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Overview

¢ Introduction: The Euler-Heisenberg Lagrangian



The Euler-Heisenberg Lagrangian 1

s Maxwell Theory:

(Classical Maxwell’s Superposition No interactions
Lagrangian ——> equations in [ D between
1 vacuum principle electromagnetic waves
['Maa:'well - _ZFPJVFPJV
s Dirac’s Theory:
ee’ pairs Electrodynamics 2 waves can interact
created in the EESSEEEE) | becomes non-linear | FEEEEEE) indirectly
vacuum even in vacuum

« Consequences of Dirac’s Theory of the Positron », W. Heisenberg & H. Fuler (1936)

+» Estimation of non-linear interactions among photons induced by an electron
loop in a constant electromagnetic field

8 2 1A /O Dim-8 operators
. 4 0>
Effective Lagrangian: Lry = —F + E ( ) ]:2 ;5 ( )W

Maxwell -+ Corrections

1 1 1
where F = ZFWFW = §(B2 - EZ) and g= ge“”)‘pFWFAP —E-B



The Euler-Heisenberg Lagrangian

¢ In modern language = archetype of an Effective Field Theory (EFT)

U(1) U(1)
Diagrammatic
approach: | Low energy EFT
U(1) Light-by-light U(1)
scattering

Purpose of the paper:

* Generalize the Euler-Heisenberg result for photons to the gauge bosons of an
arbitrary gauge group

« [Effective interactions induced by loops of heavy fields in generic representations
and of spin 0, %2 or 1
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*¢* Photon effective interactions



Photon effective interactions

s QED generating functional:

Zoep [J*,n,m] = /DA“D@DDE expi/dx(EQED—Fﬁw—l-En—FJ“Au) ,

¢ Integrate out the fermion field

1
Zgep [J*,0,0] :/DA” expi/da:{—élFWF””—l—J“Aﬂ} x det(ilp) —m)

E/DA“ expi/da:(ﬁeff—l—J”AM)

1
-2 QED effective Lagrangian:  Lefs = _ZFWFW —iTr In(il) — m)
Perturbative 1/m expansion:
1 = e 1 " A8 onerators:
opr = ——F,  FH . g Up to dim-8 operators:
Cosg = =P +i3 7 (5 )
L=

J

Y R
Tower of one-loop m@\m O
1PI diagrams %

(a) (b)

Y

A



Photon effective interactions

% Most general basis up to O(m™?) :

2

e 2 2

1 v
I e

uv
4{1—|—a04 }FWF +a25'7r 2m?
4 4

€ v\2
+74,1W(FMVFM) +’Y426' 2

Lepy = O*F,, 000, F*”

1 FuwF")? + O(m™°)

s Matching this effective Lagrangian to QED:

!
AUV|m—>oo = Agpr (Wilson Coeffs)

What it a scalar or a vector circulates in the loop?

** Scalar case:

Scalar one-loop 1PI amplitudes generating the QED effective action up to dim-8 operators
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Photon effective interactions 5

s Vector case: Integrating out vectors is far more challenging!

—> Problem: the gauge fixing procedure

e In ‘t Hooft Feynman gauge: Violates QED Ward identities when photons are off-shell!

4-photons amplitude matches onto effective operators only for on-shell photons
9

 In linear Ry gauge: gfetinear 1

gauge— fizing — é— |8MWJ— + SMW¢+|2 —_—

 In unitary gauge:

fUnitary = —%(DMW,T — D,W})(DFW ™ — DYWH) + ie PP W W, + MEWHW# —
* Solution — 5 Use a non-linear gauge F. Boudjema, Phys. Lett. B 187 (1957) 362
o" — DV
i 1 _
qnon linear  __ ——|(8“—|—ZI€€AM)W;—|—€Mng+|2

gauge— fixing ~— f



Photon effective interactions

U(1) U(1)
”L% ﬁﬂf
U(1) Hﬁf %LLHU1

s Effective Lagrangian:

1 e2 e? 2
Lefr = ~1 {1 taog s }F,WF +ar——5—3 5'7r2 o 50" Fu 0, FP + ay -, o F,,000,F*"
s P+ s (s PP+ O(m ™)
s Matching QED at low energy to the EFT for each case:
Qo (0% o7} V4,1 V4,2
1 1 3 7 1
~D.Q>? _ 102 2 N2 T4 L4
Scalar o D=C 9 %Y RV R
Fermion 2D.Q? —Q? 3Q2 [ %Q4 gQ4 ] Euler-Heisenberg
21D, +2 ., 37 ., 159 , 261 , 243
Vector ;¢ 3¢ 69 Y Y
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s Gluon effective interactions



