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The O(n) model

Classical O(n) spin §(r) at each site r of a lattice I

with nearest-neighbor interaction
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Critical behavior at n = 2cos(w/p) € [—2,2]



L.oop gas picture
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For general (irrational) p , the model describes

the thermal flow between two (irrational) CFTs.

dense phase I;C empty phase 1
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((p — 1,p) and (p,p + 1) unitary minimal models for integer p.)



Boundary conditions

* Ordinary b.c. --- loops are not allowed to touch




Boundary conditions

* Ordinary b.c. --- loops are not allowed to touch
*J-S b.c --- loops that touch the boundary are weighted by
(Jacobsen-Saleur) L . )\ﬁ(touchings)T—(length)

Boundary spins are O(k) valued,

with interaction
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Boundary conditions

* Ordinary b.c. --- loops are not allowed to touch

*J-S b.c. --- loops that touch the boundary are weighted by

L . /\lj (touchings) T (length)

* “Dilute” J-S b.c. --- consider loops of two colors.

Red and Blue loops are weighted by

touchings) 4~—(len
Q nqy - Ay e T Cone®)

Q ) - )\jggouchings)T_(length)

(nay +n@) =n)

Interaction of boundary O(n(1)) x O(n(2)) spins :

A0 SD (S () + A2 52 (1) 52 ()




Various properties of the new boundaries have been

worked out on plain lattices.



Condition for conformal invariance (= criticality)

* In dense phase (1" < 1), the couplings A(1), A(2) are irrelevant.

* In dilute phase (1" =1¢), we need to tune A1), A¢2) to achieve criticality.

Phase diagram for J-S boundary has
--- 3 phases, 4 RG fixed points.
ORD: no loops touch the boundary
EXT1: a red loop covers the boundary

EXT2: a blue loop covers the boundary

--- arrows indicate relevant perturbations
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Boundary-changing “L-leg” operators

Ord AS1 or AS2 Sf)
Sy (L =4)

... appear in the cylinder partition function
with Ord and J-S boundaries

and L (red / blue) loops going around

... sources of L red lines

... sources of L. blue lines

A
Y,

AS1 or AS2



We label the J-S boundaries by 7.

e S,
Then we find

(Ord|S}|AS1) < @11

(Ord|S?|AS1) — & _p .,

(Ord|S{"|AS2) < D ir 1) = Ploor_Lpn)

(Ord|S?|AS2) <— ®(_p,t1) = Plper—rpen)

{r(p+1) —sp}? -1
dp(p+1)

h(’l",S) — h(p—’)",p—|—1—8) =



We study the new boundary conditions in the O(n) model
using the methods of 2D quantum gravity

(large N matrix model).



The O(n) matrix model

--- Integral over (/N x N) matrices.

Zn(T) = /de”Yexpﬂtr(—%MQ_%?Z_l_%MS_I_M)n)

12

/dXd”Y exp ﬁtr( — V(X)) + X?2)

V(@)= —5(@+3)° +3(@+y)’

Random lattices with loop configurations are generated

as Feynman graphs with loops of Y-matrices.



Disk one-point amplitudes

Ordinary boundary

.. solved by Eynard-Kristjansen('96), Kostov('06).

J-S boundary

y—X - A0)Y3 - AYE

.. we could not solve H(y) .



Disk two-point amplitudes

Dy (z,y) = %<trW(zc)Sg)H(y)Sg)>
Do(z,y) = %<trW(m)H(y)>

Here SS;” is the red L-leg operator,

1) shorthand 1
git) shoraend gl ar = Yig Yoy - Y,

(a17°'° yar € {]-7 7n(1)})

L]

and likewise Sf) is the blue L-leg operator.



L.oop equation for W(x)

Reduces to 1IMM when n = 0.

Solve this with the assumption of
a single cut = € [—A, — M|

along negative real axis.

Continuum limit : A — oo, M fixed.




