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Semileptonic B-meson decays induced by b→clν play an important 

role for testing the Standard Model at low energy:                            

|Vcb| and Lepton Flavor Universality (LFU) 

Lepton flavor universality is violated by only tau lepton mass which 

leads to small phase space and scalar form factors f0(q2) and A0(q2)

= =

�3

Semileptonic B decay

Light lepton universaliNes in kaon, pion and τ decays have been checked precisely

rSMµe = (gWµ⌫̄/gWe⌫̄)
2 = 1

[Rainer Wanke, KAON 2007; CrisHna Lazzeroni, IoP Nuclear and ParHcle Divisional Conference, 2011]

K+ ! ⇡0`+⌫

KL ! ⇡�`+⌫

rµe(K
+) = 0.998(9)

rµe(KL) = 1.003(5)

rµe(⇡
+) = 1.0042(33)

rµe(⌧
+) = 1.000(4)

⇡+ ! `+⌫

⌧+ ! `+⌫⌫̄ (�)

(�)

(�)

(�)
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R(D) and R(D*)

Heavy lepton flavour universality can be measured by R(D) and R(D*)

R(D(⇤)+) =
B(B̄0 ! D(⇤)+⌧�⌫̄)

B(B̄0 ! D(⇤)+`�⌫̄)

R(D(⇤)0) =
B(B� ! D(⇤)0⌧�⌫̄)

B(B� ! D(⇤)0`�⌫̄)

TheoreNcally clean: dominant hadronic uncertainty is largely canceled in the raHos 

CKM dependence (|Vcb|) is also totally canceled 

We separately define R(D+) and R(D0) to disHnguish different QED correcHons in neutral and charged B decays

Belle: �ℓ = e + μ
BaBar: �ℓ = e + μ

LHCb: �ℓ = μ
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0.2 0.3 0.4
R(D*)

BaBar (2012), had. tag
 0.018± 0.024 ±0.332 

Belle (2015), had. tag
 0.015± 0.038 ±0.293 

Belle (2017), (had. tau)
 0.027± 0.035 ±0.270 

Belle (2019), sl.tag
 0.029± 0.018 ±0.283 

LHCb (2015) 
 0.030± 0.027 ±0.336 

LHCb (2018), (had. tau)
 0.029± 0.018 ±0.280 

Average 
 0.008± 0.011 ±0.295 

SM pred. average 
 0.005±0.258 

PRD 95 (2017) 115008 
 0.003±0.257 

 JHEP 1711 (2017) 061  
 0.008±0.260 

JHEP 1712 (2017) 060 
 0.005±0.257 

HFLAV
Spring 2019

/dof = 0.4/ 1 (CL = 52.00 %)2χ

0.2 0.4
R(D)

BaBar (2012), had. tag
 0.042± 0.058 ±0.440 

Belle (2015), had. tag
 0.026± 0.064 ±0.375 

Belle (2019), sl. tag
 0.016± 0.037 ±0.307 

Average 
 0.013± 0.027 ±0.340 

SM pred. average
 0.003±0.299 

PRD 94 (2016) 094008 
 0.003±0.299 

PRD 95 (2017) 115008 
 0.003±0.299 

JHEP 1712 (2017) 060 
 0.004±0.299 

FNAL/MILC (2015) 
 0.011±0.299 

HPQCD (2015) 
 0.008±0.300 

HFLAV
Spring 2019

/dof = 0.4/ 1 (CL = 52.00 %)2χ

�5

Status of R(D) and R(D*)

D*+

D*+

D*+

D*0,+D0,+

B̄0
tag ! D⇤+`�⌫̄

D0,+ D*0,+

D*0,+

LHCb can not measure 
D*0 precisely [D*0→D0γ, 
D0π0 (→γγ)] 

3.5σ(CLN) 
 

BGL  parametrizaHon 

[HFLAV averages Spring 2019]

1.4 σ

2.3 σ

2.5 σ

3.0 σ

Belle New result  
1904.08794

D0,+

After Belle 2019 After Belle 2019
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0.2 0.3 0.4 0.5
R(D)

0.2

0.25

0.3

0.35

0.4R
(D

*)
HFLAV average

Average of SM predictions

 = 1.0 contours2χΔ

 0.003±R(D) = 0.299 
 0.005±R(D*) = 0.258 

HFLAV

Winter 2019

) = 27%2χP(

σ3

LHCb15

LHCb18

Belle17

Belle19 Belle15

BaBar12

HFLAV
Spring 2019

�6

 3.1 σ deviaNon including all correlaNons

[HFLAV averages Spring 2019]