Gluon effective interactions

s Construct the EFT by integrating out a heavy fermion:

Lot = —SG® G™™ _ iTr n(il) —m)

4 K

_ _ (e oapv oo - iT T
4G“’”G +Zn§1 n \id— m$
L

J

Y
T()V\(l of one-loop

1PI diagrams
Up to dim-8 operators:

==

Do not vanish

Y

'
<
<

A

nature of QCD = basis quite different from the QED case

D,G4, = (8,6% + gf*°Gb)GS,,

» It blurs the relationship between number of gluon fields and inverse mass dimension

» 3-gluons amplitude forbidden kinematically = necessarily off-shell

» 3-gluons and 4-gluons divergences renormalize the same operator



Gluon effective interactions

Y

(@)
WC}&OM | S

s Effective Lagrangian:

A

2
o+2) 1 ds v
Seff __4_1 {1—I—aom}GZVGau
g?@ g?? 2
vV ya a, veya a,
a3 B DY GL, DG 4 au 55— DY G, DD, G




Gluon effective

interactions

Y

A

AN
s Effective Lagrangian:
/(04‘2) 1 gS a a,uv
Lers 4{1—|—oz 041y }GWG z
g?? 9?9 2
+ a5t 8 5 DY G, DG + au 52— DY G, DD, G
a®) 95 sab b
eff ,82 . 2 fa cGa I/G ch,u,

K +/8416| : 4fachap,VDaGb D'BGCIB+/B42

abcya,uv Myo b B e
6,24f Gan DGt DGy




Gluon effective

interactions

Y

A

s Effective Lagrangian:

No E.O.M used to
reduce the basis

/2(04-2)

abcya,uv b B
/G DG D G

(e )
g%’ voa a g%’ voa 2 a
+an g5 DYGY,D,GH + g DYGY, DD, G
a®) 93 sabegya v b p e
Lefr = 525|2 2 [GLIG PG
e 0o pabeoi DG, DGy + By

K + V4,5

4

o 2 4fabefcdeGa Go [I.I/Gb Gd po + Ya.6

4 4
(4) _ a a,uv b b,po a a,uv b Ab,po
£eff_7416| 2 4G/wG MGG +7426| 2 4G/WG MGG
4 4
_|_,y436' £ 4GZVGb,uVGa GbPU—F’)’ 44 Qo Gb;u/Ga Gbpa

6[24/“/

4

6[24

fabefcdeGa Gc [U/Gb Gdy




Gluon effective interactions

% For fermions and scalars circulating in the loop = rather straightforward
- Computation done using the SM and MSSM FeynArts models

- Quarks or squarks in the fundamental representation as representative particles

¢ Vectors in the loop =2 calculation far more challenging!

1. We need a consistent model with a massive vector field in the fundamental

representation of QCD
2. Unitary gauge does not work!

» Need to generalize the non-linear gauge to preserve QCD symmetry otherwise 1PI

off-shell amplitudes cannot be matched onto gauge invariant operators

» We used a custom minimal SU(5) GUT model quantized using a non-linear gauge

1 1
Lot = —g| DM X" — €My Hy' | — ZIDMY, 7 — i Mxy HY [P + ...

» Non-linear gauge drastically reduce the number of diagrams to compute (4-gluons
diagrams: 207 = 84)



Gluon effective interactions

10

SU(3) SU(3)
QQQQQQQ 9999999
w9555 ey

SU(3) SU(3)

s Matching the EFT to QCD:

J. Quevillon, C. Smith and S.T, Phys.Rev. D99 (2019) no.1, 013003

o Qo oy B2 Ba1  Bag
* Off-shell gluons ] ] 3 ] ]
- Some Wilson coefficients Scalar 1P %6 112 a8 28
are gauge dependent . 1 9 1 1 3
gaug b Fermion D, —3 28 ~51 1 ~1
21D, + 2 37 159 1 3
« For a physical 4-gluons process Vvector —— % 112 16 2 S
- Gauge dependent parts V4,1 Ya2 Y43 V44 V45 VA6
cancels! Sealar 7 1 7 1 1 1
768 768 384 384 96 672
Checked for gluon-gluon Ferm 1 7 1 7 1 19
ermion — — — — — —
scattering 48 192 24 96 96 672
Vector ﬂ 81 87 81 —i —2—7
256 256 128 128 32 224
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SU(N) effective interactions I

