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Impact on |Vub| and |Vcb| measurements
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g
<latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit>

1) Kinematic (→ PHOTOS) 
2) Overall normalisation (→                    )  η2

EW = 1.014
Sirlin ’82 quark-level calculation
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Impact on |Vub| and |Vcb| measurements
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<latexit sha1_base64="6Wkqj7CP7E1VYgXI4UNJQIOfx5w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2g9oY9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvvV41itX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5XvXcqnd3Uald53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfRxo16</latexit><latexit sha1_base64="6Wkqj7CP7E1VYgXI4UNJQIOfx5w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2g9oY9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvvV41itX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5XvXcqnd3Uald53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfRxo16</latexit><latexit sha1_base64="6Wkqj7CP7E1VYgXI4UNJQIOfx5w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2g9oY9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvvV41itX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5XvXcqnd3Uald53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfRxo16</latexit><latexit sha1_base64="6Wkqj7CP7E1VYgXI4UNJQIOfx5w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2g9oY9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpvvV41itX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5XvXcqnd3Uald53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfRxo16</latexit>

e�, µ�, ⌧�
<latexit sha1_base64="IHt9P+Ms+J8CoCYCRAyN4Qbii2A=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgQsuMCLosunFZwT6gHUsmvW1Dk8yQZMQy9FfcuFDErT/izr8xnc5CWw+EezjnXu7NCWPOtPG8b6ewsrq2vlHcLG1t7+zuufvlpo4SRaFBIx6pdkg0cCahYZjh0I4VEBFyaIXjm5nfegSlWSTvzSSGQJChZANGibFSzy3Dw9kp7ookK4bY2nMrXtXLgJeJn5MKylHvuV/dfkQTAdJQTrTu+F5sgpQowyiHaambaIgJHZMhdCyVRIAO0uz2KT62Sh8PImWfNDhTf0+kRGg9EaHtFMSM9KI3E//zOokZXAUpk3FiQNL5okHCsYnwLAjcZwqo4RNLCFXM3orpiChCjY2rZEPwF7+8TJrnVd+r+ncXldp1HkcRHaIjdIJ8dIlq6BbVUQNR9ISe0St6c6bOi/PufMxbC04+c4D+wPn8AaPOkuE=</latexit><latexit sha1_base64="IHt9P+Ms+J8CoCYCRAyN4Qbii2A=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgQsuMCLosunFZwT6gHUsmvW1Dk8yQZMQy9FfcuFDErT/izr8xnc5CWw+EezjnXu7NCWPOtPG8b6ewsrq2vlHcLG1t7+zuufvlpo4SRaFBIx6pdkg0cCahYZjh0I4VEBFyaIXjm5nfegSlWSTvzSSGQJChZANGibFSzy3Dw9kp7ookK4bY2nMrXtXLgJeJn5MKylHvuV/dfkQTAdJQTrTu+F5sgpQowyiHaambaIgJHZMhdCyVRIAO0uz2KT62Sh8PImWfNDhTf0+kRGg9EaHtFMSM9KI3E//zOokZXAUpk3FiQNL5okHCsYnwLAjcZwqo4RNLCFXM3orpiChCjY2rZEPwF7+8TJrnVd+r+ncXldp1HkcRHaIjdIJ8dIlq6BbVUQNR9ISe0St6c6bOi/PufMxbC04+c4D+wPn8AaPOkuE=</latexit><latexit sha1_base64="IHt9P+Ms+J8CoCYCRAyN4Qbii2A=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgQsuMCLosunFZwT6gHUsmvW1Dk8yQZMQy9FfcuFDErT/izr8xnc5CWw+EezjnXu7NCWPOtPG8b6ewsrq2vlHcLG1t7+zuufvlpo4SRaFBIx6pdkg0cCahYZjh0I4VEBFyaIXjm5nfegSlWSTvzSSGQJChZANGibFSzy3Dw9kp7ookK4bY2nMrXtXLgJeJn5MKylHvuV/dfkQTAdJQTrTu+F5sgpQowyiHaambaIgJHZMhdCyVRIAO0uz2KT62Sh8PImWfNDhTf0+kRGg9EaHtFMSM9KI3E//zOokZXAUpk3FiQNL5okHCsYnwLAjcZwqo4RNLCFXM3orpiChCjY2rZEPwF7+8TJrnVd+r+ncXldp1HkcRHaIjdIJ8dIlq6BbVUQNR9ISe0St6c6bOi/PufMxbC04+c4D+wPn8AaPOkuE=</latexit><latexit sha1_base64="IHt9P+Ms+J8CoCYCRAyN4Qbii2A=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgQsuMCLosunFZwT6gHUsmvW1Dk8yQZMQy9FfcuFDErT/izr8xnc5CWw+EezjnXu7NCWPOtPG8b6ewsrq2vlHcLG1t7+zuufvlpo4SRaFBIx6pdkg0cCahYZjh0I4VEBFyaIXjm5nfegSlWSTvzSSGQJChZANGibFSzy3Dw9kp7ookK4bY2nMrXtXLgJeJn5MKylHvuV/dfkQTAdJQTrTu+F5sgpQowyiHaambaIgJHZMhdCyVRIAO0uz2KT62Sh8PImWfNDhTf0+kRGg9EaHtFMSM9KI3E//zOokZXAUpk3FiQNL5okHCsYnwLAjcZwqo4RNLCFXM3orpiChCjY2rZEPwF7+8TJrnVd+r+ncXldp1HkcRHaIjdIJ8dIlq6BbVUQNR9ISe0St6c6bOi/PufMxbC04+c4D+wPn8AaPOkuE=</latexit>

⌫̄e, ⌫̄µ, ⌫̄⌧
<latexit sha1_base64="3JTnyn4OG2nqo31dyDh9fG1KToY=">AAACEHicbZDLSgMxFIYzXmu9jbp0EyyiCykzIuiy6MZlBXuBzjBk0kwbmmSGXIQy9BHc+CpuXCji1qU738a0HaS2/hD48p9zSM4fZ4wq7XnfztLyyuraemmjvLm1vbPr7u03VWokJg2cslS2Y6QIo4I0NNWMtDNJEI8ZacWDm3G99UCkoqm418OMhBz1BE0oRtpakXsSxEjCQJiInMFfDriZvWlkIrfiVb2J4CL4BVRAoXrkfgXdFBtOhMYMKdXxvUyHOZKaYkZG5cAokiE8QD3SsSgQJyrMJwuN4LF1ujBJpT1Cw4k7O5EjrtSQx7aTI91X87Wx+V+tY3RyFeZUZEYTgacPJYZBncJxOrBLJcGaDS0gLKn9K8R9JBHWNsOyDcGfX3kRmudV36v6dxeV2nURRwkcgiNwCnxwCWrgFtRBA2DwCJ7BK3hznpwX5935mLYuOcXMAfgj5/MHGNqb/w==</latexit><latexit sha1_base64="3JTnyn4OG2nqo31dyDh9fG1KToY=">AAACEHicbZDLSgMxFIYzXmu9jbp0EyyiCykzIuiy6MZlBXuBzjBk0kwbmmSGXIQy9BHc+CpuXCji1qU738a0HaS2/hD48p9zSM4fZ4wq7XnfztLyyuraemmjvLm1vbPr7u03VWokJg2cslS2Y6QIo4I0NNWMtDNJEI8ZacWDm3G99UCkoqm418OMhBz1BE0oRtpakXsSxEjCQJiInMFfDriZvWlkIrfiVb2J4CL4BVRAoXrkfgXdFBtOhMYMKdXxvUyHOZKaYkZG5cAokiE8QD3SsSgQJyrMJwuN4LF1ujBJpT1Cw4k7O5EjrtSQx7aTI91X87Wx+V+tY3RyFeZUZEYTgacPJYZBncJxOrBLJcGaDS0gLKn9K8R9JBHWNsOyDcGfX3kRmudV36v6dxeV2nURRwkcgiNwCnxwCWrgFtRBA2DwCJ7BK3hznpwX5935mLYuOcXMAfgj5/MHGNqb/w==</latexit><latexit sha1_base64="3JTnyn4OG2nqo31dyDh9fG1KToY=">AAACEHicbZDLSgMxFIYzXmu9jbp0EyyiCykzIuiy6MZlBXuBzjBk0kwbmmSGXIQy9BHc+CpuXCji1qU738a0HaS2/hD48p9zSM4fZ4wq7XnfztLyyuraemmjvLm1vbPr7u03VWokJg2cslS2Y6QIo4I0NNWMtDNJEI8ZacWDm3G99UCkoqm418OMhBz1BE0oRtpakXsSxEjCQJiInMFfDriZvWlkIrfiVb2J4CL4BVRAoXrkfgXdFBtOhMYMKdXxvUyHOZKaYkZG5cAokiE8QD3SsSgQJyrMJwuN4LF1ujBJpT1Cw4k7O5EjrtSQx7aTI91X87Wx+V+tY3RyFeZUZEYTgacPJYZBncJxOrBLJcGaDS0gLKn9K8R9JBHWNsOyDcGfX3kRmudV36v6dxeV2nURRwkcgiNwCnxwCWrgFtRBA2DwCJ7BK3hznpwX5935mLYuOcXMAfgj5/MHGNqb/w==</latexit><latexit sha1_base64="3JTnyn4OG2nqo31dyDh9fG1KToY=">AAACEHicbZDLSgMxFIYzXmu9jbp0EyyiCykzIuiy6MZlBXuBzjBk0kwbmmSGXIQy9BHc+CpuXCji1qU738a0HaS2/hD48p9zSM4fZ4wq7XnfztLyyuraemmjvLm1vbPr7u03VWokJg2cslS2Y6QIo4I0NNWMtDNJEI8ZacWDm3G99UCkoqm418OMhBz1BE0oRtpakXsSxEjCQJiInMFfDriZvWlkIrfiVb2J4CL4BVRAoXrkfgXdFBtOhMYMKdXxvUyHOZKaYkZG5cAokiE8QD3SsSgQJyrMJwuN4LF1ujBJpT1Cw4k7O5EjrtSQx7aTI91X87Wx+V+tY3RyFeZUZEYTgacPJYZBncJxOrBLJcGaDS0gLKn9K8R9JBHWNsOyDcGfX3kRmudV36v6dxeV2nURRwkcgiNwCnxwCWrgFtRBA2DwCJ7BK3hznpwX5935mLYuOcXMAfgj5/MHGNqb/w==</latexit>

�
<latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit>
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3 Theoretical Framework for Semileptonic B-Meson Decays and |Vcb|

point µ . The total semileptonic rate is calculated up to order 1/m3b as [32]

ΓSL(B→ Xcℓν) =
G2Fm5b
192π3

|Vcb|2(1+Aew)Apert(r,µ)

×
[

z0(r)

(

1−
µ2π −µ2G+

ρ3D+ρ3LS
c2mb

2c4m2b

)

(3.36)

− 2(1− r)4
µ2G+

ρ3D+ρ3LS
c2mb

c4m2b
+d(r)

ρ3D
c6m3b

+O(1/m4b)

]

,

with r = mc/mb. The tree level phase space factor z0(r) is defi ned as

z0(r) = 1−8r+8r3− r4−12r2 lnr, (3.37)

and the expression d(r) is given by

d(r) = 8lnr+
34
3

− 32
3
r−8r2+

32
3
r3− 10

3
r4. (3.38)

To account for electroweak corrections, the factor 1+Aew is added to the formula. It can
be estimated to be approximately,

1+Aew ≈
(

1+
α
π
ln
MZ
mb

)2
≈ 1.014. (3.39)

The quantity Apert accounts for perturbative contributions and is approximately Apert ≈
0.908. The parameter µ , chosen to be µ = 1GeV, denotes the renormalization scale that
separates effects from long- and short-distance dynamics.
The expression in eq. (3.36) is in leading order equal to the decay to the free b quark.

The leading non-perturbative corrections arise at order 1/m2b. As discussed above, they
are controlled by matrix elements of local operators. In the kinetic scheme, these matrix
elements are named µ2π and µ2G, referring to the kinetic and chromomagnetic operators,
respectively,

µ2π(µ) ≡−
⟨B|bD⃗b|B⟩µ

2mB
, µ2G(µ) ≡−

⟨B|bσ µνGµνb|B⟩µ
4mB

. (3.40)

As outlined above, corrections of order 1/m3b arise from two additional operators, they are
named Darwin and “spin-orbital” LS terms in the kinetic scheme,

ρ3D(µ) ≡−
⟨B|bD⃗ · E⃗b|B⟩µ

4mB
, ρ3LS(µ) ≡

⟨B|b(σ⃗ · E⃗× iD⃗)b|B⟩µ
2mB

. (3.41)

HQE calculations for moments of various inclusive observables in B-meson decays, such
as the lepton energy, the hadronic mass, or the hadronic variable n2X , as defi ned in eq. (1.1),
rely on the same set of non-perturbative parameters as the total semileptonic rate. Calcu-
lations for the moments of the hadronic n2X distribution in decays B→ Xcℓν , are reported
in [6]. They are given by linearized expressions,

⟨nkX ⟩(mb,mc,µ2π ,µ
2
G,ρ3D,ρ3LS;αs) =V +B(mb−4.6GeV)+C(mc−1.2GeV)

+P(µ2π −0.4GeV2)+D(ρ3D−0.1GeV3)
+G(µ2G−0.35GeV2)+L(ρ3LS+0.15GeV3)+S(αs−0.22),

(3.42)
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I. INTRODUCTION

The magnitude of the Cabibbo–Kobayashi–Maskawa [1, 2] matrix element |Vcb| can be determined from inclusive
semileptonic decays to charm final states B ! Xc`⌫` [3] and from exclusive decays B ! D⇤`⌫` [4, 5] and B ! D`⌫` [6].
Exclusive and inclusive measurements di↵er by about two to three standard deviations, where the current world
averages determined by the Heavy Flavor Averaging Group [7] yield |Vcb|B!D⇤`⌫` = (38.94 ± 0.76) ⇥ 10�3 and
|Vcb|B!Xc`⌫` = (42.46± 0.88)⇥ 10�3. The inclusive and exclusive (from B ! D⇤`⌫`) determinations of |Vcb| are thus
known with a precision of about 2%. Determinations of |Vcb| with the decay B ! D`⌫` are currently less precise with
a world average of |Vcb|B!D`⌫` = (39.45± 1.67)⇥ 10�3; the 4% error is dominated by the experimental uncertainty.
The main motivation of our study is to improve the determination of |Vcb| from B ! D`⌫` and thereby clarify the
experimental knowledge of |Vcb|.

The kinematics of the decay B ! D`⌫` are described by the recoil variable w, defined as the product of the 4-
velocities of the B and D mesons. This quantity is related to the squared 4-momentum transfer to the lepton-neutrino
system q2 = (P` + P⌫)2:

w = VB · VD =
m2

B +m2

D � q2

2mBmD
, (1)

where VB and VD are the four-vector velocities of the B and D meson respectively, and mB and mD are their nominal
masses [8]. The minimum value of w = 1 corresponds to zero recoil of the D meson in the B rest frame; the maximum
value of w corresponds to no 4-momentum transfer to the lepton-neutrino system (q2 = 0):

wmax =
m2

B +m2

D

2mBmD
⇡ 1.6 . (2)

Using the latest measurements of B and D meson masses [9], this results in wmax(B±) = 1.59209±0.00010 for charged
B mesons and wmax(B0) = 1.58901± 0.00011 for neutral B mesons.

In the Heavy Quark E↵ective Theory (HQET) description of the B ! D`⌫` decay rate, the leptonic and hadronic
currents factorize up to a small electroweak correction [10]:

d� / G2

F
|Vcb|2

��LµhD|c̄�µb|Bi
��2 , (3)

where GF is the Fermi coupling constant. The hadronic current is conventionally decomposed in terms of the vector
and scalar form factors f+(q2) and f0(q2) as

hD|c̄�µb|Bi = f+(q
2)


(PB + PD)µ � m2

B �m2

D

q2
qµ

�
+ f0(q

2)
m2

B �m2

D

q2
qµ. (4)

In the limit of negligible lepton masses, the di↵erential decay rate does not depend on f0(q2) and can be written as

d�

dw
=

G2

F
m3

D

48⇡3
(mB +mD)2(w2 � 1)3/2⌘2

EW
|Vcb|2|G(w)|2 , (5)

in which the form factor G(w) [11] is given by

G(w)2 =
4r

(1 + r)2
f+(w)

2, (6)

where r = mD/mB and ⌘EW is the electroweak correction that, at leading order, is 1.0066 [12]. While the mea-
sured decay rate depends only on f+, theoretical calculations are also available for f0 and can be included in the
determination of |Vcb| by using the kinematic constraint at maximum recoil wmax ⇡ 1.6,

f0(wmax) = f+(wmax) . (7)

Di↵erent parameterizations of the form factor G(w) are available in the literature. A model-independent one that
relies only on QCD dispersion relations has been proposed by Boyd, Grinstein and Lebed (BGL) [14]:

fi(z) =
1

Pi(z)�i(z)

NX

n=0

ai,nz
n, i = +, 0 (8)

Excl. and Incl. |Vcb|

η2
EW = 1.014

η2
EW = (1 + Aew)
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1) Kinematic (→ PHOTOS) 
2) Overall normalisation (→                    )  

Measured
Branching Fraction

Prediction from
Theory but often also constrained 

from measured differential distributions

|Vqb| =

s
B(B̄ ! Xq ` ⌫̄`)

⌧ �(B̄ ! Xq ` ⌫̄`)

Excl. and Incl. |Vub|

Not accounted for

Some do (GGOU), some do 
not include effects

η2
EW = 1.014

HFLAV 16’ 
I think includes it for all of them
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• Typically measurements either assumed that the current 
experimental uncertainties are larger than the uncertainties on 
any QED correction or ‘cook’ up an uncertainty

!5

QED corrections as a systematic error

One of the Recipes:

 - produce MC w/o PHOTOS

 - Assign 20-30% of the difference to the nominal result as the

   uncertainty on the QED modelling

 - No strong argument why this size; in many analyses it’s not a  

    huge effect

• As discussed: Sirlin’s correction applied, when extracting |Vcb| 
and sometimes for |Vub|, sometimes without any additional 
uncertainty HFLAV 16’



Florian Bernlochner QED corrections to (semi-)leptonic B decays Workshop — Paris !6

Example: Impact on QED on Global |Vcb| Fit
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other Background Measurement
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Fig. 5.25 The two-dimensional projections of pl and pD for the signal and background chan-
nels of the electron sample with D0 final state are shown: The size of the boxes
in the two-dimensional projections is proportional to the amount of events in the
corresponding bin and the measured spectrum is o�-resonance subtracted.
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B → DXℓνℓ3D Fit of 

in lepton momentum, 

D momentum, 

cosBY

QED effects change shape of

all of these variables

the electron sample of the D0 final state are depicted in Fig. 5.25. The background contributions
from cascades and misidentified leptons contribute predominantly in the region with either low
lepton or D meson three-momentum. In order to reduce these background two cuts are imposed:

pl > 1.2 GeV/c , (5.161)
pD > 0.8 GeV/c . (5.162)

