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Introduction
Scientific Context

Our goal is to develop new electronic-structure methods in order to study
systems containing heavy atoms. There are two main challenges:
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Introduction
Scientific Context

Our goal is to develop new electronic-structure methods in order to study
systems containing heavy atoms. There are two main challenges:

@ Strong correlation.

@ Relativistic effects.
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Introduction

Why bother with relativistic effects?

Are relativistic effects only minor corrections?
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Introduction

Why bother with relativistic effects?

Usual exemple n°1: the color of gold

Energy
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non-relativistic
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P. Pyykkd, Theoretical Chemistry of Gold”, Angew. Chem. Int. Ed. 2004, 43, 4412 - 4456
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Why bother with relativistic effects?

Usual exemple n°1: the color of gold
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P. Pyykkd, Theoretical Chemistry of Gold”, Angew. Chem. Int. Ed. 2004, 43, 4412 - 4456
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Introduction
Why bother with relativistic effects?

Usual exemple n°2: the lead-acid battery

Cathode Anode

Pb(S) + Pb02(5)+2 HQSO4(aq) =2 PbSO4(S) + 2 H20(|)

experiment: +2.11 V
non-relativistic calculation: +0.39 V
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Introduction
Why bother with relativistic effects?

Usual exemple n°2: the lead-acid battery

Cathode Anode

Pb(S) + Pb02(5)+2 HQSO4(aq) =2 PbSO4(S) + 2 H20(|)

experiment: +2.11 V
non-relativistic calculation: +0.39 V
relativistic calculation: +2.13 V

R. Ahuja, A. Blomquist, P. Larsson, P. Pyykkd, and P. Zaleski-Ejgierd, "Relativity and the Lead-Acid Battery”, Phys. Rev. Lett. 106
(2011) 018301
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Introduction

How to bother with relativity?

@ Four-component formalism
@ Quantum Electrodynamics (QED)

[:QED = 'Cmat + 'Crad + Eint
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Introduction

How to bother with relativity?

@ Four-component formalism
@ Quantum Electrodynamics (QED)

[:QED - 'Cmat + 'Crad + Eint

This formalism is overly complicated.

"QED is the fundamental theory of chemistry describing perfectly well all phenomena that do not
play any role for chemistry.”

M. Reiher, A. Wolf, "Relativistic Quantum Chemistry: The fundamental Theory of Molecular Science”, WILEY-VCH (2009)
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Introduction

How to bother with relativity?

@ Four-component formalism

@ Quantum Electrodynamics (QED)
@ Dirac equation

Non-interacting Dirac Hamiltonian in second quantization (from Lp,a¢) :

A~

P = [dr b [ (@ p)+ B me+ wne(e)l] ),

where
. 0, o _ I, 0
af(o_ 02)and B7(02 _|2)

P(r) = vp(r) 3 and $i(r) = 4i(r) 3f.
P p

and
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Introduction

How to bother with relativity?

@ Four-component formalism

@ Quantum Electrodynamics (QED)
@ Dirac equation

@ Coulomb, Coulomb-Gaunt and Coulomb-Breit
Relativistic electron-electron interaction potential (from Lj;):

Wee = %ffdrldVZ DT ()T (r2)Wee(r12) (r2)d (),

with, in Coulomb gauge:

WCoulomb _ (|4)1 (|4)2
ee - 9
r2
WCoqumb—Gaunt _ (|4)1 (|4)2 B i Cxy.ctxp
ee o 2 np
woutomb—Breit ()1 (la)2 11 (con.cap  (carr)(cazri)
e ra c22 o r3
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Introduction

How to bother with relativity?

@ Four-component formalism
@ Quantum Electrodynamics (QED)
@ Dirac equation
o Coulomb, Coulomb-Gaunt and Coulomb-Breit
@ No-pair approximation

No-pair approximation to describe only electrons:

E Positive Continuum

W
§_

Negative Continuum

Minmax principle with the projector P4 on the positive energy space:

— i D A
E = min [n;zix<\|1|P+ (H +Wee) P+|\IJ)].
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Introduction

How to bother with relativity?

@ Four-component formalism

@ Quantum Electrodynamics (QED)
@ Dirac equation

@ Coulomb, Coulomb-Gaunt and Coulomb-Breit
@ No-pair approximation

@ Two-component formalism

Decoupling the negative-energy states to describe only electrons.
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Introduction

How to bother with relativity?

@ Four-component formalism

@ Quantum Electrodynamics (QED)
@ Dirac equation

@ Coulomb, Coulomb-Gaunt and Coulomb-Breit
@ No-pair approximation

@ Two-component formalism

@ One-component formalism

Schrédinger formalism with a relativistic effective core potential.
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Introduction

How to bother with relativity?

