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Quantum stabilization  



  

Classical Quantum

BEC analog:
Classical or mean-field limit = 

Gross-Pitaevskii equation

BEC analog:
Mean field + Gaussian fluctuations 

= GP+LHY

Classical vacuum
Bogoliubov vacuum



  

Classical Quantum

BEC analog:
collapse 

BEC analog:
collapse :(

Can there be a classically unstable system,
yet stable when quantum mechanics is “switched on” ?



  

Quantum stabilization idea

U (x , y )=−α x2
+
ω2(x)

2
y2

x

y

Stable for sufficiently fast growing    
     ω(x)

Classically unstable degree of 
freedom stabilized by quantum 
fluctuations in another degree of 
freedom!

BEC analog:

quantum droplet!  
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GAS requires trapping or collapses
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E /N∝g2n+gα+1n
α , α>1



  

E /N∝an+L3 α−2nα , α>1

Dilute = simultaneously small       and large
and prefer small  

La

3-body   

The gas should remain dilute, otherwise short lifetime! 

n0∼
1

L3 (
a
L
)

1
α−1

n

n0

E /N

α

(α=2) Lee-Huang-Yang   (α=3/2)

Resonant (Efimov) 
3-body force 
(Bulgac'02)

lossy :(

Non-resonant 
3-body force 
(DP'14)

• Beyond-mean-field QUANTUM MECHANISM!

•Realized with dipoles Dy (Stuttgart), Er 
(Innsbruck) and bosonic mixtures K (Barcelona, 
Florence)

Lots of ``beyond-mean-field prospects''! 



  

LHY mechanism



  

For spinless BEC:

∝g2
5 /2n5 /2

E
Volume

=
g2n

2

2 (1+128
15 √ na

3

π +... )

Lee-Huang-Yang correction

LHY correction is UNIVERSAL (depends only on the scattering 
length) and QUANTUM (zero-point energy of Bogoliubov phonons)!

Observed in ultracold gases where the scattering 
length is tunable by using Feshbach resonances 
(Innsbruck, MIT, ENS, JILA, Rice)

Unfortunately, the effect is perturbative and the LHY 
term is smaller than the mean-field one!

Navon et al.'11



  

Bose-Bose mixture, mean field

Mean-field energy density:
EMF

Volume
=
g11n1

2+g22n2
2+2 g12 n1n2

2

g11>0, g22>0, and g12
2 <g11g22

mean-field stability

g12>√g11 g22

g12<−√g11g22

g12

collapse

phase separation



  

39K: |F=1,m
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39K: |F=1,m
F
=0> and |F=1,m

F
=-1>

a
aBohr

B [G ]

a11

Data from A. Simoni

a22

a12

a12=−√a11a22



  

LHY correction

E
Volume

=
g11n1

2+g22n2
2+2 g12n1n2

2
+

1
2∑±

∑
k

[E±(k )−k
2/2−c±

2 ]=

E±(k )=√c±2 k2+k4 /4 ; c±
2 =
g11n1+g22n2±√(g11n1−g22n2)

2+4 g12
2 n1n2

2

Bogoliubov theory

=
g11n1

2+g22n2
2+2 g12n1n2

2
+

8

15π2
(c+

5 +c−
5 )

In contrast to one-component case, MF and LHY depend on 
(different) combinations of

(Larsen'63)MF∝g n2 LHY∝(gn)5/2

gσσ ' nσ

 ...and, thus, can be independently controlled!



  

LHY correction

δ g=g12+√g11 g22

g12

E
Volume

=
g11n1

2+g22n2
2+2 g12n1n2

2
+

8

15π2

m4

ℏ3
(c+

5 +c−
5 )+...

E±(k )

k

c+ k

c− k

k

c+ k

c− k

g12>√g11 g22

g12<−√g11g22 collapse

phase separation

E±(k )



  

E
Volume

=A1×δ g×n2+A2×(m /ℏ2)3 /2(gn)5 /2

Gas exists in equilibrium with 
vacuum. Saturation density

Quantum stabilization

The mean-field term “locks” the ratio

Softening of lower Bog. mode

only the ``hard'' + branch contributes to the LHY term

The structure of the energy-density functional:         

n2

n1

=√ g11

g22

δ g=g12+√g11 g22≪√g11g22=g

c−≪c+∝√gn /m

n

n0δ g<0 n0∝
1

a3 ( δ gg )
2

Density is tunable by modifying interaction parameters!



