
500MSPS
Quad ADC
2x 15GS/s serial output

Antenna & Electronics
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• Antenna design optimised for very inclined radio waves (D. Charrier, Subatech) 
➔ test summer 2018

• Electronics (C. Timmermans, Nijmegen) ➔ first prototype for September 2018
– 500MHz+12bits digitizer 
– imbedded FPGA-CPU for clever trigger @ antenna level
– Wireless data transfer

– Frequency band ➔ 50-200 MHz (A. Balagopal, KIT)

GRAND angular reconstruction status 

Valentin Decoene (IAP) & Olivier Martineau (LPNHE)
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Principles and conventions

Determine direction form antennas trigger times

Propagation model relies on wave front model

~k
<latexit sha1_base64="a4rfDi9n/B8eXxfsUrcggaw/IXs=">AAAB8HicbVA9TwJBEJ3DL8Qv1NLmIphYkTsaLYk2lpgIaOBC9pY52LC7d9ndIyEXfoWNhcbY+nPs/DcucIWCL5nk5b2ZzMwLE8608bxvp7CxubW9U9wt7e0fHB6Vj0/aOk4VxRaNeaweQ6KRM4ktwwzHx0QhESHHTji+nfudCSrNYvlgpgkGggwlixglxkpP1d4EaTaeVfvlilfzFnDXiZ+TCuRo9stfvUFMU4HSUE607vpeYoKMKMMox1mpl2pMCB2TIXYtlUSgDrLFwTP3wioDN4qVLWnchfp7IiNC66kIbacgZqRXvbn4n9dNTXQdZEwmqUFJl4uilLsmduffuwOmkBo+tYRQxeytLh0RRaixGZVsCP7qy+ukXa/5Xs2/r1caN3kcRTiDc7gEH66gAXfQhBZQEPAMr/DmKOfFeXc+lq0FJ585hT9wPn8AWLCQFw==</latexit><latexit sha1_base64="a4rfDi9n/B8eXxfsUrcggaw/IXs=">AAAB8HicbVA9TwJBEJ3DL8Qv1NLmIphYkTsaLYk2lpgIaOBC9pY52LC7d9ndIyEXfoWNhcbY+nPs/DcucIWCL5nk5b2ZzMwLE8608bxvp7CxubW9U9wt7e0fHB6Vj0/aOk4VxRaNeaweQ6KRM4ktwwzHx0QhESHHTji+nfudCSrNYvlgpgkGggwlixglxkpP1d4EaTaeVfvlilfzFnDXiZ+TCuRo9stfvUFMU4HSUE607vpeYoKMKMMox1mpl2pMCB2TIXYtlUSgDrLFwTP3wioDN4qVLWnchfp7IiNC66kIbacgZqRXvbn4n9dNTXQdZEwmqUFJl4uilLsmduffuwOmkBo+tYRQxeytLh0RRaixGZVsCP7qy+ukXa/5Xs2/r1caN3kcRTiDc7gEH66gAXfQhBZQEPAMr/DmKOfFeXc+lq0FJ585hT9wPn8AWLCQFw==</latexit><latexit sha1_base64="a4rfDi9n/B8eXxfsUrcggaw/IXs=">AAAB8HicbVA9TwJBEJ3DL8Qv1NLmIphYkTsaLYk2lpgIaOBC9pY52LC7d9ndIyEXfoWNhcbY+nPs/DcucIWCL5nk5b2ZzMwLE8608bxvp7CxubW9U9wt7e0fHB6Vj0/aOk4VxRaNeaweQ6KRM4ktwwzHx0QhESHHTji+nfudCSrNYvlgpgkGggwlixglxkpP1d4EaTaeVfvlilfzFnDXiZ+TCuRo9stfvUFMU4HSUE607vpeYoKMKMMox1mpl2pMCB2TIXYtlUSgDrLFwTP3wioDN4qVLWnchfp7IiNC66kIbacgZqRXvbn4n9dNTXQdZEwmqUFJl4uilLsmduffuwOmkBo+tYRQxeytLh0RRaixGZVsCP7qy+ukXa/5Xs2/r1caN3kcRTiDc7gEH66gAXfQhBZQEPAMr/DmKOfFeXc+lq0FJ585hT9wPn8AWLCQFw==</latexit><latexit sha1_base64="a4rfDi9n/B8eXxfsUrcggaw/IXs=">AAAB8HicbVA9TwJBEJ3DL8Qv1NLmIphYkTsaLYk2lpgIaOBC9pY52LC7d9ndIyEXfoWNhcbY+nPs/DcucIWCL5nk5b2ZzMwLE8608bxvp7CxubW9U9wt7e0fHB6Vj0/aOk4VxRaNeaweQ6KRM4ktwwzHx0QhESHHTji+nfudCSrNYvlgpgkGggwlixglxkpP1d4EaTaeVfvlilfzFnDXiZ+TCuRo9stfvUFMU4HSUE607vpeYoKMKMMox1mpl2pMCB2TIXYtlUSgDrLFwTP3wioDN4qVLWnchfp7IiNC66kIbacgZqRXvbn4n9dNTXQdZEwmqUFJl4uilLsmduffuwOmkBo+tYRQxeytLh0RRaixGZVsCP7qy+ukXa/5Xs2/r1caN3kcRTiDc7gEH66gAXfQhBZQEPAMr/DmKOfFeXc+lq0FJ585hT9wPn8AWLCQFw==</latexit>

True wave front shape 

Plane wave front shape

Reconstructed direction Real direction

Angular error

� 
<latexit sha1_base64="Fk4Y1XtuoZjgYWwHZCnIIhtIg08=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiHjxWsB+QhLLZbtqlm92wOxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzolRwA6777ZTW1jc2t8rblZ3dvf2D6uFRx6hMU9amSijdi4hhgkvWBg6C9VLNSBIJ1o3GtzO/+8S04Uo+wiRlYUKGksecErCSH9wxAQQHqeH9as2tu3PgVeIVpIYKtPrVr2CgaJYwCVQQY3zPTSHMiQZOBZtWgsywlNAxGTLfUkkSZsJ8fvIUn1llgGOlbUnAc/X3RE4SYyZJZDsTAiOz7M3E/zw/g/g6zLlMM2CSLhbFmcCg8Ox/POCaURATSwjV3N6K6YhoQsGmVLEheMsvr5JOo+5d1BsPl7XmTRFHGZ2gU3SOPHSFmugetVAbUaTQM3pFbw44L86787FoLTnFzDH6A+fzB9wmkPo=</latexit>

Extensive Air Shower: 
- Direction 
- Energy 
- Xmax

~k = f(✓,�)
<latexit sha1_base64="gouJoKb/aWjor7ki7y/1RqZAXKw=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQxCBAkzUdCLEPTiMYJZIBNCT6cmadKz0F0TCEPw4q948aCIV7/Cm39jZzlo9EHB470qqup5sRQabfvLyiwtr6yuZddzG5tb2zv53b26jhLFocYjGammxzRIEUINBUpoxgpY4EloeIObid8YgtIiCu9xFEM7YL1Q+IIzNFInf+AOgaeDMb2iftHFPiA7pW7cFyedfMEu2VPQv8SZkwKZo9rJf7rdiCcBhMgl07rl2DG2U6ZQcAnjnJtoiBkfsB60DA1ZALqdTl8Y02OjdKkfKVMh0qn6cyJlgdajwDOdAcO+XvQm4n9eK0H/sp2KME4QQj5b5CeSYkQnedCuUMBRjgxhXAlzK+V9phhHk1rOhOAsvvyX1Msl56xUvjsvVK7ncWTJITkiReKQC1Iht6RKaoSTB/JEXsir9Wg9W2/W+6w1Y81n9skvWB/fgeSWNQ==</latexit>

Antennas array: 
- Voltages traces 
- Antennas positions 
- Times Reconstruction

cos(� ) = cos(✓rec) cos(✓true) + cos(�rec � �true) sin(✓true) sin(✓rec)
<latexit sha1_base64="gro2VTbMmEpGbXk/+Lnbpwvybgs="></latexit>
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Simulation set up: Toy Model set up

North

✓
<latexit sha1_base64="klEyT5qwuUhjg6W8L+ogV/fWVos=">AAAB7HicdVDLSgNBEJyNrxhfUY9eFoPgKeyKoN6CXjxGcJNAsoTZSW8yZnZmmekVwpJ/8OJBxasf5M2/cfIQ4qugoajqprsrSgU36HkfTmFpeWV1rbhe2tjc2t4p7+41jMo0g4ApoXQrogYElxAgRwGtVANNIgHNaHg18Zv3oA1X8hZHKYQJ7Usec0bRSo0ODgBpt1zxq94UrveLfFkVMke9W37v9BTLEpDIBDWm7XsphjnVyJmAcamTGUgpG9I+tC2VNAET5tNrx+6RVXpurLQtie5UXZzIaWLMKIlsZ0JxYH56E/Evr51hfB7mXKYZgmSzRXEmXFTu5HW3xzUwFCNLKNPc3uqyAdWUoQ2otBjC/yQ4qV5U/ZvTSu1ynkaRHJBDckx8ckZq5JrUSUAYuSMP5Ik8O8p5dF6c11lrwZnP7JNvcN4+ARHdjv0=</latexit><latexit sha1_base64="klEyT5qwuUhjg6W8L+ogV/fWVos=">AAAB7HicdVDLSgNBEJyNrxhfUY9eFoPgKeyKoN6CXjxGcJNAsoTZSW8yZnZmmekVwpJ/8OJBxasf5M2/cfIQ4qugoajqprsrSgU36HkfTmFpeWV1rbhe2tjc2t4p7+41jMo0g4ApoXQrogYElxAgRwGtVANNIgHNaHg18Zv3oA1X8hZHKYQJ7Usec0bRSo0ODgBpt1zxq94UrveLfFkVMke9W37v9BTLEpDIBDWm7XsphjnVyJmAcamTGUgpG9I+tC2VNAET5tNrx+6RVXpurLQtie5UXZzIaWLMKIlsZ0JxYH56E/Evr51hfB7mXKYZgmSzRXEmXFTu5HW3xzUwFCNLKNPc3uqyAdWUoQ2otBjC/yQ4qV5U/ZvTSu1ynkaRHJBDckx8ckZq5JrUSUAYuSMP5Ik8O8p5dF6c11lrwZnP7JNvcN4+ARHdjv0=</latexit><latexit sha1_base64="klEyT5qwuUhjg6W8L+ogV/fWVos=">AAAB7HicdVDLSgNBEJyNrxhfUY9eFoPgKeyKoN6CXjxGcJNAsoTZSW8yZnZmmekVwpJ/8OJBxasf5M2/cfIQ4qugoajqprsrSgU36HkfTmFpeWV1rbhe2tjc2t4p7+41jMo0g4ApoXQrogYElxAgRwGtVANNIgHNaHg18Zv3oA1X8hZHKYQJ7Usec0bRSo0ODgBpt1zxq94UrveLfFkVMke9W37v9BTLEpDIBDWm7XsphjnVyJmAcamTGUgpG9I+tC2VNAET5tNrx+6RVXpurLQtie5UXZzIaWLMKIlsZ0JxYH56E/Evr51hfB7mXKYZgmSzRXEmXFTu5HW3xzUwFCNLKNPc3uqyAdWUoQ2otBjC/yQ4qV5U/ZvTSu1ynkaRHJBDckx8ckZq5JrUSUAYuSMP5Ik8O8p5dF6c11lrwZnP7JNvcN4+ARHdjv0=</latexit><latexit sha1_base64="klEyT5qwuUhjg6W8L+ogV/fWVos=">AAAB7HicdVDLSgNBEJyNrxhfUY9eFoPgKeyKoN6CXjxGcJNAsoTZSW8yZnZmmekVwpJ/8OJBxasf5M2/cfIQ4qugoajqprsrSgU36HkfTmFpeWV1rbhe2tjc2t4p7+41jMo0g4ApoXQrogYElxAgRwGtVANNIgHNaHg18Zv3oA1X8hZHKYQJ7Usec0bRSo0ODgBpt1zxq94UrveLfFkVMke9W37v9BTLEpDIBDWm7XsphjnVyJmAcamTGUgpG9I+tC2VNAET5tNrx+6RVXpurLQtie5UXZzIaWLMKIlsZ0JxYH56E/Evr51hfB7mXKYZgmSzRXEmXFTu5HW3xzUwFCNLKNPc3uqyAdWUoQ2otBjC/yQ4qV5U/ZvTSu1ynkaRHJBDckx8ckZq5JrUSUAYuSMP5Ik8O8p5dF6c11lrwZnP7JNvcN4+ARHdjv0=</latexit>

