensor theory)

Gµ⌫ =
Tµ⌫

M2
Pl

gµ⌫

⇡

gµ⌫ ?}
how do they couple???

⇡



The generalisation to curved space-time yield the rediscovery of 
Horndeski interactions

Scalar-Tensor-interactions

Non-minimal couplings to gravity have to be added to maintain 
second order equations of motions

G.W.Horndeski Int. J. Theo.Phys. 10, 363-384 (1974)
C.Deffayet, Esposito-Farese,Vikman 

Phys. Rev.D (79), 084003 (2009)
T. Kobayashi, M. Yamaguchi, J. Yokoyama, 

Prog. Theor. Phys. 126 (2011),511-529

L2 = K(⇡, X)

L3 = G3(⇡, X)[⇧]

L4 = G4(⇡, X)R+G4,X([⇧]2 � [⇧2])

L5 = G5(⇡, X)Gµ⌫⇧
µ⌫ � G5,X

6
([⇧]3 � 3[⇧][⇧2] + 2[⇧2])

⇧µ⌫ = rµ@⌫⇡

X = �1

2
(@⇡)2
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M2
Pl

gµ⌫
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Horndeski theory (scalar-tensor theory)

Gµ⌫ =
Tµ⌫

M2
Pl

gµ⌫

⇡

ds2 = �dt2 + a(t)2�ijdx
idxj

⇡ = ⇡(t)

homogeneous & 
isotropic solutions



Beyond Horndeski

Scalar-Tensor-interactions

Horndeski

Beyond Beyond Horndeski

DHOST
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Vector-Tensor Theories

Gµ⌫ =
Tµ⌫

M2
Pl

gµ⌫

gµ⌫ ?}
how do they couple???



Vector Field (Generalized Proca)

second order equations of motion 

Lorentz invariant and local



Vector Field (Generalized Proca)

second order equations of motion 

Lorentz invariant and local

L2 = f2(Aµ, Fµ⌫ , F̃µ⌫)

L3 = f3(A
2) @ ·A

L4 = f4(A
2)

⇥
(@ ·A)2 � @⇢A�@

�A⇢
⇤

L5 = f5(A
2)

⇥
(@ ·A)3 � 3(@ ·A)@⇢A�@

�A⇢

+2@⇢A�@
�A⇢@�A� ] + f̃5(A

2)F̃↵µF̃ �
µ@↵A�

L6 = f6(A
2)F̃↵�F̃µ⌫@↵Aµ@�A⌫

L.H  (JCAP 1405,2014,015, 
arXiv:1402.7026)

L.H & J.Beltran, 
Phys.Lett.B757 (2016) 

405-411, arXiv:1602.03410



Generalized Proca action
Interactions on curved space-time requires the 
presence of non-minimal couplings to gravity

L2 = G2(Aµ, Fµ⌫ , F̃µ⌫)

L3 = G3(Y )rµA
µ

L4 = G4(Y )R+G4,Y

⇥
(rµA

µ)2 �r⇢A�r�A⇢
⇤

L5 = G5(Y )Gµ⌫rµA⌫ � 1

6
G5,Y

h
(r ·A)3

+ 2r⇢A�r�A⇢r�A� � 3(r ·A)r⇢A�r�A⇢
i

� G̃5(Y )F̃↵µF̃ �
µr↵A�

L6 = G6(Y )Lµ⌫↵�rµA⌫r↵A� +
G6,Y

2
F̃↵�F̃µ⌫r↵Aµr�A⌫

L.H & J.Beltran, 
Phys.Lett.B757 (2016) 

405-411, arXiv:1602.03410

L. H., JCAP 1405, 015 (2014), 
arXiv:1402.7026

G.Tasinato JHEP 1404 (2014)067
arXiv:1402.6450

Allys, Peter, Rodriguez, 
JCAP 1602 (2016) 02, 004

Y = �1

2
AµA

µ



Cosmology with Vector Fields
Flat Friedmann-Lemaitre-

Robertson-Walker background

ds2 = �dt2 + a(t)2�ijdx
idxj

Homogeneity & Isotropy 

Aµ = (�(t), 0, 0, 0)
Aa

i = A(t)�ai
A0

i = 0

Aa
µ



Extended Vector Theories

Generalized Proca

Beyond Generalized Proca

Vector-Tensor Theories



Gµ⌫ =
Tµ⌫

M2
Pl

gµ⌫
?

