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What’s new?

• revisit soft gluon contributions to the "charm-loop" effect 

in rare 𝐵 → 𝐾(∗)𝑙𝑙 decays

• compute 𝐵𝑠 → 𝐾 ∗ , 𝐷𝑠
∗
, 𝜙 form factors (FFs)

• method of B-meson Light-Cone Sum Rules

including NNL twist corrections 

[Khodjamirian et al. ‘10]

1/22 



What’s new?

• revisit soft gluon contributions to the "charm-loop" effect 

in rare 𝐵 → 𝐾(∗)𝑙𝑙 decays

• compute 𝐵𝑠 → 𝐾 ∗ , 𝐷𝑠
∗
, 𝜙 form factors (FFs)

• method of B-meson Light-Cone Sum Rules

including NNL twist corrections 

• preliminary results show a smaller soft gluon contributions

to the charm-loop comparing with the previous calculation

• agreement 𝐵𝑠 → 𝐾 ∗ , 𝐷𝑠, 𝜙 FFs with the literature 

𝐵𝑠 → 𝐷𝑠
∗ FFs computed for the first time

[Khodjamirian et al. ‘10]
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[Bharrucha/Straub/Zwicky ‘15]

[Horgan et al. ‘15] [McLean et al. ‘19] [...]
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Anomalies in 𝑏 → 𝑠𝑙𝑙 2/22 

FCNC are loop, GIM and CKM suppressed in 

the SM

sensitive to new physics contributions. 

tension between experiment and SM in several 

observables: 

• lepton flavour universality ratios 𝑅
𝐾 ∗
𝜇𝑒

• angular observables 𝐵 → 𝐾∗𝜇𝜇 (𝑃5
′ , …)

• …
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FCNC are loop, GIM and CKM suppressed in 

the SM

sensitive to new physics contributions. 

tension between experiment and SM in several 

observables: 

• lepton flavour universality ratios 𝑅
𝐾 ∗
𝜇𝑒

• angular observables 𝐵 → 𝐾∗𝜇𝜇 (𝑃5
′ , …)

• …

improve theory predictions and reduce 

uncertainties

problem: non-perturbative QCD effects

(soft gluons, mesons…)

observables depends on

• local matrix elements (FFs)

𝐾 ∗ 𝑘 ҧ𝑠 Γ𝜇 𝑏 0 𝐵 𝑞 + 𝑘

• nonlocal matrix elements

(soft gluon contributions to the charm-loop)

𝐾 ∗ 𝑘 ෨𝑂𝜇 0, 𝑥 𝐵 𝑞 + 𝑘



𝑏 → 𝑠𝑙𝑙 effective Hamiltonian

transitions described by the effective Hamiltonian

main contribution to 𝐵 → 𝐾(∗)𝑙𝑙 in the SM given by local operators 𝑂7, 𝑂9, 𝑂10
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𝑏 → 𝑠𝑙𝑙 effective Hamiltonian

transitions described by the effective Hamiltonian

main contribution to 𝐵 → 𝐾(∗)𝑙𝑙 in the SM given by local operators 𝑂7, 𝑂9, 𝑂10

𝑂7 =
𝑒

16𝜋2
𝑚𝑏 ҧ𝑠𝐿𝜎

𝜇𝜈𝑏𝑅 𝐹𝜇𝜈 𝑂9 =
𝑒

16𝜋2
ҧ𝑠𝐿𝛾

𝜇𝑏𝐿 σ𝑙( ҧ𝑙𝛾𝜇𝑙) 𝑂10 =
𝑒

16𝜋2
ҧ𝑠𝐿𝛾

𝜇𝑏𝐿 σ𝑙( ҧ𝑙𝛾𝜇𝛾5𝑙)

hadronic matrix elements computed in a previous work (𝐵 → 𝐾(∗) FFs) and in this one (𝐵𝑠 → 𝜙 FFs)
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𝐻 𝑏 → 𝑠𝑙+𝑙− = −
4𝐺𝐹

2
𝑉𝑡𝑏𝑉𝑡𝑠

∗ ෍

𝑖=1

10

𝐶𝑖 𝜇 𝑂𝑖(𝜇)

𝑂7 𝑂9, 𝑂10

[NG/Kokulu/van Dyk ‘18]

𝜇 = 𝑚𝑏



Charm-loop in 𝐵 → 𝐾(∗)𝑙𝑙

additional non-local contributions come from 𝑂1 and 𝑂2 combined with the e.m. current

(charm-loop contribution)

𝑂1 = ҧ𝑠𝐿𝛾
𝜇𝑐𝐿 ҧ𝑐𝐿𝛾𝜇𝑏𝐿 𝑂2 = ҧ𝑠𝐿

𝑗
𝛾𝜇𝑐𝐿

𝑖 ҧ𝑐𝐿
𝑖𝛾𝜇𝑏𝐿

𝑗

4/22 

Ԧ𝑞

𝑂1, 𝑂2

e.m.