  

Modified Gross-
Pitaevskii equation 

cubic-quartic 
nonlinearities

Rescaling r⃗=ξ~⃗r , t=τ~t , N=n ξ3~N , where ξ∝1/√m|δ g|n , τ∝1/|δ g|n

Gross-Pitaevskii eq., droplet shape

i∂~t ϕ=(−∇~⃗r
2/2−3|ϕ|2+5|ϕ|3 /2−~μ)ϕ

~N=∫|ϕ|
2d3~r

~N=18.65

~N=30

~N=500

~N=3000



  

Reality

(Cabrera et al'18)  (Cheiney et al'18) 

Observation of droplets

(Semeghini et al'18)

Bright soliton to droplet transition

Increasing     by 10 decreases          by 2.5 

The main problem so far is the 
three-body recombination!

ν3∝δ g4

N c∝∣δ g∣−5 /2

1
τ ∝∣δ g∣

3

ν3 τN



  

Bogoliubov-de Gennes eqs., excitations

linearize i∂~t ϕ=(−∇~⃗r
2/2−3|ϕ|2+5|ϕ|3 /2−~μ)ϕ with respect to small δϕ(~t ,~⃗r )

ϕ(~t ,~⃗r )=ϕ0(
~r )+δϕ(~t ,~⃗r )

co
ntin

uum

disc
rete

Surface modes



  

Zero-temperature object

No discrete modes → the droplet evaporates itself to zero T!
(by contrast, 4He droplets always have discrete modes)

Macroscopic zero-temperature object:
- is interesting by itself
- can be used for sympathetic cooling of other systems



  

LHY depends on ...

E
Volume

=
g11n1

2+g22n2
2+2 g12n1n2

2
+

1
2∑±

∑
k

[E±(k )−k
2/2−c±

2 ]=

number of components

 ...and life becomes harder more interesting in the inhomogeneous case
particularly if LDA is not valid

density of states (dimension)

shape of the Bogoliubov spectrum 
(anisotropy of the interaction, 

driving the mixture, etc.)



  

Bose-Bose mixture vs Dy/Er

“soft” mode

“stiff” direction“stiff” mode

“soft” direction

Bose-Bose mixture  dipolar Bose gas  

LHY=
8

15π
2

m4

ℏ
3 (c+

5
+c−

5
) LHY=

8

15π
2

m4

ℏ
3 〈c5

( k̂ )〉 k̂

(Larsen'63) (Lima&Pelster'11)



  

Low-dimensional case



  

Bogoliubov theory – ``Mean field + LHY'' (DP, Astrakharchik'16)

E
Volume

=
g11n1

2+g22n2
2+2g12n1n2

2
+

1
2∑±

∑
k

[E±(k )−k
2/2−c±

2 ]

Dimension enters here!



  

Bogoliubov theory – ``Mean field + LHY''

E3D

Volume
=

1
2
∑

σ σ '
gσσ ' nσ nσ '+

8

15 π
2∑±

c±
5

∼ δ gn2
+(gn)5/23D:

E2D

Surface
=

1
2
∑

σσ '
gσ σ 'nσnσ '+

1
8π

∑
±
c±

4 ln
c±

2 √e

κ
2 ∼ g2n2 ln

n
n0

2D:

gσσ '=2π/ ln (2 e−γ
/aσσ ' κ)≪1

E1D

Length
=

1
2
∑

σ σ '
gσσ 'nσnσ '−

2
3π

∑
±
c±

3
∼ δ gn2

−(gn)3/21D:

√n g3≪1

√g /n≪1 !

(DP, Astrakharchik'16)



  

2D symmetric case

E2D

Surface
=

8πn2

ln2
(a↑↓/a)

[ ln (n/n0)−1 ]a↑↑=a↓↓=a n↑=n↓=n

where n0=
e−2γ−3/2

2π

ln (a↑↓/a)
aa↑↓



  

1D symmetric case

E1D

Length
=δ gn2

−
4 √2
3π

(gn)3 /2g↑↑=g↓↓=g n↑=n↓=n

Minimum for           at n0=
8 g3

9π2δ g2δ g>0



  

Connection between LHY and three-body force



  

E +(k)=√(k2/2)(k2/2+2gn)

Symmetric case close to collapse 

(Goldstein&Meystre'97)

