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Introduction
o

Motivations

@ LHC data do not (yet?) manifest signals of new Physics.

@ Small deviations from theoretical predictions can provide important tests for New
Physics models.

@ Theoretical predictions have to investigate higher perturbative orders for the
comparison with experimental data.

ONNLO: several different schemes are available:

Antenna, Nested soft-collinear, ColorfulNNLO, N-jettiness, Unsubtraction, Geometric
slicing, @ -subtraction, Projection to Born,
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Introduction
@0

IR singularities cancellation

. Opk =0 —  Collinear
mp, =0 _
Ek =0 — Soft

o IR divergences from real radiation phase space and from virtual corrections.

o order-by-order cancellation in perturbation theory for a generic IR-safe
observable.

At NLO, the cancellation occurs between the following diagram sample

ex. ete™ — qg

er q € q

LO: a2 [born] NLO: c?as [real] NLO: o2as [virtual]

Real and Virtual contributions

Real contr. — implicit poles in € — unresolved radiation PS.
Virtual contr. — explicit poles ine.

hp:d=4—-2¢,¢<0 {

Chiara Signorile-Signorile Factorisation and Subtraction beyond NLO



Introduction
(o] J

Real contribution Virtual contribution

complicated phase space integration divide singularities according to their nature
1 {
4 {
counterterm completeness

The procedure is completely general and could be applied at any perturbation order.
(this talk: NLO + sketched NNLO)
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Tools: Factorisation and Subtraction
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Tools
o

Factorised virtual amplitude

A n-particle massless virtual amplitude factorises in regions according to
[9606312] [0908.3273]

Factorisation formula

pi\ 11 [ (P mi)?/(n2u?)) pi-p (pi-mi)?
An():H{ Sl ) Ha | P P

2 Jie((Bi - mi)2/n?) n? 2

i=1

where p!" = QB!, 82 =0, and n? # 0 auxiliary vector, u renormalisation scale.

@ universality
Functions’ properties: @ gauge invariance

@ all-orders definition in perturbation theory

Remarks:  Je avoids soft-collinear double counting;
n? # 0 avoids spurious collinear singularities (in practice n? =0).
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Tools
L Je]

Factorised virtual amplitude

A n-particle massless virtual amplitude factorised in regions according to
[9606312] [0908.3273]

Factorisation formula

pi\ 1o [ (e mi)?/(n202)) pi-pj (pi-ni)?
+(3)-1| o (P, 08

g Tie((Bi - mi)2/n?) p

where pf‘ = QBIH, Blz =0, and n'? # 0 auxiliary vector, u renormalisation scale.

o Collinear function: @s(p)Jq = (p,s| ¥(0)®(0, c0) |0)
@ Soft-Collinear function: J& = (0] ®g (o0, 0)®4(0, c0) |0)

o Soft function: Sn(B; - Bj) = (0] H::1 g, (00,0)]0) W\C<
H

@ Hard region: H, colour vector, finite reminder

Wilson line operator: ®, (A2, A1)

Remarks:  Je avoids soft-collinear double counting;
n? # 0 avoids spurious collinear singularities (in practice n? =0).
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Tools
o] ]

Subtraction pattern

Given a generic amplitude with n massless particle in the final state
An(pi) = AQ(pi) + AD (p) + AP (pi) + ...

An IR-safe observable X receives contribution at NLO according to

da'NLO
e Ji;n“ d®, Vi dn+ [ dPpy1 Rot1 nt1

8; = (X — X;), X; the i-particle config., V,;, = 2Re [A&O)*As,l)], Rni1 = |AEE&1‘2.
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Tools
o] ]

Subtraction pattern

Given a generic amplitude with n massless particle in the final state

An(pi) = AD(pi) + AR (i) + A (p1) +

An IR-safe observable X receives contribution at NLO according to

da'NLO
e Jm; d®, Vi dn+ [ dPpy1 Rot1 nt1

8; = (X — X;), X; the i-particle config., V,;, = 2Re [A&O)*As,l)], ntl = |An+1‘

Subtraction idea

make the real contribution finite before performing the PS integration by adding and
subtracting a counterterm. [1806.09570]
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Tools
o] ]

Subtraction pattern

Given a generic amplitude with n massless particle in the final state

An(pi) = AD(pi) + AD (p1) + AL (pi) + ...

An IR-safe observable X receives contribution at NLO according to

da'NLO
e Ji;n“ d®, Vi dn+ [ dPpy1 Rot1 nt1

8; = (X — X;), X; the i-particle config., V,;, = 2Re [A&O)*As,l)], Rni1 = |AEE&1‘2.