Charm-loop in 𝐵 → 𝐾(∗)𝑙𝑙

additional non-local contributions come from 𝑂1 and 𝑂2 combined with the e.m. current

(charm-loop contribution)

4/22 

soft gluon →

hard gluon
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QCD perturbation theory breaks down at low energies

non-perturbative techniques are needed 

to compute hadronic matrix elements

Methods to compute hadronic matrix elements

Light-cone sum rules (LCSRs)

quark-hadron duality approximation

universal B-meson matrix elements

applicable for both local and nonlocal 

matrix elements (at low q²) 

Lattice QCD

numerical evaluation of correlators in a 

finite and discrete space-time

local matrix elements (usually at high q²) 

nonlocal matrix elements still 

work in progress

5/22 



LCSRs are used to determine hadronic matrix elements

from a correlation function Π(𝑘, 𝑞)

Light-cone Sum Rules in a nutshell 1 6/22 

Π𝜇𝜈 𝑘, 𝑞 = 𝑖 නd4𝑥 𝑒𝑖𝑘𝑥 0 𝑇{ 𝐽𝑖𝑛𝑡
𝜈 (𝑥), 𝒪𝜇(0, … )} 𝐵(𝑞 + 𝑘)
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from a correlation function Π(𝑘, 𝑞)

Light-cone Sum Rules in a nutshell 1 6/22 

Π𝜇𝜈 𝑘, 𝑞 = 𝑖 නd4𝑥 𝑒𝑖𝑘𝑥 0 𝑇{ 𝐽𝑖𝑛𝑡
𝜈 (𝑥), 𝒪𝜇(0, … )} 𝐵(𝑞 + 𝑘)

for the charm-loop 𝒪𝜇 0, 𝑦 = ҧ𝑠 Γ 𝑏 0 𝐼𝜇(𝑦)

consider e.g. 𝐵 → 𝐾 ∗ transitions 

𝑲 ∗ (𝒌) 𝓞𝝁 𝟎,… 𝑩 𝒒 + 𝒌

we want to compute the matrix element

𝐽𝑖𝑛𝑡
𝜈 = ҧ𝑑𝛾𝜈(𝛾5)𝑠

for the form factors  𝒪𝜇 0,… = ҧ𝑠 Γ𝜇 𝑏 0



Light-cone Sum Rules in a nutshell 2

1

Hadronic 

representation
for positive k²

2

OPE for large 

negative k²

and small q²

two ways to compute the correlator

7/22 
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Light-cone Sum Rules in a nutshell 2

1

Hadronic 

representation
for positive k²

2

OPE for large 

negative k²

and small q²

the sum rule is obtained matching the result the two different 

calculations of Π(𝑘, 𝑞) and using semi-global quark-hadron duality

two ways to compute the correlator
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Π 𝑘, 𝑞 = 𝑖 නd4𝑥 𝑒𝑖𝑘𝑥 0 𝑇{𝐽𝑖𝑛𝑡(𝑦), ෨𝑂𝜇(0, 𝑥)} 𝐵(𝑞 + 𝑘)



for positive k²

Hadronic calculation

insert a complete set 

of hadronic states
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for positive k²

Hadronic calculation

insert a complete set 

of hadronic states

hadronic dispersion relation
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Π𝜇𝜈 𝑘, 𝑞 = 𝑖 නd4𝑥 𝑒𝑖𝑘𝑥 0 𝑇{ 𝐽𝑖𝑛𝑡
𝜈 (𝑥), 𝒪𝜇(0, … )} 𝐵(𝑞 + 𝑘)