ΔR(D) : 3% 
ΔR(D*) : 2% 

[Belle, 1901.06380]

[Belle-II sensitivity, 50 ab-1]

Belle-II Sensitivity
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R(⇤c) = 0.38± 0.02R(D(⇤)) ± 0.01FF
<latexit sha1_base64="gMc8O3LSo09IrKerE6I0LJ3UG+8="></latexit>

�7

Related observables

Sum rule for R(Λc) prediction in general NP

R(J/Ψ)=Br(Bc→J/Ψτν)/Br(Bc→J/Ψℓν) @ LHCb : same-direction deviation (but poorly known form factors)

crosscheck of R(D(*)) anomaly 
 is possible

R(⇤c)

R(⇤c)SM
' 0.26

R(D)

R(D)SM
+ 0.74

R(D⇤)

R(D⇤)SM

R(Λc) = Br(Λb→Λcτν)/Br(Λb→Λcℓν) @ LHCb [Blanke, Crivellin, TK, Moscati, Nierste, Nisandzic, 1905.08253]

[Blanke, Crivellin, de Boer, TK, Moscati, Nierste, Nisandzic, PRD]

0.01

Scalar Leptoquark S1: SU(2) singlet

Generalized Charged Higgs

Vector Leptoquark U1: SU(2) singlet

Sclar Leptoquark R2: SU(2) doublet

Motivated NP models

There is no data yet, but soon?
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0.2 0.3 0.4 0.5
R(D)

0.2

0.25

0.3

0.35

0.4R
(D

*)
HFLAV average

Average of SM predictions

 = 1.0 contours2χΔ

 0.003±R(D) = 0.299 
 0.005±R(D*) = 0.258 

HFLAV

Winter 2019

) = 27%2χP(

σ3

LHCb15

LHCb18

Belle17

Belle19 Belle15

BaBar12

HFLAV
Spring 2019

�9

[HFLAV averages Spring 2019]

No QED correcNons so\-photon correcNons are parNally subtracted 
by PHOTOS Monte-Carlo simulaNon 

BaBar: 
PHOTOS version 2.13 

Belle: 
PHOTOS version 2.02 

LHCb: 
PHOTOS version 3.56

Error = QCD 
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Photon emissions in data

[Belle, PRD92 (2015)  no.7, 072014 ]

Missing mass squared 
distribuNons of 
selected events@ Belle R(D) R(D*)

Distort to 
right

The experiments have not explicitly utilized the photon cut Emax for event selections for B semileptonic decay 

The photon radiation distorts the missing mass squared distribution to the positive direction

�p2
ν = 0

Hard radiation 
distorts only the tail

Soft radiation distorts 
the center of the 
shape of signal

soft hard

�Eνℓ
= 0.5 − 2 GeVM2

miss ⌘
�
pe+e� � pBtag � pD � p`

�2
= (p⌫+p�)

2 = 2E⌫E� (1� cos ✓⌫�)> 0
<latexit sha1_base64="CNYQPY2OP3emMrH/0Vnn54CT0rQ="></latexit>
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Short-distance QED corrections

A famous correction for the semi-leptonic decays: short-distance leading-log EW+QED correction 

Leading Log from mW to mB e.g., photon-W box diagrams  

QED corrections to muon lifetime are subtracted; �  in        is defined from the QED corrected muon decay 

It can apply arbitrary semileptonic decay (note that  and mB are changed properly) 

It does not include coulomb correction 

It is lepton flavour universal correction, so that it is dropped in R(D) and R(D*)

GF

+1/3

[Sirlin ’82, Atwood, Marciano ’90]

+  Log mZ/mW comes from Z-W box

M(b ! c`⌫) = ⌘EWM0(b ! c`⌫)