The parameter cos ◊BY o�ers a good sensibility to the number of pions created in the strong
fragmentation of the charmed resonance or the non-resonant semileptonic B meson decay: For
B æ D l ‹l decays it is expect to range between ≠1 < cos ◊BY < 1, where reconstruction
e�ects soften the upper bound and QED final state radiation produces a tail into the negative
cos ◊BY values below ≠1, cf. Fig. (5.24). For B æ Dú l ‹l and B æ D fi l ‹l decays an additional
pion is present and cos ◊BY is shifted according to

cos ◊BY = 2EB EDl ≠ m2
B

≠ m2
Dl

2 |p̨B| |p̨Dl|
+

!
p‹l + pfi

"2

2 |p̨B| |p̨Dl|
, (5.163)

where p‹l and pfi denote the four-momentum of the neutrino and pion. Squaring the sum of the
latter four-momenta results in

(p‹l + pfi)2 = 0 + m2
fi + 2p‹l · pfi > 2 |p̨‹l | |p̨fi| (1 ≠ cos ◊‹lfi) , (5.164)

where cos ◊‹lfi denotes the cosine of the angle between the three-momenta of the neutrino
and pion, and |p̨‹l | and |p̨fi| the magnitude of the neutrino and pion three-momentum. The
contribution from Eq. (5.164) is positive and shifts the reconstructed value of cos ◊BY by
≠

!
p‹l + pfi

"2
/(2 |p̨B| |p̨Dl|). For n pions in the final state the shift is proportional to

(p‹l + pfi1
+ · · · + pfin)2 = nm2

fi + 2
ÿ

i

p‹l · pfii + 2
ÿ

i”=j

pfii · pfij ,

> 2
ÿ

i

|p̨‹l | |p̨fii | (1 ≠ cos ◊‹lfii) + 2
ÿ

i”=j

|p̨fii |
---p̨fij

---
1
1 ≠ cos ◊fiifij

2
,

(5.165)

where cos ◊‹lfii and cos ◊fiifij denote the cosine of the angle between the three-momenta of the
neutrino and the ith pion or the ith and jth pion, respectively, and |p̨fii | denotes the magnitude
of the three-momentum of the ith pion. Fig. 5.26 depicts the two-dimensional projections of
cos ◊BY versus pl and cos ◊BY versus pD of B æ D(ú) fi l ‹l and the B æ D(ú) fi fi l ‹l contribu-
tions of the D0 final state, cf. Secs. 5.8.1 and 5.8.2. In order to suppress background from
resonant B æ D(ú) fi fi l ‹l contributions a cut of

cos ◊BY > ≠2.0 , (5.166)

is imposed. In addition to these cuts, only the kinematic range of the signal decays is evaluated
and it is required

pl < 2.35 , (5.167)
pD < 2.45 , (5.168)

cos ◊BY < 1.1 , (5.169)
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Fig. 5.24 Projections on cos ◊BY of the electron and muon samples are shown: the left-hand
side shows the projection of cos ◊BY for the electron final state, and the right-hand
side shows the projection of cos ◊BY for the muon final state. The top row depicts
the D0 meson final state, and the bottom row the D+ meson final state.
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Systematics: Table for Global |Vcb| Fit
15

TABLE X: Systematic uncertainties on fitted parameters, given in %. Numbers are negative when the fitted value decreases
as input parameter increases.

Electron sample Muon sample
item ρ2D ρ2D∗ B(Dℓν) B(D∗ℓν) G(1)|Vcb| F(1)|Vcb| ρ2D ρ2D∗ B(Dℓν) B(D∗ℓν) G(1)|Vcb| F(1)|Vcb|
R′

1 0.44 2.74 0.71 −0.38 0.60 0.71 0.50 2.67 0.74 −0.40 0.63 0.70
R′

2 −0.40 1.02 −0.18 0.30 −0.32 0.49 −0.45 0.96 −0.19 0.30 −0.33 0.48
D∗∗ slope −1.42 −2.52 −0.07 −0.09 −0.82 −0.87 −1.42 −2.58 −0.10 −0.10 −0.77 −0.92
D∗∗ FF approximation −0.87 0.33 −0.12 0.19 −0.54 0.20 −0.99 0.59 −0.12 0.21 −0.59 0.30
B(B− → D(∗)πℓν) 0.28 −0.27 −0.22 −0.80 0.04 −0.49 0.59 −0.32 −0.13 −0.86 0.24 −0.54
fD∗

2
/D1

−0.39 0.16 −0.38 0.16 −0.41 0.13 −0.50 0.17 −0.41 0.18 −0.47 0.15
fD∗

0
Dπ/D1D

∗

2
−2.30 1.12 −1.53 0.97 −2.07 0.85 −3.13 1.23 −1.53 1.02 −2.41 0.93

fD′

1
D∗π/D1D

∗

2
1.82 −1.14 1.30 −0.65 1.65 −0.70 2.44 −1.15 1.35 −0.72 1.91 −0.75

fDπ/D∗

0
−0.88 −1.28 0.36 0.17 −0.31 −0.34 −0.83 −1.23 0.31 0.18 −0.27 −0.33

fD∗π/D′

1
−0.21 −0.05 −0.13 0.21 −0.18 0.09 −0.30 −0.04 −0.15 0.23 −0.23 0.10

NR D∗/D ratio 0.58 −0.16 0.11 −0.09 0.38 −0.04 0.66 −0.16 0.11 −0.09 0.40 −0.03
B(B− → D(∗)ππℓν) 1.19 −1.97 0.25 −1.28 0.78 −1.28 1.98 −1.71 0.40 −1.20 1.20 −1.18
X∗/X and Y ∗/Y ratio 0.61 −1.15 0.09 −0.27 0.39 −0.52 0.74 −1.02 0.08 −0.24 0.42 −0.47
X/Y and X∗/Y ∗ ratio 0.76 −0.83 0.21 −0.65 0.52 −0.60 1.09 −0.76 0.25 −0.63 0.68 −0.57
D1 → Dππ 2.22 −1.54 0.74 −1.08 1.63 −1.05 2.74 −1.48 0.76 −1.06 1.81 −1.03
fD∗

2
−0.14 −0.01 −0.10 0.07 −0.12 0.03 −0.16 −0.01 −0.10 0.07 −0.13 0.03

B(D∗+ → D0π+) 0.73 −0.01 0.43 −0.34 0.62 −0.17 0.80 −0.00 0.41 −0.33 0.61 −0.17
B(D0 → K−π+) 0.69 0.02 −0.21 −1.63 0.29 −0.80 0.92 0.12 −0.27 −1.68 0.35 −0.80
B(D+ → K−π+π+) −1.46 −0.42 −2.17 0.30 −1.89 0.01 −1.43 −0.42 −2.10 0.28 −1.77 −0.01
τB−/τB0 0.26 0.16 0.63 0.27 0.46 0.19 0.22 0.16 0.58 0.28 0.41 0.19
f+−/f00 0.88 0.43 0.66 −0.53 0.82 −0.12 0.91 0.48 0.57 −0.52 0.75 −0.10
Number of BB events 0.00 −0.00 −1.11 −1.11 −0.55 −0.55 0.00 −0.00 −1.11 −1.11 −0.55 −0.55
Off-peak Luminosity 0.05 0.01 −0.02 −0.00 0.02 0.00 0.07 0.00 −0.02 −0.00 0.02 −0.00
B momentum distrib. −0.96 0.63 1.29 −0.54 −1.15 0.48 1.30 −0.10 1.27 −0.64 1.31 −0.35
Lepton PID eff 0.52 0.16 1.21 0.82 0.90 0.46 3.30 0.06 5.11 5.83 1.99 2.90
Lepton mis-ID 0.03 0.01 −0.01 −0.01 0.01 −0.00 2.65 0.70 −0.59 −0.50 1.06 −0.01
Kaon PID 0.07 0.80 0.28 0.23 0.18 0.38 1.02 0.71 0.35 0.29 0.70 0.39
Tracking eff −1.02 −0.43 −3.35 −2.00 −2.25 −1.15 −0.63 −0.28 −3.37 −2.09 −2.02 −1.14
Radiative corrections −3.13 −1.04 −2.87 −0.74 −3.02 −0.71 −0.76 −0.61 −0.82 −0.25 −0.79 −0.33
Bremsstrahlung 0.07 0.00 −0.13 −0.28 −0.04 −0.14 0.00 0.00 0.00 0.00 0.00 0.00
Vertexing 0.83 −0.64 0.63 0.60 0.78 0.09 1.79 −0.76 0.97 0.54 1.41 0.01
Background total 1.39 1.12 0.64 0.34 1.07 0.51 1.58 1.09 0.67 0.38 1.16 0.49
Total 6.25 5.66 6.01 4.03 5.99 3.20 8.12 5.47 7.35 7.07 6.06 4.23

B → D0Xℓν and B → D+Xℓν combinations, is com-
plementary to previous measurements. In particular, it
does not rely on the reconstruction of the soft transition
pion from the D∗ → Dπ decay.

The results obtained here, which are given in Ta-
ble IV, can be combined with the existing BABAR mea-
surements listed in Table XI. For B → D∗ℓν, we com-
bine the present results with two BABAR measurements
of ρ2D∗ and F(1)|Vcb| [9, 10] and four measurements of
B(B → D∗ℓν)[6, 9, 10]. We neglect the tiny statistical
correlations among the measurements and treat the sys-
tematic uncertainties as fully correlated within a given
category (background, detector modeling, etc.). We as-
sume the semileptonic decay widths of B+ and B0 to
be equal and adjust all measurements to the values of
the Υ (4S) and D decay branching fractions used in this

article to obtain

B(B− → D∗0ℓν) = (5.49± 0.19)% (31)

ρ2D∗ = 1.20± 0.04 (32)

F(1)|Vcb| = (34.8± 0.8)× 10−3. (33)

The associated χ2 probabilities of the averages are
0.39, 0.86 and 0.27, respectively. The average of the
B(B → Dℓν) result with the two existing BABAR mea-
surements [6] is

B(B− → D0ℓν) = (2.32± 0.09)% (34)

with a χ2 probability of 0.88.
The simultaneous measurements of G(1)|Vcb| and

F(1)|Vcb| allow a determination of the ratio G(1)/F(1)
which can be compared directly with theory. We find

Measured : G(1)/F(1) = 1.20± 0.09 (35)

Theory : G(1)/F(1) = 1.17± 0.04, (36)

BaBar Global Fit 
[arXiv:0809.0828]
Phys.Rev.D79:012002,2009
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• I was a bit annoyed, that a QED effect should be one of the largest 
systematics. 


• Thus I implemented a NLO model and benchmarked it against 
PHOTOS


• It builds on some assumptions: (some of them likely not entirely great!)

• First, I assumed I can split long-distance and short-distance physics

!8

Back to the global fit

be regularized in some way. The expansion in k defines an e�ective theory whose ultraviolet
behaviour deviates from the ultraviolet physics described by the Standard Model, and the
Lagrangian cannot be renormalized by a simple redefinition of its couplings. In order to have
any physical meaning, the e�ective theory has to be matched to the Standard Model.

Consider a general logarithmically divergent N -point tensor integral of rank p with a single
massless photon propagator, i.e.

T µ1...µp(p1, . . . , pN≠1) Ã
⁄

d4k
kµ1 · · · kµp

k2 d1 · · · dN≠1
, (3.32)

with denominators di =
!
pi ≠ k

"2 ≠ m2
i
. This integral can be split according to

T µ1...µp(p1, . . . , pN≠1) Ã
⁄

d4k
5

kµ1 · · · kµp

k2 d1 · · · dN≠1
≠ kµ1 · · · kµp

[k2 ≠ �2] d1 · · · dN≠1

6

+
⁄

d4k
kµ1 · · · kµp

[k2 ≠ �2] d1 · · · dN≠1
, (3.33)

which results in regulating the ultraviolet behaviour of the first term by introducing an un-
physical photon-like vector field with mass � and opposite norm, as proposed by Pauli and
Villars in Ref. [110]. The infrared behaviour of the first integral is left unchanged, in particular,
the infrared divergences are unchanged and cancel with their counterparts from the real emis-
sion diagrams, cf. Ref. [86]. The second term becomes infrared finite, but exhibits the same
ultraviolet behaviour as the integral of Eq. (3.32).

Transferring this observation to the decay at hand, where both in the e�ective theory, and in
the Standard Model, there is at most one massless photon propagator present in any one-loop
diagram, the virtual emission matrix element can be decomposed as

M1
0 = M1

0,ld(�) + M1
0,sd(�) . (3.34)

The term M1
0,ld(�) describes now the Pauli-Villars regularized exchange of a massless photon.

The present ultraviolet regulator e�ectively restricts the mass of the virtual photon to be smaller
than �, and thus the matrix element describes long-distance (ld) interactions. The short-
distance (sd) term M1

0,sd(�) on the other hand, possesses the full ultraviolet behaviour of M1
0

and can be used to renormalize all parameters of the e�ective theory. Consequently, because
the splitting in Eq. (3.33) is exact, all parameters in M1

0,ld(�) are renormalized automatically.
Through the photon mass, the virtual propagator momentum of M1

0,sd(�) is e�ectively restricted
to be larger than �.

The matching of both matrix elements is exact, as long as the same Lagrangian is used
to describe the short-distance and long-distance contributions of the amplitude. In practice,
however, this is not feasible due to the confining and non-perturbative nature of QCD. For scales
larger than the hadron mass, the parton constituents of the B and D mesons can be resolved. For
scales smaller than the hadron mass, the quarks in the mesons cannot be resolved and the bound-
state hadrons are the relevant degrees of freedom. This coupling is described by the IB and and
SD contributions which describe intermediate resonances. Therefore, if � is chosen in such a way
that it e�ectively separates these two regimes, the long-distance QED correction M1

0,ld(�) can
be calculated using the e�ective theory Eq. (3.31) at order O(k0 –em GF), and the short-distance
corrections can be calculated using the Standard Model. This is justified, in principle, by the
assumption that the e�ective theory describes the Standard Model and its e�ective degrees of
freedom at these low scales. This mere fact, however, directly leads to inconsistencies at the

30

3. Final state radiation in B æ D l ‹

The semileptonic B-meson decays into charmed 1S final states receive corrections from elec-
tromagnetic final state radiation, i.e. through photon emissions from all charged particles in
the decay and loops between the mesons and lepton. These corrections are described by the
quantum field theory of the U(1)Q gauge group of the Standard Model: Quantum Electrody-
namics (QED). For the mesons, involved in the semileptonic decay, electromagnetic corrections
are considerably suppressed due to the small coupling strength –em and the large mass of the
hadronic initial and final states. For the leptons, however, the electromagnetic corrections are
sizeable and experimentally very important since they soften the reconstructed lepton momen-
tum spectrum. QED final state radiation can be studied systematically in the vanishing photon
energy limit, where the applied correction terms become universal and do not depend on the
details of the actual decay process anymore, but only on the initial and final states, cf. Ref-
erences [96, 126, 3]: a full factorization of the QED process from the Born level decay matrix
element emerges. This is used in the all-purpose algorithm of PHOTOS [19, 20] to correct simu-
lated Born level decays for the e�ects of QED final state radiation. This algorithm is used by
many high-energy experiments, including BABAR .

In this chapter, an approach is outlined how to include precision beyond the vanishing limit
by determining the process dependent soft corrections for the semileptonic B æ D l ‹ decays.
Furthermore, the long-distance corrections to the electroweak short-distance correction of Ref-
erences [116, 115] are determined. The short-distance corrections originate from renormalizing
Fermi’s constant by means of the the muon decay constant at O(–em).

The work in this chapter is the result of a collaboration with Marek Schönherr, cf.
Ref. [31]1

3.1. Long- and short-distance physics

B `+

D̄

⌫`

`+

c̄

b̄

⌫`

Fig. 3.1 The tree-level weak B æ D̄ ¸+ ‹¸ decay is shown both in the phenomenological
picture (left) and, at parton level, in Fermi’s theory a low energy approximation
of the Standard Model (right). The shaded circle represents the e�ective vertex
parametrized by form factors f±.

The transition amplitude of the B æ D l ‹l decay is determined by the matrix element of the
1Under revision due to comments from referee.

23

+ QED + EW/QED
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regularize any UV 
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More assumptions

• Short-distance parts: Sirlin 
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c̄ ⌫`
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Fig. 3.2 Representative Feynman diagrams of the Standard Model partonic decay b̄ æ
c̄ l+ ‹l are shown. The white circles indicate hadronic contributions that are ne-
glected in the short-distance expansion. The illustration was taken from Ref. [31].

theory of

M1
0,sd = –em GF

4fi

C

3 ln mW

� + 6Q̄ ln mW

� ≠ 3
2

1
1 + 2Q̄

2
ln m2

W

m2
Z

+ . . .

D

M̃0
0 ,

= 3–em
4fi

1
1 + 2Q̄

2
ln mZ

� M0
0 + . . . , (3.37)

where GF was absorbed into the leading order matrix element M0
0 in the last line. For semilep-

tonic B-meson decays, the average charge of the decaying quark line is given by Q̄ = 1
2 |Q

b̄
+Qc̄| =

1
6 which leads to

M1
0,sd = –em

fi
ln mZ

� M0
0 + . . . . (3.38)

The logarithm in Eq. (3.38) then represents the leading logarithmic corrections at O(–em GF)
due to the virtual particle exchange with photon energies above �.

3.2. Long distance next-to-leading order calculation at O(k0)
Using the e�ective Lagrangian Eq. (3.31), the next-to-leading order calculation at O(k0 –em GF)
for the long-distance contributions can be carried out. Figures 3.3 and 3.4 depict the Feynman
diagrams of the long-distance corrections that need to be calculated: diagrams a) and b) depict
the emission of a real photon from the lepton and the charged meson. Diagram c) depicts the
arising seagull graph that needs to be included to obtain a gauge invariant amplitude. Diagrams
d) and e) depict the self-energy corrections of the charged lepton and meson. Diagram f) shows
the dominant virtual vertex diagram. Diagrams g) and h) depict the coupling of the seagull
diagram to the charged lepton and meson.
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Fig. 3.2 Representative Feynman diagrams of the Standard Model partonic decay b̄ æ
c̄ l+ ‹l are shown. The white circles indicate hadronic contributions that are ne-
glected in the short-distance expansion. The illustration was taken from Ref. [31].

theory of
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4fi
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3 ln mW
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2
ln m2

W

m2
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4fi

1
1 + 2Q̄

2
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0 + . . . , (3.37)

where GF was absorbed into the leading order matrix element M0
0 in the last line. For semilep-

tonic B-meson decays, the average charge of the decaying quark line is given by Q̄ = 1
2 |Q

b̄
+Qc̄| =

1
6 which leads to

M1
0,sd = –em

fi
ln mZ

� M0
0 + . . . . (3.38)

The logarithm in Eq. (3.38) then represents the leading logarithmic corrections at O(–em GF)
due to the virtual particle exchange with photon energies above �.