h
<latexit sha1_base64="CeQ/Q+ukHUgr9XYsqNtBgtbaxD0=">AAAB53icdVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjwm4JpAsoTZSW8yZnZ2mZkVwpIv8OJBxau/5M2/cfIQ4qugoajqprsrTAXXxnU/nMLS8srqWnG9tLG5tb1T3t271UmmGPosEYlqhVSj4BJ9w43AVqqQxqHAZji8mvjNe1SaJ/LGjFIMYtqXPOKMGis1Bt1yxau6UxD3F/myKjBHvVt+7/QSlsUoDRNU67bnpibIqTKcCRyXOpnGlLIh7WPbUklj1EE+PXRMjqzSI1GibElDpuriRE5jrUdxaDtjagb6pzcR//LamYnOg5zLNDMo2WxRlAliEjL5mvS4QmbEyBLKFLe3EjagijJjsykthvA/8U+qF1WvcVqpXc7TKMIBHMIxeHAGNbiGOvjAAOEBnuDZuXMenRfnddZacOYz+/ANztsnPe6MwQ==</latexit><latexit sha1_base64="CeQ/Q+ukHUgr9XYsqNtBgtbaxD0=">AAAB53icdVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjwm4JpAsoTZSW8yZnZ2mZkVwpIv8OJBxau/5M2/cfIQ4qugoajqprsrTAXXxnU/nMLS8srqWnG9tLG5tb1T3t271UmmGPosEYlqhVSj4BJ9w43AVqqQxqHAZji8mvjNe1SaJ/LGjFIMYtqXPOKMGis1Bt1yxau6UxD3F/myKjBHvVt+7/QSlsUoDRNU67bnpibIqTKcCRyXOpnGlLIh7WPbUklj1EE+PXRMjqzSI1GibElDpuriRE5jrUdxaDtjagb6pzcR//LamYnOg5zLNDMo2WxRlAliEjL5mvS4QmbEyBLKFLe3EjagijJjsykthvA/8U+qF1WvcVqpXc7TKMIBHMIxeHAGNbiGOvjAAOEBnuDZuXMenRfnddZacOYz+/ANztsnPe6MwQ==</latexit><latexit sha1_base64="CeQ/Q+ukHUgr9XYsqNtBgtbaxD0=">AAAB53icdVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjwm4JpAsoTZSW8yZnZ2mZkVwpIv8OJBxau/5M2/cfIQ4qugoajqprsrTAXXxnU/nMLS8srqWnG9tLG5tb1T3t271UmmGPosEYlqhVSj4BJ9w43AVqqQxqHAZji8mvjNe1SaJ/LGjFIMYtqXPOKMGis1Bt1yxau6UxD3F/myKjBHvVt+7/QSlsUoDRNU67bnpibIqTKcCRyXOpnGlLIh7WPbUklj1EE+PXRMjqzSI1GibElDpuriRE5jrUdxaDtjagb6pzcR//LamYnOg5zLNDMo2WxRlAliEjL5mvS4QmbEyBLKFLe3EjagijJjsykthvA/8U+qF1WvcVqpXc7TKMIBHMIxeHAGNbiGOvjAAOEBnuDZuXMenRfnddZacOYz+/ANztsnPe6MwQ==</latexit><latexit sha1_base64="CeQ/Q+ukHUgr9XYsqNtBgtbaxD0=">AAAB53icdVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjwm4JpAsoTZSW8yZnZ2mZkVwpIv8OJBxau/5M2/cfIQ4qugoajqprsrTAXXxnU/nMLS8srqWnG9tLG5tb1T3t271UmmGPosEYlqhVSj4BJ9w43AVqqQxqHAZji8mvjNe1SaJ/LGjFIMYtqXPOKMGis1Bt1yxau6UxD3F/myKjBHvVt+7/QSlsUoDRNU67bnpibIqTKcCRyXOpnGlLIh7WPbUklj1EE+PXRMjqzSI1GibElDpuriRE5jrUdxaDtjagb6pzcR//LamYnOg5zLNDMo2WxRlAliEjL5mvS4QmbEyBLKFLe3EjagijJjsykthvA/8U+qF1WvcVqpXc7TKMIBHMIxeHAGNbiGOvjAAOEBnuDZuXMenRfnddZacOYz+/ANztsnPe6MwQ==</latexit>

τ
↵

<latexit sha1_base64="PWHw2QxigufUuLu9EWq0kX8HpqY=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQq6LLoxmUF+4AmlMnkth06mYSZiVhCfsWNC0Xc+iPu/BunaRbaeuDC4Zx75849QcKZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVXEqKXRozGPZD4gCzgR0NNMc+okEEgUcesH0du73HkEqFosHPUvAj8hYsBGjRBtpaNe94o1MQphjj/BkQoZ2w2k6BfAqcUvSQCXaQ/vLC2OaRiA05USpgesk2s+I1IxyyGteqiAhdErGMDBUkAiUnxV7c3xqlBCPYmlKaFyovycyEik1iwLTGRE9UcveXPzPG6R6dO1nTCSpBkEXi0YpxzrG8yBwyCRQzWeGECqZ+SumEyIJ1SaumgnBXT55lXTPm+5F07m/bLRuyjiq6BidoDPkoivUQneojTqIoif0jF7Rm5VbL9a79bForVjlzBH6A+vzB0D8lJE=</latexit>

D
<latexit sha1_base64="bpQb6Zy5X0zXtcmPs9YiWv69Lps=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9BjUg8cI5gHJEmZne5Mhsw9nZgNhyXd48aCIVz/Gm3/jZLMHTSxoKKq6p6fLSwRX2ra/rZXVtfWNzdJWeXtnd2+/cnDYUnEqGTZZLGLZ8ahCwSNsaq4FdhKJNPQEtr3R7cxvj1EqHkePepKgG9JBxAPOqDaS28tfyCT6U3LXr1Ttmp2DLBOnIFUo0OhXvnp+zNIQI80EVarr2Il2Myo1ZwKn5V6qMKFsRAfYNTSiISo3y1dOyalRfBLE0lSkSa7+nshoqNQk9ExnSPVQLXoz8T+vm+rg2s14lKQaIzZfFKSC6JjMEiA+l8i0mBhCmeTmr4QNqaRMm5zKJgRn8eRl0jqvORc1++GyWr8p4ijBMZzAGThwBXW4hwY0gcETPMMrvFlj68V6tz7mrStWMXMEf2B9/gC8RZIQ</latexit>

EAS footprint

A simplified topography with two parameters: 
- distance = depth of the valley 
- slope = height of the mountain

Simulations done for the study of the impact of topographies on  ν detection rates
“Effect of topography on the detection of neutrino-induced air showers” VD et al. arXiv 1903.10466

Why using these simulation ? 
- Already done 
- Good statistics (≈10 000) 
- Few parameters to play with

Symmetries -> mirror effects 
reconstruction errors

Full simulation chain :  
- Neutrino induced tau decay (DANTON) 
- Shower propagation + electric field computation (ZHAires) 
- Antenna response computation : voltage response (NEC) / filtering (50-200MHz) / 

noise adding (gaussian) / sampling (1ns)
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Plane wave reconstruction: first approach