?

?
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Massive Gravity (tensor-tensor theory)

Gµ⌫ =
Tµ⌫

M2
Pl

gµ⌫

gµ⌫ ?}
how do they couple???



The building block for a consistent theory of massive gravity

m2gµ⌫fµ⌫?

m2
p

g�1f

SMG =
Z

d4x
p
�g

4

Â
n=0

bn
n!(4 � n)!

en(
q

g�1 f )

elementary symmetric polynomials

C. de Rham, G. Gabadaze, 
A.J.Tolley, PRL106 (2011)

S.F. Hassan, R.A. Rosen 
JHEP1107 (2011)

S =

Z
M2

Pl

2

p
�gR+ Lmatter

@2g

+ m2U
⇣p

g�1f
⌘

Massive Gravity (tensor-tensor theory)



L.H arXiv:1801.01523

Scalar-Vector-Tensor Theories

UNIFY

scalar-vector-tensor 
theories

Horndeski
scalar-tensor generalized Proca

vector-tensor



SVT

Huge Landscape of Theories

CGRGR VT

ST
MGMOG Bi

TEGR
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Consistency 
Checks

Theoretical 
Consistency Observational 

Consistency



Consistency 
Checks

Theoretical 
Consistency Observational 

Consistency
Instabilities?

Swampland?

Positivity?

DOF?

Quantum 
corrections?



Theoretical Consistency

Lorentz invariant, 
local, UV completion

Positivity bounds on the tree 
level scattering amplitudes

The positivity bounds filter out the EFT interactions, that may 
have a local, Lorentz invariant Wilsonian UV completion 

scattering amplitudes

UV

IR



Theoretical Consistency
UV

IR

Cheung, Remmen, JHEP 1604, 002, 
2016, arXiv:1601.04068

Positivity bounds in Massive Gravity



Theoretical Consistency

Landscape

Effective Field Theories

Swampland

EFTs can be successfully 
embedded

EFTs do not have a UV 
completion

EFTs have to satisfy given conditions in 
order not to land on the Swampland

Weak Gravity Conjecture
Distance Conjecture
No Global Symmetry
De Sitter Conjecture  … etc



Theoretical Consistency

Swampland

No global symmetries

Motivation: BH physics, no-hair theorem

An EFT coupled to gravity cannot have 
global symmetries

All global symmetries in string theory are gauged



Theoretical Consistency

Swampland

No free parameters

Motivation: M theory in 11D has no free parameter

An EFT coupled to gravity must have no free parameters.

Parameters of lower energy EFTs get related to the 
internal geometry of the compactifications

Every parameter entering in the Lagrangian should be 
viewed as the vacuum expectation value of a field.



Theoretical Consistency

Swampland

Weak Gravity Conjecture

Motivation: BH should be able to decay

In a consistent EFT coupled to gravity, gravity 
must always be the weakest force.

Applies to charged particles - U(1) gauge theory

Fg  Fe
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Arkani-Hamed, Motl, Nicolis,Vafa, 
arXiv:hep-th/0601001



Theoretical Consistency

Swampland

Distance Conjecture

In a consistent EFT coupled to gravity, the range 
traversed by scalar fields in field space is bounded

Ooguri, Rafa, Nucl. Phys. B766 
(2007) 21-33, arXiv:hep-th/0605264

|��| < d ⇠ O(1)
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Theoretical Consistency

Swampland

De Sitter Conjecture

Scalar fields in the EFTs have to satisfy

|rV |

V
> c ⇠ O(1)
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dS space does not exist as a consistent 
quantum theory of gravity and it 

belongs to the swampland.