0 𝐽𝑖𝑛𝑡
𝜈 𝐾 ∗

∝ 𝑓
𝐾 ∗

𝐾 ∗ 𝑘 𝒪𝜇(0, … ) 𝐵 𝑞 + 𝑘

𝑘2 −𝑚𝐾 ∗
+ 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑢𝑚



for large negative k² and small q², the B-meson treated in HQET

OPE calculation 9/22 

Π 𝑘2, 𝑞2 = න
0

∞

d𝑠෍

𝑛

1

𝑠 − 𝑘2 𝑛
൫𝐼𝑛 𝑠, 𝑞2 0 ҧ𝑑 𝑥 ℎ𝑣(0) 𝐵(𝑣)

+ ቁ𝐼𝑛
𝛼𝛽

𝑠, 𝑞2 0 ҧ𝑑 𝑥 𝐺𝛼𝛽 ℎ𝑣(0) 𝐵(𝑣) + …

light-cone expansion 𝒙𝟐 ≃ 𝟎, factorize hard and soft contributions

Π𝜇𝜈 𝑘, 𝑞 = 𝑖 නd4𝑥 𝑒𝑖𝑘𝑥 0 𝑇{ 𝐽𝑖𝑛𝑡
𝜈 (𝑥), 𝒪𝜇(0, … )} 𝐵(𝑞 + 𝑘)



for large negative k² and small q², the B-meson treated in HQET

OPE calculation

• compute 𝐼𝑛 from a perturbative hard scattering 

kernel

• B-to-vacuum non-local matrix element is a 

necessary non-perturbative input
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Light-cone distribution amplitudes 10/22 

express B-to-vacuum matrix elements in terms of B-meson light-cone distribution amplitudes (LCDAs)

0 ҧ𝑑 𝑥 ℎ𝑣(0) 𝐵(𝑣) = −
𝑖𝑓𝐵𝑚𝐵

4
Trන

0

∞

𝑑𝜔 𝑒𝑖𝜔 𝑣⋅𝑥 𝝓+(𝜔) + 𝑥2𝒈+(𝜔) −
𝑥𝛼𝛾

𝛼

2 𝑣 ⋅ 𝑥
𝝓+ −𝝓− (𝜔) + 𝑥2 𝒈+ − 𝒈− (𝜔)

2-particle contribution
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=
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4
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ቋ
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቉
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𝑣 ⋅ 𝑦

− 𝑖𝜖𝛼𝛽𝜎𝜌𝑦
𝜎𝑣𝜌𝛾5

෩𝑿𝑨
𝑣 ⋅ 𝑦
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𝑣 ⋅ 𝑦

− 𝑦𝛼𝑣𝛽 − 𝑦𝛽𝑣𝛼 𝑦𝜎𝛾
𝜎

𝑾

𝑣 ⋅ 𝑦 2 + 𝑦𝛼𝛾𝛽 − 𝑦𝛽𝛾𝛼 𝑦𝜎𝛾
𝜎

𝒁

𝑣 ⋅ 𝑦 2 (𝒙, 𝒖𝒚)
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𝑣 ⋅ 𝑦 2 (𝒙, 𝒖𝒚)

express B-to-vacuum matrix elements in terms of B-meson light-cone distribution amplitudes (LCDAs)

[Braun/Ji/Manashov ‘17]

0 ҧ𝑑 𝑥 ℎ𝑣(0) 𝐵(𝑣) = −
𝑖𝑓𝐵𝑚𝐵

4
Trන

0

∞

𝑑𝜔 𝑒𝑖𝜔 𝑣⋅𝑥 𝝓+(𝜔) + 𝑥2𝒈+(𝜔) −
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𝛼

2 𝑣 ⋅ 𝑥
𝝓+ −𝝓− (𝜔) + 𝑥2 𝒈+ − 𝒈− (𝜔)

2-particle contribution

3-particle contribution

new models and higher twist LCDAs triggered our revisiting of the sum rules

organize LCDAs in a twist expansion (twist = dimension – spin)

higher twists are power of Λhad/𝑚𝐵 suppressed 

[Braun/Ji/Manashov ‘17]
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∞
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𝑛,𝑡≤4
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2
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Π 𝑘2, 𝑞2 = න
0

∞

d𝑠෍

𝑛

1

𝑠 − 𝑘2 𝑛
൫𝐼𝑛 𝑠, 𝑞2 0 ҧ𝑑 𝑥 ℎ𝑣(0) 𝐵(𝑣)