~k
<latexit sha1_base64="a4rfDi9n/B8eXxfsUrcggaw/IXs=">AAAB8HicbVA9TwJBEJ3DL8Qv1NLmIphYkTsaLYk2lpgIaOBC9pY52LC7d9ndIyEXfoWNhcbY+nPs/DcucIWCL5nk5b2ZzMwLE8608bxvp7CxubW9U9wt7e0fHB6Vj0/aOk4VxRaNeaweQ6KRM4ktwwzHx0QhESHHTji+nfudCSrNYvlgpgkGggwlixglxkpP1d4EaTaeVfvlilfzFnDXiZ+TCuRo9stfvUFMU4HSUE607vpeYoKMKMMox1mpl2pMCB2TIXYtlUSgDrLFwTP3wioDN4qVLWnchfp7IiNC66kIbacgZqRXvbn4n9dNTXQdZEwmqUFJl4uilLsmduffuwOmkBo+tYRQxeytLh0RRaixGZVsCP7qy+ukXa/5Xs2/r1caN3kcRTiDc7gEH66gAXfQhBZQEPAMr/DmKOfFeXc+lq0FJ585hT9wPn8AWLCQFw==</latexit><latexit sha1_base64="a4rfDi9n/B8eXxfsUrcggaw/IXs=">AAAB8HicbVA9TwJBEJ3DL8Qv1NLmIphYkTsaLYk2lpgIaOBC9pY52LC7d9ndIyEXfoWNhcbY+nPs/DcucIWCL5nk5b2ZzMwLE8608bxvp7CxubW9U9wt7e0fHB6Vj0/aOk4VxRaNeaweQ6KRM4ktwwzHx0QhESHHTji+nfudCSrNYvlgpgkGggwlixglxkpP1d4EaTaeVfvlilfzFnDXiZ+TCuRo9stfvUFMU4HSUE607vpeYoKMKMMox1mpl2pMCB2TIXYtlUSgDrLFwTP3wioDN4qVLWnchfp7IiNC66kIbacgZqRXvbn4n9dNTXQdZEwmqUFJl4uilLsmduffuwOmkBo+tYRQxeytLh0RRaixGZVsCP7qy+ukXa/5Xs2/r1caN3kcRTiDc7gEH66gAXfQhBZQEPAMr/DmKOfFeXc+lq0FJ585hT9wPn8AWLCQFw==</latexit><latexit sha1_base64="a4rfDi9n/B8eXxfsUrcggaw/IXs=">AAAB8HicbVA9TwJBEJ3DL8Qv1NLmIphYkTsaLYk2lpgIaOBC9pY52LC7d9ndIyEXfoWNhcbY+nPs/DcucIWCL5nk5b2ZzMwLE8608bxvp7CxubW9U9wt7e0fHB6Vj0/aOk4VxRaNeaweQ6KRM4ktwwzHx0QhESHHTji+nfudCSrNYvlgpgkGggwlixglxkpP1d4EaTaeVfvlilfzFnDXiZ+TCuRo9stfvUFMU4HSUE607vpeYoKMKMMox1mpl2pMCB2TIXYtlUSgDrLFwTP3wioDN4qVLWnchfp7IiNC66kIbacgZqRXvbn4n9dNTXQdZEwmqUFJl4uilLsmduffuwOmkBo+tYRQxeytLh0RRaixGZVsCP7qy+ukXa/5Xs2/r1caN3kcRTiDc7gEH66gAXfQhBZQEPAMr/DmKOfFeXc+lq0FJ585hT9wPn8AWLCQFw==</latexit><latexit sha1_base64="a4rfDi9n/B8eXxfsUrcggaw/IXs=">AAAB8HicbVA9TwJBEJ3DL8Qv1NLmIphYkTsaLYk2lpgIaOBC9pY52LC7d9ndIyEXfoWNhcbY+nPs/DcucIWCL5nk5b2ZzMwLE8608bxvp7CxubW9U9wt7e0fHB6Vj0/aOk4VxRaNeaweQ6KRM4ktwwzHx0QhESHHTji+nfudCSrNYvlgpgkGggwlixglxkpP1d4EaTaeVfvlilfzFnDXiZ+TCuRo9stfvUFMU4HSUE607vpeYoKMKMMox1mpl2pMCB2TIXYtlUSgDrLFwTP3wioDN4qVLWnchfp7IiNC66kIbacgZqRXvbn4n9dNTXQdZEwmqUFJl4uilLsmduffuwOmkBo+tYRQxeytLh0RRaixGZVsCP7qy+ukXa/5Xs2/r1caN3kcRTiDc7gEH66gAXfQhBZQEPAMr/DmKOfFeXc+lq0FJ585hT9wPn8AWLCQFw==</latexit>

A1
<latexit sha1_base64="pMaB7HzmAo/T5lMz0sH2JyubxQA=">AAAB8nicbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ih68YiJPBLYkNlhFibMYzMza0I2fIYXDxrj1a/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczf3OE9WGKflopwkNBR5JFjOCrZN61ZtB1tcCBbPqoFzxa/4CaJ0EOalAjuag/NUfKpIKKi3h2Jhe4Cc2zLC2jHA6K/VTQxNMJnhEe45KLKgJs8XJM3ThlCGKlXYlLVqovycyLIyZish1CmzHZtWbi/95vdTG12HGZJJaKslyUZxyZBWa/4+GTFNi+dQRTDRztyIyxhoT61IquRCC1ZfXSbteC/xa8FCvNG7zOIpwBudwCQFcQQPuoQktIKDgGV7hzbPei/fufSxbC14+cwp/4H3+AOJgkFI=</latexit><latexit sha1_base64="pMaB7HzmAo/T5lMz0sH2JyubxQA=">AAAB8nicbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ih68YiJPBLYkNlhFibMYzMza0I2fIYXDxrj1a/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczf3OE9WGKflopwkNBR5JFjOCrZN61ZtB1tcCBbPqoFzxa/4CaJ0EOalAjuag/NUfKpIKKi3h2Jhe4Cc2zLC2jHA6K/VTQxNMJnhEe45KLKgJs8XJM3ThlCGKlXYlLVqovycyLIyZish1CmzHZtWbi/95vdTG12HGZJJaKslyUZxyZBWa/4+GTFNi+dQRTDRztyIyxhoT61IquRCC1ZfXSbteC/xa8FCvNG7zOIpwBudwCQFcQQPuoQktIKDgGV7hzbPei/fufSxbC14+cwp/4H3+AOJgkFI=</latexit><latexit sha1_base64="pMaB7HzmAo/T5lMz0sH2JyubxQA=">AAAB8nicbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ih68YiJPBLYkNlhFibMYzMza0I2fIYXDxrj1a/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczf3OE9WGKflopwkNBR5JFjOCrZN61ZtB1tcCBbPqoFzxa/4CaJ0EOalAjuag/NUfKpIKKi3h2Jhe4Cc2zLC2jHA6K/VTQxNMJnhEe45KLKgJs8XJM3ThlCGKlXYlLVqovycyLIyZish1CmzHZtWbi/95vdTG12HGZJJaKslyUZxyZBWa/4+GTFNi+dQRTDRztyIyxhoT61IquRCC1ZfXSbteC/xa8FCvNG7zOIpwBudwCQFcQQPuoQktIKDgGV7hzbPei/fufSxbC14+cwp/4H3+AOJgkFI=</latexit><latexit sha1_base64="pMaB7HzmAo/T5lMz0sH2JyubxQA=">AAAB8nicbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ih68YiJPBLYkNlhFibMYzMza0I2fIYXDxrj1a/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczf3OE9WGKflopwkNBR5JFjOCrZN61ZtB1tcCBbPqoFzxa/4CaJ0EOalAjuag/NUfKpIKKi3h2Jhe4Cc2zLC2jHA6K/VTQxNMJnhEe45KLKgJs8XJM3ThlCGKlXYlLVqovycyLIyZish1CmzHZtWbi/95vdTG12HGZJJaKslyUZxyZBWa/4+GTFNi+dQRTDRztyIyxhoT61IquRCC1ZfXSbteC/xa8FCvNG7zOIpwBudwCQFcQQPuoQktIKDgGV7hzbPei/fufSxbC14+cwp/4H3+AOJgkFI=</latexit>

t1
<latexit sha1_base64="EplESugjY6dJwU04pIuqsjsDBic=">AAAB+3icbVA9T8MwEHXKVylfpYwsFi0SU5V0gbGChbFItEVqo8hxLq1Vx4lsB1FF+SssDCDEyh9h49/gphmg5UknPb135/M9P+FMadv+tiobm1vbO9Xd2t7+weFR/bgxUHEqKfRpzGP54BMFnAnoa6Y5PCQSSORzGPqzm4U/fASpWCzu9TwBNyITwUJGiTaSV2+0xsUjmYQg117m5C2v3rTbdgG8TpySNFGJnlf/GgcxTSMQmnKi1MixE+1mRGpGOeS1caogIXRGJjAyVJAIlJsVa3N8bpQAh7E0JTQu1N8TGYmUmke+6YyInqpVbyH+541SHV65GRNJqkHQ5aIw5VjHeBEEDpgEqvncEEIlM3/FdEokodrEVTMhOKsnr5NBp+3Ybeeu0+xel3FU0Sk6QxfIQZeoi25RD/URRU/oGb2iNyu3Xqx362PZWrHKmRP0B9bnD97VlE8=</latexit><latexit sha1_base64="EplESugjY6dJwU04pIuqsjsDBic=">AAAB+3icbVA9T8MwEHXKVylfpYwsFi0SU5V0gbGChbFItEVqo8hxLq1Vx4lsB1FF+SssDCDEyh9h49/gphmg5UknPb135/M9P+FMadv+tiobm1vbO9Xd2t7+weFR/bgxUHEqKfRpzGP54BMFnAnoa6Y5PCQSSORzGPqzm4U/fASpWCzu9TwBNyITwUJGiTaSV2+0xsUjmYQg117m5C2v3rTbdgG8TpySNFGJnlf/GgcxTSMQmnKi1MixE+1mRGpGOeS1caogIXRGJjAyVJAIlJsVa3N8bpQAh7E0JTQu1N8TGYmUmke+6YyInqpVbyH+541SHV65GRNJqkHQ5aIw5VjHeBEEDpgEqvncEEIlM3/FdEokodrEVTMhOKsnr5NBp+3Ybeeu0+xel3FU0Sk6QxfIQZeoi25RD/URRU/oGb2iNyu3Xqx362PZWrHKmRP0B9bnD97VlE8=</latexit><latexit sha1_base64="EplESugjY6dJwU04pIuqsjsDBic=">AAAB+3icbVA9T8MwEHXKVylfpYwsFi0SU5V0gbGChbFItEVqo8hxLq1Vx4lsB1FF+SssDCDEyh9h49/gphmg5UknPb135/M9P+FMadv+tiobm1vbO9Xd2t7+weFR/bgxUHEqKfRpzGP54BMFnAnoa6Y5PCQSSORzGPqzm4U/fASpWCzu9TwBNyITwUJGiTaSV2+0xsUjmYQg117m5C2v3rTbdgG8TpySNFGJnlf/GgcxTSMQmnKi1MixE+1mRGpGOeS1caogIXRGJjAyVJAIlJsVa3N8bpQAh7E0JTQu1N8TGYmUmke+6YyInqpVbyH+541SHV65GRNJqkHQ5aIw5VjHeBEEDpgEqvncEEIlM3/FdEokodrEVTMhOKsnr5NBp+3Ybeeu0+xel3FU0Sk6QxfIQZeoi25RD/URRU/oGb2iNyu3Xqx362PZWrHKmRP0B9bnD97VlE8=</latexit><latexit sha1_base64="EplESugjY6dJwU04pIuqsjsDBic=">AAAB+3icbVA9T8MwEHXKVylfpYwsFi0SU5V0gbGChbFItEVqo8hxLq1Vx4lsB1FF+SssDCDEyh9h49/gphmg5UknPb135/M9P+FMadv+tiobm1vbO9Xd2t7+weFR/bgxUHEqKfRpzGP54BMFnAnoa6Y5PCQSSORzGPqzm4U/fASpWCzu9TwBNyITwUJGiTaSV2+0xsUjmYQg117m5C2v3rTbdgG8TpySNFGJnlf/GgcxTSMQmnKi1MixE+1mRGpGOeS1caogIXRGJjAyVJAIlJsVa3N8bpQAh7E0JTQu1N8TGYmUmke+6YyInqpVbyH+541SHV65GRNJqkHQ5aIw5VjHeBEEDpgEqvncEEIlM3/FdEokodrEVTMhOKsnr5NBp+3Ybeeu0+xel3FU0Sk6QxfIQZeoi25RD/URRU/oGb2iNyu3Xqx362PZWrHKmRP0B9bnD97VlE8=</latexit>t2