⌘EW = 1 +
3↵

4⇡
(1 +

1

3
)log

mZ

mB
= 1.0066

<latexit sha1_base64="GWakjLvBXuLNQuOnTWJy+3gnKag="></latexit>

M0
<latexit sha1_base64="8BWyXNQGJMxHOAmzVVDbuJ4StvQ=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgqiRVbLsrunEjVLAPaIeSSdM2NPMwyRTK0O9w40IRt36MO//GTFtBRQ8EDufcyz05XiSFNhh/OJmV1bX1jexmbmt7Z3cvv3/Q1GGsGG+wUIaq7VHNpQh4wwgjeTtSnPqe5C1vfJX6rQlXWoTBnZlG3PXpMBADwaixktv1qRkxKpObWQ/38gVcxBgTQlBKSPkCW1KtVkqkgkhqWRRgiXov/97thyz2eWCYpFp3CI6Mm1BlBJN8luvGmkeUjemQdywNqM+1m8xDz9CJVfpoECr7AoPm6veNhPpaT33PTqYh9W8vFf/yOrEZVNxEBFFseMAWhwaxRCZEaQOoLxRnRk4toUwJmxWxEVWUGdtTzpbw9VP0P2mWiuSsWLo9L9Qul3Vk4QiO4RQIlKEG11CHBjC4hwd4gmdn4jw6L87rYjTjLHcO4Qect0/84JJA</latexit>

Log resummation is negligible

Talk by Florian Bernlochner



Teppei Kitahara: Technion/Nagoya University, QED correc8ons to (semi)leptonic B decays, July 8, 2019, LPNHE, Paris
Unaccounted QED correc8ons in R(D(*))?

/ 42�12

Long-distance QED corrections
Weak decay 
+ HadronizaHon (QCD)

D+ Nuclei

PV
B [O(1)cm]

⌫̄

`

Sum of invisible emissions and loop correcHons 
gives a total quantum correcHons 
= Long-distance QED correcNons 

 

Invisible photon energy

 Bremsstrahlung So{ photons
Physics in vacuum

our focus → 

◯
external magneHc field 

●
●●

/ ~̇v

Physics in detector

Emi|ed photon energy that corresponds to 
dropped lepton energy

`

(LHCb)

Small bremsstrahlung in μ- and τ- 

-

-

＋
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Multi scales in B → Dℓν

Weak scale

bottom scale

scalar QED

QCD scale

W, Z, t (,h)  decoupled

b decoupled

mW

mt

mb

p
mbmc

⇤QCD

Emax

mD

mB

O(100) GeV

⇠ 5 GeV

⇠ 2 GeV

O(100) MeV

O(10) MeV

0.5 MeV

D, τ scales

invisible photon

SM, SMEFT

Weak Hamiltonian

HQET

soft quark decoupled

EW, QED corrections 
are lepton universal

QED correction 
breaks LFU

our focus 

[Sirlin ’82,  
Atwood, Marciano ’90]

[Bernlochner, Ligeti, Papucci, 
 Robinson ’17]m⌧

me

mµ

O(1),O(↵s),O(⇤QCD/mb,c),

O(⇤2
QCD/m

2
c) [Jung, Straub ’18]
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At large distance (                   ), the QED interactions of the charged mesons are well described by   

the scalar QED

B D

Form factors  
f+(q2) and f0(q2)

`�

⌫̄

�14

Soft-photon corrections

B̄0

D+

ℓ−

ν̄ℓ

...

...

...

(a)

B−

D0

ℓ−

ν̄ℓ

...

...

(b)

1

B̄0 ! D+`⌫̄ [R(D+)] B� ! D0`⌫̄ [R(D0)]

We have to 
disHnguish neutral 
and charged-B 
modes

µ . ⇤QCD

Coulomb pole 

BDℓνγ vertex      
(Inner-Bremsstrahlung)

is also included

⇡↵

vrel
<latexit sha1_base64="nxRDj4ZDOJG/mrenMz4b4Y8kIaA="></latexit>

µ . ⇤QCD
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Scalar QED

Hadronic matrix element of B to D transition (P →P’):

A = hD |He↵ |Bi

=
p

2GFVcb [u (p`) �
µPLv (p⌫)]

h
f+

�
q2
�
(pB + pD)µ + f�

�
q2
�
qµ
i

<latexit sha1_base64="0ckgJ/DfUMSqPDRFZluat4wjlUc="></latexit>

hD |c�µb|Bi = f+
�
q2
�
(pB + pD)µ + f�

�
q2
�
qµ

<latexit sha1_base64="yl49E8qcZm9FtzSvsOdy6qIMab0="></latexit>

= (p` + p⌫+p�s)
2

<latexit sha1_base64="J3KRlaEq01XuGk8z9xYqGG++ukQ="></latexit>

 � : scalar form factorf0(q2)
f+(0) = f0(0)with

B to D semi-leptonic decay amplitude:
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�

Scalar QED
Corresponding effective scalar QED Lagrangian is

Le↵ = �
p
2GFVcb

⇥
�⇤
Di (@µ�B) (f+ + f�)� i (@µ�D)⇤ �B (f+ � f�)

⇤ �
`�µPL⌫

�
<latexit sha1_base64="Y6ebqjsvefuhSuyFjG4IgeJO3C0="></latexit>

@µ ! Dµ = @µ + ieQ�Aµ
<latexit sha1_base64="reJrEHAa1cMcyHdIp7CeP4aijg4="></latexit>

U(1)em  Gauge symmetry requires 

Le↵ = �
p
2GFVcb

⇥
�⇤
Di (Dµ�B) (f+ + f�)� i (Dµ�D)⇤ �B (f+ � f�)

⇤ �
`�µPL⌫

�
<latexit sha1_base64="43xzo7FIN7yTK7EOxjvF7EMSTkY="></latexit>

D
<latexit sha1_base64="+3XCUJdgV5FecXBBaZXzXttOCSQ=">AAAB6HicdVBNSwMxEM3Wr1q/qh69BIvgqWyq2PZW1IPHFuwHtEvJprNtbDa7JFmhlP4CLx4U8epP8ua/MdtWUNEHA4/3ZpiZ58eCa+O6H05mZXVtfSO7mdva3tndy+8ftHSUKAZNFolIdXyqQXAJTcONgE6sgIa+gLY/vkr99j0ozSN5ayYxeCEdSh5wRo2VGtf9fMEtuq5LCMEpIeUL15JqtVIiFUxSy6KAlqj38++9QcSSEKRhgmrdJW5svClVhjMBs1wv0RBTNqZD6FoqaQjam84PneETqwxwEClb0uC5+n1iSkOtJ6FvO0NqRvq3l4p/ed3EBBVvymWcGJBssShIBDYRTr/GA66AGTGxhDLF7a2YjaiizNhscjaEr0/x/6RVKpKzYqlxXqhdLuPIoiN0jE4RQWVUQzeojpqIIUAP6Ak9O3fOo/PivC5aM85y5hD9gPP2CeWtjQI=</latexit>

B
<latexit sha1_base64="x7jCFGUIneNU+wSgUHa/H7odE30=">AAAB6HicdVBNS0JBFL3Pvsy+rJZthiRoJTMWqTuxTUuF/AB9yLxx1Ml5H8zMC+ThL2jTooi2/aR2/ZvmqUFFHbhwOOde7r3Hi6TQBuMPJ7O2vrG5ld3O7ezu7R/kD4/aOowV4y0WylB1Paq5FAFvGWEk70aKU9+TvONNr1O/c8+VFmFwa2YRd306DsRIMGqs1KwP8gVcxBgTQlBKSPkKW1KtVkqkgkhqWRRghcYg/94fhiz2eWCYpFr3CI6Mm1BlBJN8nuvHmkeUTemY9ywNqM+1mywOnaMzqwzRKFS2AoMW6veJhPpaz3zPdvrUTPRvLxX/8nqxGVXcRARRbHjAlotGsUQmROnXaCgUZ0bOLKFMCXsrYhOqKDM2m5wN4etT9D9pl4rkolhqXhZq9VUcWTiBUzgHAmWowQ00oAUMODzAEzw7d86j8+K8LlszzmrmGH7AefsE4qWNAA==</latexit>

<̀latexit sha1_base64="ufWyecgpwV7qe7gNcSlbuEHr6E0=">AAAB63icdVDLSgMxFM34rPVVdekmWARXQ2astd0V3bisYB/QDiWTZtrQJDMkGaEM/QU3LhRx6w+582/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044uc79zj1VmsXyzkwTGgg8kixiBJtc6lPOB6Uycuu1Kqr4ELkI1XxUteQCeXWvDj2r5CiDJZqD0nt/GJNUUGkIx1r3PJSYIMPKMMLprNhPNU0wmeAR7VkqsaA6yOa3zuCpVYYwipUtaeBc/T6RYaH1VIS2U2Az1r+9XPzL66UmqgUZk0lqqCSLRVHKoYlh/jgcMkWJ4VNLMFHM3grJGCtMjI2naEP4+hT+T9q+6527/m2l3LhaxlEAx+AEnAEPXIIGuAFN0AIEjMEDeALPjnAenRfnddG64ixnjsAPOG+fdCaOhQ==</latexit>