@ Four-component formalism

@ Quantum Electrodynamics (QED)
irac equation

@ Coulomb, Coulomb-Gaunt and Coulomb-Breit
@ No-pair approximation

@ Two-component formalism

@ One-component formalism
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Introduction

Relativistic Wave Function Theory

@ Wave-function as linear combinations of Slater determinants as linear
combinations of gaussian atomic orbitals x:

(1) = (x = 50)" (v = o)™ (2 = zo)me (=),

description of the electron-electron cusp requires to very large basis-sets.
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Introduction

Relativistic Wave Function Theory

@ Wave-function as linear combinations of Slater determinants as linear
combinations of gaussian atomic orbitals x:

(1) = (x = 50)" (v = o)™ (2 = zo)me (=),

description of the electron-electron cusp requires to very large basis-sets.

@ Relativistic spinors expressed as Large component and Small component:

v = ( ysmany )

kinetic balance requires one basis set for each component.
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Introduction

Relativistic Wave Function Theory

— i D LA
E = min [rr;;ix<\|!\P+ <H +Wee) P+|W)].
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Introduction

Range-separated Relativistic Density Functional Theory

E = min {rr;ix{<\ll|P+ (//-\ID + Welre”) PL|WV) + E;Z’cb[nqujw]}} )
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Introduction

Range-separated Relativistic Density Functional Theory

E = min {rr;ix{<\ll|P+ (//-\ID + Welre”) PL|WV) + E;Z’cb[nqujw]}} )

Coulomb
Long-range
——— Short-range

Coulomb il

0 0.5 1 15 2 25 3
Distance r (bohr)

1 erf(ur) n 1 —erf(pr)

r r r

where i is the range-separation parameter, Ir stands for long-range and sr stands for short-range.
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Introduction

RS-RDFT: Local Density Approximation

For closed-shell systems j = 0, the Hartree-exchange-correlation functional is:

Bt = BV (0] + B3] + 2 [,

ch
where we define the Hartre functional:

‘ 1 1 — erf(plry —raf)
B n] = 5 ﬂ n(r1)n(r2) o dnde

and the exchange functional:
E 4 [n] = (®| W) — £ (],
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Introduction

RS-RDFT: Local Density Approximation

For closed-shell systems j = 0, the Hartree-exchange-correlation functional is:

Bt = BV (0] + B3] + 2 [,

ch
where we define the Hartre functional:

- 1 1 —erf(ur —ro)
B n] = 5 ﬂ n(r1)n(r2) o dnde

and the exchange functional:
E 4 [n] = (®| W) — £ (],

We are interested in:
EFLONa] = [ nfe) S (o)) i

where RHEG stands for relativistic homogeneous electron gas.
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1. Framework
Table of contents

@ Physical Framework
@ Relativistic homogeneous electron gas
@ Dirac-Coulomb-Breit Hamiltonian
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1. Framework 1.1 RHEG

Relativistic Homogeneous Electron Gas

@ N electrons in a box of volume V so that n = N/V is kept constant in
the thermodynamic limit N — oo and V — oo.

o Fermi wave-vector kr = (312n)Y/3.

@ Non-interacting electron gas described by spinors solutions of the
non-interacting Dirac equation:

(c(e.p) + Bmc?) o () = Ex o (r)
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1. Framework 1.1 RHEG

Relativistic Homogeneous Electron Gas

The non-interacting four-component spinors are described as plane-waves:

Yro(r) = < k.o(r) >

Xk,o(r)

1 E, —|— mc? _
Pk, (r) = N e Mos, Xuo(r) = msﬁka( )

where

1 0
@ ¢, so that ¢y = 0 and ¢ = 1)

o E) = +vh2k2c? + m2ct
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1. Framework 1.2 Dirac-Coulomb-Breit Hamiltonian

Dirac-Coulomb-Breit Hamiltonian

N

HPCB — Z (ai-pi) + Bimc? +Z|r

1<J

(s )

—rj
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2. Exchange energy
Table of contents

9 Exchange energy of the RHEG
@ Exchange energy per particle
@ Exchange pair distribution
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2. Exchange energy

Exchange energy per particle of the HEG

For the non-relativistic exchange energy per particle we have:

—i(ki—kz).(r1—r2) 1
NR
= dkidkadrid
€x 2N 27r)5 JI JI i —nl 1dkadridr

- dkydk
2n(27r)6 Jj ki — k2|2 19
ke

3 kr
4r

This is very classic textbook knowledge.