<latexit sha1_base64="gw/jeEp4Bsq+3Vq1PjuDZvHT6KM=">AAAB+3icbVA9T8MwEHXKVylfpYwsFi0SU5V0gbGChbFItEVqo8hxnNaq40T2BVFF+SssDCDEyh9h49/gphmg5UknPb135/M9PxFcg21/W5WNza3tnepubW//4PCoftwY6DhVlPVpLGL14BPNBJesDxwEe0gUI5Ev2NCf3Sz84SNTmsfyHuYJcyMykTzklICRvHqjNS4eyRQLcvCyTt7y6k27bRfA68QpSROV6Hn1r3EQ0zRiEqggWo8cOwE3Iwo4FSyvjVPNEkJnZMJGhkoSMe1mxdocnxslwGGsTEnAhfp7IiOR1vPIN50Rgale9Rbif94ohfDKzbhMUmCSLheFqcAQ40UQOOCKURBzQwhV3PwV0ylRhIKJq2ZCcFZPXieDTtux285dp9m9LuOoolN0hi6Qgy5RF92iHuojip7QM3pFb1ZuvVjv1seytWKVMyfoD6zPH+BblFA=</latexit><latexit sha1_base64="gw/jeEp4Bsq+3Vq1PjuDZvHT6KM=">AAAB+3icbVA9T8MwEHXKVylfpYwsFi0SU5V0gbGChbFItEVqo8hxnNaq40T2BVFF+SssDCDEyh9h49/gphmg5UknPb135/M9PxFcg21/W5WNza3tnepubW//4PCoftwY6DhVlPVpLGL14BPNBJesDxwEe0gUI5Ev2NCf3Sz84SNTmsfyHuYJcyMykTzklICRvHqjNS4eyRQLcvCyTt7y6k27bRfA68QpSROV6Hn1r3EQ0zRiEqggWo8cOwE3Iwo4FSyvjVPNEkJnZMJGhkoSMe1mxdocnxslwGGsTEnAhfp7IiOR1vPIN50Rgale9Rbif94ohfDKzbhMUmCSLheFqcAQ40UQOOCKURBzQwhV3PwV0ylRhIKJq2ZCcFZPXieDTtux285dp9m9LuOoolN0hi6Qgy5RF92iHuojip7QM3pFb1ZuvVjv1seytWKVMyfoD6zPH+BblFA=</latexit><latexit sha1_base64="gw/jeEp4Bsq+3Vq1PjuDZvHT6KM=">AAAB+3icbVA9T8MwEHXKVylfpYwsFi0SU5V0gbGChbFItEVqo8hxnNaq40T2BVFF+SssDCDEyh9h49/gphmg5UknPb135/M9PxFcg21/W5WNza3tnepubW//4PCoftwY6DhVlPVpLGL14BPNBJesDxwEe0gUI5Ev2NCf3Sz84SNTmsfyHuYJcyMykTzklICRvHqjNS4eyRQLcvCyTt7y6k27bRfA68QpSROV6Hn1r3EQ0zRiEqggWo8cOwE3Iwo4FSyvjVPNEkJnZMJGhkoSMe1mxdocnxslwGGsTEnAhfp7IiOR1vPIN50Rgale9Rbif94ohfDKzbhMUmCSLheFqcAQ40UQOOCKURBzQwhV3PwV0ylRhIKJq2ZCcFZPXieDTtux285dp9m9LuOoolN0hi6Qgy5RF92iHuojip7QM3pFb1ZuvVjv1seytWKVMyfoD6zPH+BblFA=</latexit><latexit sha1_base64="gw/jeEp4Bsq+3Vq1PjuDZvHT6KM=">AAAB+3icbVA9T8MwEHXKVylfpYwsFi0SU5V0gbGChbFItEVqo8hxnNaq40T2BVFF+SssDCDEyh9h49/gphmg5UknPb135/M9PxFcg21/W5WNza3tnepubW//4PCoftwY6DhVlPVpLGL14BPNBJesDxwEe0gUI5Ev2NCf3Sz84SNTmsfyHuYJcyMykTzklICRvHqjNS4eyRQLcvCyTt7y6k27bRfA68QpSROV6Hn1r3EQ0zRiEqggWo8cOwE3Iwo4FSyvjVPNEkJnZMJGhkoSMe1mxdocnxslwGGsTEnAhfp7IiOR1vPIN50Rgale9Rbif94ohfDKzbhMUmCSLheFqcAQ40UQOOCKURBzQwhV3PwV0ylRhIKJq2ZCcFZPXieDTtux285dp9m9LuOoolN0hi6Qgy5RF92iHuojip7QM3pFb1ZuvVjv1seytWKVMyfoD6zPH+BblFA=</latexit>

t3
<latexit sha1_base64="QhZa0hFA1MNf2UbdstHhVJS+MpY=">AAAB+3icbVC7TsMwFHXKq5RXKCNLRIvEVCVlgLGChbFI9CG1UeQ4N61Vx4lsB1FF+RUWBhBi5UfY+BvcNAO0HOlKR+fc6+t7/IRRqWz726hsbG5t71R3a3v7B4dH5nG9L+NUEOiRmMVi6GMJjHLoKaoYDBMBOPIZDPzZ7cIfPIKQNOYPap6AG+EJpyElWGnJM+vNcfFIJiDIlZdd5k3PbNgtu4C1TpySNFCJrmd+jYOYpBFwRRiWcuTYiXIzLBQlDPLaOJWQYDLDExhpynEE0s2Ktbl1rpXACmOhiyurUH9PZDiSch75ujPCaipXvYX4nzdKVXjtZpQnqQJOlovClFkqthZBWAEVQBSba4KJoPqvFpligYnScdV0CM7qyeuk3245dsu5bzc6N2UcVXSKztAFctAV6qA71EU9RNATekav6M3IjRfj3fhYtlaMcuYE/YHx+QPh4ZRR</latexit><latexit sha1_base64="QhZa0hFA1MNf2UbdstHhVJS+MpY=">AAAB+3icbVC7TsMwFHXKq5RXKCNLRIvEVCVlgLGChbFI9CG1UeQ4N61Vx4lsB1FF+RUWBhBi5UfY+BvcNAO0HOlKR+fc6+t7/IRRqWz726hsbG5t71R3a3v7B4dH5nG9L+NUEOiRmMVi6GMJjHLoKaoYDBMBOPIZDPzZ7cIfPIKQNOYPap6AG+EJpyElWGnJM+vNcfFIJiDIlZdd5k3PbNgtu4C1TpySNFCJrmd+jYOYpBFwRRiWcuTYiXIzLBQlDPLaOJWQYDLDExhpynEE0s2Ktbl1rpXACmOhiyurUH9PZDiSch75ujPCaipXvYX4nzdKVXjtZpQnqQJOlovClFkqthZBWAEVQBSba4KJoPqvFpligYnScdV0CM7qyeuk3245dsu5bzc6N2UcVXSKztAFctAV6qA71EU9RNATekav6M3IjRfj3fhYtlaMcuYE/YHx+QPh4ZRR</latexit><latexit sha1_base64="QhZa0hFA1MNf2UbdstHhVJS+MpY=">AAAB+3icbVC7TsMwFHXKq5RXKCNLRIvEVCVlgLGChbFI9CG1UeQ4N61Vx4lsB1FF+RUWBhBi5UfY+BvcNAO0HOlKR+fc6+t7/IRRqWz726hsbG5t71R3a3v7B4dH5nG9L+NUEOiRmMVi6GMJjHLoKaoYDBMBOPIZDPzZ7cIfPIKQNOYPap6AG+EJpyElWGnJM+vNcfFIJiDIlZdd5k3PbNgtu4C1TpySNFCJrmd+jYOYpBFwRRiWcuTYiXIzLBQlDPLaOJWQYDLDExhpynEE0s2Ktbl1rpXACmOhiyurUH9PZDiSch75ujPCaipXvYX4nzdKVXjtZpQnqQJOlovClFkqthZBWAEVQBSba4KJoPqvFpligYnScdV0CM7qyeuk3245dsu5bzc6N2UcVXSKztAFctAV6qA71EU9RNATekav6M3IjRfj3fhYtlaMcuYE/YHx+QPh4ZRR</latexit><latexit sha1_base64="QhZa0hFA1MNf2UbdstHhVJS+MpY=">AAAB+3icbVC7TsMwFHXKq5RXKCNLRIvEVCVlgLGChbFI9CG1UeQ4N61Vx4lsB1FF+RUWBhBi5UfY+BvcNAO0HOlKR+fc6+t7/IRRqWz726hsbG5t71R3a3v7B4dH5nG9L+NUEOiRmMVi6GMJjHLoKaoYDBMBOPIZDPzZ7cIfPIKQNOYPap6AG+EJpyElWGnJM+vNcfFIJiDIlZdd5k3PbNgtu4C1TpySNFCJrmd+jYOYpBFwRRiWcuTYiXIzLBQlDPLaOJWQYDLDExhpynEE0s2Ktbl1rpXACmOhiyurUH9PZDiSch75ujPCaipXvYX4nzdKVXjtZpQnqQJOlovClFkqthZBWAEVQBSba4KJoPqvFpligYnScdV0CM7qyeuk3245dsu5bzc6N2UcVXSKztAFctAV6qA71EU9RNATekav6M3IjRfj3fhYtlaMcuYE/YHx+QPh4ZRR</latexit>