⌫`
<latexit sha1_base64="EuPi2j8dT+39u/YI/s4UDyaPop0=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFSax1nZXdOOygn1gE8pkOmmHTiZhZiKU0L9w40IRt/6NO//GSVtBRQ9cOJxzL/feEyScKY3Qh1VYWV1b3yhulra2d3b3yvsHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk6vc795TqVgsbvU0oX6ER4KFjGBtpDtPpIPMo5zPBuUKshv1Gqq6ENkI1V1UM+QcOQ2nAR2j5KiAJVqD8rs3jEkaUaEJx0r1HZRoP8NSM8LprOSliiaYTPCI9g0VOKLKz+YXz+CJUYYwjKUpoeFc/T6R4UipaRSYzgjrsfrt5eJfXj/VYd3PmEhSTQVZLApTDnUM8/fhkElKNJ8agolk5lZIxlhiok1IJRPC16fwf9JxbefMdm+qleblMo4iOALH4BQ44AI0wTVogTYgQIAH8ASeLWU9Wi/W66K1YC1nDsEPWG+fTXyRVw==</latexit>

matching Inner-Bremsstrahlung

This inner-bremsstrahlung matching reproduces the soft-photon limit of more general results by Kubis, 

Muller, Gasser, Schmid ’07, Bernlochner, Schonherr '10 Talk by Florian Bernlochner
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Emax is the maximum total energy of undetected soft photons in the rest frame of the B-meson: Emax = 20~30 MeV 

The soft-photon approximation is used for analytic evaluation:   we keep O(ln Emax) and O(E0max) and drop O(Emax),         

which is valid only l = τ and μ.

Real soft emissions = O(ln Emax) + O(E0max)  

O(ln Emax) terms are resumed: arbitrary number of soft photon emissions 

Finite terms [O(E0max)] are numerically comparable to O(ln Emax) 

Virtual corrections = O(E0max) and μ-dependent 

We separate kl=0 contribution and the rest part ( kl is loop momentum) 

Coulomb pole                exits only in R(D+) case, and we resumed them (=Sommerfeld enhancement)

:                       would correspond to the matching scale onto the scalar QED

�17

1 page summary of soft-photon corrections

µ . ⇤QCD

(↵/vrel)

Both of contribuHons depend on lepton kinemaHcs → source of LFU violaNon 

In this framework, electron mode suffers from collinear singularity �ln(me), (ln(me))2
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Real emissions

�  terms are discarded in the soft-photon approximation:�  suppressed 𝒪(k0) ∫
Eγ

𝒪(k0)dk = 𝒪(Eγ /M)

i

(pi + k)2 �m2
i

(�i)Qie (2pi + k) · "(k) = Qie
pi · ✏(k)
pi · k

<latexit sha1_base64="whjyWGmDxLF37QTePYs8u+yxeUE="></latexit>

u (pi) (�i)Qie�µ
i ( 6 pi+ 6 k +mi)

(pi + k)2 �m2
i

"µ(k) = u (pi)Qie
2pi,µ� 6 k�µ

2pi · k
"µ(k)

= u (pi)Qie
pi · "(k)

pi · k
+O(k0)

<latexit sha1_base64="ynY2nPl/VA0qhnaT09x42Mmr9vY="></latexit>
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= eikonal approximation
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Soft emissions

εμ(k)
k

pi + k
pi

After dropping �  terms (soft-photon approximation), the single soft 

emissions can be given by a simple spin-independent amplitude:

𝒪(k0)

Msoft emission =
X

i=all

Qie
pi · "(k)
pi · k

M0
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Soft-emitted decay width is given by an integral of square of the 

sum: interference is encoded
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Integral → Next slide

PHOTOS (v<2.07(single), 2.13 (multiple)) 
is based on the integral of squared sum: 
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i also runs initial-state 
radiation
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�

Soft emission integral

This k dependence (square of the sum) can be integrated out without any approximations

�soft emission =

Z
dk

"
X
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pi · "(k)
pi · k
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�0