P. A. M. Dirac, "note on exchange phenomena in the Thomas atom”, Mathematical Proceedings of the Cambridge Philosophical
Society, 1930.
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2. Exchange energy 2.1 Exchange energy per particle

Exchange energy per particle of the HEG

€y (Hartree)

Non-relativistic

0 50 100 150 200 250 300
kg (bohr™")
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2. Exchange energy 2.1 Exchange energy per particle

Exchange energy per particle of the RHEG

For the relativistic Coulomb-Breit exchange energy per particle we have:

i(k1—k2).(r1—r2) 1 —Ei Ej, + kq.koc? + 3m2ct
B _ ki Eko 1.k2
= dkidkodrid
€x 2N(27r ff ff [r1 —ra] ( Ekl Ek2 1akzariary

1 4 —EE ki.kac? +3m?c*
__ jf a ki Ek, + k1.koc® +3m~c dkydko
2n(27r)6 v k1 — k2|2 Ey, Ex,
F




2. Exchange energy 2.1 Exchange energy per particle

Exchange energy per particle of the RHEG

For the relativistic Coulomb-Breit exchange energy per particle we have:

B — _L ff ff e—ilki—k2).(r1—r2) 1 —E Ei, + ki.koc? + 3m2ct
x 2N(2m)6 R, V2 1 — o Ex Exy
ke

1 4 —EE ki.kac? +3m?c*
__ jf a ki Ek, + k1.koc® +3m~c dkydko
2n(27r)6 v k1 — k2|2 Ey, Ex,
F

3k (11 7, 1 1\ 2
_—F<+3E2—<1+8?:2+7?:4) In (1+Tz) +SV1re2 arcsinh(
C

> dkidkadridry

)

{mf Z%arcsinh (%)]2 >

o =

4 6 3 3

5
2

where we use ¢ = T—F‘: in atomic units.

This is slightly less classic textbook knowledge.

A. H. McDonald and S. H. Vosko, "A relativistic density functional formalism”, Journal of Physics C: Solide State Physics,1979.

M. V. Ramana and A. K. Rajagopal, "Effects of correlation and Breit and transverse interactions in the relativistic local-density

theory for atoms”, Physical Review A, 1982.
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2. Exchange energy 2.1 Exchange energy per particle

Exchange energy per particle of the RHEG

3k (11 7T, 1 1y 2 1\ 5 1\12
53:4~45<4—+—§75(H%8+7#)m<1+:5>+5 1+E2mmmh(j)7§[V1+E272%m§m<7>] >
C c

c

0 T T T T T
10 } ]
20 } ]
g 30} ]
£ -0 1
w)‘
50 | ]
6o Non-relativistic 1
Relativistic
=70 }
0 50 100 150 200 250 300
kg (bohr™")

where ¢ = 7€,
ke

27/44



2. Exchange energy 2.2 Exchange pair distribution

Exchange pair distribution function of the RHEG

We express the exchange energy:

1 1
& = 2 [ ne)dr
2 VvV r

using the exchange pair distribution:

gl(r) = —% kgrz{ — ju(ker)? +3(1 = A)Ax (ker)? +ABA(kFr)2},
where
o AA(kFF):g % jk+1(’<F')>\kké%
@ By (ker) = ki;o [%] J’k+2(’<Ff)>\kkl,:(%

The Coulomb part of this equation had been published in 1979.

A. H. McDonald and S. H. Vosko, "A relativistic density functional formalism”, Journal of Physics C: Solide State Physics,1979.
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2. Exchange energy 2.2 Exchange pair distribution

Effective exchange pair distribution function of the RHEG

We have defined an effective relativistic exchange Fermi hole.

0 o
f‘"
041} /
Fi
/
0.2} Vi
- /
> 4
'
03} ;;’
/ Non-relativistic
04l / Relativistic kF = 1 bohr!
/ Relativistic kF = 137 bohr’
S Relativistic kF = 274 bohr
05 k=" | . . . . . . i
0 1 2 3 4 5 6 7 8

Scaled distance kger

The on-top exchange pair distribution function appears very much affected
by relativistic effects.
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3. Short-range LDA functional
Table of contents

© Short-range relativistic LDA exchange functional
@ Integration issues
@ Short-range exchange energy per particle
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3. Short-range LDA functional

Short-range Coulomb-Breit interaction potential

1<J |I’, B rj|
- z”: L erf(ur) (o 1 (@00 = 1005~ 1)
i<j ||', _rJ| 2|ri—|’j|2
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3. Short-range LDA functional

Short-range Coulomb-Breit interaction potential

oo+

(aui-(ri —¥j))(ey.(ri — fj)))

2lri — 12
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3. Short-range LDA functional 3.1 Integration issues