 Renormalization of 
two-body interaction

g11=g22=−g12=g and n1=n2=n /2

without coupling with coupling

E−(k )=k
2/2

E +(k)=√(k2/2+Ω)(k2 /2+Ω+2gn)

E−(k )=k
2/2

LHY= 8
15π2 (gn)5 /2

= √Ω g2

2√2π

n2

2 +
3 g3

4 √2π √Ω

n3

3 ! +...

gn≪Ω

LHY= 2
π2 (gn)5/2∫0

1 √x (1−x )(x+ Ω
2gn )dx

Effective three-body 
force

k

c+ k

k 2/2

E±(k )

k

k 2/2

E±(k )

DSP and Recati, to be published... since a long time...



  

Why interesting?

Bosons + g
2
<0                        Collapse

Bosons + g
2
<0 + g

3
>0                       Free space → self-trapped droplet state Bulgac'02: 

                       

Increasing g
2
<0                     bosonic pairing Nozieres&Saint James'82

 Topological transition, not crossover! pairs repel because g
3
>0 

• Neglecting surface tension, flat density profile

• Including surface tension → surface modes

n=3∣g2∣/2 g3

      Radzihovsky et al., Romans et al., Lee&Lee'04

Pairing on a lattice with three-body constraint:

Daley et al.'09-, Ng&Yang'11, Bonnes&Wessel'12,...

 is necessary! = Pauli pressure in the BCS-BEC crossover!g3



  

Why interesting? (contd.)

Mechanical stability for g
3
 > 0

Lu et al'15

2D dipoles

Rotonized superfluid & supersolid

Phase diagram



  

Dimensions of X-dimensional coupling constants

g2∝(ℏ2/m)×lengthX−2
X-dimensional 2-body scattering 

g3∝(ℏ2/m)×length2 X−2X-dimensional 3-body scattering 

X-dimensional 3-body scattering   =  (2X)-dimensional 2-body scattering

In particular,  

• 3D:

• 2D:

• 1D:

g3∝(ℏ2/m)×length4

g3∝(ℏ2/m)×length2

g3∝(ℏ2/m)/ ln(k×length)= small parameter



  

Dimensions of X-dimensional coupling constants

g2∝(ℏ2/m)×lengthX−2
X-dimensional 2-body scattering 

g3∝(ℏ2/m)×length2 X−2X-dimensional 3-body scattering 

X-dimensional 3-body scattering   =  (2X)-dimensional 2-body scattering

In particular,  

• 3D:

• 2D:

• 1D:

g3∝(ℏ2/m)×length4

g3∝(ℏ2/m)×length2

g3∝(ℏ2/m)/ ln(k×length)= small parameter



  

Three-body problem with a
2
 and a

3

[∂ ψ/∂n]=−2ψ/a2

x

y

θ=π/3

ρ→0
ψ∝ln

ρ

a3

y

√3
2
x

(−∂2/∂ x2−∂2/∂ y2−mE)ψ(ρ)=0

(Guijarro et al.'18, Nishida'18)



  

Three-dimer interaction
Strategy: calculate tetramer and hexamer energies

without three-dimer interaction they should differ by 4 (McGuire'64)



  

1D mixture phase diagram

gdd /∣g12∣=−0.1, 0, 0.1

gas of repulsive 
dimersattractive dimers

tetramers, 
hexamers, etc.

Liquid of dimers

(A. Pricoupenko&DP'18)



  

Three-dimer interaction
Monte-Carlo calculation of the 2- and 3-dimer problem 

(Guijarro et al.'18)

E2

E3

a3 - fitting parameter

``Bose-Bose'' case: g11=g22≈−2.2g12 a3≈0.01a12

``Fermi-Bose'' case: g11=∞ , g22≈−0.575 g12 a3≈0.03 a12

True Fermi-Bose case can be realized with quasi-1D 
40K-41K or 40K-39K mixtures!



  

Summary

Beyond-mean-field effects

3-body repulsion   Lee-Huang-Yang   

``Easily'' observable 
in 1D because of the 
logarithmic scaling

Quantum droplets in mixtures 
and in scalar dipolar gases 

Needed to stabilize supersolid 
of 2D dipoles, topological 
paired superfluid, and possibly 
other exotic phases

Main theoretical challenges:

- beyond mean field in the inhomogeneous case beyond LDA, dimensional crossover, etc.

- dynamics



  

Thank you for your attention!
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