+ ቁ𝐼𝑛
𝛼𝛽

𝑠, 𝑞2 0 ҧ𝑑 𝑥 𝐺𝛼𝛽 ℎ𝑣(0) 𝐵(𝑣) + …



OPE result 11/22 

Π 𝑘2, 𝑞2 = 𝑓𝐵න
0

∞
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Π 𝑘2, 𝑞2 = 𝑓𝐵න
0

∞

d𝑠෍

𝑡≤4

𝐼𝑡 𝑠, 𝑞
2

𝑠 − 𝑘2
Ψ𝑡(𝑥, 𝑢𝑦)

insert the LCDAs in the OPE

integrate by parts 

to obtain a dispersive integral

Π 𝑘2, 𝑞2 = න
0

∞

d𝑠෍
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𝛼𝛽

𝑠, 𝑞2 0 ҧ𝑑 𝑥 𝐺𝛼𝛽 ℎ𝑣(0) 𝐵(𝑣) + …



matching of the hadronic representation onto the OPE result
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s0 = effective threshold
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∞

d𝑠෍

𝑡≤4

𝐼𝑡 𝑠, 𝑞
2

𝑠 − 𝑘2
Ψ𝑡(𝑥, 𝑢𝑦)0 𝐽𝑖𝑛𝑡

𝜈 𝐾 ∗

∝ 𝑓
𝐾 ∗

𝐾 ∗ 𝑘 𝒪𝜇(0, … ) 𝐵 𝑞 + 𝑘

𝑘2 −𝑚𝐾 ∗
+ 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑢𝑚

𝐾 ∗ 𝑘 𝒪𝜇(0, … ) 𝐵 𝑞 + 𝑘

𝑘2 −𝑚𝐾 ∗
=

𝑓𝐵
𝑓𝐾 ∗

න
0

𝑠0

d𝑠෍

𝑡≤4

𝐼𝑡 𝑠, 𝑞
2

𝑠 − 𝑘2
Ψ𝑡(𝑥, 𝑢𝑦)



matching of the hadronic representation onto the OPE result

The Sum Rule

use semi-global quark-hadron duality

s0 = effective threshold
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𝑓𝐵න
0

∞

d𝑠෍

𝑡≤4

𝐼𝑡 𝑠, 𝑞
2

𝑠 − 𝑘2
Ψ𝑡(𝑥, 𝑢𝑦)0 𝐽𝑖𝑛𝑡

𝜈 𝐾 ∗

∝ 𝑓
𝐾 ∗

𝐾 ∗ 𝑘 𝒪𝜇(0, … ) 𝐵 𝑞 + 𝑘

𝑘2 −𝑚𝐾 ∗
+ 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑢𝑚

𝐾 ∗ 𝑘 𝒪𝜇(0, … ) 𝐵 𝑞 + 𝑘

𝑘2 −𝑚𝐾 ∗
=

𝑓𝐵
𝑓𝐾 ∗

න
0

𝑠0

d𝑠෍

𝑡≤4

𝐼𝑡 𝑠, 𝑞
2

𝑠 − 𝑘2
Ψ𝑡(𝑥, 𝑢𝑦)

𝐾 ∗ 𝑘 𝒪𝜇(0, … ) 𝐵 𝑞 + 𝑘 =
𝑓𝐵
𝑓𝐾 ∗

න
0

𝑠0

d𝑠 𝑒
𝑚
𝐾 ∗ −𝑠

𝑀2 ෍

𝑡≤4

𝐼𝑡 𝑠, 𝑞
2 Ψ𝑡(𝑥, 𝑢𝑦)

apply Borel transformation

Sum Rule



𝐵𝑠 → 𝐾 ∗ , 𝐷𝑠
∗
, 𝜙

form factors



Definition of the form factors

FFs parametrize exclusive local hadronic matrix elements
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𝑃 𝑘 ത𝑞1𝛾𝜇𝑏 𝐵 𝑞 + 𝑘 = 2 𝑘𝜈𝑓+ 𝑞2 + 𝑞𝜇 𝑓+ 𝑞2 + 𝑓− 𝑞2

𝑃 𝑘 ത𝑞1𝜎𝜇𝜈𝑞
𝜈𝑏 𝐵 𝑞 + 𝑘 =

𝑖𝑓𝑇 𝑞2

𝑚𝐵 +𝑚𝑃
𝑞2 2𝑘 + 𝑞 𝜇 − 𝑚𝐵

2 −𝑚𝑃
2 𝑞𝜇

FFs are functions of q² (q² is the dilepton mass squared)