Solution in the continuum limit

>
1l

M cosh T
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At t = 0 or oo, it agrees with the result of

(p,q) minimal models coupled to Liouville gravity

S = Sminimal_l_/
2

(8q§5q§ + ,LLszqb) +j£ nped®
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Loop equation for 2pt functions

* recursion relation

DY (@) =W D (z) (L>1,i=1,2)

* algebraic relation between D, and Dgi)

AVBD = ¢O (F@) = f(-u))

A

)\(z')DO — 1
BY = const - Dgi) + (junk)

CW = const- (W + nW) + (junk)




Loop equation for 2pt functions

* recursion relation

DY (@) =W D (z) (L>1,i=1,2)

* algebraic relation between D, and Dgi)

AVBD = O (T() = f(-u))

AW = \yDg — 1
BW = (A\qy = Ae)nay Ay DV + W = Aoy (W =V + H) —a —y
CH = XAy P+ Aa) +A@)H —z+y — (Aa) — A@) W +ny)W) = Ax) V'

P = Sl )




Condition for criticality

If (T, B,y, A1), A(2)) are set to the critical values,
the functions (A, B®) ")) should scale, ~ (xo‘(z) : o , T

p+1
P

)

Critical curve along which (A®, B®) C®) scale.

7 Critical curve along which (A", B ¢y scale.




Shape of the critical curves

A(1)

A2)

At small z, the functions C'V), C'®) behave

p+1

CY) = ¢o+ iz + cox® — const( Ny — Ajgy) - T »
(1) (2)

p+1

C? = co+ ez + oz’ + const' (A1) — A)) -z 7

Critical curves are given by co = c1 = 0.

co = A1) 2)(92H + gsH1) + (A1) + A2)(H — 1g1)

91(n1y) — 1)
2(2+n)

+y — (Aq) — Aw)

92(n(1) — 1))

a = AnAegsH —1-3(00) + A@)g2 + A1) — A) 2(2 —n)

H = %<trH(y)>, H = %<trH(y)X>

V’(w) = 01 +92$—|—93$2



Relevant perturbations

* Near Sp and along the critical curve to AS1,

p+1

CH ~ 224+ Azr 4

* Near AS1,

p+1

C(l) ~ T P —|_tB'x—|_"'-

KPZ scaling determines the operators

A <— <I>(3,3), tp <— @(1,3)




Spectrum of boundary operators

L.et us choose

T sin[w(r —1)/p] sin|w(r +1)/p]

) — = =
" COSp’ " sin[mr/p] ") sin[7r /p]

Along the critical curve from Sp to AS1, the 2pt functions scale as

From the KPZ scaling we find
Sf) = D,_1,

Sf) S T



Exact solution for 2pt functions at AS1

We compare the solution of the loop equation

AV ()BW (—z) = pup —tgz — Wo(z) — nyWe(—x)

with that of Liouville gravity approach

S = / (Eminimal + 090 + O 1) +t0(1,3>>
>
+/ 2O0(1.1) +/ (“Bogﬂ) HBO(BL?)))
Ord J-S

* When tp=1t=0, (CUZMCOShT, WCZMPTTl coshp]%l7>

Loop equation agrees with a recursion relation

for Liouville Disk 2pt functions

* We also analytically solved the loop equation for @ = up = 0.



Extraordinary transition

A2)

* Loops avoid the boundary
in the phase ORD.

* Loops avoid the boundary
also in the phase EXT1,

due to a red loop coating the boundary.

The loop equation exhibits the (high-?5 / low-tB) duality

ORD (1) - EXT1(p+1-7)
coated by 1 red loop



Summary

We studied the O(n) model in the dilute phase
with new boundary conditions breaking O(n) to O(n(1y) x O(n2))

using matrix model.
Loop equations

~ Phase structure

‘ <  Spectrum of boundary-changing operators

. Exact disk 2pt amplitudes

Some fundamental quantities remained to be computed,

1 1
H(y) = E<tr< =5 _,2>>.
y—X =AnYq —Ae)Yys

including
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