3.2. Long distance next-to-leading order calculation at O(k0)
Using the e�ective Lagrangian Eq. (3.31), the next-to-leading order calculation at O(k0 –em GF)
for the long-distance contributions can be carried out. Figures 3.3 and 3.4 depict the Feynman
diagrams of the long-distance corrections that need to be calculated: diagrams a) and b) depict
the emission of a real photon from the lepton and the charged meson. Diagram c) depicts the
arising seagull graph that needs to be included to obtain a gauge invariant amplitude. Diagrams
d) and e) depict the self-energy corrections of the charged lepton and meson. Diagram f) shows
the dominant virtual vertex diagram. Diagrams g) and h) depict the coupling of the seagull
diagram to the charged lepton and meson.
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Department of Physics, New York University, 4 Washington Place, New York, NY 10003, USA 

Received 17 August 1981 

Using the current algebra formulation of radiative corrections and working in the framework 
of the SU(2)t. × U( 1 ) × SU(3)c theory, we derive a theorem that governs the large row, mz behaviour 
of the O(a) corrections to general semileptonic processes mediated by W. The leading asymptotic 
dependence is logarithmic with a universal coefficient not affected by the strong interactions. As 
a byproduct, we obtain the leading asymptotic effect induced perturbatively by the strong inter- 
actions, which is of O(In In (row/A)). 

The  aim of this paper  is to analyze the large row, m z  behaviour  of the O ( a )  
correct ions to semi leptonic  processes media ted  by the W meson,  in the f ramework  
of the SU(2)x × U(1) × SU(3)c theory.  

Ou r  main  results are summar ized  in the fol lowing theorem:  
(a) In the simplest  vers ion of the theory in which cos 0w = m w / m z  at the tree 

level, the leading asymptot ic  behav iour  in mz  of the O ( a )  correct ions to an arbi t rary  
semi leptonic  process media ted  by W is given by 

M + 3 a t  
M 0 - 1  4 7 r ( l + 2 0 )  I n m Z + ' ' ' ,  (1) /x 

where  M is the ampl i tude  up to terms of O(a ) ,  M ° is the ze ro th-order  ampl i tude  
but  expressed in terms of the convent iona l ly  defined* m u o n  decay coupl ing cons tant  
G , ,  tz is an unspecif ied mass scale characterist ic of the process, and 0 is the average 
charge of the quarks  in a SU(2)L. isodoublet .  H e n c e f o r t h . . .  indicates non - l ead ing  
con t r ibu t ions  as rn 2w or m 3. "-* oo. For the usual  charge assignments ,  ()  = ~. It is also 
under s tood  that any quark  masses which may be involved in M ° are renormal ized  
masses which include the h igh-f requency correct ions of O ( a )  induced  by elec- 
t roweak interact iens**.  The  proof of the theorem assumes that  the couplings of 
the Higgs scalars to the quarks  and leptons  par t ic ipat ing in the decay are of 
O ( g m / m w )  with m << row. 

Research supported in part by National Science Foundation, grant no. PHY78-21503. 
* G,, is defined by 

r ,  = 192rr3[ roT, a 2n- 4 • 

Numerically G,, = (1.16632+ 0.0002)x 10 '~ GeV 2 
** A more precise discussion of this point is given in the appendix. 
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Fig. 3.3 The Feynman diagrams for the next-to-leading order corrections at O(k0 –em GF)
to B+ æ D̄0 l+ ‹l are shown.

3.2.1. Real next-to-leading order corrections at O(k0)
Using the Feynman rules derived from Eq. (3.31), the summed real emission matrix element for
B+ æ D̄0 l+ ‹l“ is given by

ÿ

a)≠c)
M

1

2

1 = ≠i e
GFÔ

2
Vcb ū “µ PL

A

≠ Hµ

2p¸ · k
(‘/úk/ + 2‘ú · p¸) + Hµ ‘ú · p

p · k
+ f3

3
kµ ‘ú · p

p · k
≠ ‘ú

µ

4 B

v ,

(3.39)

where ‘ú = ‘ú(k) denotes the polarization vector of the real final state photon. Similarly, one
finds for the summed real emission matrix element for B0 æ D̄≠ l+ ‹l“

ÿ

a)≠c)
M

1

2

1 = ≠i e
GFÔ

2
Vcb ū “µ PL

A

≠ Hµ

2p¸ · k
(‘/úk/ + 2‘ú · p¸) + Hµ ‘ú · pÕ

pÕ · k
≠ f2

3
kµ ‘ú · pÕ

pÕ · k
≠ ‘ú

µ

4 B

v ,

(3.40)

with f2 = f+(t)≠f≠(t). Both summed real emission matrix elements are infrared divergent, and
the arising divergencies cancel with identical poles from the virtual next-to-leading order matrix
elements. In order to proceed, the arising singularities need to be regularized: this is done by
introducing a small photon mass ⁄, and the artificial dependence on this parameter cancels in
the full next-to-leading-order amplitude. However, a massive photon possesses a non-vanishing
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• Long-distance part: Scalar QED with QCD evolution 

The authors of Ref. [73] construct the IB part as,

V IB
µ‹ = Hµ(tÕ) p‹

p · k
+ f3(tÕ)

3
kµ p‹

p · k
≠ gµ‹

4
+ . . . , (3.22)

where the ellipsis denote the seagull terms which need to be included to ensure gauge invariance
of the amplitude. The SD contributions from this IB definition is given by [112]

V SD
µ‹ = V1

Ë
kµ p‹ ≠ (p · k) gµ‹

È
+ V2

Ë
kµ(p¸ + p‹)‹ ≠ (k · (p¸ + p‹))gµ‹

È

+ V3
Ë
(k · (p¸ + p‹))(p¸ + p‹)µ p‹ ≠ (p · k)(p¸ + p‹)µ(p¸ + p‹)‹

È

+ V4
Ë
(k · (p¸ + p‹))(pXµ p‹ ≠ (p · k) pµ(p¸ + p‹)‹

È
, (3.23)

where the Lorentz-invariant scalars Vi are functions of the three independent scalar variables
that can be built with p, pÕ and k.

Another possible choice for the IB terms is simply given by the first term of Eq. (3.20),

V IB
µ‹ = Hµ(t) p‹

p · k
, (3.24)

where the term of order k0 from Low’s matrix element are absorbed in the definition of the
vector SD contributions (which henceforth are of order O(k0)). The SD contributions for the
IB definition of Eq. (3.24) can be found in Ref. [49].

The overall knowledge of the SD contributions for semileptonic B meson decays is modest,
and so far no attempt in the literature (known to us) was made to calculate them from first
principles. The authors of Ref. [28] studied the soft SD contributions from a Dú intermediate
state, which is produced after the emission of a real photon, by using the DDú“ coupling
predictions from lattice QCD, cf. Ref. [27]. Naively, one would expect that SD contributions
should be more important in semileptonic B meson decays than they are in semileptonic kaon
decays, due to the proximity of the Bú, and Dú, and Dúú resonances to the B and D ground
states. On the other hand, the B and D mesons mass suppress the production of soft (and
hard) photons considerably.

3.1.3. E�ective Lagrangian for the IB contributions at O(k0)

The IB corrections to the leading-order decay can be described by using an e�ective Lagrangian,
which neglects the composite nature of the involved mesons. Furthermore, neglecting the t
dependence for the time being, the tree-level B æ D l ‹l decay amplitude can be described by
an interaction Lagrangian of the form

LW = GFÔ
2

Vcb
#
(f+ + f≠) „Õ ˆµ„ + (f+ ≠ f≠) „ ˆµ„Õ$ Â̄‹ PR “µ Â¸ + h.c. , (3.25)

where „ and „Õ are the scalar fields of the B and D meson QCD states, respectively. The
matrix element obtained from Eq. (3.25) has the same Lorentz structure as the matrix element
calculated from the e�ective Hamiltonian Eq. (3.1), i.e.

≠ i
GFÔ

2
Vcb

Ë
f+

!
p + pÕ"

µ
+ f≠

!
p ≠ pÕ"

µ

È
ū‹ PR “µ vl , (3.26)
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Fig. 3.3 The Feynman diagrams for the next-to-leading order corrections at O(k0 –em GF)
to B+ æ D̄0 l+ ‹l are shown.

3.2.1. Real next-to-leading order corrections at O(k0)
Using the Feynman rules derived from Eq. (3.31), the summed real emission matrix element for
B+ æ D̄0 l+ ‹l“ is given by

ÿ

a)≠c)
M

1

2

1 = ≠i e
GFÔ

2
Vcb ū “µ PL

A

≠ Hµ

2p¸ · k
(‘/úk/ + 2‘ú · p¸) + Hµ ‘ú · p

p · k
+ f3

3
kµ ‘ú · p

p · k
≠ ‘ú

µ

4 B

v ,

(3.39)

where ‘ú = ‘ú(k) denotes the polarization vector of the real final state photon. Similarly, one
finds for the summed real emission matrix element for B0 æ D̄≠ l+ ‹l“

ÿ

a)≠c)
M

1

2

1 = ≠i e
GFÔ

2
Vcb ū “µ PL

A

≠ Hµ

2p¸ · k
(‘/úk/ + 2‘ú · p¸) + Hµ ‘ú · pÕ

pÕ · k
≠ f2

3
kµ ‘ú · pÕ

pÕ · k
≠ ‘ú

µ

4 B

v ,

(3.40)

with f2 = f+(t)≠f≠(t). Both summed real emission matrix elements are infrared divergent, and
the arising divergencies cancel with identical poles from the virtual next-to-leading order matrix
elements. In order to proceed, the arising singularities need to be regularized: this is done by
introducing a small photon mass ⁄, and the artificial dependence on this parameter cancels in
the full next-to-leading-order amplitude. However, a massive photon possesses a non-vanishing
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the hadronic vector and axial vector contributions need to fulfill

k‹ Vµ‹ = Hµ , (3.6)
k‹ Aµ‹ = 0 , (3.7)

what relates the vector contributions of the QED next-to-leading order matrix element to the
hadronic current of the leading order matrix elements. In the soft photon limit this connection
leads to «Low’s theorem», cf. References [96], which states that in a systematic expansion of
the QED next-to-leading order hadronic current in powers of the photon four-momentum k, the
terms proportional to k≠1 and k0 are completely determined by the on-shell form factors of the
tree-level decay.

3.1.1. Low’s theorem and pole contributions

In the soft photon part of phase-space, the non-local operator Eq. (3.4) should be very well
approximated by the first few intermediate resonances due to excited beauty and charm states,
i.e. for a charged initial B meson the vector and axial vector expand as

Vµ‹ ≠ Aµ‹ = ÈD(pÕ)| ‚Vµ ≠ ‚Aµ|B(p ≠ k)ÍÈB(p ≠ k)|Jem
‹ |B(p)Í

m2
B

≠ (p ≠ k)2

+ÈD(pÕ)| ‚Vµ ≠ ‚Aµ|Bú(p ≠ k)ÍÈBú(p ≠ k)|Jem
‹ |B(p)Í

m2
Bú ≠ (p ≠ k)2

+ÈD(pÕ ≠ k)|Jem
‹ |Dú(pÕ)ÍÈDú(pÕ)| ‚Vµ ≠ ‚Aµ|B(p)Í

m2
Dú ≠ (pÕ ≠ k)2 + . . . , (3.8)

where the ellipsis denotes contributions from higher order states and the expansion for a charged
final state is done analogously. Furthermore, the infrared region is completely determined by
the B-pole contributions, since in the vanishing photon energy limit with k π mú

B
≠mB excited

states can no contribute. This corresponds to the physical interpretation, that a soft photon can
neither excite nor resolve the charged B meson. Contracting Eq. (3.6) with k and evaluating
the matrix elements results in

k‹ Vµ‹ = H Õ
µ(tÕ)

k ·
!
2p ≠ k

"

2p · k
+ . . . (3.9)

where the electromagnetic coupling to a spin-zero particle, i.e.

ÈB(p ≠ k)|Jem
‹ |B(p)Í =

!
2p ≠ k

"
‹

Fem , (3.10)

was used to describe the coupling to the B meson with the electromagnetic form factor Fem.
This form factor can be set to unity in the soft photon limit since a soft photon cannot resolve
the underlying structure of a B meson. The o�-shell generalization of the hadronic current
Eq. (3.3) is given by

ÈD(pÕ)| ‚Vµ ≠ ‚Aµ|B(p ≠ k)Í = ‚f+(tÕ, rÕ, sÕ)
!
p ≠ k + pÕ"

µ
+ ‚f≠(tÕ, rÕ, sÕ)

!
p ≠ k ≠ pÕ"

µ
, (3.11)

where the o�-shell form factors ‚f± depend on all invariants of the problem, i.e. tÕ =
!
p ≠ pÕ ≠ k

"2,
rÕ = p · pÕ, and sÕ = k · pÕ are a possible choice. In the soft limit the B meson is not far from
its mass shell and the form factors in Eq. (3.3) give an adequate description which gets exact

25

in the k æ 0 infrared limit. The hadronic current H Õ
µ = H Õ

µ(tÕ) is defined as

H Õ
µ(tÕ) = ÈD(pÕ)| ‚Vµ ≠ ‚Aµ|B(p ≠ k)Í = f+(tÕ)

!
p ≠ k + pÕ"

µ
+ f≠(tÕ)

!
p ≠ k ≠ pÕ"

µ
, (3.12)

and the ellipsis in Eq. (3.9) denotes further seagull-like terms which need to be included to
obtain a gauge invariant amplitude. These seagull terms terms can be obtained by expanding
H Õ

µ in powers of k, i.e.

k‹ Vµ‹ = Hµ(t) + kÕ dH Õ
µ

dtÕ

----
kÕ=0

+ kÕ2 d2H Õ
µ

dtÕ2

----
kÕ=0

+ . . . , (3.13)

where the ellipsis denote higher order derivatives, and tÕ = t + kÕ with kÕ = ≠2 k ·
!
p ≠ pÕ". By

neglecting all terms of order O(kÕ2) and higher in Eq. (3.13), and requiring a gauge invariant
summed amplitude, a set of counter terms can be isolated which corresponds to the seagull
terms. The emission matrix element in the soft limit is then given by

i e
GFÔ

2
Vcb ū‹ “µ PL

A

≠ Hµ

2p¸ · k

1
“‹k/ + 2

!
p¸

"
‹

2
+ Hµ p‹

p · k
+ f3(t)

3
kµ p‹

p · k
≠ gµ‹

4

+
A

≠2
!
p ≠ pÕ"– dHµ(tÕ)

dtÕ

----
kÕ=0

B 3
k– p‹

p · k
≠ g–‹

4 B

vl ,

(3.14)

where f3(t) = f+(t)+f≠(t) and Low’s matrix element for the process is recovered, cf. Ref. [45].
Furthermore, note that in Eq. (3.14) the derivative of Hµ(tÕ) with respect to tÕ occurs, instead
of the derivative of H Õ

µ(tÕ). To derive Eq. (3.14), several approximations were made:

1. The non-local operator Eq. (3.4) was expanded in a number of matrix elements which
correspond to intermediate resonances allowed in the soft photon part of phase-space.

2. The o�-shell hadronic current was approximated by the on-shell hadronic current.

3. The higher order terms of Eq. (3.13) which are ambiguous and depend on the parametriza-
tion of the on-shell matrix element were neglected.

4. No intermediate excited resonances were considered.

All of these approximations are exact in the infrared limit and Eq. (3.14) can be understood
as an expansion of the electromagnetic coupling to the hadronic current in powers of k. By
neglecting all contributions of O(k0) and higher, the matrix element Eq. (3.14) factorizes into
an eikonal factor multiplied by the leading order matrix element Eq. (3.2), i.e.

i e
3 1

p · k
p‹ ≠ 1

p¸ · k

!
p¸

"
‹

4
M0

0 . (3.15)

This factorization is the starting point of the soft exponentiation used in the PHOTOS algorithm.
In particular, Eq. (3.15) can be generalized to include an arbitrary number of soft real and virtual
photons, and an infrared safe correction factor can be extracted, cf. References [126, 3, 122].
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The authors of Ref. [73] construct the IB part as,

V IB
µ‹ = Hµ(tÕ) p‹

p · k
+ f3(tÕ)

3
kµ p‹

p · k
≠ gµ‹

4
+ . . . , (3.22)

where the ellipsis denote the seagull terms which need to be included to ensure gauge invariance
of the amplitude. The SD contributions from this IB definition is given by [112]

V SD
µ‹ = V1

Ë
kµ p‹ ≠ (p · k) gµ‹

È
+ V2

Ë
kµ(p¸ + p‹)‹ ≠ (k · (p¸ + p‹))gµ‹

È

+ V3
Ë
(k · (p¸ + p‹))(p¸ + p‹)µ p‹ ≠ (p · k)(p¸ + p‹)µ(p¸ + p‹)‹

È

+ V4
Ë
(k · (p¸ + p‹))(pXµ p‹ ≠ (p · k) pµ(p¸ + p‹)‹

È
, (3.23)

where the Lorentz-invariant scalars Vi are functions of the three independent scalar variables
that can be built with p, pÕ and k.

Another possible choice for the IB terms is simply given by the first term of Eq. (3.20),

V IB
µ‹ = Hµ(t) p‹

p · k
, (3.24)

where the term of order k0 from Low’s matrix element are absorbed in the definition of the
vector SD contributions (which henceforth are of order O(k0)). The SD contributions for the
IB definition of Eq. (3.24) can be found in Ref. [49].

The overall knowledge of the SD contributions for semileptonic B meson decays is modest,
and so far no attempt in the literature (known to us) was made to calculate them from first
principles. The authors of Ref. [28] studied the soft SD contributions from a Dú intermediate
state, which is produced after the emission of a real photon, by using the DDú“ coupling
predictions from lattice QCD, cf. Ref. [27]. Naively, one would expect that SD contributions
should be more important in semileptonic B meson decays than they are in semileptonic kaon
decays, due to the proximity of the Bú, and Dú, and Dúú resonances to the B and D ground
states. On the other hand, the B and D mesons mass suppress the production of soft (and
hard) photons considerably.