s Extend the QCD case to arbitrary representations of other Lie groups

Tr over the fundamental generators of Tr over generators in some generic rep. R of
SU(3) SU(N)
Wilson coeffs for SU(3) normalization Wilson coeffs for SU(N)
SU(N) QQQOMC:}O&@M suy  oc Tr(TETE) =(Ix(R)6
SU(N)
. b
SU(N) X Tr(Tﬁ[Tﬁ, Tr|) = il2(R)f*°
SU(N)
SU(N)
2, N pMebed = O My 4 O8O M + O M;
i Cybed = To(TETRTETE) + Tr(TATSTATR)
@99999 Cgbed = Tr(TRTRTSTE) + Tr(TRTATSTR)
SU(N) SU(N) Cgted = Tr(TRTR TR TR) + Tr(TRTR TR TR)



SU(N) effective interactions 12

1/m expansion of M®*

@ At O(m®) and O(m™2): only 2 independent combinations of Tr
expressed in terms of I3(R)

Dabcd — 2Cabcd Cabcd Cabcd =1 (R)( facefbde . fadefbce) :
ngcd — 2Cabcd Cabcd Cabcd — (R)( fadefbce facefbde) :
ngcd — 2Cabcd Cabcd Cgde — 12 (R)(_fadefbce . facefbde) — _Dtlzbcd . ngcd

< At O(m™*) : Di"bQC 3 | induce operators tuned by V4,5 and 74,6
The rest is proportional to the fully symmetrized Tr
Dabcd Cabcd 4+ Cabcd Cabcd — —S TI‘(TRTRTRTR)
— 6[4(R) dabcd + 6. 5ab50d + 5a05bd + 5ad5b0)

4
Sg})f V4, _J5 _@qe Qe /,Ll/Gb Gb po _J5 e Ga /,Ll/Gb Gb po

6' 2 4 224 6' 2 4 uv
Need to extend the
basis

4
V4,3 6l 2 mA GZVGb #VGG Gb po 4 44 o 2 — GZVGb lLl/Ga Gb po
+6| 2 — fabefcdeGa G© ,lLl/Gb Gdro o 2 - fabefcdeGa Ge ,ube (rd,po

4
+ 4, T elm2mA 23 4dadeGa G ’“’GC GLPo 4, e dabcha Gb ;ch Gdipo




SU(N) effective interactions E

¢ Wilson coefficients of the effective operators for SU(N) gauge bosons
J. Quevillon, C. Smith and S.T, Phys.Rev. D99 (2019) no.1, 013003

7y} Qs Oy B2 ﬁ4,1 ﬁ4,2
Scal 1I R)D 1I R 3I R iI R —iI R 0
Calar 2 2( ) € _8 2( ) 56 2( ) 24 2( ) 14 2( )
. 9 1 1 3
Fermion 2I,(R)D, —I>(R) —I(R) ——I(R) —I2(R) ——I(R)
14 12 7 2
21D, + 2 37 159 1 3
Va1 = Ya,3/2 Va2 = Ya,4/2 V4,5 V4,6 V4,7 V4,8
Scal TAR) i) ‘towm Ltowm LfLnm  iunm)
catat 32 32 4872 336 2 327 327
. 1 7 1 19 1 7
Fermion §A(R) §A(R) Eb(R) 336 2(R) 5[4(R) §I4(R)
261 243 3 27 261 243
Vector 3—2A(R) ED) (R) —Efz(R) 112 2(R) 3—214(R) 3—214(R)
4 R
V4,1 = 74,3 No matter the rep. R or
% spin in the loop
V4,2 = 5’74,4




SU(N), SO(N) effective interactions ™

s Reduction to SM gauge groups:

SU(N) effective action

B (8 operators)
S
s
\'}Q\/ z
e e
N
QXQ’QO (\\b;\ fabefcde - eabe&.cde — 5ac5bd _ 5ad5bc
Q
™
SU(3)
effective action SU(2) effective action
(6 operators) (4 operators)
! L. @ N
£ sy, = (74,(?':22?)_9 (W, W2 4 LM’;;ET—)Q (W, W) Les(UMa € SUN)) =
. 44,1 t7445)9 W3 e ’“’W+W o 4(ya2 ‘27446)9 W3 e ’“’W*W 0
6!mim 6!m2m
4 4 - .
¥ 7%3%2;445) W3, W 7“4; 80 gy v
2(2y41 + Y43 +14,5)9" v 2(744 Y46)9" 1ot b
! 6ln2m? (W W) + =g o W WP
2(74,3 _74,5)94 + 17+, uv|2 <2'74,2 + Va4 +74,6)g4 + 77—, 1\ 2
* 6lr2ms Wi, WHH P+ 6lm2m? <WWW ")