3 independent B to pseudoscalar (P) FFs

7 independent B to vector (V) FFs

We consider here the final transitions 𝐵𝑠 → 𝐾,𝐷𝑠
and 𝐵𝑠 → 𝐾∗, 𝐷𝑠

∗, 𝜙



Form factors results

same analytical results as NG/Kokulu/van Dyk ‘18

results for all the 𝐵 → 𝑃, 𝑉 FFs at the q² points  

• q²={-15, -10, -5, 0} GeV² for 𝐵𝑠 → 𝐷𝑠
∗

• q²={-15, -10, -5, 0, +5} GeV² for 𝐵𝑠 → 𝐾 ∗ , 𝜙
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• 𝐵𝑠 → 𝐾∗, 𝜙 FFs computed also with light-meson LCSRs
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∗ only the FF A1 at q²max was known

the other 6 FFs are computed for the first time 
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• 𝐵𝑠 → 𝐾 ∗ , 𝐷𝑠, 𝜙 FFs lattice QCD results available

• 𝐵𝑠 → 𝐷𝑠
∗ only the FF A1 at q²max was known

the other 6 FFs are computed for the first time 
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[Bharrucha/Straub/Zwicky ‘15]

[Horgan et al. ‘15]

[McLean et al. ‘19] 

[RBC/UKQCD ‘15]

[HPQCD ‘17]

𝐵𝑠 → 𝜙𝑙𝑙 FFs BSZ2015 this work

𝐴0(𝑞
2 = 0) 0.389±0.045 0.38±0.08

𝐴1(𝑞
2 = 0) 0.296±0.027 0.31±0.08

𝐴12(𝑞
2 = 0) 0.246±0.029 0.24±0.05

𝑉(𝑞2 = 0) 0.387±0.033 0.40±0.11



Extrapolation to large q² B→ 𝜙 FFs

fit our results to the BSZ2015 parametrization to extrapolate the FFs values in the whole spectrum

fits done using both only LCSRs and LCSRs + lattice QCD

LCSR only

LCSR + Lattice

BSZ2015 (not included in the fit)

15/22 

LCSR only

LCSR + Lattice

BSZ2015 (not included in the fit)



Charm-loop effect



expand correlator near the light-cone (𝒙𝟐 ≃ 𝟎)

soft-gluon contributions to the charm-loop 16/22 

නd4𝑦 𝑒𝑖𝑘𝑦 𝐾 ∗ (𝑘) 𝑇{𝑂1,2 0 , ҧ𝑐𝛾𝜇𝑐(𝑥)} 𝐵(𝑞 + 𝑘)

expansion yields new, non-local matrix elements, to be computed



expand correlator near the light-cone (𝒙𝟐 ≃ 𝟎)

soft-gluon contributions to the charm-loop 16/22 

නd4𝑦 𝑒𝑖𝑘𝑦 𝐾 ∗ (𝑘) 𝑇{𝑂1,2 0 , ҧ𝑐𝛾𝜇𝑐(𝑥)} 𝐵(𝑞 + 𝑘)

expansion yields new, non-local matrix elements, to be computed

← soft gluon

𝐶1,2 𝐾
∗ 𝑘 ҧ𝑠 Γ𝜇 𝑏 0 𝐵 𝑞 + 𝑘 𝑔(𝑞2) 𝐶1 𝐾

∗ 𝑘 ෨𝑂𝜇 0, 𝑥 𝐵 𝑞 + 𝑘 𝐼 𝑞



compute the soft-gluon contributions to the charm-loop using LCSRs (for q²≪ 𝟒𝒎𝒄
𝟐)

Charm-loop sum rule 17/22 

Π 𝑘, 𝑞 = 𝑖 නd4𝑦 𝑒𝑖𝑘𝑦 0 𝑇{𝐽𝑖𝑛𝑡(𝑦), ෨𝑂𝜇(0, 𝑥)} 𝐵(𝑣) Ԧ𝑞

𝐾 ∗ 𝑘 ෨𝑂𝜇 0, 𝑥 𝐵 𝑞 + 𝑘 =
𝑓𝐵
𝑓𝐾 ∗

න
0

𝑠0

d𝑠 𝑒
𝑚
𝐾 ∗ −𝑠

𝑀2 ෍

𝑡=3,4

𝐼𝑡 𝑠, 𝑞
2 Ψ𝑡(𝑦, 𝑢𝑥)