3.1.3. E�ective Lagrangian for the IB contributions at O(k0)

The IB corrections to the leading-order decay can be described by using an e�ective Lagrangian,
which neglects the composite nature of the involved mesons. Furthermore, neglecting the t
dependence for the time being, the tree-level B æ D l ‹l decay amplitude can be described by
an interaction Lagrangian of the form

LW = GFÔ
2

Vcb
#
(f+ + f≠) „Õ ˆµ„ + (f+ ≠ f≠) „ ˆµ„Õ$ Â̄‹ PR “µ Â¸ + h.c. , (3.25)

where „ and „Õ are the scalar fields of the B and D meson QCD states, respectively. The
matrix element obtained from Eq. (3.25) has the same Lorentz structure as the matrix element
calculated from the e�ective Hamiltonian Eq. (3.1), i.e.

≠ i
GFÔ

2
Vcb

Ë
f+

!
p + pÕ"

µ
+ f≠

!
p ≠ pÕ"

µ

È
ū‹ PR “µ vl , (3.26)

28

• Assumed that the off-shell hadronic current can be modelled using the 
on-shell current; in particular that the form factors depend on t = q2 only

t’ = (p - p’ - k)2

r’, s’: other lorentz scalars
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weak interaction Hamiltonian,

HW = 4GFÔ
2

Vcb [c̄ “µ PL b]
Ë
Â̄‹ “µ PL Â¸

È
+ h.c. , (3.1)

where c and b are the fields of the heavy quarks of the process, and Âl and Â‹ denote the fields
of the lepton and neutrino. Moreover, PL = 1

2 (1 ≠ “5) is the left-hand projection operator, and
GF denotes the Fermi coupling. Neglecting any higher-order electroweak corrections, the matrix
element factorizes into the product of a leptonic and hadronic matrix elements. The hadronic
matrix element is the sum of the vector and the axial vector currents

‚Vµ = c̄ “µ b and ‚Aµ = c̄ “µ “5 b ,

and can be parametrized as a function of two Lorentz invariant amplitudes f±. The conventional
choice is2

M0
0 = ≠i

GFÔ
2

Vcb
Ë
f+(t)

!
p + pÕ"

µ
+ f≠(t)

!
p ≠ pÕ"

µ

È
ū‹ PR “µ vl , (3.2)

where p and pÕ denote the four momenta of the B and D meson, respectively. Furthermore,
ū‹ and vl denote the spinors of the neutrino and the lepton, and PR = 1

2 (1 ≠ “5) is the right-
handed projection operator. Fig. 3.1 shows the decay at parton and meson levels. In order to be
Lorentz invariant functions, the amplitudes or form factors can only depend on the invariants
of the problem, i.e. p2, pÕ2, and p · pÕ. If the B and D meson are on their mass shells, the form
factors are conventionally parametrized as functions of the four-momentum transfer squared
t =

!
p ≠ pÕ"2 of the B meson to the D meson system. It is convenient to introduce the notation

Hµ = Hµ(t) = ÈD(pÕ)| ‚Vµ ≠ ‚Aµ|B(p)Í = f+(t)
!
p + pÕ"

µ
+ f≠(t)

!
p ≠ pÕ"

µ
, (3.3)

where |BÍ and |DÍ denote the full QCD states of the B and D meson.

Coupling an electromagnetic current to the matrix element Eq. (3.2) results in

i e
GFÔ

2
Vcb ū‹ “µ PL

3
≠ Hµ

2p¸ · k

1
“‹k/ + 2

!
p¸

"
‹

2
+ Vµ‹ ≠ Aµ‹

4
vl , (3.4)

where p¸ denotes the four-momentum of the lepton, and k the four-momentum of a (real) photon.
The hadronic vector and axial vector contributions describing the B-“ and D-“ coupling are
given by the non-local operator

Vµ‹ ≠ Aµ‹ =
⁄

d4x eik·xÈD|T {hµ(0) Jem
‹ (x)}|BÍ , (3.5)

where hµ(0) = c̄ “µ PL b is the quark current, and Jem
‹ (x) =

1
2c̄“‹c ≠ b̄“‹b ≠ nl“‹ l̄

2
/3 denotes

the electromagnetic current. Furthermore, l is a light quark field either corresponding to an u or
d quark, and n accounts for the charge of the light quark field, i.e. n = ≠2 for u and n = 1 for d.
The matrix element Eq. (3.4) needs to obey the electromagnetic Ward identity, cf. Ref. [121],
and in order for the amplitude to vanish when contracted with the photon four-momentum k,

2Throughout this chapter M
n
m denote a matrix element at O(–n

em GF) with m photons in the final state. The
total decay rate at O(–n

em GF) is denoted as �n
m.
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weak interaction Hamiltonian,

HW = 4GFÔ
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Vcb [c̄ “µ PL b]
Ë
Â̄‹ “µ PL Â¸

È
+ h.c. , (3.1)

where c and b are the fields of the heavy quarks of the process, and Âl and Â‹ denote the fields
of the lepton and neutrino. Moreover, PL = 1

2 (1 ≠ “5) is the left-hand projection operator, and
GF denotes the Fermi coupling. Neglecting any higher-order electroweak corrections, the matrix
element factorizes into the product of a leptonic and hadronic matrix elements. The hadronic
matrix element is the sum of the vector and the axial vector currents

‚Vµ = c̄ “µ b and ‚Aµ = c̄ “µ “5 b ,

and can be parametrized as a function of two Lorentz invariant amplitudes f±. The conventional
choice is2

M0
0 = ≠i

GFÔ
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f+(t)
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p + pÕ"
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+ f≠(t)
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p ≠ pÕ"

µ

È
ū‹ PR “µ vl , (3.2)

where p and pÕ denote the four momenta of the B and D meson, respectively. Furthermore,
ū‹ and vl denote the spinors of the neutrino and the lepton, and PR = 1

2 (1 ≠ “5) is the right-
handed projection operator. Fig. 3.1 shows the decay at parton and meson levels. In order to be
Lorentz invariant functions, the amplitudes or form factors can only depend on the invariants
of the problem, i.e. p2, pÕ2, and p · pÕ. If the B and D meson are on their mass shells, the form
factors are conventionally parametrized as functions of the four-momentum transfer squared
t =
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p ≠ pÕ"2 of the B meson to the D meson system. It is convenient to introduce the notation

Hµ = Hµ(t) = ÈD(pÕ)| ‚Vµ ≠ ‚Aµ|B(p)Í = f+(t)
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p + pÕ"

µ
+ f≠(t)

!
p ≠ pÕ"

µ
, (3.3)

where |BÍ and |DÍ denote the full QCD states of the B and D meson.

Coupling an electromagnetic current to the matrix element Eq. (3.2) results in

i e
GFÔ

2
Vcb ū‹ “µ PL

3
≠ Hµ

2p¸ · k

1
“‹k/ + 2

!
p¸

"
‹

2
+ Vµ‹ ≠ Aµ‹

4
vl , (3.4)

where p¸ denotes the four-momentum of the lepton, and k the four-momentum of a (real) photon.
The hadronic vector and axial vector contributions describing the B-“ and D-“ coupling are
given by the non-local operator

Vµ‹ ≠ Aµ‹ =
⁄

d4x eik·xÈD|T {hµ(0) Jem
‹ (x)}|BÍ , (3.5)

where hµ(0) = c̄ “µ PL b is the quark current, and Jem
‹ (x) =

1
2c̄“‹c ≠ b̄“‹b ≠ nl“‹ l̄

2
/3 denotes

the electromagnetic current. Furthermore, l is a light quark field either corresponding to an u or
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2Throughout this chapter M
n
m denote a matrix element at O(–n

em GF) with m photons in the final state. The
total decay rate at O(–n

em GF) is denoted as �n
m.
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Hµ(t) = ÈD(pÕ)| ‚Vµ ≠ ‚Aµ|B(p)Í

with a non-local operator describing the B-ɣ and D-ɣ couplingthe hadronic vector and axial vector contributions need to fulfill

k‹ Vµ‹ = Hµ , (3.6)
k‹ Aµ‹ = 0 , (3.7)

what relates the vector contributions of the QED next-to-leading order matrix element to the
hadronic current of the leading order matrix elements. In the soft photon limit this connection
leads to «Low’s theorem», cf. References [96], which states that in a systematic expansion of
the QED next-to-leading order hadronic current in powers of the photon four-momentum k, the
terms proportional to k≠1 and k0 are completely determined by the on-shell form factors of the
tree-level decay.

3.1.1. Low’s theorem and pole contributions

In the soft photon part of phase-space, the non-local operator Eq. (3.4) should be very well
approximated by the first few intermediate resonances due to excited beauty and charm states,
i.e. for a charged initial B meson the vector and axial vector expand as

Vµ‹ ≠ Aµ‹ = ÈD(pÕ)| ‚Vµ ≠ ‚Aµ|B(p ≠ k)ÍÈB(p ≠ k)|Jem
‹ |B(p)Í

m2
B

≠ (p ≠ k)2

+ÈD(pÕ)| ‚Vµ ≠ ‚Aµ|Bú(p ≠ k)ÍÈBú(p ≠ k)|Jem
‹ |B(p)Í

m2
Bú ≠ (p ≠ k)2

+ÈD(pÕ ≠ k)|Jem
‹ |Dú(pÕ)ÍÈDú(pÕ)| ‚Vµ ≠ ‚Aµ|B(p)Í

m2
Dú ≠ (pÕ ≠ k)2 + . . . , (3.8)

where the ellipsis denotes contributions from higher order states and the expansion for a charged
final state is done analogously. Furthermore, the infrared region is completely determined by
the B-pole contributions, since in the vanishing photon energy limit with k π mú

B
≠mB excited

states can no contribute. This corresponds to the physical interpretation, that a soft photon can
neither excite nor resolve the charged B meson. Contracting Eq. (3.6) with k and evaluating
the matrix elements results in

k‹ Vµ‹ = H Õ
µ(tÕ)

k ·
!
2p ≠ k

"

2p · k
+ . . . (3.9)

where the electromagnetic coupling to a spin-zero particle, i.e.

ÈB(p ≠ k)|Jem
‹ |B(p)Í =

!
2p ≠ k

"
‹

Fem , (3.10)

was used to describe the coupling to the B meson with the electromagnetic form factor Fem.
This form factor can be set to unity in the soft photon limit since a soft photon cannot resolve
the underlying structure of a B meson. The o�-shell generalization of the hadronic current
Eq. (3.3) is given by

ÈD(pÕ)| ‚Vµ ≠ ‚Aµ|B(p ≠ k)Í = ‚f+(tÕ, rÕ, sÕ)
!
p ≠ k + pÕ"

µ
+ ‚f≠(tÕ, rÕ, sÕ)

!
p ≠ k ≠ pÕ"

µ
, (3.11)

where the o�-shell form factors ‚f± depend on all invariants of the problem, i.e. tÕ =
!
p ≠ pÕ ≠ k

"2,
rÕ = p · pÕ, and sÕ = k · pÕ are a possible choice. In the soft limit the B meson is not far from
its mass shell and the form factors in Eq. (3.3) give an adequate description which gets exact

25

Ward identities

the hadronic vector and axial vector contributions need to fulfill

k‹ Vµ‹ = Hµ , (3.6)
k‹ Aµ‹ = 0 , (3.7)

what relates the vector contributions of the QED next-to-leading order matrix element to the
hadronic current of the leading order matrix elements. In the soft photon limit this connection
leads to «Low’s theorem», cf. References [96], which states that in a systematic expansion of
the QED next-to-leading order hadronic current in powers of the photon four-momentum k, the
terms proportional to k≠1 and k0 are completely determined by the on-shell form factors of the
tree-level decay.

3.1.1. Low’s theorem and pole contributions

In the soft photon part of phase-space, the non-local operator Eq. (3.4) should be very well
approximated by the first few intermediate resonances due to excited beauty and charm states,
i.e. for a charged initial B meson the vector and axial vector expand as

Vµ‹ ≠ Aµ‹ = ÈD(pÕ)| ‚Vµ ≠ ‚Aµ|B(p ≠ k)ÍÈB(p ≠ k)|Jem
‹ |B(p)Í

m2
B

≠ (p ≠ k)2

+ÈD(pÕ)| ‚Vµ ≠ ‚Aµ|Bú(p ≠ k)ÍÈBú(p ≠ k)|Jem
‹ |B(p)Í

m2
Bú ≠ (p ≠ k)2

+ÈD(pÕ ≠ k)|Jem
‹ |Dú(pÕ)ÍÈDú(pÕ)| ‚Vµ ≠ ‚Aµ|B(p)Í

m2
Dú ≠ (pÕ ≠ k)2 + . . . , (3.8)

where the ellipsis denotes contributions from higher order states and the expansion for a charged
final state is done analogously. Furthermore, the infrared region is completely determined by
the B-pole contributions, since in the vanishing photon energy limit with k π mú

B
≠mB excited

states can no contribute. This corresponds to the physical interpretation, that a soft photon can
neither excite nor resolve the charged B meson. Contracting Eq. (3.6) with k and evaluating
the matrix elements results in

k‹ Vµ‹ = H Õ
µ(tÕ)

k ·
!
2p ≠ k

"

2p · k
+ . . . (3.9)

where the electromagnetic coupling to a spin-zero particle, i.e.

ÈB(p ≠ k)|Jem
‹ |B(p)Í =

!
2p ≠ k

"
‹

Fem , (3.10)

was used to describe the coupling to the B meson with the electromagnetic form factor Fem.
This form factor can be set to unity in the soft photon limit since a soft photon cannot resolve
the underlying structure of a B meson. The o�-shell generalization of the hadronic current
Eq. (3.3) is given by

ÈD(pÕ)| ‚Vµ ≠ ‚Aµ|B(p ≠ k)Í = ‚f+(tÕ, rÕ, sÕ)
!
p ≠ k + pÕ"

µ
+ ‚f≠(tÕ, rÕ, sÕ)

!
p ≠ k ≠ pÕ"

µ
, (3.11)

where the o�-shell form factors ‚f± depend on all invariants of the problem, i.e. tÕ =
!
p ≠ pÕ ≠ k

"2,
rÕ = p · pÕ, and sÕ = k · pÕ are a possible choice. In the soft limit the B meson is not far from
its mass shell and the form factors in Eq. (3.3) give an adequate description which gets exact

25

which can be expanded around first few resonant states

lepton leg coupling hadronic coupling
hadronic current
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• More formal: coupling an electromagnetic current to LO decay results in
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More formal 
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4
vl ,
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hadronic current of the leading order matrix elements. In the soft photon limit this connection
leads to «Low’s theorem», cf. References [96], which states that in a systematic expansion of
the QED next-to-leading order hadronic current in powers of the photon four-momentum k, the
terms proportional to k≠1 and k0 are completely determined by the on-shell form factors of the
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where the ellipsis denotes contributions from higher order states and the expansion for a charged
final state is done analogously. Furthermore, the infrared region is completely determined by
the B-pole contributions, since in the vanishing photon energy limit with k π mú

B
≠mB excited

states can no contribute. This corresponds to the physical interpretation, that a soft photon can
neither excite nor resolve the charged B meson. Contracting Eq. (3.6) with k and evaluating
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where the electromagnetic coupling to a spin-zero particle, i.e.
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Fem , (3.10)

was used to describe the coupling to the B meson with the electromagnetic form factor Fem.
This form factor can be set to unity in the soft photon limit since a soft photon cannot resolve
the underlying structure of a B meson. The o�-shell generalization of the hadronic current
Eq. (3.3) is given by

ÈD(pÕ)| ‚Vµ ≠ ‚Aµ|B(p ≠ k)Í = ‚f+(tÕ, rÕ, sÕ)
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µ
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where the o�-shell form factors ‚f± depend on all invariants of the problem, i.e. tÕ =
!
p ≠ pÕ ≠ k

"2,
rÕ = p · pÕ, and sÕ = k · pÕ are a possible choice. In the soft limit the B meson is not far from
its mass shell and the form factors in Eq. (3.3) give an adequate description which gets exact
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leads to «Low’s theorem», cf. References [96], which states that in a systematic expansion of
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where the ellipsis denotes contributions from higher order states and the expansion for a charged
final state is done analogously. Furthermore, the infrared region is completely determined by
the B-pole contributions, since in the vanishing photon energy limit with k π mú
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≠mB excited

states can no contribute. This corresponds to the physical interpretation, that a soft photon can
neither excite nor resolve the charged B meson. Contracting Eq. (3.6) with k and evaluating
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was used to describe the coupling to the B meson with the electromagnetic form factor Fem.
This form factor can be set to unity in the soft photon limit since a soft photon cannot resolve
the underlying structure of a B meson. The o�-shell generalization of the hadronic current
Eq. (3.3) is given by
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where the o�-shell form factors ‚f± depend on all invariants of the problem, i.e. tÕ =
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"2,
rÕ = p · pÕ, and sÕ = k · pÕ are a possible choice. In the soft limit the B meson is not far from
its mass shell and the form factors in Eq. (3.3) give an adequate description which gets exact
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with

Fem ≈ 1

in soft photon limit
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Continued
in the k æ 0 infrared limit. The hadronic current H Õ

µ = H Õ
µ(tÕ) is defined as

H Õ
µ(tÕ) = ÈD(pÕ)| ‚Vµ ≠ ‚Aµ|B(p ≠ k)Í = f+(tÕ)

!
p ≠ k + pÕ"

µ
+ f≠(tÕ)

!
p ≠ k ≠ pÕ"

µ
, (3.12)

and the ellipsis in Eq. (3.9) denotes further seagull-like terms which need to be included to
obtain a gauge invariant amplitude. These seagull terms terms can be obtained by expanding
H Õ

µ in powers of k, i.e.

k‹ Vµ‹ = Hµ(t) + kÕ dH Õ
µ

dtÕ

----
kÕ=0

+ kÕ2 d2H Õ
µ

dtÕ2

----
kÕ=0

+ . . . , (3.13)

where the ellipsis denote higher order derivatives, and tÕ = t + kÕ with kÕ = ≠2 k ·
!
p ≠ pÕ". By

neglecting all terms of order O(kÕ2) and higher in Eq. (3.13), and requiring a gauge invariant
summed amplitude, a set of counter terms can be isolated which corresponds to the seagull
terms. The emission matrix element in the soft limit is then given by

i e
GFÔ

2
Vcb ū‹ “µ PL

A

≠ Hµ

2p¸ · k

1
“‹k/ + 2

!
p¸

"
‹

2
+ Hµ p‹

p · k
+ f3(t)

3
kµ p‹

p · k
≠ gµ‹

4

+
A

≠2
!
p ≠ pÕ"– dHµ(tÕ)

dtÕ

----
kÕ=0

B 3
k– p‹

p · k
≠ g–‹

4 B

vl ,

(3.14)

where f3(t) = f+(t)+f≠(t) and Low’s matrix element for the process is recovered, cf. Ref. [45].
Furthermore, note that in Eq. (3.14) the derivative of Hµ(tÕ) with respect to tÕ occurs, instead
of the derivative of H Õ

µ(tÕ). To derive Eq. (3.14), several approximations were made:

1. The non-local operator Eq. (3.4) was expanded in a number of matrix elements which
correspond to intermediate resonances allowed in the soft photon part of phase-space.