<latexit sha1_base64="L17VAUS5X4wQiyQnniVsIYvjulA="></latexit>

=

|k|2 = E2
� �m2

�
<latexit sha1_base64="tqhRgGRWqt1LhddvlxZVhWuwqsc=">AAACF3icbVDLSsNAFJ3UV62vqEs3wSK4MSRV0I1QFMFlBfuAJobJdNIOnUnCzEQoaf7Cjb/ixoUibnXn3zhps7CtBwbOPede7tzjx5QIaVk/WmlpeWV1rbxe2djc2t7Rd/daIko4wk0U0Yh3fCgwJSFuSiIp7sQcQ+ZT3PaH17nffsRckCi8l6MYuwz2QxIQBKWSPN0cOwzKgR+kw2z8kNayyxsvdfqQMZjl5QmbKT29apnWBMYisQtSBQUanv7t9CKUMBxKRKEQXduKpZtCLgmiOKs4icAxREPYx11FQ8iwcNPJXZlxpJSeEURcvVAaE/XvRAqZECPmq878CDHv5eJ/XjeRwYWbkjBOJA7RdFGQUENGRh6S0SMcI0lHikDEifqrgQaQQyRVlBUVgj1/8iJp1Uz71KzdnVXrV0UcZXAADsExsME5qINb0ABNgMATeAFv4F171l61D+1z2lrSipl9MAPt6xeJUqDE</latexit>

d3k = d⌦|k|2d|k|

= 2⇡

Z 1

�1
d cos ✓

�
E2

� �m2
�

�
d|k|

= 2⇡

Z 1

�1
d cos ✓

q
E2

� �m2
�E�dE�

<latexit sha1_base64="DOWLYbZC/3xQ2QkFTmVL/jmhqq4="></latexit>

Photon mass IR cutoff →
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This relative angle is �cos θ

Feynman integral is required:
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Details of �  → Next slidebij, Fij

�  is �  independent terms (definition) Fij mγ, Emax
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Soft emission corrections

Single soft-photon emission gives the following correction: [Isidori ’08, de Boer, TK, Nisandzic, ’18]
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1� �2
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Z 1

0
dz
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�
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Emission from  
a single particle

�   is velocity of particle i on the B-rest frameβ0,i

�   is relative velocity between particle i and jβi,j

E(z) = zEi + (1� z)Ej

P (z) =

vuutE(z)2 � z2m2
i � (1� z)2m2

j � 2z(1� z)
mimjq
1� �2

ij
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where
Velocities and energies 
are related under kinematics 
of the decay channel

�soft emission =
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QiQj
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0 < β < 1

soft 

soft 

collinear  

+ collinear  

collinear  

Collider singularity arises from �β → 1
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Virtual correction

Vertex corrections and self-energy corrections are required for the IR-pole cancelation 

�igµ⌫
k2l �m2

�
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�  : Loop momentum kl

⇡↵

vrel
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Coulomb pole         appears in only space-like photon exchange = neutral B-meson channel

kl

kl
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Vertex corrections

Scalar-fermion-photon vertex correction: one can derive the analytic formula
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0,+
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�
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Our procedure

We decompose this integral into two parts:  �I = Ilowkl
+ Ihighkl
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IR divergence (�  pole), UV finite,  
Coulomb pole (�  pole), spin-independent 

1/mγ
1/vrel

IR finite, UV divergence, spin-dependent

→ �  renormalization: UV pole is replaced by renormalization scale (matching scale) �MS log μ
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Vertex corrections

�  is equivalent to one of the Passarino-Veltman scalar integral �Ilowkl
C0

Ilowkl = (pi · pj)Re
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2
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2
j , sij ,mi,m�(! 0),mj)
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For the Taylor expansion of �  by � , we found that old but famous results 't Hooft, Veltman ’79, Batdin, 

Passarino ‘99 include typos (or wrong formula). The first correct expansion was derived by Beenakker, Denner ’90.  