Expression of the short-range exchange energy per particle

For the short-range Coulomb-Breit exchange energy per particle we have:

kq —k _ 2 2 4
(CBstp _ fj ff A erf(pln — ral) ( Eiq Big + k1-koc” + 3m”c >dk1dk2dr1dr2
x
2N(27r )6 [r1 — 12 Ejy Ek,

Ik —ka |
4|l —e 4 5 > 4
1 —EklEkz + ky.koc® 4+ 3m*c
- 27)6 ff

dky dky
k1 — k|2 Ey Eky >



3. Short-range LDA functional 3.1 Integration issues

Expression of the short-range exchange energy per particle

For the short-range Coulomb-Breit exchange energy per particle we have:

k. k: 2 2 4
(CBusrop _ ff ff —ilky—ka).(r1—=r2) 1 _ erf(ulry — ra|) [ —Ekq Eky + ki-koc® +3m*c
2N(27r )6

dky dkydrydry
* [r1 — Eyy Ex, )

lky —ko |2
4m|ll—e 4 2 54
1 —EklEkz + ky.koc® 4+ 3m*c
- 27)6 ff

dky dko
k1 — k|2 Ey, Ex, >

- (Bf)? —(%)2) ]

oo (e e
= kiky + | e —e
ky=0 Jky=0 2+ k2 fe2 1+ k2
622 + k2 + k2 -2/ + k2 /2 + k3 K+ K K — K
i 1 2 [ ( 1-%:2))_5(_(1 2)2>
4/ + K2\ /e + k2 2

+1n ((;1 - ;2)2) —In ((;1 + ;2)2) Dd;ld;z,

where ky = % b= kﬂp and Ei is the exponential integral function.
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3. Short-range LDA functional 3.1 Integration issues

Expression of the short-range exchange energy per particle

For the short-range Coulomb-Breit exchange energy per particle we have:

k. k: 2 2 4
(CBusrop _ ff ff —ilky—ka).(r1—=r2) 1 _ erf(ulry — ra|) [ —Ekq Eky + ki-koc® +3m*c
2N(27r )6

dky dkydrydry
* [r1 — Eyy Ex, )

Ik —ka |
4|l —e 4 5 > 4
1 —EklEkz + ky.koc® 4+ 3m*c
- 27)6 ff

k1 — k|2 Eiy Eiy
3k ~ 1 . _ ;1+~T<2 2 _ Pl—_iQ 2
F/ / 1kz(f k1k2+<e (Fz?) —e (F272) 2
f=o Ji Ny N
PR -2/@ i Rye R ( (;1+L2)2) E'< (El—iz)Z)
_ _E(_—
AN 27 Y
+1n (ke = k2)?) = tn (k1 + R)?) Dd;ld;z,

) dky dk

+

where ky = % b= kﬂp and Ei is the exponential integral function.
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3. Short-range LDA functional 3.1 Integration issues

Taylor expansion for large values of ¢

Two steps:

@ Taylor expansion of the integrand for large values of ¢.

1 1 ,’;12+’~‘22+0(i)
6

[+ R2 e+ 2 © leme2 327t

33/44



3. Short-range LDA functional 3.1 Integration issues

Taylor expansion for large values of ¢

Two steps:

@ Taylor expansion of the integrand for large values of ¢.

1 1 ,’;12+;22+o(i)
6

m [z2 +i2 T l6n2 | 32met
@ Analytical integration of the general term of the Taylor expansion.

CBysr,u _ KF
Ex = —

—342i2 <73 122 — (72 T ﬁz) e7ﬁ> +a/m erf(%)]

+10,:52 [6[‘2 (-1 -2 +30%) Ry (*5 — 157 — 30" +183° + 3v/mji (2 + 53°) erf(%))

+0()
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3. Short-range LDA functional 3.1 Integration issues

Taylor expansion for large values of ¢

M ~
Agi(fi 1
B = E : 2éz(, ) 0(52M+2>

=l

For 1 = 0 we have a divergent expression at kr = c.