2. The o�-shell hadronic current was approximated by the on-shell hadronic current.

3. The higher order terms of Eq. (3.13) which are ambiguous and depend on the parametriza-
tion of the on-shell matrix element were neglected.

4. No intermediate excited resonances were considered.

All of these approximations are exact in the infrared limit and Eq. (3.14) can be understood
as an expansion of the electromagnetic coupling to the hadronic current in powers of k. By
neglecting all contributions of O(k0) and higher, the matrix element Eq. (3.14) factorizes into
an eikonal factor multiplied by the leading order matrix element Eq. (3.2), i.e.

i e
3 1

p · k
p‹ ≠ 1

p¸ · k

!
p¸

"
‹

4
M0

0 . (3.15)

This factorization is the starting point of the soft exponentiation used in the PHOTOS algorithm.
In particular, Eq. (3.15) can be generalized to include an arbitrary number of soft real and virtual
photons, and an infrared safe correction factor can be extracted, cf. References [126, 3, 122].
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and neglect all higher order terms, plus introduce seagull terms to make sure matrix

element fulfils the Ward identity / is gauge invariant:
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states can no contribute. This corresponds to the physical interpretation, that a soft photon can
neither excite nor resolve the charged B meson. Contracting Eq. (3.6) with k and evaluating
the matrix elements results in

k‹ Vµ‹ = H Õ
µ(tÕ)

k ·
!
2p ≠ k

"

2p · k
+ . . . (3.9)

where the electromagnetic coupling to a spin-zero particle, i.e.
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was used to describe the coupling to the B meson with the electromagnetic form factor Fem.
This form factor can be set to unity in the soft photon limit since a soft photon cannot resolve
the underlying structure of a B meson. The o�-shell generalization of the hadronic current
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• For the hadronic current: Taylor expandin the k æ 0 infrared limit. The hadronic current H Õ
µ = H Õ

µ(tÕ) is defined as
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and the ellipsis in Eq. (3.9) denotes further seagull-like terms which need to be included to
obtain a gauge invariant amplitude. These seagull terms terms can be obtained by expanding
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where the ellipsis denote higher order derivatives, and tÕ = t + kÕ with kÕ = ≠2 k ·
!
p ≠ pÕ". By

neglecting all terms of order O(kÕ2) and higher in Eq. (3.13), and requiring a gauge invariant
summed amplitude, a set of counter terms can be isolated which corresponds to the seagull
terms. The emission matrix element in the soft limit is then given by
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where f3(t) = f+(t)+f≠(t) and Low’s matrix element for the process is recovered, cf. Ref. [45].
Furthermore, note that in Eq. (3.14) the derivative of Hµ(tÕ) with respect to tÕ occurs, instead
of the derivative of H Õ

µ(tÕ). To derive Eq. (3.14), several approximations were made:

1. The non-local operator Eq. (3.4) was expanded in a number of matrix elements which
correspond to intermediate resonances allowed in the soft photon part of phase-space.

2. The o�-shell hadronic current was approximated by the on-shell hadronic current.

3. The higher order terms of Eq. (3.13) which are ambiguous and depend on the parametriza-
tion of the on-shell matrix element were neglected.

4. No intermediate excited resonances were considered.

All of these approximations are exact in the infrared limit and Eq. (3.14) can be understood
as an expansion of the electromagnetic coupling to the hadronic current in powers of k. By
neglecting all contributions of O(k0) and higher, the matrix element Eq. (3.14) factorizes into
an eikonal factor multiplied by the leading order matrix element Eq. (3.2), i.e.
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This factorization is the starting point of the soft exponentiation used in the PHOTOS algorithm.
In particular, Eq. (3.15) can be generalized to include an arbitrary number of soft real and virtual
photons, and an infrared safe correction factor can be extracted, cf. References [126, 3, 122].
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weak interaction Hamiltonian,

HW = 4GFÔ
2

Vcb [c̄ “µ PL b]
Ë
Â̄‹ “µ PL Â¸

È
+ h.c. , (3.1)

where c and b are the fields of the heavy quarks of the process, and Âl and Â‹ denote the fields
of the lepton and neutrino. Moreover, PL = 1

2 (1 ≠ “5) is the left-hand projection operator, and
GF denotes the Fermi coupling. Neglecting any higher-order electroweak corrections, the matrix
element factorizes into the product of a leptonic and hadronic matrix elements. The hadronic
matrix element is the sum of the vector and the axial vector currents

‚Vµ = c̄ “µ b and ‚Aµ = c̄ “µ “5 b ,

and can be parametrized as a function of two Lorentz invariant amplitudes f±. The conventional
choice is2

M0
0 = ≠i

GFÔ
2

Vcb
Ë
f+(t)

!
p + pÕ"

µ
+ f≠(t)

!
p ≠ pÕ"

µ

È
ū‹ PR “µ vl , (3.2)

where p and pÕ denote the four momenta of the B and D meson, respectively. Furthermore,
ū‹ and vl denote the spinors of the neutrino and the lepton, and PR = 1

2 (1 ≠ “5) is the right-
handed projection operator. Fig. 3.1 shows the decay at parton and meson levels. In order to be
Lorentz invariant functions, the amplitudes or form factors can only depend on the invariants
of the problem, i.e. p2, pÕ2, and p · pÕ. If the B and D meson are on their mass shells, the form
factors are conventionally parametrized as functions of the four-momentum transfer squared
t =

!
p ≠ pÕ"2 of the B meson to the D meson system. It is convenient to introduce the notation

Hµ = Hµ(t) = ÈD(pÕ)| ‚Vµ ≠ ‚Aµ|B(p)Í = f+(t)
!
p + pÕ"

µ
+ f≠(t)

!
p ≠ pÕ"

µ
, (3.3)

where |BÍ and |DÍ denote the full QCD states of the B and D meson.

Coupling an electromagnetic current to the matrix element Eq. (3.2) results in

i e
GFÔ

2
Vcb ū‹ “µ PL

3
≠ Hµ

2p¸ · k

1
“‹k/ + 2

!
p¸

"
‹

2
+ Vµ‹ ≠ Aµ‹

4
vl , (3.4)

where p¸ denotes the four-momentum of the lepton, and k the four-momentum of a (real) photon.
The hadronic vector and axial vector contributions describing the B-“ and D-“ coupling are
given by the non-local operator

Vµ‹ ≠ Aµ‹ =
⁄

d4x eik·xÈD|T {hµ(0) Jem
‹ (x)}|BÍ , (3.5)

where hµ(0) = c̄ “µ PL b is the quark current, and Jem
‹ (x) =

1
2c̄“‹c ≠ b̄“‹b ≠ nl“‹ l̄

2
/3 denotes

the electromagnetic current. Furthermore, l is a light quark field either corresponding to an u or
d quark, and n accounts for the charge of the light quark field, i.e. n = ≠2 for u and n = 1 for d.
The matrix element Eq. (3.4) needs to obey the electromagnetic Ward identity, cf. Ref. [121],
and in order for the amplitude to vanish when contracted with the photon four-momentum k,

2Throughout this chapter M
n
m denote a matrix element at O(–n

em GF) with m photons in the final state. The
total decay rate at O(–n

em GF) is denoted as �n
m.

24



Florian Bernlochner QED corrections to (semi-)leptonic B decays Workshop — Paris !15

Assumptions assumptions

in the k æ 0 infrared limit. The hadronic current H Õ
µ = H Õ

µ(tÕ) is defined as

H Õ
µ(tÕ) = ÈD(pÕ)| ‚Vµ ≠ ‚Aµ|B(p ≠ k)Í = f+(tÕ)

!
p ≠ k + pÕ"

µ
+ f≠(tÕ)

!
p ≠ k ≠ pÕ"

µ
, (3.12)

and the ellipsis in Eq. (3.9) denotes further seagull-like terms which need to be included to
obtain a gauge invariant amplitude. These seagull terms terms can be obtained by expanding
H Õ

µ in powers of k, i.e.

k‹ Vµ‹ = Hµ(t) + kÕ dH Õ
µ

dtÕ

----
kÕ=0

+ kÕ2 d2H Õ
µ

dtÕ2

----
kÕ=0

+ . . . , (3.13)

where the ellipsis denote higher order derivatives, and tÕ = t + kÕ with kÕ = ≠2 k ·
!
p ≠ pÕ". By

neglecting all terms of order O(kÕ2) and higher in Eq. (3.13), and requiring a gauge invariant
summed amplitude, a set of counter terms can be isolated which corresponds to the seagull
terms. The emission matrix element in the soft limit is then given by

i e
GFÔ

2
Vcb ū‹ “µ PL

A

≠ Hµ

2p¸ · k

1
“‹k/ + 2

!
p¸

"
‹

2
+ Hµ p‹

p · k
+ f3(t)

3
kµ p‹

p · k
≠ gµ‹

4

+
A

≠2
!
p ≠ pÕ"– dHµ(tÕ)

dtÕ

----
kÕ=0

B 3
k– p‹

p · k
≠ g–‹

4 B

vl ,

(3.14)

where f3(t) = f+(t)+f≠(t) and Low’s matrix element for the process is recovered, cf. Ref. [45].
Furthermore, note that in Eq. (3.14) the derivative of Hµ(tÕ) with respect to tÕ occurs, instead
of the derivative of H Õ

µ(tÕ). To derive Eq. (3.14), several approximations were made:

1. The non-local operator Eq. (3.4) was expanded in a number of matrix elements which
correspond to intermediate resonances allowed in the soft photon part of phase-space.

2. The o�-shell hadronic current was approximated by the on-shell hadronic current.

3. The higher order terms of Eq. (3.13) which are ambiguous and depend on the parametriza-
tion of the on-shell matrix element were neglected.

4. No intermediate excited resonances were considered.

All of these approximations are exact in the infrared limit and Eq. (3.14) can be understood
as an expansion of the electromagnetic coupling to the hadronic current in powers of k. By
neglecting all contributions of O(k0) and higher, the matrix element Eq. (3.14) factorizes into
an eikonal factor multiplied by the leading order matrix element Eq. (3.2), i.e.

i e
3 1

p · k
p‹ ≠ 1

p¸ · k

!
p¸

"
‹

4
M0

0 . (3.15)

This factorization is the starting point of the soft exponentiation used in the PHOTOS algorithm.
In particular, Eq. (3.15) can be generalized to include an arbitrary number of soft real and virtual
photons, and an infrared safe correction factor can be extracted, cf. References [126, 3, 122].
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• Certainly not a bad set of approximations in the soft-photon limit, unclear how well 
this describes reality if one goes beyond

• Hope during my thesis: this only can happen for a handful of events, so maybe not so relevant

• Plus: I wanted to graduate ;-) And this is already better than an arbitrary variation of 25%
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• Form factors enter into all of the calculations

• All of them are measured by “factoring out QED”


• E.g. tagged measurements simply use q2 as calculated from hadronic 
systems


• Even untagged measurements factorize QED effects out, i.e. change 
the shape of the templates are calculated using “true” q2 values as 
defined w/o QED corrections

!16

More conceptual problems

q2 = (pB − pD)2 = (pℓ + pν + ∑
i

ki)
2

Shape differences due to inadequate QED modelling are just 
absorbed into form factor parameters. 

Thus any theory based prediction you make on how 
fundamental parameters change based on kinematic changes, 
will likely not be valid. 
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• Reconstruct 

!17

Example: Impact on Tagged Analyses

q2 = (pB − pD(*))2

6

The three angular variables are depicted in Fig.3 and are
defined as follows:

• ✓`: the angle between the D
⇤ and the lepton, de-

fined in the rest frame of W boson.

• ✓v: the angle between the D
0 and the D

⇤, defined
in the rest frame of D

⇤ meson.

• �: the angle between the two planes formed by the
decays of the W and the D

⇤ meson, defined in the
rest frame of the B

0 meson.

18

B
W D*!

" #s

$
l

$
V

D0

l

Figure 2.3: [B ! D
⇤
`⌫ decay geometry] Geometry of B ! D

⇤
`⌫ decays.

The di�erential decay rate is given by

d�(B�D⇤`�)
dwdcos�V dcos�`d� =

3G2
F

4(4�)4 |Vcb|
2mBm2

D⇤

p
w2 � 1(1 � 2wr + r2)⇥

[(1 � cos�`)2sin2�V |H+(w)|2

+(1 + cos�`)2sin2�V |H�(w)|2

+4sin2�`cos2�V |H0(w)|2

�4sin�`(1 � cos�`)sin�V cos�V cos�H+(w)H0(w)

+4sin�`(1 + cos�`)sin�V cos�V cos�H�(w)H0(w)

�2sin2�`sin
2�V cos2�H+(w)H�(w)]

where Hi(w) are called the helicity form factors. These form factors are related to

another set of form factors, hV (w), hA1(w), hA2(w) and hA3(w), as follows.

Hi = �mB
R(1 � r2)(w + 1)

2
p

1 � 2wr + r2
hA1(w) �Hi(w) (2.19)

where �Hi(w) are given by

�H±(w) =
�

1�2wr+r2

1�r

�
1 ⌥

�
w�1
w+1R1(w)

�

�H0(w) = 1 + w�1
1�r (1 � R2(w))

(2.20)

FIG. 3. Definition of the angles ✓`, ✓v and � for the decay
B0 ! D⇤�`+⌫`.

IV. SEMILEPTONIC DECAYS

In the massless lepton limit, the di↵erential decay rate
of B ! D

⇤
`⌫ decays is given by [2]

d�(B̄ ! D
⇤
`⌫`)

dwd cos ✓`d cos ✓V d�
=

⌘
2
EW3mBm

2
D⇤

4(4⇡)2
G

2
F |Vcb|

2
p

w2 � 1(1 � 2wr + r
2)

�
(1 � cos ✓`)

2 sin ✓
2
V H

2
+ + (1 + cos ✓

2
` )

2 sin ✓
2
V H

2
�

+4 sin ✓
2
` cos ✓

2
V H

2
0 � 2 sin ✓

2
` sin ✓

2
V cos 2�H+H�

�4 sin ✓`(1 � cos ✓`) sin ✓V cos ✓V cos �H+H0

+4 sin ✓`(1 + cos ✓`) sin ✓V cos ✓V cos �H�H0} , (4)

where r = mD⇤/mB , GF = (1.6637 ± 0.00001) ⇥

10�5~c2GeV
�2 and ⌘EW is a small electroweak correc-

tion (equal to 1.006 in Ref. [13]).

A. The CLN Parameterisation

The helicity amplitudes H±,0 in Eq. 4 are given in
terms of three form factors. In the Caprini-Lellouch-
Neubert (CLN) parameterisation [2] one writes these ex-
pressions in terms of the form factor hA1(w) and the form

factor ratios R1,2(w). They are defined as follows.

hA1(w) = hA1(1)
⇥
1 � 8⇢

2
z + (53⇢

2
� 15)z2

�(231⇢
2

� 91)z3
⇤
,

R1(w) = R1(1) � 0.12(w � 1) + 0.05(w � 1)2,

R2(w) = R2(1) � 0.11(w � 1) � 0.06(w � 1)2, (5)

where z = (
p

w + 1�
p

2)/(
p

w + 1+
p

2), and there are
four independent parameters in total. After integrating
over the angles, the w distribution is proportional to

F(w) =h
2
A1

(w)

✓
1 + 4

w

w + 1

1 � 2wr + r
2

(1 � r2)

◆�1


2
1 � 2wr + r

2

(1 � r)2

✓
1 + R

2
1(w)

w � 1

w + 1

◆
+

✓
1 + (1 � R2(w))

w � 1

1 � r

◆2
#

. (6)

B. The BGL Parameterisation

A more general parameterisation comes from Boyd,
Grinstein and Lebed (BGL) [3], recently used in Refs. [14,
15]. In their approach, the helicity amplitudes Hi are
given by

H0(w) = F1(w)/
p

q2 ,

H±(w) = f(w) ⌥ mBmD⇤

p
w2 � 1g(w) . (7)

The relation between the form factors in the BGL and
CLN notations are

f =
p

mBmD⇤(1 + w)hA1 ,

g = hV /
p

mBmD⇤ ,

F1 = (1 + w)(mB � mD⇤)
p

mBmD⇤A5 , (8)

and

R1(w) = (w + 1)mBmD⇤
g(w)

f(w)
,

R2(w) =
w � r

w � 1
�

F1

mB(w � 1)f1(w)
. (9)

The three BGL form factors can be written as a series in
z,

f(z) =
1

P1+(z)�f (z)

1X

n=0

a
f
nz

n
,

F1(z) =
1

P1+(z)�F1(z)

1X

n=0

a
F1
n z

n
,

g(z) =
1

P1�(z)�g(z)

1X

n=0

a
g
nz

n
. (10)

In these equations the Blaschke factors, P1±, are given
by

P1±(z) =
nY

P=1

z � zP

1 � zzP
, (11)

• For helicity angles: treat QED as 
a resolution effect when 
unfolding or folding
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• Yield extraction via nearly model-
independent fits:
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3. Extraction of the signal yield in the projections of the kinematic variables
In order to measure the di�erential branching ratio projections as functions of the four kinematic variables,
the signal yields have to be extracted in each bin of the kinematic distributions. Therefore, a fit to the
missing mass squared is performed in each bin to determine the signal and the background contributions.

3.1. The missing mass squared distribution
The missing mass squared, m2

mis, of a semileptonic decay is a variable that quantifies the invariant mass
corresponding to the undetected momentum. It is given by:

m2
mis = (pB � pD� � p�)2 , (7)

where pi are the reconstructed momenta. For B � D��� decays, only the neutrino is undetected. The
signal therefore peaks around the neutrino mass, which is zero. Correctly reconstructed B � D��� decays
form a narrower peak than the wrongly reconstructed ones. Background decays however are not expected
to peak around zero. The B � D���� component peaks at positive values of m2

mis, as some particles have
not been found. In contrary to this, the B � D�� component peaks around negative values of m2

mis, as
an additional particle has wrongly been assigned to the signal B decay. Continuum background is uniform
in m2

mis. The distributions are shown in Fig. 9. This variable is therefore well suited to separate signal
from background and can be used in a fit. Nevertheless, correctly and wrongly reconstructed B � D���
events can hardly be separated as both components exhibit very similar shapes in m2

mis and the resulting
yields are strongly anti-correlated, leading to a large fit uncertainty for the yields of correctly reconstructed
signal decays. To avoid this both components have been fitted together and treated as the signal in what
follows. The drawback of this approach is larger migrations of events between the bins of the reconstructed
kinematic distributions with respect to the true distributions, as the resolution of the kinematic variable
reconstruction is worse for the sum of correctly and wrongly reconstructed events.