Subtraction idea

make the real contribution finite before performing the PS integration by adding and
subtracting a counterterm. [1806.09570]

v

Counterterms and Subtraction at NLO

i o~ NLO
same singular limits as the real dog /
: = | ®p1Knr1, Ih= [ dPrag Koy

analytically integrable in d dim dX
doNLO
dX = dq)n |:Vn + Ini| 5,1 + d¢n+1 |:Rn+1 5,—,+1 - K,H,l 6,—,:|
finite in d=4 finite in d=4

A\
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NLO

Counterterms construction at NLO
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Soft radiative contribution

We model final state soft radiation at amplitude and cross-section level as

Snum(ks - kmi B1) = Gkt Ax - kmy Aml TT7, ®5,(00,0)10) = 32 ¥ (ka - - i ;)

Sn,m(kl e km; BI)EE:ZOSI(LPI)n(kl ce km; ﬂl)
= Z{N‘} <0‘ H/¢Bi(o’ OO) ‘kl, Al... /(m7 /\m> <k1, AL... km7 )\m‘ Hi‘1>,3i(oo7 0) |0>

Completeness relation

Z / d®p Snm(ky .. kmi B7) = (0] T] ®,(0, 00)[ ®,(c0,0) 0)
m=0

- 5(10(5,)+/d¢1 S (k, B;) = finite

5
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NLO
o

Collinear radiative contribution

Similarly, final-state collinear radiation at amplitude and cross-section level read

Els(P)jq,m(kl ... km; p, n) = <P, S; ki, A1; ... km, )\m| 'LZ'(O)q)n(Ov OO) ‘0>
Jqm(ke, ki pyn) = 5270 I (ka, - ki Py )

_ /ddX €737 ., (01 @a(00, )0 (x) Ip, 5 ks i) Py i ki Mg  B(0)@n(0,00) [0)

where Jg 0 is the virtual function, with jso) =1, and I* = plf‘ + E:ﬂ k/.” the total
momentum flowing in the final state.

Completeness relation

Z/d«bmﬂ Jg.m(k; 1, p,n) = Disc[/ddxe”'x (0] D5 (00, x)1p(x)%(0)PA(0, 00) |0)
m=0

- JY,p, n)+/d¢1 JO(k; 1, p, n) = finite

’ = finite
[
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Counterterms at NLO

Factorisation — virtual contribution decomposed in functions

Vo = 1O (p1) S0 H (p1) + 327 [40(0) — I2 0(80)] [ AP (1) |

Completeness — virtual functions linked to real functions
S, p,n)+ /d<|>1 JQ (ki 1, p, n) = finite ,

)

= Starting from the virtual structure we can identify real emission counterterms
though the completeness relations, such that

Vi +/¢radKn+1 — finite

Counterterm list at NLO
s HE,O)T(PI) 5,(1(’)]). Hf,O)(Pi)

n+1

Kos1 =, I (ki 1, pi, i) }Ago)(Pl-upi—l,/, Pit1---Pn)

2

n 0 0 2
1= J,-(’E),l(ki; I, pi, ni) |‘AEI p1...pio1, ], pis1 - ~-Pn)|
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Counterterms at NNLO
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NNLO Subtraction pattern

ONNLO:

@ more configurations contribute

do’NNLO

X = /d¢n vV, 5n(X) +/d¢n+1 RVpi1 (5,,+1(X) +/d¢n+2 RRn+2 5,,+2(X)

@ more counterterms to add and subtract

/d¢n+1 K®RV) 5, - K®RV) 5 same 1-unr. singularities as RV

dd,io KD On+l - KO~ same 1-unr. singularities as RR

do +2 K“z) + K )) 5o 0 K1 4+ K® 5 same 2-unr. singularities as RR.
[1-unr.(2-unr.), pure 2-unr.]

and integrate in the radiative phase space

10 = / dPpa; KO, 112 = / dPrag g K12 1RY) = / dPeag KEV)
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NNLO
@000

Subtraction pattern at NNLO

dU'NNLO .
— = /d¢,, [ W, + 1) 4 /<RV>} Sn
—_———
finite in d=4 and in ¢,
+/d¢n+1 [ (RVHJrl + /(1)) Sl — (K(Rv) _ ,(12)) 5n]
N— —
finite in d=4, singular in ®,, finite in d=4, singular in ®,

finite in d=4 and in &,

+/d¢”+2 |:RRH+2 6n+2 - K(1)6n+1 — (K(12) 4 K(Z) )5,1}

finite in d=4 and in ®,,>
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NNLO counterterms for the purely soft co

Factorisation @NNLO — pure soft contribution

W, = (W)%) + (vv)®

soft
HOTSEHD + (HD T8 HY +he)

Completeness — virtual functions linked to real functions

5f3(ﬂ,—)+/d¢1 sﬁf}(k,ﬂi)+/d¢2 SO (ke ko, B) = finite

5,(,?3(5,-)+/d¢1 SO (k, B;) = finite

— from the virtual structure we can identify real emission soft counterterms
according to their kinematics

Purely Soft counterterms at NNLO

1 0)t (0 0
K,(1+s2) = IHSHRI 5:(1+)1,1 HE1+)1

2 0)f (0 0
Kz = 0 50,

KED = 4D 150 21O 1 (0T 5O 1® 4 he)
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NNLO counterterms for the purely collin ribution: single leg