C0 mγ

We confirmed Beenakker, Denner formula by using Packege-X and LoopTools, numerically.
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Vertex corrections

Beenakker, Denner C0 formula gives [Isidori ’08, de Boer, TK, Nisandzic, ’18]
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Soft + collinear singularities in the interference of soft-emissions are analytically canceled out
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 with

One can observe the Coulomb term with correct velocity coefficients. For the time-like photon 

exchange, Li2 gives additional , and the Coulomb pole is canceled out.−π2
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Self-energy corrections

Self-energy contributes to the wave functions, which include IR divergence and UV divergence

UV divergence and the finite corrections are subtracted in the on-shell renormalization scheme 

�self energy =
X

i
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i ln
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Soft singularities in an emission from a single particle are analytically canceled out

All so{ singulariHes (mγ→0) cancel between |single so{-emissions|2 and the virtual correcHons: We have 
checked analyNcally
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renormalization scale (matching scale)          dependence is introduced 

�27

Inner-bremsstrahlung virtual corrections

The soft-emissions from the inner-bremsstrahlung does not induce IR pole, and it is �  which is 

suppressed by � , and it is discarded in the soft-photon approximation

𝒪(k0)

𝒪(Eγ /M)

inner-bremsstrahlung emission Virtual correcHon from the inner-bremsstrahlung

The nonzero contribution comes from the virtual correction from the inner-bremsstrahlung, which is 

IR finite but has UV divergence. We subtract the UV pole by �  renormalizationMS

vanish in the soft-photon limit log μ
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Resummation

We resumed two potentially large contributions:                                                                                     　　 

1, �  from arbitrary number of soft-photon emissions　　　　　　                                                  　

2, �  from the photon ladder [cf. scalar-fermion bound state Hryczuk ’11]

(α ln Emax)n

(πα/βDℓ)n

⌦C = ⇧{0<i<j}
2⇡↵QiQj

�ij

1

e
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�D`
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Corresponds to the Sommerfeld enhancement factor [Sommerfeld ’31]
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e.g., neutral B-meson channel

Only neutral B-meson channel

We have checked �  [double emission] is consistent with the expansion of �𝒪(α2) ΩB
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Emax dependence 

In τ mode, Emax dependence is suppressed by τ non-relativistic velocity
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Suppressed by the non-real velocity
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with

where

Result cont.  [de Boer, TK, Nisandzic, ’18]
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with

where

Result cont.  [de Boer, TK, Nisandzic, ’18]
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Dalitz phase space
We obtain analytic long-distance QED corrections to Γ(B0,-→D+,0μν) and Γ(B0,-→D+,0τν) as a function of 

three independent parameters: Emax and 2 Dalitz variables,  　  　                       q2 = (pB − pD)2, sDℓ = (pD + pℓ)2

Double differential decay distributions without QED corrections 

βDτ

βDμ

�  is relativisticμ

�  is non-relativisticτ

lepton velocity lepton velocity
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Dalitz phase space
We obtain analytic long-distance QED corrections to Γ(B0,-→D+,0μν) and Γ(B0,-→D+,0τν) as a function of 

three independent parameters: Emax and 2 Dalitz variables,  　  　                       q2 = (pB − pD)2, sDℓ = (pD + pℓ)2

Long-distance QED corrections (%) @ Emax= 20 MeV

QED  
correction(%)

QED  
correction(%)
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[de Boer, TK, Nisandzic, ’18]

Emax dependence is 
suppressed by the 
non-rela velocity
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Real emissions 
   + �  + self energyIlowkl

 = μ-independent, 
 spin-independent

Leading long distance
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We conclude that the QED correcHons to R(D+) and R(D0) are different at 1-1.5%

[de Boer, TK, Nisandzic, ’18]

cf. QCD error : ± 1.0 %
cf. Belle II ΔR(D) : 3 %



B0→ 
D+ℓ-ν
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HDℓ(kl>0)
(μ=200MeV)

IB-loop 
(μ=200MeV)

TOTAL

Br(τ) -0.72 3.22 0.26 0.27 -0.65 -0.64 -0.10 -0.10 1.41

Br(μ) -3.14 2.31 0.28 0.73 -3.10 -1.40 1.25 0.24 -2.84

Br(e) 1.02 2.31 0.29 1.98 -17.5 -2.57 3.80 0.26 -11.0

R(D+)
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ΩB: log(Emax) contributions from full real emissions
ΩC: Coulomb correction
FD: finite terms [=O(E0max)] of real emission from D+

Fℓ: finite terms of real emission from ℓ
FDℓ: finite terms of interference between real emissions from D+ and ℓ
HDℓ: loop correction between D+ and ℓ

IB-loop: loop correction containing Inner-Bremsstrahlung vertex

B0 → D+ℓ-ν Naive size of QED correcHons ~ O(α/π) ~ 0.2%
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B-→ 
D0ℓ-ν