Further, one introduces the implicit assumption that the fraction of wrongly and correctly reconstructed
events in MC is consistent between data and MC. In App. B a study is documented that investigates this
assumption by explicitly separating both components by employing the small di�erences in resolution to
disentangle both fit yields. No evidence is seen that the ratio in data and MC is di�erent.
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Figure 9: m2
mis distributions for the selected charged (left) and neutral (right) B � D��� candidates.

3.2. Unbinned likelihood fit using Kernel estimation
To extract the signal yields in bins of the kinematic distributions for charged and neutral B mesons, an
unbinned likelihood fit to the m2

mis distribution in each bin has been performed. The fit is executed using
the RooFit [11] package and the templates for the signal and background m2

mis originate from MC. The
free parameters in the fit to data are the signal and background normalizations. The resulting yields are
typically anti-correlated with a correlation of up to -30%.

To obtain smooth PDFs for the signal and background components, Gaussian kernel estimators are used
to approximate the underlying probability density funcions (PDFs) using the package of RooKeysPdfs: a
smooth PDF is constructed by summing Gaussian functions a width proportional to the event density in the
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FIG. 3: The reconstructed kinematic variables w, cos ✓`, cos ✓v, and � are shown.

maximum likelihood fit to the M
2
miss distribution. Wrongly and correctly reconstructed

signal candidates cannot be easily distinguished as they exhibit a very similar resolution
in M

2
miss, and in what follows their sum total with a single signal component is extracted.

Incorrectly reconstructed D
⇤�-mesons are treated as a resolution e↵ect in the variables

in question when extracting the form factors, cf. Section VIII. Similarly, all backgrounds
are merged into a single component, fixing their relative contributions to the values in the
simulation.

The likelihood function has the form

L(M2
miss; ⌫

sig
, ⌫

bkg) =
e
�⌫

n!

nY

i

✓
⌫
sigS(M2

miss i) + ⌫
bkgB(M2

miss i)

◆
(15)

with ⌫
sig the fitted number of signal events, ⌫bkg the fitted number of background events.

It is ⌫ = ⌫
sig + ⌫

bkg the mean value of the Poisson distribution for n observed events
in data. Further, S(M2

miss i) and B(M2
miss i) denote the signal and background probability

distribution functions (PDFs) evaluated for an event i with a value of missing mass squared
of M2

miss i. The likelihood Eq. 15 is maximized numerically, either for all events or in bins of
the kinematic observables. The number of signal events is not constrained to be positive in
the fit. The signal and background PDFs are constructed from signal and background MC
events using Gaussian kernel estimators [23] and it was tested with pseudo-experiments and
independent subsets of MC events that the fitting procedure is statistically unbiased.
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FIG. 4: The M2
miss distributions after the likelihood fit for three representative bins in w, cos ✓`,

and � are shown. The PDFs were integrated over the corresponding bin boundaries to allow for
an easier comparison between the data points and the signal and background contributions.

VI. UNFOLDING OF DIFFERENTIAL YIELDS

Finite detector resolution and for example the mis-reconstruction of D or D
⇤�-mesons

result in migrations between the kinematic bins of {w, cos ✓`, cos ✓v,�}: events with a true
value placed in bin j might be reconstructed in a di↵erent bin i. Such migrations can
be expressed in a matrix of conditional probabilities, P(reco bin i | true bin j), called the
detector response as

Mij = P(reco bin i | true bin j) , (24)

for each kinematic observable. The vector of extracted yields ⌫sig of a given kinematic
observable x can then be related to the vector of di↵erential branching fractions �B/�x as

�B/�x = (✏reco✏tag)
�1 ⇥M�1 ⇥ ⌫sig . (25)

Here the e�ciency of reconstructing an event with a given true value of the kinematic variable
x inside a bin j is parametrized as a diagonal matrix ✏reco✏tag:

(✏reco✏tag)jj = A(true bin j) , (26)
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M2
miss = (pB − pD* − pℓ)2

neglects FSR photons partially

Belle Tagged and Untagged
[arXiv:1702.01521]
[arXiv:1809.03290]

γ



Florian Bernlochner QED corrections to (semi-)leptonic B decays Workshop — Paris !18

Why partially? Because of Brem-recovery in electron reconstruction
14 4 New Approach on Bremsstrahlung Finding

extrapolation

track points

IP

primary 
cluster

bremsstrahlung
cluster
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secondary cluster
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range
cluster

acceptance 
range
extrapolation

match
extrapolation

secondary cluster
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cluster
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Figure 4.1: Idea for finding bremsstrahlung in the Belle II detector.

matches the position of a secondary ECL cluster (a cluster which is not already associated
to a track). The matching is done by assigning an acceptance range to both the cluster and
the extrapolation. It is then checked if the acceptance ranges overlap or not. If there is an
overlap, the ECL cluster is assumed to be a bremsstrahlung cluster, which was generated
by a photon radiated from the original electron. The found cluster then gets associated
with the primary ECL cluster, which was produced by the electron. The idea is also shown
in Figure 4.1.
The acceptance range which is assigned to the cluster and the extrapolated position depends
on two parameters: The error on the position and an acceptance factor, which can be chosen
by the user.
One of the expected benefits of this approach is that the lost energy via bremsstrahlung
can be added more exactly at the point the radiation happened and not all at the perigee
like it was done in the method used at Belle. So a more accurate track fit can be expected.

4.3 ECL Position Resolution
For the given approach to be effective a good position resolution of the ECL is needed, so
the found energy can be added to the electron energy at the correct layer of the tracking
detector. Therefore in this section it is tested which characteristics the electron has to
possess, so photons, which were radiated at different layers, can be distinguished in the
ECL.
The problem can be simplified by looking for electrons with a trajectory in the x-y-plane.
Additionally the layers of the tracking detectors and the ECL wall are approximated as
perfect circles. In Figure 4.2 a draft of the simplified problem is given.

The distance between the hits on the ECL of two photons which were radiated at different
layers only depends on the curvature of the track. The curvature is given by

! =
q

pt · ↵

As it can be seen in this formula, the only variable parameter is the transverse momentum
of the electron. Because of that, the aim is to get a formula for the distance between the
ECL hits, depending on the transverse momentum of the electron.

• BaBar & Belle: look for photons within a cone of the original 
trajectory as determined from IP → this will find some collinear 
FSR photons, correct 4-momentum as 


• Belle II: do this, but extrapolate from each material layer, are looking into 
redoing track fit with photon information 

pℓ = p′�ℓ + k



Florian Bernlochner QED corrections to (semi-)leptonic B decays Workshop — Paris

• I regularised the UV poles using Pauli-Villars, as this made it easy 
to Sirlin’s quark-level calculation

!19

Regularisation / Integration

with the correction matrix

/� = i

(4fi)2

3
≠ 2p/¸ f3 B0(m2

¸ ; ⁄2, m2
¸ ) + 2p/ f3 B0(m2; ⁄2, m2)

+ 1
m2

¸

p/¸ f3 A0(m2
¸) ≠ 1

2m2 p/ f3 A0(m2) + p/¸ f3

4
. (3.65)

The matrix element of the virtual corrections of the two seagull diagrams coupling to the
lepton and the charged final state meson is given by

M1
0 = i e

GFÔ
2

Vcb ū PR “— µ4≠D

⁄ dDk

(2fi)D/2 i
≠p/¸ + k/ + m¸

(p¸ ≠ k)2 ≠ m2
¸

(≠i e“–) ≠ig–—

k2 f2 v ,

+i e
GFÔ

2
Vcb ū PR “— µ4≠D

⁄ dDk

(2fi)D/2
(≠i e

!
2pÕ ≠ k

"—

(pÕ ≠ k)2 ≠ mÕ2
≠ig–—

k2 f2 v , (3.66)

which simplifies after the loop integration is carried out to

M1
0 = e2 GFÔ

2
Vcb

#
ūPR /�v

$
, (3.67)

with

/� = i

(4fi)2

3
≠ 2p/¸ f2 B0(m2

¸ ; ⁄2, m2
¸) + 2p/Õ f2 B0(mÕ2; ⁄2, mÕ2)

≠ 1
m2

¸

p/¸ f2 A0(m2
¸) ≠ 1

2mÕ2 p/Õ f2(t) A0(mÕ2) + p/¸ f2

4
. (3.68)

Transforming dimensional regularization into Pauli-Villars

The Pauli-Villars regulator can be introduced formally into the e�ective theory by adding a
massive photon field with opposite norm, i.e.

LPV = 1
4 F̃ 2 + �2Ã2 , (3.69)

to the Lagrangian of the e�ective theory Eq. (3.31). This massive photon decouples from the
theory in the limit of � æ Œ and gives rise to the same next-to-leading order diagrams as the
QED photon, cf. Figs. 3.3 and 3.4, with a leading minus sign from the norm. E.g. by replacing

B0(m2
¸ , m2

¸ , ⁄2) æ B0(m2
¸ ; m2

¸ , ⁄2) ≠ B0(m2
l ; m2

¸ , �2) ,

Ḃi(m2
¸ , m2

¸ , ⁄2) æ Ḃi(m2
¸ , m2

¸ , ⁄2) ≠ Ḃi(m2
¸ , m2

¸ , �2) ,

with i = 0, 1 in the fermionic wave function renormalization Eq. (3.48) and adding a counter
term of ≠ –

4fi
the dimensional regulator ‘ cancels, and the resulting expression for the fermionic

wave function renormalization is UV finite and diverges logarithmically as � æ Œ. The arising
loop integrals exhibit the long-distance splitting demanded in Eq. (3.33) and can be matched
to the short-distance result Eq. (3.38) by choosing the same value for �.

The set of replacement rules is given by replacing all scalar n-point functions T that depend
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4 F̃ 2 + �2Ã2 , (3.69)

to the Lagrangian of the e�ective theory Eq. (3.31). This massive photon decouples from the
theory in the limit of � æ Œ and gives rise to the same next-to-leading order diagrams as the
QED photon, cf. Figs. 3.3 and 3.4, with a leading minus sign from the norm. E.g. by replacing

B0(m2
¸ , m2

¸ , ⁄2) æ B0(m2
¸ ; m2

¸ , ⁄2) ≠ B0(m2
l ; m2

¸ , �2) ,
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• After that I integrated the total rate via 

on the photon mass ⁄ by

T (. . . ; . . . , ⁄2, . . . ) æ T (. . . ; . . . , ⁄2, . . . ) ≠ T (. . . ; . . . , �2, . . . ) ,

⁄2T (. . . ; . . . , ⁄2, . . . ) æ ⁄2T (. . . ; . . . , ⁄2, . . . ) ≠ �2T (. . . ; . . . , �2, . . . ) , (3.70)

where the ellipses denote arbitrary four momenta or mass terms, further all other terms with
no dependence on ⁄ have to be neglected. In addition, a small number of correction terms have
to be added for diagrams f) and g) due to some algebraic simplifications which were used to
derive Eqs. (3.59) and (3.62) that involved cancelling k2 from the numerator. For the vertex
diagram with a charged initial state, they are given by

�µ

PV = i

(4fi)2

3
≠ Hµ �2 C0 + f3 pµ

¸
�2C1 + f3 pµ �2C2

4
, (3.71)

with Ci = Ci(p2
¸
, s, p2; �2, m2

¸
, m2) and s =

!
p¸ + pÕ"2. For the vertex diagram with a charged

final state, one needs to add

�µ

PV = i

(4fi)2

3
Hµ �2 C0 ≠ f2 pµ

¸
�2 C1 + f2 pµ �2 C2

4
, (3.72)

with Ci = Ci(p2
¸
, s, pÕ2; �2, m2

¸
, mÕ2) and s =

!
p¸ + pÕ"2.

3.2.3. Next-to-leading order di�erential decay rate at O(k0 –em GF)
By summing all virtual long-distance corrections from diagrams d) - h), and the short-distance
result Eq. (3.38), the virtual corrections to the next-to-leading order decay rate can be calculated
at O(k0 –em GF), i.e. in the B-meson rest frame the di�erential decay rate is

d�0
0 + d�1

0 = 1
64fi3m

Q

a
---M0

0

---
2

+ 2Ÿ
ÿ

d)≠h)
M0

0 M1
0 + 2

---M0
0

---
2

3
–em
fi

ln mZ

�

4R

b dEÕ dE¸ , (3.73)

where EÕ = pÕ0, and E¸ = p0
¸
. Using the summed real long-distance corrections from diagrams

a) - c), cf. Eqs. (3.39) and (3.40), the di�erential real next-to-leading order decay rate reads as

d�1
1 = 1

(2fi)12 ”(4)(m ≠ pÕ ≠ p¸ ≠ p‹l ≠ k)
----

ÿ

a)≠c)
M

1

2

1

----
2 d3pÕ

EÕ
d3p¸

E¸

d3p‹l

E‹l

d3k

E“

, (3.74)

with E“ = k0, and E‹l = p0
‹l

. Furthermore, p‹l denotes the neutrino four-momentum. Perform-
ing the phase-space integration in Eqs. (3.73) and (3.74) results in the total QED next-to-leading
order decay rate at O(k0 –em GF) and a correction factor with respect to the tree-level decay
rate can be calculated by:

�0
0 + �1

0 + �1
1 = (1 + ”sd + ”ld) �0

0 = ÷2
EW �0

0 , (3.75)

where ”sd = 2–

fi
ln mZ

� denotes the short-distance correction, and ”ld is the correction factor from
long-distance contributions. The factor ÷EW is the correction that needs to be applied to the
CKM matrix element |Vcb| due to electroweak short-distance and electromagnetic long-distance
e�ects when the tree-level decay rate is used to extract |Vcb| from the measured B æ D l ‹l

branching fraction.
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e.g.

• And produced NLO events using the corresponding matrix 
elements and mixed them according to their integrals
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• I also calculated corrections to Sirlin’s correction using

!20

Correction to Sirlin’s correction

on the photon mass ⁄ by
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where the ellipses denote arbitrary four momenta or mass terms, further all other terms with
no dependence on ⁄ have to be neglected. In addition, a small number of correction terms have
to be added for diagrams f) and g) due to some algebraic simplifications which were used to
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final state, one needs to add

�µ

PV = i

(4fi)2

3
Hµ �2 C0 ≠ f2 pµ

¸
�2 C1 + f2 pµ �2 C2

4
, (3.72)

with Ci = Ci(p2
¸
, s, pÕ2; �2, m2

¸
, mÕ2) and s =

!
p¸ + pÕ"2.

3.2.3. Next-to-leading order di�erential decay rate at O(k0 –em GF)
By summing all virtual long-distance corrections from diagrams d) - h), and the short-distance
result Eq. (3.38), the virtual corrections to the next-to-leading order decay rate can be calculated
at O(k0 –em GF), i.e. in the B-meson rest frame the di�erential decay rate is

d�0
0 + d�1

0 = 1
64fi3m

Q

a
---M0

0

---
2

+ 2Ÿ
ÿ

d)≠h)
M0

0 M1
0 + 2

---M0
0

---
2

3
–em
fi

ln mZ

�

4R

b dEÕ dE¸ , (3.73)

where EÕ = pÕ0, and E¸ = p0
¸
. Using the summed real long-distance corrections from diagrams

a) - c), cf. Eqs. (3.39) and (3.40), the di�erential real next-to-leading order decay rate reads as

d�1
1 = 1

(2fi)12 ”(4)(m ≠ pÕ ≠ p¸ ≠ p‹l ≠ k)
----

ÿ

a)≠c)
M

1

2

1

----
2 d3pÕ

EÕ
d3p¸

E¸

d3p‹l

E‹l

d3k

E“

, (3.74)

with E“ = k0, and E‹l = p0
‹l

. Furthermore, p‹l denotes the neutrino four-momentum. Perform-
ing the phase-space integration in Eqs. (3.73) and (3.74) results in the total QED next-to-leading
order decay rate at O(k0 –em GF) and a correction factor with respect to the tree-level decay
rate can be calculated by:

�0
0 + �1

0 + �1
1 = (1 + ”sd + ”ld) �0

0 = ÷2
EW �0

0 , (3.75)

where ”sd = 2–

fi
ln mZ

� denotes the short-distance correction, and ”ld is the correction factor from
long-distance contributions. The factor ÷EW is the correction that needs to be applied to the
CKM matrix element |Vcb| due to electroweak short-distance and electromagnetic long-distance
e�ects when the tree-level decay rate is used to extract |Vcb| from the measured B æ D l ‹l

branching fraction.
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3.3. Numerical evaluation
The next-to-leading order decay rates at O(k0 –em GF) are evaluated numerically using a mod-
ified version of the KLOR Monte-Carlo generator [5]. The one-loop integrals are evaluated nu-
merically using the library of Ref. [22]. The decays are generated in the B-meson rest frame
and then boosted into the experimentally relevant rest frame of the �(4S) resonance. The
couplings, masses, and cuto�s used in the numerical evaluation are

m�(4S) = 10.579 GeV/c2 , (3.76)
��(4S) = 20.5 MeV/c2 , (3.77)

mB+ = 5.279 GeV/c2 , (3.78)
mB0 = 5.280 GeV/c2 , (3.79)
mD+ = 1.870 GeV/c2 , (3.80)
mD0 = 1.865 GeV/c2 , (3.81)

⁄ = 10≠7 GeV/c2 (3.82)
mZ = 91.188 GeV/c2 (3.83)
–em = 0.00729735 , (3.84)
GF = 1.16637 ◊ 10≠5 GeV≠2 (~c)3 . (3.85)

For the form factors, the heavy quark symmetry inspired parametrization of Ref. [47] is used.
The slope of the form factor is fixed at fl2

D
= 1.19 from Ref. [6].

3.3.1. Predictions for di�erential decay rates
The predicted di�erential decay rates are compared with the corrections of the algorithm of
PHOTOS and the tree-level decay.

The predicted lepton and D-meson three-momenta for the semileptonic decay of a neutral B
meson with electron and muon final states are depicted in Fig. 3.5. The predicted corrections
for the lepton and D-meson three momenta are in very good agreement with the process-
independent predictions obtained by the soft-factorization and exponentiation. Furthermore,
the next-to-leading order corrections of the tree-level D-meson three-momentum predictions are
almost negligible. Fig. 3.6 depicts the radiative energy loss and multiplicities with a photon
energy cut E“ > 30 MeV. The photon energy distribution of the next-to-leading order calculation
at O(k0 –em GF) is in good agreement with the predicted radiative energy loss of the algorithm
of PHOTOS, which also produces multi-photon final states. The energy loss is defined as the sum
of all radiated photons.

Fig. 3.7 depicts the lepton and D meson three-momenta for the semileptonic decay of a
charged B meson with electron and muon final states. The predicted correction due to final
state radiation is in good agreement with the prediction from exponentiation. The radiative
corrections to the tree-level D-meson three-momentum predictions are negligible.