0 T T T T T
-5} i
@ -10p 1
e
&
<
= -15 1
-20 i
Non-relativistic
Relativistic
25| Relativistic Taylor expansion
0 50 100 150 200 250 300

KF (bohr™)

This figure was obtained with the 18t order of the Taylor expansion.
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3. Short-range LDA functional 3.1 Integration issues

Padé approximant for large values of ¢

M Byi(fi)
6CB,sr,;L ~ Zf:o &2l
x T M G
E:j:O 22
For v = 0 we have removed the divergency.
0 T T T T T
-5 i
2 -10 1
|4
5
<
S 15T 1
-20 | i
Non-relativistic
Relativistic
o5 N\ Relativistic Pade approximant
0 50 100 150 200 250 300

KF (bohr™)

This figure was obtained with the 6" order of the Padé approximant.
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3. Short-range LDA functional 3.2 Short-range exchange energy per particle

Short-range exchange energy per particle of the RHEG

ki 2 2 2 _“E K
R RSP Ll R A e <72+ %)e L erf(-)
47 kg kg kg kg "
-0.05 ]
. -1
01 kF=1 (bohr™") ]
@
4
£ -0.15 1
z
< 02 ]
025 ¢ Non-relativistic short-range |
----------- Relativistic Pade expansion short-range
-0.3 1
0 0.5 1 15 2 25 3

Scaled parameter WkF

A. Savin, "Beyond the Kohn-Sham Determinant”, World Scientific, 1996
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3. Short-range LDA functional 3.2 Short-range exchange energy per particle

Short-range exchange energy per particle of the RHEG

KF=137 (bohr™)

€, (Hartree)
]
o

.25 ]
-30 4
35 Non-relativistic short-range )
40 Relativistic Pade expansion short-range

0 0.5 1 1.5 2 25 3

Scaled parameter p/kF
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3. Short-range LDA functional 3.2 Short-range exchange energy per particle

Short-range exchange energy per particle of the RHEG

KF=274 (bohr™)

€, (Hartree)
A
o

.50 ]
-60 4
70 - Non-relativistic short-range )
80 Relativistic Pade expansion short-range

0 0.5 1 1.5 2 25 3

Scaled parameter p/kF
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3. Short-range LDA functional Conclusion

Conclusion

Take-home message

@ Relativity decreases the exchange energy in absolute value within high
electronic density regions.

@ Construction of a systematic approximant of a relativistic short-range
local-density approximation exchange functional.
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Conclusion

Take-home message

@ Relativity decreases the exchange energy in absolute value within high
electronic density regions.

@ Construction of a systematic approximant of a relativistic short-range
local-density approximation exchange functional.

J. Paquier, J. Toulouse, "Four-component relativistic range-separated density-functional theory: Short-range exchange local-density
approximation " J. Chem. Phys. 149, 174110 (2018)
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3. Short-range LDA functional Conclusion

Conclusion

Take-home message
9 Relativity decreases the exchange energy in absolute value within high
electronic density regions.

@ Construction of a systematic approximant of a relativistic short-range
local-density approximation exchange functional.

J. Paquier, J. Toulouse, "Four-component relativistic range-separated density-functional theory: Short-range exchange local-density
approximation " J. Chem. Phys. 149, 174110 (2018)

@ Implementation of a four-component range-separated scheme in order to
test our functional on real systems.

@ Extension to a relativistic short-range correlation functional.
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3. Short-range LDA functional Conclusion

Comparison between QED, Coulomb-Gaunt and

Coulomb-Breit full-range exchange energies per particle

£y (Hartree)
o

20 |
——— Non-relativistic
=25 | —— Relativistic QED
—— Relativistic CG
—— Relativistic CB
-30 | ) . ) ) ]
0 50 100 150 200 250 300

kg (bohr™")

A. K. Rajagopal, "Inhomogeneous relativistic electron gas”, J. Phys. C : Solid State Physics, 1978.
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3. Short-range LDA functional Conclusion

Comparison between Coulomb-Gaunt and Coulomb-Breit

short-range exchange energies per particle

KF=1 (bohr™")

-0.1 |
@
g
5 015}
<
td
“© 02}
-0.25 1 Non-relativistic short-range
----------- Relativistic CG Pade expansion short-range
L0.3 f e Relativistic CB Pade expansion short-range
0 0.5 1 1.5 2 25 3

Scaled parameter WkF
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3. Short-range LDA functional Conclusion

Comparison between Coulomb-Gaunt and Coulomb-Breit

short-range exchange energies per particle

KF=137 (bohr™)

€, (Hartree)
N
o

-35 Non-relativistic short-range
Relativistic CG Pade expansion short-range
-40 Relativistic CB Pade expansion short-range
0 0.5 1 1.5 2 2.5 3

Scaled parameter p/kF
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3. Short-range LDA functional

Comparison between Coulomb-Gaunt and Coulomb-Breit

short-range exchange energies per particle

€, (Hartree)

-20 |

-30 |

.40

-50 |

-60

=70

KF=274 (bohr™)

Non-relativistic short-range
Relativistic CG Pade expansion short-range
Relativistic CB Pade expansion short-range

0 0.5

1 1.5 2 25
Scaled parameter p/kF

Conclusion
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Thank you for your attention.
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