ΩB
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20MeV)
ΩC FB Fℓ FBℓ

HBℓ

(kl=0)

HBℓ(kl>0)
(μ=200MeV)

IB-loop 
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TOTAL
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Br(μ) -2.93 - 0.23 0.74 -2.79 0.35 1.11 0.19 -2.98
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B- → D0ℓ-ν Naive size of QED correcHons ~ O(α/π) ~ 0.2%

ΩB: log(Emax) contributions from full real emissions
FB: finite terms [=O(E0max)] of real emission from B-

Fℓ: finite terms of real emission from ℓ
FBℓ: finite terms of interference between real emissions from B- and ℓ
HBℓ: loop correction between B- and ℓ

IB-loop: loop correction containing Inner-Bremsstrahlung vertex
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PHOTOS MC simulation 

PHOTOS Monte-Carlo generator can simulate modifications of the kinematic variables induced by       

final-state photon radiations (not initial-state one) 

PHOTOS is utilized in Belle (v2.02) /BaBar (v2.13)/LHCb (v3.56) for B semileptonic decay search 

For general decay processes, PHOTOS can simulate final-state radiation in the leading-logarithmic 

collinear approximation 

All virtual corrections including Coulomb pole are not covered in PHOTOS  

Quantum interference in emissions are not covered in PHOTOS (< ver. 2.07(single), 2.13 (multiple))   

LHCb analysis does include the final-state radiation interference

[Barberio, Eijk, Was, ’91; Barberio, Was, ‘94;  Davidson, Przedzinski, Was ’16]

→Talk by Zbigniew Was
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Crosscheck by PHOTOS
 Part of LHCb colleagues have checked the soft-photon correction by PHOTOS v.3.56

[Calí, Klaver, Rotondo, Sciascia, 1905.02702]

Leading LFU-violating contribution is reproduced by PHOTOS  

The small gap comes from virtual (Coulomb) correction which is absent in PHOTOS

 → Talk by Barbara Sciascia
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Missing contributions

Structure-dependent radiations [Becirevic, Kosnik ’10, Bernlochner, Schonherr ’10]

B*,..B

No radiation in the soft-photon region

Hard radiation could be dominated by the structure-dependent one 
[e.g., �   Dettori, Guadagnoli, Reboud ’17]Bs → μ+μ−γ

Depend on model for excited states
D*,..

�  contributions (suppressed by � ) from real emissions 

Soft lepton with soft (and collinear) photon which live in four-body phase space integral 

Electron suffers from collinear singularity � , � . Is collinear cutoff required?

𝒪(k0) 𝒪(Eγ /M)

ln me/M (ln me/M)2

Talk by Nazario Tantalo 
and Florian Bernlochner
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Conclusions
We analytically evaluated soft-photon corrections to B→Dτν and B→Dμν using the soft-photon approx.  

Soft-photon corrections depend on lepton’s kinematics: mass and velocity and hence can violate lepton 

flavor universality, which is larger than the QCD uncertainty of form factors 

PHOTOS v.3.56 numerically reproduces the LFU-violating QED corrections to R(D0,+)SM

Beyond so{-photon approximaHon (electron mode, 4-body phase space) 

So{-photon correcHons to B→D*ℓν [R(D*)], exclusive |Vcb|?

Outlook



Back up
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Weinberg virtual corrections

Weinberg integral for spin-independent contribution: IR and UV divergence [Weinberg '65] 

kl

pi + kl
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pj
pj − kl

Neglecting �  in the denominatork2
l

Our integral for spin-independent contribution: IR divergence but UV finite
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Related observables
Polarization observables can distinguish between single LQ models

Scalar Leptoquark S1: SU(2) singlet

Generalized Charged Higgs

Vector Leptoquark U1: SU(2) singlet

Sclar Leptoquark R2: SU(2) doublet

Motivated NP models
Pτ(D(*)) : τ polarization  
asymmetry

FL(D*) : D* longitudinal  
polarization ratio

ΔPτ(D) : 3% 

ΔPτ(D*) : 0.07 

ΔFL(D*) : 0.04 

[Belle, 1901.06380]

[Belle-II sensitivity, 
50 ab-1]

[Belle-II sensitivity, 
50 ab-1]

[Blanke, Crivellin, TK, Moscati, Nierste, Nisandzic, 1905.08253]