Overall, PHOTOS is in good agreement with the next-to-leading order calculation at
O(k0 –em GF) and the corrections from including terms at order k0 are small.

3.3.2. Predictions for total decay rates
By integrating the total decay rate numerically, one can extract the combined long-distance
and short-distance correction for ÷2

QED
. Using � = mD+ and ”SD = 0.0181, one obtains for the
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Fig. 3.5 The predicted normalized di�erential branching fraction for B0 æ D≠ e+ ‹l (“) and
B0 æ D≠ µ+ ‹l (“) are shown: The black curve corresponds to the tree-level B0 æ
D≠ l+ ‹l decay, the red curve is the prediction obtained from the exponentiation of
the soft factorization from the algorithm of Ref. [19, 20], and the blue curve shows
the next-to-leading order prediction at O(k0 –em GF) as determined by Eqs. (3.73)
and (3.74). The ratio depicts the relative deviation from Ref. [19, 20], i.e. d‚�≠d‚�Õ

d‚�+d‚�Õ

where d‚� = 1
�

d�
dp

denotes the normalized di�erential decay rate with respect to p
and the unprimed decay rate is the next-to-leading order prediction of this work.
The shaded yellow region shows the statistical uncertainty of Ref. [19, 20].
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Fig. 3.5 The predicted normalized di�erential branching fraction for B0 æ D≠ e+ ‹l (“) and
B0 æ D≠ µ+ ‹l (“) are shown: The black curve corresponds to the tree-level B0 æ
D≠ l+ ‹l decay, the red curve is the prediction obtained from the exponentiation of
the soft factorization from the algorithm of Ref. [19, 20], and the blue curve shows
the next-to-leading order prediction at O(k0 –em GF) as determined by Eqs. (3.73)
and (3.74). The ratio depicts the relative deviation from Ref. [19, 20], i.e. d‚�≠d‚�Õ

d‚�+d‚�Õ

where d‚� = 1
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d�
dp

denotes the normalized di�erential decay rate with respect to p
and the unprimed decay rate is the next-to-leading order prediction of this work.
The shaded yellow region shows the statistical uncertainty of Ref. [19, 20].
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Fig. 3.5 The predicted normalized di�erential branching fraction for B0 æ D≠ e+ ‹l (“) and
B0 æ D≠ µ+ ‹l (“) are shown: The black curve corresponds to the tree-level B0 æ
D≠ l+ ‹l decay, the red curve is the prediction obtained from the exponentiation of
the soft factorization from the algorithm of Ref. [19, 20], and the blue curve shows
the next-to-leading order prediction at O(k0 –em GF) as determined by Eqs. (3.73)
and (3.74). The ratio depicts the relative deviation from Ref. [19, 20], i.e. d‚�≠d‚�Õ

d‚�+d‚�Õ

where d‚� = 1
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dp

denotes the normalized di�erential decay rate with respect to p
and the unprimed decay rate is the next-to-leading order prediction of this work.
The shaded yellow region shows the statistical uncertainty of Ref. [19, 20].
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Fig. 3.5 The predicted normalized di�erential branching fraction for B0 æ D≠ e+ ‹l (“) and
B0 æ D≠ µ+ ‹l (“) are shown: The black curve corresponds to the tree-level B0 æ
D≠ l+ ‹l decay, the red curve is the prediction obtained from the exponentiation of
the soft factorization from the algorithm of Ref. [19, 20], and the blue curve shows
the next-to-leading order prediction at O(k0 –em GF) as determined by Eqs. (3.73)
and (3.74). The ratio depicts the relative deviation from Ref. [19, 20], i.e. d‚�≠d‚�Õ

d‚�+d‚�Õ

where d‚� = 1
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denotes the normalized di�erential decay rate with respect to p
and the unprimed decay rate is the next-to-leading order prediction of this work.
The shaded yellow region shows the statistical uncertainty of Ref. [19, 20].
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Fig. 3.5 The predicted normalized di�erential branching fraction for B0 æ D≠ e+ ‹l (“) and
B0 æ D≠ µ+ ‹l (“) are shown: The black curve corresponds to the tree-level B0 æ
D≠ l+ ‹l decay, the red curve is the prediction obtained from the exponentiation of
the soft factorization from the algorithm of Ref. [19, 20], and the blue curve shows
the next-to-leading order prediction at O(k0 –em GF) as determined by Eqs. (3.73)
and (3.74). The ratio depicts the relative deviation from Ref. [19, 20], i.e. d‚�≠d‚�Õ

d‚�+d‚�Õ

where d‚� = 1
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dp

denotes the normalized di�erential decay rate with respect to p
and the unprimed decay rate is the next-to-leading order prediction of this work.
The shaded yellow region shows the statistical uncertainty of Ref. [19, 20].
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Fig. 3.5 The predicted normalized di�erential branching fraction for B0 æ D≠ e+ ‹l (“) and
B0 æ D≠ µ+ ‹l (“) are shown: The black curve corresponds to the tree-level B0 æ
D≠ l+ ‹l decay, the red curve is the prediction obtained from the exponentiation of
the soft factorization from the algorithm of Ref. [19, 20], and the blue curve shows
the next-to-leading order prediction at O(k0 –em GF) as determined by Eqs. (3.73)
and (3.74). The ratio depicts the relative deviation from Ref. [19, 20], i.e. d‚�≠d‚�Õ
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denotes the normalized di�erential decay rate with respect to p
and the unprimed decay rate is the next-to-leading order prediction of this work.
The shaded yellow region shows the statistical uncertainty of Ref. [19, 20].
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Fig. 3.5 The predicted normalized di�erential branching fraction for B0 æ D≠ e+ ‹l (“) and
B0 æ D≠ µ+ ‹l (“) are shown: The black curve corresponds to the tree-level B0 æ
D≠ l+ ‹l decay, the red curve is the prediction obtained from the exponentiation of
the soft factorization from the algorithm of Ref. [19, 20], and the blue curve shows
the next-to-leading order prediction at O(k0 –em GF) as determined by Eqs. (3.73)
and (3.74). The ratio depicts the relative deviation from Ref. [19, 20], i.e. d‚�≠d‚�Õ
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where d‚� = 1
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denotes the normalized di�erential decay rate with respect to p
and the unprimed decay rate is the next-to-leading order prediction of this work.
The shaded yellow region shows the statistical uncertainty of Ref. [19, 20].
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Fig. 3.5 The predicted normalized di�erential branching fraction for B0 æ D≠ e+ ‹l (“) and
B0 æ D≠ µ+ ‹l (“) are shown: The black curve corresponds to the tree-level B0 æ
D≠ l+ ‹l decay, the red curve is the prediction obtained from the exponentiation of
the soft factorization from the algorithm of Ref. [19, 20], and the blue curve shows
the next-to-leading order prediction at O(k0 –em GF) as determined by Eqs. (3.73)
and (3.74). The ratio depicts the relative deviation from Ref. [19, 20], i.e. d‚�≠d‚�Õ

d‚�+d‚�Õ

where d‚� = 1
�

d�
dp

denotes the normalized di�erential decay rate with respect to p
and the unprimed decay rate is the next-to-leading order prediction of this work.
The shaded yellow region shows the statistical uncertainty of Ref. [19, 20].
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Photon Energy spectrum
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Fig. 3.6 The photon energy distribution and multiplicity with a cut on E“ > 30 MeV
is shown for B0 æ D≠ e+ ‹l “ and B0 æ D≠ µ+ ‹l “ are shown: the red curve
is the prediction obtained from the exponentiation of the soft factorization from
the algorithm of Ref. [19, 20], and the blue curve shows the next-to-leading order
prediction O(k0 –em GF) as determined by Eqs. (3.73) and (3.74). The ratio shows
the relative deviation from both algorithms, cf. caption Fig. 3.5. The multiplicities
show a feature of the exponentiation approach: the algorithm of Ref. [19, 20]
simulates up to five real photon final states.
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Fig. 3.6 The photon energy distribution and multiplicity with a cut on E“ > 30 MeV
is shown for B0 æ D≠ e+ ‹l “ and B0 æ D≠ µ+ ‹l “ are shown: the red curve
is the prediction obtained from the exponentiation of the soft factorization from
the algorithm of Ref. [19, 20], and the blue curve shows the next-to-leading order
prediction O(k0 –em GF) as determined by Eqs. (3.73) and (3.74). The ratio shows
the relative deviation from both algorithms, cf. caption Fig. 3.5. The multiplicities
show a feature of the exponentiation approach: the algorithm of Ref. [19, 20]
simulates up to five real photon final states.
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Fig. 3.8 The radiative energy loss for B0 æ D≠ e+ ‹l “ on the left and B+ æ D̄0 e+ ‹l “ on
the right are shown. The result which includes partial SD terms from intermediate
excited D+ ú and D0 ú resonances with the associated DDú“ coupling is shown in
grey. The black curve corresponds to the prediction with IB terms only. The ratio
plot takes the IB terms as the reference.

‡SD = 0.0001. For the tree-level B+ æ D̄0 e+ ‹l decay, one obtains a correction factor of

÷2
EW = 1.0163 ± 0.0001 , (3.99)

which results in an estimator of ‡SD = 0.0016. Since the predictions for electrons and muons are
in good agreement, the electron estimators are used for the uncertainties of the muon results.
Fig 3.8 depicts the predicted photon energy spectrum for the emission matrix element with
additional SD contributions.

Due to the small value of the predicted DDú“ coupling the photon energy spectrum of B0 æ
D≠ e+ ‹l “ is very insensitive to the inclusion of SD contributions. The spectrum for B+ æ
D̄0 e+ ‹l “, however, receive corrections up to 5%. The included SD correction only form a
single term in one class of SD corrections: higher order charm resonances, i.e. through DúúD“
processes, also could contribute to the real corrections. In the soft photon limit contributions
from the narrow 1P states (i.e. the D1 and D2 mesons) are far o�-shell and should be negligible.
The author of Ref. [28] uses this observation to argue, that the lowest order contributions,
namely the Dú pole, should dominate the correction to the IB coupling. The broad 1P states,
however, could also be on-shell in the soft photon region what could lead to further corrections.

3.5. Summary
Adding, in quadrature, all determined theoretical uncertainties results in

÷2
EW = 1.0235 ± 0.0002stat ± 0.0023theo , (3.100)

and

÷2
EW = 1.0237 ± 0.0001stat ± 0.0020theo , (3.101)

48

for the correction factors for the tree-level decay rates of the B0 æ D≠ e+ ‹e and the B0 æ
D≠ µ+ ‹µ decay. The dominant contribution in the theoretical uncertainties is due to the match-
ing procedure to the Standard Model. The real emissions from additional IB terms of order
k and beyond, or SD contributions from intermediate resonances do not alter the predicted
values of ÷2

EW much. For the radiative corrections at O(k0 –em GF) tree-level decay rates of
B+ æ D̄0 e+ ‹e “ and B+ æ D̄0 µ+ ‹µ “, one obtains for the summed theoretical uncertainties,

÷2
EW = 1.0147 ± 0.0001stat ± 0.0045theo , (3.102)

and

÷2
EW = 1.0150 ± 0.0001stat ± 0.0045theo , (3.103)

respectively. The dominant source of uncertainty is again from the matching procedure. Due to
the larger DDú“ coupling, the uncertainty from the intermediate SD contributions are sizeable.

The overall performance of the exponentiation algorithm of Refs. [19] and [20] in comparison
to the next-to-leading order calculation at
O(k0 –em GF) is impressive. Including corrections of order k0 do not significantly alter the dif-
ferential distributions. Including real SD terms at order k and beyond to describe intermediate
Dú resonances show no large e�ect for the B0 æ D≠ l+ ‹l correction factor ÷2

EW nor does the
radiative energy loss receive any sizeable corrections. For B+ æ D̄0 l+ ‹l, however, the changes
in the predicted photon energy spectrum are observable which leads to a shift in the correction
factor. This shift is interpreted as the theoretical uncertainties due to real SD corrections.
Including corrections of order k and beyond by redefining the IB coupling to the model of Eq.
(3.93) only causes a negligible shift in ÷2

EW for both decay channels.
Overall the arising uncertainties from SD and IB contributions at order k and beyond are

small in comparison to the dominant infrared contributions of the scalar IB coupling, and thus,
one could indeed conclude the SD corrections are not very important to describe electromagnetic
corrections. The large success of Ref. [19, 20] also indicates this. However, it would be valuable
to have a more adequate treatment for the electromagnetic coupling to the hadronic system, e.g.
from an e�ective theory that uses a factorization at high photon energies. Ref. [49] for instance
analyzed B æ fi l ‹l“ decays using an adapted SCET factorization and it would be interesting
to repeat this with an adequate e�ective field theory for the charmed semileptonic B meson
decays. A further point remaining unclear is how the decay of B mesons with one or two o�-
shell legs should be handled. In the approach chosen in this chapter, this was circumnavigated
by using an expansion in the soft limit, where one still can assume that the resulting decay is
adequately described by the on-shell form factors. Extending the latter assumption formally to
virtual decays, is a non-trivial step: loop corrections will push the legs further o�-shell than soft
real emissions. Formally such corrections are of order O(k –em GF) and beyond which is beyond
the accuracy of this calculation, but it is not entirely clear that these loop corrections indeed
can be neglected and would not have a sizeable e�ect on the determined correction factor.

In conclusion, the accuracy of Ref. [19, 20] was
proven at O(k0 –em GF), and corrections from real emissions due to further IB terms are neg-
ligible. The real SD contributions for B+ æ D̄0 l+ ‹l are somewhat larger but the IB pole
dominates the correction. The impact of the SD contributions on the di�erential distributions
will be discussed in a future version of Ref. [31]. The impact on virtual corrections of order k
and beyond is less clear. In the soft limit of the photon energy, the o�-shell coupling is well
described by the on-shell parametrization, but corrections of O(k –em GF) from IB and SD con-
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B0 → D− e+ ν̄e(γ)

B0 → D− μ+ ν̄μ(γ)

B+ → D̄0 e+ ν̄e(γ)

B+ → D̄0 μ+ ν̄μ(γ)

η2
EW

Sirlin’s correction: η2
EW = 1.014

• Theory errors: Variation of the matching scale

Decay � ÷2
EW

B0 æ D≠ e+ ‹l 2m+
D

1.0220
m+

D
1.0235

1
2m+

D
1.0256

Decay � ÷2
EW

B0 æ D≠ µ+ ‹l 2m+
D

1.0220
m+

D
1.0237

1
2m+

D
1.0254

Decay � ÷2
EW

B+ æ D̄0 e+ ‹l 2m+
D

1.0110
m+

D
1.0147

1
2m+

D
1.0189

Decay � ÷2
EW

B+ æ D̄0 µ+ ‹l 2m+
D

1.0113
m+

D
1.0150

1
2m+

D
1.0192

Table 3.1 The evolution of ÷EW for di�erent values of the matching scale � are shown.

For � = 1
2mD+ and ”SD = 0.0213, the correction factor becomes

÷2
EW = 1.0256 ± 0.0002 , (3.92)

which leads to an estimator for the matching uncertainty of ‡� = 0.0021. Table 3.1 lists the
result of the scale variations for all charmed decay modes. The corresponding estimators for
the matching uncertainties are

‡� = 0.0017 , ‡� = 0.0042 , and ‡� = 0.0042 ,

for B0 æ D≠ µ+ ‹l, B+ æ D̄0 e+ ‹l, and B+ æ D̄0 µ+ ‹l, respectively.
The influence of additional IB terms is estimated by redefining the IB coupling for the real

emissions to Eq. (3.22), i.e.

“µV IB
µ‹ =

/H p‹

p · k
+ f3

3
k/ p‹

p · k
≠ “‹

4
≠

Zf+

p · k
(2p/Õ + m¸)p‹

≠
Zf≠

p · k
m¸ p‹ + (2p/Õ + m¸)Z‹

f+
+ m¸ Z‹

f≠ . (3.93)

The functions Zf± = Z‹

f±
k‹ are chosen as

Z‹

f± = p ≠ pÕ

k · (p ≠ pÕ)
!
f±(tÕ) ≠ f±(t)

"
, (3.94)

and a gauge invariant amplitude emerges. Fixing the IB contributions in such a way corresponds
to a specific choice of terms of order k and beyond which is not unique and should be understood
as using a model for the higher order terms. Eq. (3.22) is motivated by fixing the o�-shell
B æ D l ‹l matrix element at the on-shell form by parametrizing the arising form factors as
a function of tÕ =

!
p ≠ pÕ ≠ k

"2 and assuming full conservation of four momenta. Further, one
assumes implicitly that the analytical structure of the form factors does not change due to the
presence of an electromagnetic coupling, e.g. speaking in terms of the parametrization of heavy
quark form factors that the shape parameter fl2

D
is the same for on-shell and o�-shell decays and

that the form factors remain a function of tÕ only. However, the experimental measured shape
parameters do include such corrections and parametrize the measured on- and o�-shell decays
in the same way: the interpretation of the measured value of fl2

D
should be understood as an

e�ective shape parameter which describes the decay in the given form factor approximation,
and not as a truly model independent shape parameter.