(Y41 + Va3 +

+ (74,2 + 72,4 + d¥* ¥ y48)

U(1)e C SU(N)

U(1) effective action
(2 operators)
4
daaaa,_y4 7)6' 5 4GZ[VGQ ,uI/Goz Ga PO

o 2 4G3VGQ uuGa Ga ,pO

- Euler-Heisenberg

operators



SU(N) effective interactions £

1
1S TH(TRTRTRTR) = 613 (R)A™* + 6A(R)(5°5°" + 676" + 6°45")
S. Okubo, J. Math. Phys 23 (1952) 8

(AWAJEKRJ__EKAJ) I>(R)

For SU(2) and SU(3), dabed=0 AR) = N(R) 6 )2+N(A)

¢ Evolution of A(R) as a function of the dimension N(R) for SU(2) and SU(3)

J. Quevillon, C. Smith and S.T, Phys.Rev. D99 (2019) no.1, 013003

0% SU(2) P 0tk SU)
1000 ol 1000k : . ——
- o’ E a ! s o o 125
100§ ) 100F 5 ¢, " e
AR) | . 1 AR) [ 15 ..
( )10? " . ( )10510' =
: 32, : s ;
1? le 3 156008 EH ?
e EH ; B GG L LEL LR ELLRRLL R e ]
[ ] 0.1 ]
01 12| 43
C1 " 1 1 1 ] 0.01 1 | 1 1 1 1 1
0 5 10 15 20 0 20 40 60 80 100 120 140
N(R) NR)
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s Mixed effective interactions



Mixed effective interactions 16

n,

A Y A Y

939

2.2
: : v ya a,po 919n [UY Ya  AYa,p0
% Effective Lagrangian: 3,00 @SUWN)) = o g 5" Fu PP G G™7 + ang 1 Fu 1 G, G0
9ign
6!7r2m4F“

3 3 5 5
+ 131 6'97:57;;4 dachuyGa,pVGZaGc,pa + 132 6'97:57;;4 dachuyGa,puGZaGc,po

s 1PI diagrams: %

\

Y

<
<

o
<

(a) (b)

2.2 5 5
VGa,,uqua_Ga,pa'_l_a4 919n FﬂuGa,qupaGa,pa‘

tos 6!m2m4

2(4) SU(M SU(N)) = g72ng721 Wz Wi,,uuGa Ga,pa+ g72ng721
eff( ( ) ® ( )) - alm uv po Qa2 6lm2mA

T YA, UV G 4,0
W, W GE G

ImIn i - ImIn yri A A
mdn 7 a,UVYx7t a,po mdn 7 a,uVyxst a,po
g T W, G W, GO o+ aa T W, GORW,G

s Matching:

J. Quevillon, C. Smith and S.T, Phys.Rev. D99 (2019) no.1, 013003
a1 = a3/2 Q2 = aq/2 P B2

Scalr  LQRPL(R) S QRILR)  LQRLR) o QR)(R)

Fermion  QR1ZL(R)  TQRPLR)  QRLR)  LQR)LR)

243 261 243
Vector 22 QR1ZLR)  ZOQRLR) ) QRGR) 2 QR)I(R)




Conclusion 17

¢ Using the diagrammatic approach,
« Construction of gauge bosons effective interactions up to dimension-8 operators
* Computation of their Wilson coefficients as induced by loops of heavy particles of
spin 0, %2 or 1
¢ Photon EFT:

e Spin 0 and %2 = straightforward (recover Euler-Heisenberg result)

* Spin 1: usual procedure to construct effective action breaks down

» Quantize the SM in the non-linear gauge: matching consistent off-shell

¢ Generalization to QCD gluons, SU(N), SO(N), U(1)xSU(N) and
SU(N)xSU(M) gauge bosons and heavy particle in arbitrary representation:

» Quantization of the minimal SU(5) GUT model using a non-linear gauge
- It works as expected

/7

s At one-loop, some operators are redundant, no matter the representation or spin
of the particle circulating in the loop



Thank you for your attention |