Factorisation @NNLO — pure hard-collinear contribution, 2-particle, one hard leg
2 2 1 2
= |:Ji(,0)_Ji(,E)O ,(E)o< ,(o) mo)}’A

Completeness — virtual functions linked to real functions

JE + / doy JY / ddy J) = finite

[J}QO + / do; J 31} [J,.(}g — W+ / doy (U ~ J,.(OE{I)} = finite

= from the virtual structure we can identify some real emission hard-collinear
counterterms

Purely hard-coll counterterms at NNLO for 2 particles from the same leg

K,(,ih;), _ [J;(,Oz) _ J,-(,OE),z _ -’,'(,OE),1 (JI_(’OI) - ,,5,1)} ‘A |

vV,

2hc,i

1h 0
K,(1+2C,)i = |:Ji(,1) ,,5,1} {‘An+1}

n+1,i

RV, h 1 1 1 0 0 0) (0
R = [0 0 — 90— 0 A 428, 40 ] A
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Complete list of counterterms

2s 0)t <(0 0
Kz = 30 50,

1,5) _ ,,(0)1 <(0) 0
Kips) = Hl S MY
KEY9) — 301 5O 14D 1 1D SO, 20 4 #1OT s, 14
2h 0 0 0 0 0 0)|2
K0 = [ = 402 = 0, (4= A2, )] [
1, he 0 0 0) |2
K,(1+2, i) = (J,(f - Jé31) !AEHL‘
RV, h 1 1 1) ,(0 1 0 1 0 0) |2
R = [ = ) = ) = 82,0 2,00 1] A9
2hc) _ (4(0) (0 0 0 0)|2
Kr(7+2c,)u - (J/( 1 JE,)/ 1) (Jj(:{ - Jéj 1) |'A$’)
(RV, he) _ (1) (1) (0) (0) (0)]2
Koy = [(40 = J00) (47 = Je)0) + (i 0) ]| AG

1 n
RV, 1hc, 1s) _ 1 1 0) 1 <(0 0 0 0 0) 1 (1 0
K (8 0 SO 5 (19— 0 )
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Outlook

Some work is done:

o Important information has been derived from the factorisation approach.

@ General all-orders definition of soft and/or collinear counterterms has been
proposed.

o Existing results at NLO are reproduced and systematised.

o New strategy of tracing the real emission counterterms starting from virtual poles.

a lot of work remains to be done:

o detailed analytic subtraction algorithm is under way

@ higher orders investigation
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backup

Practical implementation of the Subtraction method 1/2

Ingredients:

o partition of the phase space ®,,1 with sector functions Wj; (o

- minimum amount of singularities
- sum to unity

Wy = %eZWu_l Sy Wi=1, €5y Wep=1
K,k

iJj#i J#i a,bEperm(ij)

=:5)

o momentum mapping: {ki,...,knt1} — {ki,..., kn}
- phase space factorisation d®,,1 = d®, d®,.q
- n on-shell particles conserving momentum.

o singular structure of R in sector ij [9908523]
R({k}) = —Nzcs Bea({k}/)

ki
— M T kL
elkonal kernel

R({k}) :Nsij PE (siy5ir) B (k)74 K)
1 H—/

S;R= leading in R (ki* —0)
C

AP splitting kernel = leading in R (ki N 0)

Sjr
SICHR((K)) = 207 Gy bgg 2 B({K})
ij Si

Chiara Signorile-Signorile
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backup

Practical implementation of the Subtraction method 2/2

The local counterterm in the barred kinematic

R,‘j = (§, +Eij — §[EU)RW,’J‘

-1 .
- K= ZRU = Z (gr'R) [g, ZWU} + Z (CUR) [EJ(WU Jer')]
i JjFi i J#i ij>i
= (SiCiR) [ siciwy) |
i \_2:_/
= Zg,’R-‘r Zéij(l —§,’ —§j)R

ij>i

The integrated counterterm I,({k}) = f d®.g Kyt
@ exact in €
@ same pole as the virtual contribution

o finite parts checked
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backup
Collinear structure at amplitude-level @NNLO

The collinear region arises from the quotient between the collinear and the eikonal
functions

B 1 5 [t
+ > Mz)(m n) - 728, n)}

w30 [90nm = 3 m] [5G - 7))

i, j>i

> a0 [ ) - I 5 m)]

i

Pure hard-collinear content:

L7 L7 (-7
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backup

Collinear splitting at NLO

LR R R

Single-radiative jet function at the lowest perturbative order in the coupling constant

T 2
ZJq, (kil, p,n) = 4( )CF(w)"zSd(/fpfk) [/wm“/+k’_n(/¢p+pﬁl)]

= Sudakov parametrisation for momenta p* and k*
pt =z +0O(), kW= (1-2)"+0(), n =0.

—> Leading behaviour in the /| — 0 limit

8mas C
ZJ,1<k/p, n) = =t @06l (- p - k)

2
Ltz _6(1_2):| )
—Z

The leading order unpolarised DGLAP splitting function Pg_;qg.
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