When including Eq. (3.93), one obtains for the tree-level B0 æ D≠ e+ ‹l decay rate a correc-
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Theory Errors
• Structure dependent contributions in the real emission; used different gauge 

invariant terms to assess impact and results from Damir’s paper 

Decay ÷Õ
EW

2 ‡IB

B0 æ D≠ e+ ‹l 1.0221 ± 0.0001 0.001
B0 æ D≠ µ+ ‹l 1.0223 ± 0.0001 0.001
B+ æ D̄0 e+ ‹l 1.0144 ± 0.0001 0.0003
B+ æ D̄0 µ+ ‹l 1.0147 ± 0.0001 0.0003

Table 3.2 The obtained values for ÷2
EW are shown when the IB definition Eq. (3.93) is used

to describe the real emission process.

tion factor of

÷Õ
EW

2 = 1.0221 ± 0.0001 , (3.95)

which leads to an estimator for the uncertainty due to real IB contributions of ‡IB = 0.001.
This negligible correction is due to the large hadron mass, that considerably suppresses hadronic
final state radiation. Table 3.2 lists the result from using the alternative IB definition for all
charmed decay modes. The corresponding estimators for the IB uncertainties are

‡� = 0.001 , ‡� = 0.0003 , and ‡� = 0.0003 ,

for B0 æ D≠ e+ ‹l, B+ æ D̄0 e+ ‹l, and B+ æ D̄0 e+ ‹l, respectively.
Contributions from additional SD emission terms can be estimated by including the emission

terms discussed in Ref. [28], i.e. the SD contribution from an intermediate Dú state is given by

ÈD(pÕ ≠ k)|Jem
‹ |Dú(pÕ)ÍÈDú(pÕ)| ‚Vµ ≠ ‚Aµ|B(p)Í

m2
Dú ≠ (pÕ ≠ k)2 . (3.96)

In the on-shell region of the Dú meson, this matrix element can be written as

e Á‹fl–—

!
pÕ + k

"–
pÕ— gDDú“

2pÕ · k + �m2
Dú

◊
1
2 i Áµ‹–

Õ
—

Õ
p–Õ

!
pÕ + k

"
—Õ g(tÕ) ≠ gµ‹f(tÕ)

≠
!
p + pÕ + k

"
µ

!
p ≠ pÕ ≠ k

"
‹

a+(tÕ)

≠
!
p ≠ pÕ ≠ k

"
µ

!
p + pÕ + k

"
‹

a≠(tÕ)
2

, (3.97)

where gDDú“ denotes the lattice coupling as determined by Ref. [27], and f , g, and a± are
the four form factors that describe the on-shell B æ Dú l ‹l decay. In addition, �m2

Dú =
m2

D
≠ m2

Dú + i mDú�Dú with �Dú denoting the Dú width and mDú the Dú mass. The D0D0 ú“
and D+D+ ú“ couplings are fixed to gDDú“ = 2.35 GeV≠1 and gDDú“ ≠0.15 GeV≠1, respectively,
which corresponds to the average of the determined coupling with a lattice spacing of 0.075
fm and 0.065 fm, cf. Ref. [27]. For the numerical evaluation of Eq. (3.97), the heavy quark
form factor parametrization of Ref. [47] is used. The shape parameters and form factor ratio
normalizations are fixed at fl2

Dú = 1.16, R1(1) = 1.369, and R2(1) = 0.846, respectively.
Including the SD contributions Eq. (3.97), one obtains for the tree-level B0 æ D≠ e+ ‹l decay

a correction factor of

÷2
EW = 1.0236 ± 0.0002 , (3.98)

which leads to an estimator for the uncertainty due to additional real SD contributions of
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Fig. 3.8 The radiative energy loss for B0 æ D≠ e+ ‹l “ on the left and B+ æ D̄0 e+ ‹l “ on
the right are shown. The result which includes partial SD terms from intermediate
excited D+ ú and D0 ú resonances with the associated DDú“ coupling is shown in
grey. The black curve corresponds to the prediction with IB terms only. The ratio
plot takes the IB terms as the reference.

‡SD = 0.0001. For the tree-level B+ æ D̄0 e+ ‹l decay, one obtains a correction factor of

÷2
EW = 1.0163 ± 0.0001 , (3.99)

which results in an estimator of ‡SD = 0.0016. Since the predictions for electrons and muons are
in good agreement, the electron estimators are used for the uncertainties of the muon results.
Fig 3.8 depicts the predicted photon energy spectrum for the emission matrix element with
additional SD contributions.

Due to the small value of the predicted DDú“ coupling the photon energy spectrum of B0 æ
D≠ e+ ‹l “ is very insensitive to the inclusion of SD contributions. The spectrum for B+ æ
D̄0 e+ ‹l “, however, receive corrections up to 5%. The included SD correction only form a
single term in one class of SD corrections: higher order charm resonances, i.e. through DúúD“
processes, also could contribute to the real corrections. In the soft photon limit contributions
from the narrow 1P states (i.e. the D1 and D2 mesons) are far o�-shell and should be negligible.
The author of Ref. [28] uses this observation to argue, that the lowest order contributions,
namely the Dú pole, should dominate the correction to the IB coupling. The broad 1P states,
however, could also be on-shell in the soft photon region what could lead to further corrections.

3.5. Summary
Adding, in quadrature, all determined theoretical uncertainties results in

÷2
EW = 1.0235 ± 0.0002stat ± 0.0023theo , (3.100)

and

÷2
EW = 1.0237 ± 0.0001stat ± 0.0020theo , (3.101)
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Fig. 3.8 The radiative energy loss for B0 æ D≠ e+ ‹l “ on the left and B+ æ D̄0 e+ ‹l “ on
the right are shown. The result which includes partial SD terms from intermediate
excited D+ ú and D0 ú resonances with the associated DDú“ coupling is shown in
grey. The black curve corresponds to the prediction with IB terms only. The ratio
plot takes the IB terms as the reference.

‡SD = 0.0001. For the tree-level B+ æ D̄0 e+ ‹l decay, one obtains a correction factor of

÷2
EW = 1.0163 ± 0.0001 , (3.99)

which results in an estimator of ‡SD = 0.0016. Since the predictions for electrons and muons are
in good agreement, the electron estimators are used for the uncertainties of the muon results.
Fig 3.8 depicts the predicted photon energy spectrum for the emission matrix element with
additional SD contributions.

Due to the small value of the predicted DDú“ coupling the photon energy spectrum of B0 æ
D≠ e+ ‹l “ is very insensitive to the inclusion of SD contributions. The spectrum for B+ æ
D̄0 e+ ‹l “, however, receive corrections up to 5%. The included SD correction only form a
single term in one class of SD corrections: higher order charm resonances, i.e. through DúúD“
processes, also could contribute to the real corrections. In the soft photon limit contributions
from the narrow 1P states (i.e. the D1 and D2 mesons) are far o�-shell and should be negligible.
The author of Ref. [28] uses this observation to argue, that the lowest order contributions,
namely the Dú pole, should dominate the correction to the IB coupling. The broad 1P states,
however, could also be on-shell in the soft photon region what could lead to further corrections.

3.5. Summary
Adding, in quadrature, all determined theoretical uncertainties results in

÷2
EW = 1.0235 ± 0.0002stat ± 0.0023theo , (3.100)

and

÷2
EW = 1.0237 ± 0.0001stat ± 0.0020theo , (3.101)
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Fig. 3.8 The radiative energy loss for B0 æ D≠ e+ ‹l “ on the left and B+ æ D̄0 e+ ‹l “ on
the right are shown. The result which includes partial SD terms from intermediate
excited D+ ú and D0 ú resonances with the associated DDú“ coupling is shown in
grey. The black curve corresponds to the prediction with IB terms only. The ratio
plot takes the IB terms as the reference.

‡SD = 0.0001. For the tree-level B+ æ D̄0 e+ ‹l decay, one obtains a correction factor of

÷2
EW = 1.0163 ± 0.0001 , (3.99)

which results in an estimator of ‡SD = 0.0016. Since the predictions for electrons and muons are
in good agreement, the electron estimators are used for the uncertainties of the muon results.
Fig 3.8 depicts the predicted photon energy spectrum for the emission matrix element with
additional SD contributions.

Due to the small value of the predicted DDú“ coupling the photon energy spectrum of B0 æ
D≠ e+ ‹l “ is very insensitive to the inclusion of SD contributions. The spectrum for B+ æ
D̄0 e+ ‹l “, however, receive corrections up to 5%. The included SD correction only form a
single term in one class of SD corrections: higher order charm resonances, i.e. through DúúD“
processes, also could contribute to the real corrections. In the soft photon limit contributions
from the narrow 1P states (i.e. the D1 and D2 mesons) are far o�-shell and should be negligible.
The author of Ref. [28] uses this observation to argue, that the lowest order contributions,
namely the Dú pole, should dominate the correction to the IB coupling. The broad 1P states,
however, could also be on-shell in the soft photon region what could lead to further corrections.

3.5. Summary
Adding, in quadrature, all determined theoretical uncertainties results in

÷2
EW = 1.0235 ± 0.0002stat ± 0.0023theo , (3.100)

and

÷2
EW = 1.0237 ± 0.0001stat ± 0.0020theo , (3.101)
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Updated systematic table
fl2

D
fl2

Dú B(D0 l ‹l) B(Dú 0 l ‹l)
RÕ

1(1) 1.248 3.046 0.841 ≠0.253
RÕ

2(1) 1.351 ≠1.343 0.550 ≠0.481
fD2/D1

≠0.206 0.051 ≠0.153 0.057
fA1/D0

≠0.637 ≠0.641 0.165 0.071
fA2/D

Õ
1

≠0.224 ≠0.163 ≠0.134 0.240
fD0A1/D1D2

≠1.199 0.430 ≠0.576 0.327
fD

Õ
1
A2/D1D2

0.572 ≠0.284 0.335 ≠0.109
f+0 1.334 0.444 0.786 ≠0.529
·+0 0.253 0.108 0.438 0.176
fD2

≠0.089 ≠0.004 ≠0.048 0.027
B(B+ æ D(ú) fi l ‹l) 0.490 ≠0.350 ≠0.130 ≠0.736
B(D0 æ K+ fi≠) 1.032 0.026 ≠0.138 ≠1.612
B(D+ æ K+ fi≠ fi+) ≠1.932 ≠0.361 ≠1.966 0.253
B(Dú+ æ D̄0 fi+)Õ 1.116 ≠0.019 0.464 ≠0.314
B(Dú+ æ D+ fi0)Õ 0.508 ≠0.008 0.212 ≠0.143
Tracking ≠0.371 ≠0.157 ≠1.000 ≠0.732
Vertexing ≠0.983 ≠0.345 ≠0.685 ≠0.698
Lepton mis-ID 0.076 0.0079 ≠0.020 ≠0.010
Lepton PID 0.012 0.199 1.350 1.469
Kaon PID ≠0.173 0.081 ≠0.199 0.065
Bremsstrahlung ≠0.298 ≠0.018 0.089 0.290
Dúú Slope ≠1.495 ≠2.453 ≠0.075 ≠0.189
Dúú FF approximation 0.920 ≠0.511 0.145 ≠0.195
Number of BB̄ events ≠0.123 ≠0.100 ≠0.670 ≠0.669
O�-resonance luminosity 0.059 0.003 ≠0.019 ≠0.003
Radiative corrections for B æ D l ‹l ≠0.126 ≠0.056 ≠0.289 0.045
Radiative corrections for B æ Dú l ‹l 1.657 0.056 0.574 1.187
Radiative corrections for B æ Dúú l ‹l ≠0.023 0.072 0.111 0.298
Correction to o�-resonance ≠1.057 0.155 ≠0.236 0.064
Dúú(2S) æ D(ú)fi contributions ≠0.463 ≠0.998 ≠0.184 ≠0.374
B æ D(ú) fi fi l ‹l contributions 0.876 0.364 0.245 0.445
Further background 0.595 0.699 0.354 0.099
Total 4.856 4.515 3.318 3.124

Table 7.2 Summary of systematic uncertainties of fit scenario a) for electrons. All stated
numbers are expressed as a percentage of the nominal fit result.
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TABLE X: Systematic uncertainties on fitted parameters, given in %. Numbers are negative when the fitted value decreases
as input parameter increases.

Electron sample Muon sample
item ρ2D ρ2D∗ B(Dℓν) B(D∗ℓν) G(1)|Vcb| F(1)|Vcb| ρ2D ρ2D∗ B(Dℓν) B(D∗ℓν) G(1)|Vcb| F(1)|Vcb|
R′

1 0.44 2.74 0.71 −0.38 0.60 0.71 0.50 2.67 0.74 −0.40 0.63 0.70
R′

2 −0.40 1.02 −0.18 0.30 −0.32 0.49 −0.45 0.96 −0.19 0.30 −0.33 0.48
D∗∗ slope −1.42 −2.52 −0.07 −0.09 −0.82 −0.87 −1.42 −2.58 −0.10 −0.10 −0.77 −0.92
D∗∗ FF approximation −0.87 0.33 −0.12 0.19 −0.54 0.20 −0.99 0.59 −0.12 0.21 −0.59 0.30
B(B− → D(∗)πℓν) 0.28 −0.27 −0.22 −0.80 0.04 −0.49 0.59 −0.32 −0.13 −0.86 0.24 −0.54
fD∗

2
/D1

−0.39 0.16 −0.38 0.16 −0.41 0.13 −0.50 0.17 −0.41 0.18 −0.47 0.15
fD∗

0
Dπ/D1D

∗

2
−2.30 1.12 −1.53 0.97 −2.07 0.85 −3.13 1.23 −1.53 1.02 −2.41 0.93

fD′

1
D∗π/D1D

∗

2
1.82 −1.14 1.30 −0.65 1.65 −0.70 2.44 −1.15 1.35 −0.72 1.91 −0.75

fDπ/D∗

0
−0.88 −1.28 0.36 0.17 −0.31 −0.34 −0.83 −1.23 0.31 0.18 −0.27 −0.33

fD∗π/D′

1
−0.21 −0.05 −0.13 0.21 −0.18 0.09 −0.30 −0.04 −0.15 0.23 −0.23 0.10

NR D∗/D ratio 0.58 −0.16 0.11 −0.09 0.38 −0.04 0.66 −0.16 0.11 −0.09 0.40 −0.03
B(B− → D(∗)ππℓν) 1.19 −1.97 0.25 −1.28 0.78 −1.28 1.98 −1.71 0.40 −1.20 1.20 −1.18
X∗/X and Y ∗/Y ratio 0.61 −1.15 0.09 −0.27 0.39 −0.52 0.74 −1.02 0.08 −0.24 0.42 −0.47
X/Y and X∗/Y ∗ ratio 0.76 −0.83 0.21 −0.65 0.52 −0.60 1.09 −0.76 0.25 −0.63 0.68 −0.57
D1 → Dππ 2.22 −1.54 0.74 −1.08 1.63 −1.05 2.74 −1.48 0.76 −1.06 1.81 −1.03
fD∗

2
−0.14 −0.01 −0.10 0.07 −0.12 0.03 −0.16 −0.01 −0.10 0.07 −0.13 0.03

B(D∗+ → D0π+) 0.73 −0.01 0.43 −0.34 0.62 −0.17 0.80 −0.00 0.41 −0.33 0.61 −0.17
B(D0 → K−π+) 0.69 0.02 −0.21 −1.63 0.29 −0.80 0.92 0.12 −0.27 −1.68 0.35 −0.80
B(D+ → K−π+π+) −1.46 −0.42 −2.17 0.30 −1.89 0.01 −1.43 −0.42 −2.10 0.28 −1.77 −0.01
τB−/τB0 0.26 0.16 0.63 0.27 0.46 0.19 0.22 0.16 0.58 0.28 0.41 0.19
f+−/f00 0.88 0.43 0.66 −0.53 0.82 −0.12 0.91 0.48 0.57 −0.52 0.75 −0.10
Number of BB events 0.00 −0.00 −1.11 −1.11 −0.55 −0.55 0.00 −0.00 −1.11 −1.11 −0.55 −0.55
Off-peak Luminosity 0.05 0.01 −0.02 −0.00 0.02 0.00 0.07 0.00 −0.02 −0.00 0.02 −0.00
B momentum distrib. −0.96 0.63 1.29 −0.54 −1.15 0.48 1.30 −0.10 1.27 −0.64 1.31 −0.35
Lepton PID eff 0.52 0.16 1.21 0.82 0.90 0.46 3.30 0.06 5.11 5.83 1.99 2.90
Lepton mis-ID 0.03 0.01 −0.01 −0.01 0.01 −0.00 2.65 0.70 −0.59 −0.50 1.06 −0.01
Kaon PID 0.07 0.80 0.28 0.23 0.18 0.38 1.02 0.71 0.35 0.29 0.70 0.39
Tracking eff −1.02 −0.43 −3.35 −2.00 −2.25 −1.15 −0.63 −0.28 −3.37 −2.09 −2.02 −1.14
Radiative corrections −3.13 −1.04 −2.87 −0.74 −3.02 −0.71 −0.76 −0.61 −0.82 −0.25 −0.79 −0.33
Bremsstrahlung 0.07 0.00 −0.13 −0.28 −0.04 −0.14 0.00 0.00 0.00 0.00 0.00 0.00
Vertexing 0.83 −0.64 0.63 0.60 0.78 0.09 1.79 −0.76 0.97 0.54 1.41 0.01
Background total 1.39 1.12 0.64 0.34 1.07 0.51 1.58 1.09 0.67 0.38 1.16 0.49
Total 6.25 5.66 6.01 4.03 5.99 3.20 8.12 5.47 7.35 7.07 6.06 4.23

B → D0Xℓν and B → D+Xℓν combinations, is com-
plementary to previous measurements. In particular, it
does not rely on the reconstruction of the soft transition
pion from the D∗ → Dπ decay.

The results obtained here, which are given in Ta-
ble IV, can be combined with the existing BABAR mea-
surements listed in Table XI. For B → D∗ℓν, we com-
bine the present results with two BABAR measurements
of ρ2D∗ and F(1)|Vcb| [9, 10] and four measurements of
B(B → D∗ℓν)[6, 9, 10]. We neglect the tiny statistical
correlations among the measurements and treat the sys-
tematic uncertainties as fully correlated within a given
category (background, detector modeling, etc.). We as-
sume the semileptonic decay widths of B+ and B0 to
be equal and adjust all measurements to the values of
the Υ (4S) and D decay branching fractions used in this

article to obtain

B(B− → D∗0ℓν) = (5.49± 0.19)% (31)

ρ2D∗ = 1.20± 0.04 (32)

F(1)|Vcb| = (34.8± 0.8)× 10−3. (33)

The associated χ2 probabilities of the averages are
0.39, 0.86 and 0.27, respectively. The average of the
B(B → Dℓν) result with the two existing BABAR mea-
surements [6] is

B(B− → D0ℓν) = (2.32± 0.09)% (34)

with a χ2 probability of 0.88.
The simultaneous measurements of G(1)|Vcb| and

F(1)|Vcb| allow a determination of the ratio G(1)/F(1)
which can be compared directly with theory. We find

Measured : G(1)/F(1) = 1.20± 0.09 (35)

Theory : G(1)/F(1) = 1.17± 0.04, (36)

From difference 
 of PHOTOS  

&‘NLO’
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• It would be nice to establish a consistent treatment of QED effects 
when extraction e.g. form factors

• Not so important right right now, but Belle II and LHCb will reach             

O(1.2 - 1.4%) experimental precision on exclusive |Vub| and |Vcb|

!27

Summary and some more pointers

• Can we fit the SD contributions with appropriate lattice input in a 
full NLO parametrisation (?)

• Maybe start with pseudo-scalar final states; less complicated
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• If you do studies, please benchmark them against PHOTOS

• This is the most useful comparison you can do

• Also: if you can provide MC generated events, we can do truth-level 

studies and find out what the impact on our measurements are

• Interplay between reconstruction, Brem-recovery, more or less affected signal 

extraction variables, etc. is very very complicated

• QED effects on kinematics typically are folded out of description → very hard to 

assess what is going on with our measured distributions

‣ If you use measured FFs: any parametric difference will have been absorbed into the form 

factor parameters themselves


‣ Could study tension between Lattice and Data in the future


• Thanks for organizing this workshop, it is great!                                                      
— I wish I could have attended 10 years ago! ;-)
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Summary and some more pointers