Free parameter

minimisation

A2
<latexit sha1_base64="kBceEHo6GD0VxghbNDJBSFoZasM=">AAAB8nicbVDLTgJBEJzFF+IL9ehlIph4Irtc9Ih68YiJPBLYkNlhFibMYzPTa0I2fIYXDxrj1a/x5t84wB4UrKSTSlV3uruiRHALvv/tFTY2t7Z3irulvf2Dw6Py8Unb6tRQ1qJaaNONiGWCK9YCDoJ1E8OIjATrRJO7ud95YsZyrR5hmrBQkpHiMacEnNSr3gyyvpG4PqsOyhW/5i+A10mQkwrK0RyUv/pDTVPJFFBBrO0FfgJhRgxwKtis1E8tSwidkBHrOaqIZDbMFifP8IVThjjWxpUCvFB/T2REWjuVkeuUBMZ21ZuL/3m9FOLrMOMqSYEpulwUpwKDxvP/8ZAbRkFMHSHUcHcrpmNiCAWXUsmFEKy+vE7a9Vrg14KHeqVxm8dRRGfoHF2iAF2hBrpHTdRCFGn0jF7Rmwfei/fufSxbC14+c4r+wPv8AePmkFM=</latexit><latexit sha1_base64="kBceEHo6GD0VxghbNDJBSFoZasM=">AAAB8nicbVDLTgJBEJzFF+IL9ehlIph4Irtc9Ih68YiJPBLYkNlhFibMYzPTa0I2fIYXDxrj1a/x5t84wB4UrKSTSlV3uruiRHALvv/tFTY2t7Z3irulvf2Dw6Py8Unb6tRQ1qJaaNONiGWCK9YCDoJ1E8OIjATrRJO7ud95YsZyrR5hmrBQkpHiMacEnNSr3gyyvpG4PqsOyhW/5i+A10mQkwrK0RyUv/pDTVPJFFBBrO0FfgJhRgxwKtis1E8tSwidkBHrOaqIZDbMFifP8IVThjjWxpUCvFB/T2REWjuVkeuUBMZ21ZuL/3m9FOLrMOMqSYEpulwUpwKDxvP/8ZAbRkFMHSHUcHcrpmNiCAWXUsmFEKy+vE7a9Vrg14KHeqVxm8dRRGfoHF2iAF2hBrpHTdRCFGn0jF7Rmwfei/fufSxbC14+c4r+wPv8AePmkFM=</latexit><latexit sha1_base64="kBceEHo6GD0VxghbNDJBSFoZasM=">AAAB8nicbVDLTgJBEJzFF+IL9ehlIph4Irtc9Ih68YiJPBLYkNlhFibMYzPTa0I2fIYXDxrj1a/x5t84wB4UrKSTSlV3uruiRHALvv/tFTY2t7Z3irulvf2Dw6Py8Unb6tRQ1qJaaNONiGWCK9YCDoJ1E8OIjATrRJO7ud95YsZyrR5hmrBQkpHiMacEnNSr3gyyvpG4PqsOyhW/5i+A10mQkwrK0RyUv/pDTVPJFFBBrO0FfgJhRgxwKtis1E8tSwidkBHrOaqIZDbMFifP8IVThjjWxpUCvFB/T2REWjuVkeuUBMZ21ZuL/3m9FOLrMOMqSYEpulwUpwKDxvP/8ZAbRkFMHSHUcHcrpmNiCAWXUsmFEKy+vE7a9Vrg14KHeqVxm8dRRGfoHF2iAF2hBrpHTdRCFGn0jF7Rmwfei/fufSxbC14+c4r+wPv8AePmkFM=</latexit><latexit sha1_base64="kBceEHo6GD0VxghbNDJBSFoZasM=">AAAB8nicbVDLTgJBEJzFF+IL9ehlIph4Irtc9Ih68YiJPBLYkNlhFibMYzPTa0I2fIYXDxrj1a/x5t84wB4UrKSTSlV3uruiRHALvv/tFTY2t7Z3irulvf2Dw6Py8Unb6tRQ1qJaaNONiGWCK9YCDoJ1E8OIjATrRJO7ud95YsZyrR5hmrBQkpHiMacEnNSr3gyyvpG4PqsOyhW/5i+A10mQkwrK0RyUv/pDTVPJFFBBrO0FfgJhRgxwKtis1E8tSwidkBHrOaqIZDbMFifP8IVThjjWxpUCvFB/T2REWjuVkeuUBMZ21ZuL/3m9FOLrMOMqSYEpulwUpwKDxvP/8ZAbRkFMHSHUcHcrpmNiCAWXUsmFEKy+vE7a9Vrg14KHeqVxm8dRRGfoHF2iAF2hBrpHTdRCFGn0jF7Rmwfei/fufSxbC14+c4r+wPv8AePmkFM=</latexit>

A3
<latexit sha1_base64="CfNVr7ySLk5nVUhm4cL8fc4fRCA=">AAAB8nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstERtLDERJDkuZG9ZYMN+XHb3TMiFn2FjoTG2/ho7/40LXKHgSyZ5eW8mM/PihDNjff/bK6ytb2xuFbdLO7t7+wflw6O2UakmtEUUV7oTY0M5k7RlmeW0k2iKRczpYzy+nfmPT1QbpuSDnSQ0Engo2YARbJ0UVq97WVcLdDGt9soVv+bPgVZJkJMK5Gj2yl/dviKpoNISjo0JAz+xUYa1ZYTTaambGppgMsZDGjoqsaAmyuYnT9GZU/pooLQradFc/T2RYWHMRMSuU2A7MsveTPzPC1M7uIoyJpPUUkkWiwYpR1ah2f+ozzQllk8cwUQzdysiI6wxsS6lkgshWH55lbTrtcCvBff1SuMmj6MIJ3AK5xDAJTTgDprQAgIKnuEV3jzrvXjv3seiteDlM8fwB97nD+VskFQ=</latexit><latexit sha1_base64="CfNVr7ySLk5nVUhm4cL8fc4fRCA=">AAAB8nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstERtLDERJDkuZG9ZYMN+XHb3TMiFn2FjoTG2/ho7/40LXKHgSyZ5eW8mM/PihDNjff/bK6ytb2xuFbdLO7t7+wflw6O2UakmtEUUV7oTY0M5k7RlmeW0k2iKRczpYzy+nfmPT1QbpuSDnSQ0Engo2YARbJ0UVq97WVcLdDGt9soVv+bPgVZJkJMK5Gj2yl/dviKpoNISjo0JAz+xUYa1ZYTTaambGppgMsZDGjoqsaAmyuYnT9GZU/pooLQradFc/T2RYWHMRMSuU2A7MsveTPzPC1M7uIoyJpPUUkkWiwYpR1ah2f+ozzQllk8cwUQzdysiI6wxsS6lkgshWH55lbTrtcCvBff1SuMmj6MIJ3AK5xDAJTTgDprQAgIKnuEV3jzrvXjv3seiteDlM8fwB97nD+VskFQ=</latexit><latexit sha1_base64="CfNVr7ySLk5nVUhm4cL8fc4fRCA=">AAAB8nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstERtLDERJDkuZG9ZYMN+XHb3TMiFn2FjoTG2/ho7/40LXKHgSyZ5eW8mM/PihDNjff/bK6ytb2xuFbdLO7t7+wflw6O2UakmtEUUV7oTY0M5k7RlmeW0k2iKRczpYzy+nfmPT1QbpuSDnSQ0Engo2YARbJ0UVq97WVcLdDGt9soVv+bPgVZJkJMK5Gj2yl/dviKpoNISjo0JAz+xUYa1ZYTTaambGppgMsZDGjoqsaAmyuYnT9GZU/pooLQradFc/T2RYWHMRMSuU2A7MsveTPzPC1M7uIoyJpPUUkkWiwYpR1ah2f+ozzQllk8cwUQzdysiI6wxsS6lkgshWH55lbTrtcCvBff1SuMmj6MIJ3AK5xDAJTTgDprQAgIKnuEV3jzrvXjv3seiteDlM8fwB97nD+VskFQ=</latexit><latexit sha1_base64="CfNVr7ySLk5nVUhm4cL8fc4fRCA=">AAAB8nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstERtLDERJDkuZG9ZYMN+XHb3TMiFn2FjoTG2/ho7/40LXKHgSyZ5eW8mM/PihDNjff/bK6ytb2xuFbdLO7t7+wflw6O2UakmtEUUV7oTY0M5k7RlmeW0k2iKRczpYzy+nfmPT1QbpuSDnSQ0Engo2YARbJ0UVq97WVcLdDGt9soVv+bPgVZJkJMK5Gj2yl/dviKpoNISjo0JAz+xUYa1ZYTTaambGppgMsZDGjoqsaAmyuYnT9GZU/pooLQradFc/T2RYWHMRMSuU2A7MsveTPzPC1M7uIoyJpPUUkkWiwYpR1ah2f+ozzQllk8cwUQzdysiI6wxsS6lkgshWH55lbTrtcCvBff1SuMmj6MIJ3AK5xDAJTTgDprQAgIKnuEV3jzrvXjv3seiteDlM8fwB97nD+VskFQ=</latexit>

• Wave front model : plane 
• Pure timing comparison
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see IAP workshop august 2018



GRAND CHINA workshop 04/19Valentin Decoene 5/19

Plane wave reconstruction: summary

Mean angular error ≈ 0.5° reachable

GRAND White Paper, GRAND coll. (VD) arXiv:1810.09994v1

Set of 3 550 simulations  
of 1010GeV primary neutrinos

1606 showers detected with aggressive  
trigger conditions  

(5 antennas > 2 x noise level) 
1370 with more than 10 antennas

• Strong effect of topography on resolution : antennas height -> handle on zenith reconstruction 

• Resolution sufficient for UHECR reconstruction (direction) 

• Better resolution needed for neutrino astronomy !