Obied, Ooguri, Spodyneiko 
Vafa, arXiv:1806.08362

Aµ(t)
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Theoretical Consistency

Swampland

Trans-Planckian 
Censorship Conjecture

DE

CC

�(t)
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A field theory consistent with a quantum theory of gravity does 
not lead to a cosmological expansion where any perturbation 
with length scale greater than the Hubble radius trace back to 

trans-Planckian scales at an earlier time.

Bedroya, Vafa, arXiv:1909.11063

Aµ(t)
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Constraints!!!

Constraints

Theoretical 
Consistency Observational 

Consistency
SNIa, CMB, BAO

Large-scale 
structure

GWs

Solar System



Cosmological observations
geometrical probes

distance 
measurements

Structure formation probes

galaxy 
distribution

astrophysical probes

gravitational 
waves



Gravitational Waves observations
Gµ⌫ =

Tµ⌫

M2
Pl

gµ⌫

⇡

}
NO non-minimal coupling!

c2gw = 1

L2 = K(⇡, X)

L3 = G3(⇡, X)[⇧]

L4 = G4(⇡, X)R+G4,X([⇧]2 � [⇧2])

L5 = G5(⇡, X)Gµ⌫⇧
µ⌫ � G5,X

6
([⇧]3 � 3[⇧][⇧2] + 2[⇧2])

⇧µ⌫ = rµ@⌫⇡

X = �1

2
(@⇡)2

Horndeski



Gravitational Waves observations}
Some non-minimal couplings!

c2gw = 1

Generalized Proca

Gµ⌫ =
Tµ⌫

M2
Pl

gµ⌫

L2 = G2(Aµ, Fµ⌫ , F̃µ⌫)

L3 = G3(Y )rµA
µ

L4 = G4(Y )R+G4,Y

⇥
(rµA

µ)2 �r⇢A�r�A⇢
⇤

L5 = G5(Y )Gµ⌫rµA⌫ � 1

6
G5,Y

h
(r ·A)3

+ 2r⇢A�r�A⇢r�A� � 3(r ·A)r⇢A�r�A⇢
i

� G̃5(Y )F̃↵µF̃ �
µr↵A�

L6 = G6(Y )Lµ⌫↵�rµA⌫r↵A� +
G6,Y

2
F̃↵�F̃µ⌫r↵Aµr�A⌫



Gravitational Waves observations

c2gw = 1

Massive Gravity

Gµ⌫ =
Tµ⌫

M2
Pl

gµ⌫

m2
p

g�1f m < 10�22eV

compared to the other existing 
cosmological bounds not so relevant

m < 10�32eV



Combine theoretical and observational constraints!

Ex: Quintessence Model �(t)
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De Sitter Conjecture |rV |

V
> c ⇠ O(1)
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SNIa, BAO, CMB, H0 measurements
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Agrawal, Obied, Steinhart, 
Vafa, arXiv:1806.09718

L.H & Bartelmann, 
Brandenberger, Refregier, 

arXiv:1808.02877

Dark Energy in the Swampland



Combine theoretical and observational constraints!

Ex: Horndeski Model

De Sitter Conjecture |rV |

V
> c ⇠ O(1)
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SNIa, BAO, CMB, H0 measurements
L.H & Bartelmann, 

Brandenberger, Refregier, 
arXiv:1902.03939

Dark Energy in the Swampland
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G2(⇡, X) = (1� 6↵2)f(⇡)X � V (⇡) ,

G3(⇡, X) = ↵3X ,

G4(⇡, X) =
MPl

2
f(⇡) + ↵4X

2 ,
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All you ever wanted to know about modified 
gravity, but were afraid to ask. 

arXiv:1807.01725

Q↵
µ⌫