Peaktime from Hilbert envelope 
+ GPS jitter (gaussian, σ = 5ns)

Mean slope between triggered antennas Wave front is not plane

< �2/ndf >>> 1000
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Hyperbolic wave front shape

(a) Small

(b) Intermediate

(c) Large

Figure 2: Toy model motivating a hyperbolic wavefront shape. A point source moves vertically at a velocity
v > c/n and emits for a limited amount of time. The solid horizontal line represents the ground plane. The
generated wavefront is observed as conical (top panel) by an observer at small distances to the point where
the source stops emitting. Observers at intermediate distances see a hyperbolic wavefront shape (middle
panel). For observers at larger distances the observed wavefront shape is closer to a sphere (bottom panel).
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(a) Hyperbolic fit

(b) Conical fit

(c) Spherical fit

Figure 6: The arrival time di↵erences from a plane wave as a function of distance to the shower axis with
the best fitting shape solutions. A hyperbolic (top), conical (middle) and spherical (bottom) fit has been
applied, respectively. Each plot shows the arrival times as a function of the distance to the shower axis (top
panel) and deviations from the best fit scaled to the uncertainty for each datapoint (bottom panel). Note
that the shower core position is a free parameter in each fit, therefore the positions of the data points on
the x-axis di↵er between fits, as is in particular evident for the spherical fit.

12

Point source emission 
spherical

moving source emission 
conical

Slow moving source emission 
hyperbolic

The shape of the radio wavefront  
of extensive air showers as measured  with LOFAR.   

A. Corstanje et al. 2014.

Hyperbolic wave front shapes measured by LOFAR

The emission source determines the wave front shape
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Hyperbolic wave front shape

fWS
i (ri, a, b) =

q
a2 + b2r2i � a
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ij (ri, rj , a, b) = fWS

i (ri, a, b)� fWS
j (rj , a, b)
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Shower plane

Hyperbolic wave front
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shower axis distance

• Wave front model : hyperbolic 
• Pure timing comparison

Free parameter
~k = f(✓,�)

<latexit sha1_base64="gouJoKb/aWjor7ki7y/1RqZAXKw=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQxCBAkzUdCLEPTiMYJZIBNCT6cmadKz0F0TCEPw4q948aCIV7/Cm39jZzlo9EHB470qqup5sRQabfvLyiwtr6yuZddzG5tb2zv53b26jhLFocYjGammxzRIEUINBUpoxgpY4EloeIObid8YgtIiCu9xFEM7YL1Q+IIzNFInf+AOgaeDMb2iftHFPiA7pW7cFyedfMEu2VPQv8SZkwKZo9rJf7rdiCcBhMgl07rl2DG2U6ZQcAnjnJtoiBkfsB60DA1ZALqdTl8Y02OjdKkfKVMh0qn6cyJlgdajwDOdAcO+XvQm4n9eK0H/sp2KME4QQj5b5CeSYkQnedCuUMBRjgxhXAlzK+V9phhHk1rOhOAsvvyX1Msl56xUvjsvVK7ncWTJITkiReKQC1Iht6RKaoSTB/JEXsir9Wg9W2/W+6w1Y81n9skvWB/fgeSWNQ==</latexit>

(a, b)
<latexit sha1_base64="qodGFYOZ6lmNyDN47LV5Os5sCQc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdVtBj0YvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmt5+o0kyKBzOJqR/hoWAhI9hYqVXGFyg47xdLbsWdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE177KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWtasWrVar3l6X6TRZHHk7gFMrgwRXU4Q4a0AQCj/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8AA06OGg==</latexit>

A1
<latexit sha1_base64="pMaB7HzmAo/T5lMz0sH2JyubxQA=">AAAB8nicbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ih68YiJPBLYkNlhFibMYzMza0I2fIYXDxrj1a/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczf3OE9WGKflopwkNBR5JFjOCrZN61ZtB1tcCBbPqoFzxa/4CaJ0EOalAjuag/NUfKpIKKi3h2Jhe4Cc2zLC2jHA6K/VTQxNMJnhEe45KLKgJs8XJM3ThlCGKlXYlLVqovycyLIyZish1CmzHZtWbi/95vdTG12HGZJJaKslyUZxyZBWa/4+GTFNi+dQRTDRztyIyxhoT61IquRCC1ZfXSbteC/xa8FCvNG7zOIpwBudwCQFcQQPuoQktIKDgGV7hzbPei/fufSxbC14+cwp/4H3+AOJgkFI=</latexit><latexit sha1_base64="pMaB7HzmAo/T5lMz0sH2JyubxQA=">AAAB8nicbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ih68YiJPBLYkNlhFibMYzMza0I2fIYXDxrj1a/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczf3OE9WGKflopwkNBR5JFjOCrZN61ZtB1tcCBbPqoFzxa/4CaJ0EOalAjuag/NUfKpIKKi3h2Jhe4Cc2zLC2jHA6K/VTQxNMJnhEe45KLKgJs8XJM3ThlCGKlXYlLVqovycyLIyZish1CmzHZtWbi/95vdTG12HGZJJaKslyUZxyZBWa/4+GTFNi+dQRTDRztyIyxhoT61IquRCC1ZfXSbteC/xa8FCvNG7zOIpwBudwCQFcQQPuoQktIKDgGV7hzbPei/fufSxbC14+cwp/4H3+AOJgkFI=</latexit><latexit sha1_base64="pMaB7HzmAo/T5lMz0sH2JyubxQA=">AAAB8nicbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ih68YiJPBLYkNlhFibMYzMza0I2fIYXDxrj1a/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczf3OE9WGKflopwkNBR5JFjOCrZN61ZtB1tcCBbPqoFzxa/4CaJ0EOalAjuag/NUfKpIKKi3h2Jhe4Cc2zLC2jHA6K/VTQxNMJnhEe45KLKgJs8XJM3ThlCGKlXYlLVqovycyLIyZish1CmzHZtWbi/95vdTG12HGZJJaKslyUZxyZBWa/4+GTFNi+dQRTDRztyIyxhoT61IquRCC1ZfXSbteC/xa8FCvNG7zOIpwBudwCQFcQQPuoQktIKDgGV7hzbPei/fufSxbC14+cwp/4H3+AOJgkFI=</latexit><latexit sha1_base64="pMaB7HzmAo/T5lMz0sH2JyubxQA=">AAAB8nicbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ih68YiJPBLYkNlhFibMYzMza0I2fIYXDxrj1a/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczf3OE9WGKflopwkNBR5JFjOCrZN61ZtB1tcCBbPqoFzxa/4CaJ0EOalAjuag/NUfKpIKKi3h2Jhe4Cc2zLC2jHA6K/VTQxNMJnhEe45KLKgJs8XJM3ThlCGKlXYlLVqovycyLIyZish1CmzHZtWbi/95vdTG12HGZJJaKslyUZxyZBWa/4+GTFNi+dQRTDRztyIyxhoT61IquRCC1ZfXSbteC/xa8FCvNG7zOIpwBudwCQFcQQPuoQktIKDgGV7hzbPei/fufSxbC14+cwp/4H3+AOJgkFI=</latexit>

t1
<latexit sha1_base64="EplESugjY6dJwU04pIuqsjsDBic=">AAAB+3icbVA9T8MwEHXKVylfpYwsFi0SU5V0gbGChbFItEVqo8hxLq1Vx4lsB1FF+SssDCDEyh9h49/gphmg5UknPb135/M9P+FMadv+tiobm1vbO9Xd2t7+weFR/bgxUHEqKfRpzGP54BMFnAnoa6Y5PCQSSORzGPqzm4U/fASpWCzu9TwBNyITwUJGiTaSV2+0xsUjmYQg117m5C2v3rTbdgG8TpySNFGJnlf/GgcxTSMQmnKi1MixE+1mRGpGOeS1caogIXRGJjAyVJAIlJsVa3N8bpQAh7E0JTQu1N8TGYmUmke+6YyInqpVbyH+541SHV65GRNJqkHQ5aIw5VjHeBEEDpgEqvncEEIlM3/FdEokodrEVTMhOKsnr5NBp+3Ybeeu0+xel3FU0Sk6QxfIQZeoi25RD/URRU/oGb2iNyu3Xqx362PZWrHKmRP0B9bnD97VlE8=</latexit><latexit sha1_base64="EplESugjY6dJwU04pIuqsjsDBic=">AAAB+3icbVA9T8MwEHXKVylfpYwsFi0SU5V0gbGChbFItEVqo8hxLq1Vx4lsB1FF+SssDCDEyh9h49/gphmg5UknPb135/M9P+FMadv+tiobm1vbO9Xd2t7+weFR/bgxUHEqKfRpzGP54BMFnAnoa6Y5PCQSSORzGPqzm4U/fASpWCzu9TwBNyITwUJGiTaSV2+0xsUjmYQg117m5C2v3rTbdgG8TpySNFGJnlf/GgcxTSMQmnKi1MixE+1mRGpGOeS1caogIXRGJjAyVJAIlJsVa3N8bpQAh7E0JTQu1N8TGYmUmke+6YyInqpVbyH+541SHV65GRNJqkHQ5aIw5VjHeBEEDpgEqvncEEIlM3/FdEokodrEVTMhOKsnr5NBp+3Ybeeu0+xel3FU0Sk6QxfIQZeoi25RD/URRU/oGb2iNyu3Xqx362PZWrHKmRP0B9bnD97VlE8=</latexit><latexit sha1_base64="EplESugjY6dJwU04pIuqsjsDBic=">AAAB+3icbVA9T8MwEHXKVylfpYwsFi0SU5V0gbGChbFItEVqo8hxLq1Vx4lsB1FF+SssDCDEyh9h49/gphmg5UknPb135/M9P+FMadv+tiobm1vbO9Xd2t7+weFR/bgxUHEqKfRpzGP54BMFnAnoa6Y5PCQSSORzGPqzm4U/fASpWCzu9TwBNyITwUJGiTaSV2+0xsUjmYQg117m5C2v3rTbdgG8TpySNFGJnlf/GgcxTSMQmnKi1MixE+1mRGpGOeS1caogIXRGJjAyVJAIlJsVa3N8bpQAh7E0JTQu1N8TGYmUmke+6YyInqpVbyH+541SHV65GRNJqkHQ5aIw5VjHeBEEDpgEqvncEEIlM3/FdEokodrEVTMhOKsnr5NBp+3Ybeeu0+xel3FU0Sk6QxfIQZeoi25RD/URRU/oGb2iNyu3Xqx362PZWrHKmRP0B9bnD97VlE8=</latexit><latexit sha1_base64="EplESugjY6dJwU04pIuqsjsDBic=">AAAB+3icbVA9T8MwEHXKVylfpYwsFi0SU5V0gbGChbFItEVqo8hxLq1Vx4lsB1FF+SssDCDEyh9h49/gphmg5UknPb135/M9P+FMadv+tiobm1vbO9Xd2t7+weFR/bgxUHEqKfRpzGP54BMFnAnoa6Y5PCQSSORzGPqzm4U/fASpWCzu9TwBNyITwUJGiTaSV2+0xsUjmYQg117m5C2v3rTbdgG8TpySNFGJnlf/GgcxTSMQmnKi1MixE+1mRGpGOeS1caogIXRGJjAyVJAIlJsVa3N8bpQAh7E0JTQu1N8TGYmUmke+6YyInqpVbyH+541SHV65GRNJqkHQ5aIw5VjHeBEEDpgEqvncEEIlM3/FdEokodrEVTMhOKsnr5NBp+3Ybeeu0+xel3FU0Sk6QxfIQZeoi25RD/URRU/oGb2iNyu3Xqx362PZWrHKmRP0B9bnD97VlE8=</latexit>

A2
<latexit sha1_base64="kBceEHo6GD0VxghbNDJBSFoZasM=">AAAB8nicbVDLTgJBEJzFF+IL9ehlIph4Irtc9Ih68YiJPBLYkNlhFibMYzPTa0I2fIYXDxrj1a/x5t84wB4UrKSTSlV3uruiRHALvv/tFTY2t7Z3irulvf2Dw6Py8Unb6tRQ1qJaaNONiGWCK9YCDoJ1E8OIjATrRJO7ud95YsZyrR5hmrBQkpHiMacEnNSr3gyyvpG4PqsOyhW/5i+A10mQkwrK0RyUv/pDTVPJFFBBrO0FfgJhRgxwKtis1E8tSwidkBHrOaqIZDbMFifP8IVThjjWxpUCvFB/T2REWjuVkeuUBMZ21ZuL/3m9FOLrMOMqSYEpulwUpwKDxvP/8ZAbRkFMHSHUcHcrpmNiCAWXUsmFEKy+vE7a9Vrg14KHeqVxm8dRRGfoHF2iAF2hBrpHTdRCFGn0jF7Rmwfei/fufSxbC14+c4r+wPv8AePmkFM=</latexit><latexit sha1_base64="kBceEHo6GD0VxghbNDJBSFoZasM=">AAAB8nicbVDLTgJBEJzFF+IL9ehlIph4Irtc9Ih68YiJPBLYkNlhFibMYzPTa0I2fIYXDxrj1a/x5t84wB4UrKSTSlV3uruiRHALvv/tFTY2t7Z3irulvf2Dw6Py8Unb6tRQ1qJaaNONiGWCK9YCDoJ1E8OIjATrRJO7ud95YsZyrR5hmrBQkpHiMacEnNSr3gyyvpG4PqsOyhW/5i+A10mQkwrK0RyUv/pDTVPJFFBBrO0FfgJhRgxwKtis1E8tSwidkBHrOaqIZDbMFifP8IVThjjWxpUCvFB/T2REWjuVkeuUBMZ21ZuL/3m9FOLrMOMqSYEpulwUpwKDxvP/8ZAbRkFMHSHUcHcrpmNiCAWXUsmFEKy+vE7a9Vrg14KHeqVxm8dRRGfoHF2iAF2hBrpHTdRCFGn0jF7Rmwfei/fufSxbC14+c4r+wPv8AePmkFM=</latexit><latexit sha1_base64="kBceEHo6GD0VxghbNDJBSFoZasM=">AAAB8nicbVDLTgJBEJzFF+IL9ehlIph4Irtc9Ih68YiJPBLYkNlhFibMYzPTa0I2fIYXDxrj1a/x5t84wB4UrKSTSlV3uruiRHALvv/tFTY2t7Z3irulvf2Dw6Py8Unb6tRQ1qJaaNONiGWCK9YCDoJ1E8OIjATrRJO7ud95YsZyrR5hmrBQkpHiMacEnNSr3gyyvpG4PqsOyhW/5i+A10mQkwrK0RyUv/pDTVPJFFBBrO0FfgJhRgxwKtis1E8tSwidkBHrOaqIZDbMFifP8IVThjjWxpUCvFB/T2REWjuVkeuUBMZ21ZuL/3m9FOLrMOMqSYEpulwUpwKDxvP/8ZAbRkFMHSHUcHcrpmNiCAWXUsmFEKy+vE7a9Vrg14KHeqVxm8dRRGfoHF2iAF2hBrpHTdRCFGn0jF7Rmwfei/fufSxbC14+c4r+wPv8AePmkFM=</latexit><latexit sha1_base64="kBceEHo6GD0VxghbNDJBSFoZasM=">AAAB8nicbVDLTgJBEJzFF+IL9ehlIph4Irtc9Ih68YiJPBLYkNlhFibMYzPTa0I2fIYXDxrj1a/x5t84wB4UrKSTSlV3uruiRHALvv/tFTY2t7Z3irulvf2Dw6Py8Unb6tRQ1qJaaNONiGWCK9YCDoJ1E8OIjATrRJO7ud95YsZyrR5hmrBQkpHiMacEnNSr3gyyvpG4PqsOyhW/5i+A10mQkwrK0RyUv/pDTVPJFFBBrO0FfgJhRgxwKtis1E8tSwidkBHrOaqIZDbMFifP8IVThjjWxpUCvFB/T2REWjuVkeuUBMZ21ZuL/3m9FOLrMOMqSYEpulwUpwKDxvP/8ZAbRkFMHSHUcHcrpmNiCAWXUsmFEKy+vE7a9Vrg14KHeqVxm8dRRGfoHF2iAF2hBrpHTdRCFGn0jF7Rmwfei/fufSxbC14+c4r+wPv8AePmkFM=</latexit>

A3
<latexit sha1_base64="CfNVr7ySLk5nVUhm4cL8fc4fRCA=">AAAB8nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstERtLDERJDkuZG9ZYMN+XHb3TMiFn2FjoTG2/ho7/40LXKHgSyZ5eW8mM/PihDNjff/bK6ytb2xuFbdLO7t7+wflw6O2UakmtEUUV7oTY0M5k7RlmeW0k2iKRczpYzy+nfmPT1QbpuSDnSQ0Engo2YARbJ0UVq97WVcLdDGt9soVv+bPgVZJkJMK5Gj2yl/dviKpoNISjo0JAz+xUYa1ZYTTaambGppgMsZDGjoqsaAmyuYnT9GZU/pooLQradFc/T2RYWHMRMSuU2A7MsveTPzPC1M7uIoyJpPUUkkWiwYpR1ah2f+ozzQllk8cwUQzdysiI6wxsS6lkgshWH55lbTrtcCvBff1SuMmj6MIJ3AK5xDAJTTgDprQAgIKnuEV3jzrvXjv3seiteDlM8fwB97nD+VskFQ=</latexit><latexit sha1_base64="CfNVr7ySLk5nVUhm4cL8fc4fRCA=">AAAB8nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstERtLDERJDkuZG9ZYMN+XHb3TMiFn2FjoTG2/ho7/40LXKHgSyZ5eW8mM/PihDNjff/bK6ytb2xuFbdLO7t7+wflw6O2UakmtEUUV7oTY0M5k7RlmeW0k2iKRczpYzy+nfmPT1QbpuSDnSQ0Engo2YARbJ0UVq97WVcLdDGt9soVv+bPgVZJkJMK5Gj2yl/dviKpoNISjo0JAz+xUYa1ZYTTaambGppgMsZDGjoqsaAmyuYnT9GZU/pooLQradFc/T2RYWHMRMSuU2A7MsveTPzPC1M7uIoyJpPUUkkWiwYpR1ah2f+ozzQllk8cwUQzdysiI6wxsS6lkgshWH55lbTrtcCvBff1SuMmj6MIJ3AK5xDAJTTgDprQAgIKnuEV3jzrvXjv3seiteDlM8fwB97nD+VskFQ=</latexit><latexit sha1_base64="CfNVr7ySLk5nVUhm4cL8fc4fRCA=">AAAB8nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstERtLDERJDkuZG9ZYMN+XHb3TMiFn2FjoTG2/ho7/40LXKHgSyZ5eW8mM/PihDNjff/bK6ytb2xuFbdLO7t7+wflw6O2UakmtEUUV7oTY0M5k7RlmeW0k2iKRczpYzy+nfmPT1QbpuSDnSQ0Engo2YARbJ0UVq97WVcLdDGt9soVv+bPgVZJkJMK5Gj2yl/dviKpoNISjo0JAz+xUYa1ZYTTaambGppgMsZDGjoqsaAmyuYnT9GZU/pooLQradFc/T2RYWHMRMSuU2A7MsveTPzPC1M7uIoyJpPUUkkWiwYpR1ah2f+ozzQllk8cwUQzdysiI6wxsS6lkgshWH55lbTrtcCvBff1SuMmj6MIJ3AK5xDAJTTgDprQAgIKnuEV3jzrvXjv3seiteDlM8fwB97nD+VskFQ=</latexit><latexit sha1_base64="CfNVr7ySLk5nVUhm4cL8fc4fRCA=">AAAB8nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstERtLDERJDkuZG9ZYMN+XHb3TMiFn2FjoTG2/ho7/40LXKHgSyZ5eW8mM/PihDNjff/bK6ytb2xuFbdLO7t7+wflw6O2UakmtEUUV7oTY0M5k7RlmeW0k2iKRczpYzy+nfmPT1QbpuSDnSQ0Engo2YARbJ0UVq97WVcLdDGt9soVv+bPgVZJkJMK5Gj2yl/dviKpoNISjo0JAz+xUYa1ZYTTaambGppgMsZDGjoqsaAmyuYnT9GZU/pooLQradFc/T2RYWHMRMSuU2A7MsveTPzPC1M7uIoyJpPUUkkWiwYpR1ah2f+ozzQllk8cwUQzdysiI6wxsS6lkgshWH55lbTrtcCvBff1SuMmj6MIJ3AK5xDAJTTgDprQAgIKnuEV3jzrvXjv3seiteDlM8fwB97nD+VskFQ=</latexit>

minimisation

�~x23
<latexit sha1_base64="jIKSFf2kjOjOPnnOaHSu5GH0qRU=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUlaQZdFXbisYB/QhDCZ3rRDJw9mJsUSsnTjr7hxoYhbP8Gdf+P0sdDWAxcO59w7c+/xE86ksqxvo7Cyura+UdwsbW3v7O6Z+wctGaeCQpPGPBYdn0jgLIKmYopDJxFAQp9D2x9eT/z2CIRkcXSvxgm4IelHLGCUKC155rEzfSPzeQo5dm6AK+KMgGYPuZdVa7lnlq2KNQVeJvaclNEcDc/8cnoxTUOIFOVEyq5tJcrNiFCMcshLTiohIXRI+tDVNCIhSDebLpHjU630cBALXZHCU/X3REZCKcehrztDogZy0ZuI/3ndVAWXbsaiJFUQ0dlHQcqxivEkFdxjAqjiY00IFUzviumACEKVzq6kQ7AXT14mrWrFrlWqd+fl+tU8jiI6QifoDNnoAtXRLWqgJqLoET2jV/RmPBkvxrvxMWstGPOZQ/QHxucPWPWaLA==</latexit>

�~x12
<latexit sha1_base64="eVe5iFdSgCtTVnoFTB3fKr5muzc=">AAACCHicbVDLSsNAFJ34rPUVdenCwSK4KkkVdFnUhcsK9gFNCJPpbTt08mBmUiwhSzf+ihsXirj1E9z5N07TLLT1wIXDOffO3Hv8mDOpLOvbWFpeWV1bL22UN7e2d3bNvf2WjBJBoUkjHomOTyRwFkJTMcWhEwsggc+h7Y+up357DEKyKLxXkxjcgAxC1meUKC155pGTv5H6PIEMOzfAFXHGQNOHzEvtWuaZFatq5cCLxC5IBRVoeOaX04toEkCoKCdSdm0rVm5KhGKUQ1Z2EgkxoSMygK6mIQlAumm+RIZPtNLD/UjoChXO1d8TKQmknAS+7gyIGsp5byr+53UT1b90UxbGiYKQzj7qJxyrCE9TwT0mgCo+0YRQwfSumA6JIFTp7Mo6BHv+5EXSqlXts2rt7rxSvyriKKFDdIxOkY0uUB3dogZqIooe0TN6RW/Gk/FivBsfs9Ylo5g5QH9gfP4AVeqaKg==</latexit>

�~x13
<latexit sha1_base64="HCnQ0KqoJ/+cmGM9eUoXOm3FAjE=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJqUpaJBgrYGAsEn1ITVU57m1r1XEi26mooows/AoLAwix8gls/A1u2gFajnSlo3Pute89fsSZ0o7zbeVWVtfWN/Kbha3tnd09e/+gocJYUqjTkIey5RMFnAmoa6Y5tCIJJPA5NP3R9dRvjkEqFop7PYmgE5CBYH1GiTZS1z72sjcSn8eQYu8GuCbeGGjykHYTt5J27aJTcjLgZeLOSRHNUevaX14vpHEAQlNOlGq7TqQ7CZGaUQ5pwYsVRISOyADahgoSgOok2RIpPjVKD/dDaUponKm/JxISKDUJfNMZED1Ui95U/M9rx7p/2UmYiGINgs4+6scc6xBPU8E9JoFqPjGEUMnMrpgOiSRUm+wKJgR38eRl0iiX3EqpfHderF7N48ijI3SCzpCLLlAV3aIaqiOKHtEzekVv1pP1Yr1bH7PWnDWfOUR/YH3+AFdvmis=</latexit>

r1
<latexit sha1_base64="gDOQwT1ALkB9Oc4XFJIL/FpwuLE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k637uTfuVqltz5yCrxCtIFQo0+5Wv3iBhWcwVMkmN6XpuikFONQom+bTcywxPKRvTIe9aqmjMTZDPj52Sc6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGAp7hFd4c5bw4787HonXNKWZO4A+czx/IZI6q</latexit>

�ij = c�tij � ~k ·�~xij � fWS
ij (ri, rj , a, b)

<latexit sha1_base64="yEJqSn3T6OvGCnjQRNXiV0GjdFQ="></latexit>
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Hyperbolic wave front shape: LOFAR type

Hyperbolic parameters fixed  
from LOFAR measurements

Set of 10 000 simulations  
of 1010 GeV and 109 GeV  

primary neutrinos

Overall similar results for both energies (slightly better for 109 GeV)

GPS precision = 5ns
No noise
Aggressive trigger conditions (2x noise level)

Mean angular error ≈ 0.2° 
reachable

(a, b) = (4.49m, 0.026)
<latexit sha1_base64="09ahabtgEQoeLR7I1u3qHJ8/lss=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEFkpIavGyEIpuXFawF2hCmUwn7dCZJMxMhBK6cuOruHGhiFufwZ1v47TNQlt/GPj4zzmcOb8fMyqVbX8bS8srq2vruY385tb2zq65t9+UUSIwaeCIRaLtI0kYDUlDUcVIOxYEcZ+Rlj+8mdRbD0RIGoX3ahQTj6N+SAOKkdJW1zxyBYdFVIZ+CV7BYtWqXrplXoa2ZVfOSl2zoGEquAhOBgWQqd41v9xehBNOQoUZkrLj2LHyUiQUxYyM824iSYzwEPVJR2OIOJFeOj1jDE+004NBJPQLFZy6vydSxKUccV93cqQGcr42Mf+rdRIVXHgpDeNEkRDPFgUJgyqCk0xgjwqCFRtpQFhQ/VeIB0ggrHRyeR2CM3/yIjQrlnNqVe6qhdp1FkcOHIJjUAQOOAc1cAvqoAEweATP4BW8GU/Gi/FufMxal4xs5gD8kfH5AwxxlGA=</latexit>
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Hyperbolic wave front shape: LOFAR type

Testing effect of GPS precision on resolution
1010 GeV109 GeV

GPS precision = 5ns or 2ns

No noise

Aggressive trigger conditions

Same resolution

• GPS precision and noise are not a limiting factor on resolution in this wave front 
model
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Hyperbolic wave front shape: free parameters

Hyperbolic parameters set free and determined during the minimisation

LOFAR type / Free

1010 GeV109 GeV

But  no significant improvement in the reconstruction

GPS delay = 5ns
No noise

• Free:  

• LOFAR: Can it be improved ?

fWS
i (ri, a, b) =

q
a2 + b2r2i � a

<latexit sha1_base64="sy0SwQL3WPwOb+bpuPaVo3tDvcM="></latexit>

Aggressive trigger conditions

< �2/ndf >⇡ 5
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< �2/ndf >⇡ 10
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Hyperbolic wave front shape: summary

In addition GPS precision and noise don’t impact the reconstruction

Better result with hyperbolic reconstruction than plane reconstruction 

The normalised chisq is not as good as expected if the wave front model was correct

From ≈ 0.5° to 0.2°

This suggests that other systematic effects are not taken into account.

Need for a detailed wave front study.



GRAND CHINA workshop 04/19Valentin Decoene 12/19

Wave front shape study

cdt� ~k · d~x�
p

a2 + b2r2 + a
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Toy Model configuration

No noise

data can’t be fitted with one single analytical function because the wave front evolves 
with time (ageing)

~k
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trigger time

plane time

shower plane

true wave front

Time in shower plane = trigger time - plane time
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Wave front shape study: distance slicing

To fit different wave front parameters for each propagation distances -> slicing

• Each slice correspond to a propagation distance -> shower age

• For each slice an independent fit is perform (using the correct direction)

The best parameters (a, b) for each shower age (and each wave front model) are 
computed

Slices
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Wave front shape study: parameters ageing

Hyperbolic model

Refractive index  
correction

Conical angleSpherical curvature

Parameters fitted are compatible with a spherical model

p
a2 + b2r2 � a
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p
R2 + r2 �R
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simulations stacking
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Wave front shape study: parameters ageing

Curvature not linear with longitudinal distance  
-> not a point source emission 

Slicing can be also applied to spherical model

Hyperbolic fit remains better at large distances

• Spherical fit close to hyperbolic

Spherical curvature Refractive index  
correction

simulations stacking
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The new wave front shape picture

Source

Cone extension

Spherical core

Wave front shape : 
- Hyperbolic 
- Evolve with propagation (ageing) 
- Spherical curvature

But 2 problems : 
- Many parameters to fit and big parameters space (a, b) 
- Need to compute shower axis distance (r) 

We need spherical reconstruction to have a first estimate of shower axis position 
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Wave front shape study: spherical reconstruction

Wave front shape is not point source like -> spherical reconstruction using a point 
source model lead to great error along the axis. 

But the curvature and the large array allows a good handle on the lateral position of the 
shower axis.

Error on the lateral position from the shower axis

Spherical emission

point source model

Position of the shower axis can be reasonably reconstructed with a point source model

Error on the position along the shower axis
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New reconstruction models: pure timing / hybrid

Iterative reconstruction:

• Plane wave reconstruction -> direction estimate

• Spherical reconstruction -> position anchor for the direction
Shower axis distances for antennas

• Hyperbolic reconstruction using direction estimate and shower axis distances

Mixing timing information with amplitude information

• Amplitude -> shower core

Loop

Hybrid reconstruction:

Slicing reconstruction
Parametrising reconstruction parameters -> emission physic

• Polarisation -> axis distance
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Conclusion

Standard hyperbolic reconstruction allows to reach 0.2° of angular resolution

Wave front study shows the models are not adapted for the reconstruction

Errors are above GPS precision and Noise effects

Ageing effects

Iterative reconstruction and slicing reconstruction should increase the angular 
resolution and allows to reach below 0.1° where GPS precision and noise effect would 

start to lead.
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Hyperbolic wave front shape: LOFAR type

Noise comparison 1010 GeV109 GeV

GPS delay = 5ns
No noise / noise (Gaussian, mean = 15 μV) + sampling (1ns)

Threshold value = 100 μV 

Noise reduce resolution but can be limited by increasing the threshold level (events cost)
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Hyperbolic wave front shape: array configuration

Distance -> no effect

Slope -> important effect

Impact of Toy Model parameters on the reconstruction
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Wave front shape study: ageing model

Point source emission 
spherical model

Moving source (fast) 
cone model

Moving source (slow) 
Hyperbolic model

Ageing hyperbolic model

Source

Cone extension

Spherical core
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Hyperbolic wave front shape: limitation

Symmetries effects -> main limiting factor 
Toy Model configurations issue
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Slice at same propagation distance

from the source

Same shower axis distance