෨𝑂𝜇 0, 𝑥 = 𝐼𝜇𝜌𝛼𝛽 ෤𝑞 ҧ𝑠𝐿𝛾𝜌𝑏𝐿(0) 𝐺(𝑢𝑥)

𝐽𝑖𝑛𝑡 = ҧ𝑑𝛾𝜈(𝛾5)𝑠

where

obtain the sum rule (only the 3-particle LCDAs contribute)



compute the soft-gluon contributions to the charm-loop using LCSRs (for q²≪ 𝟒𝒎𝒄
𝟐)

Charm-loop sum rule 17/22 

Π 𝑘, 𝑞 = 𝑖 නd4𝑦 𝑒𝑖𝑘𝑦 0 𝑇{𝐽𝑖𝑛𝑡(𝑦), ෨𝑂𝜇(0, 𝑥)} 𝐵(𝑣) Ԧ𝑞

𝐾 ∗ 𝑘 ෨𝑂𝜇 0, 𝑥 𝐵 𝑞 + 𝑘 =
𝑓𝐵
𝑓𝐾 ∗

න
0

𝑠0

d𝑠 𝑒
𝑚
𝐾 ∗ −𝑠

𝑀2 ෍

𝑡=3,4

𝐼𝑡 𝑠, 𝑞
2 Ψ𝑡(𝑦, 𝑢𝑥)

෨𝑂𝜇 0, 𝑥 = 𝐼𝜇𝜌𝛼𝛽 ෤𝑞 ҧ𝑠𝐿𝛾𝜌𝑏𝐿(0) 𝐺(𝑢𝑥)

𝐽𝑖𝑛𝑡 = ҧ𝑑𝛾𝜈(𝛾5)𝑠

where

obtain the sum rule (only the 3-particle LCDAs contribute)

method already applied in Khodjamirian/Mannel/Pivovarov/Wang 2010 (KMWP2010)

update the sum rule using higher twists and the full set of B-LCDAs [Braun/Ji/Manashov ‘17]



3-particle distribution amplitudes 18/22 

traditional set 3-particle B-meson light-cone distribution amplitudes (B-LCDA) [Kawamura et al. ’01]

used in the previous calculation Khodjamirian/Mannel/Pivovarov/Wang 2010 (KMWP2010)

0 ҧ𝑑 𝑦 𝐺𝛼𝛽 𝑢𝑥 ℎ𝑣(0) 𝐵(𝑣)

=
𝑓𝐵𝑚𝐵

4
Tr 𝛾5𝑃+ 𝑣𝛼𝛾𝛽 − 𝑣𝛽𝛾𝛼 𝚿𝑨 −𝚿𝑽 − 𝑖𝜎𝛼𝛽𝚿𝑽 − 𝑦𝛼𝑣𝛽 − 𝑦𝛽𝑣𝛼

𝑿𝑨

𝑣 ⋅ 𝑦
+ 𝑦𝛼𝛾𝛽 − 𝑦𝛽𝛾𝛼

𝒀𝑨

𝑣 ⋅ 𝑦
(𝒚, 𝒖𝒙)



3-particle distribution amplitudes 19/22 

0 ҧ𝑑 𝑦 𝐺𝛼𝛽 𝑢𝑥 ℎ𝑣(0) 𝐵(𝑣)

=
𝑓𝐵𝑚𝐵

4
Tr ቊ

ቋ

𝛾5𝑃+ ቈ

቉

𝑣𝛼𝛾𝛽 − 𝑣𝛽𝛾𝛼 𝚿𝑨 −𝚿𝑽 − 𝑖𝜎𝛼𝛽𝚿𝑽 − 𝑦𝛼𝑣𝛽 − 𝑦𝛽𝑣𝛼
𝑿𝑨

𝑣 ⋅ 𝑦
+ 𝑦𝛼𝛾𝛽 − 𝑦𝛽𝛾𝛼

𝑾+ 𝒀𝑨

𝑣 ⋅ 𝑦

− 𝑖𝜖𝛼𝛽𝜎𝜌𝑦
𝜎𝑣𝜌𝛾5

෩𝑿𝑨
𝑣 ⋅ 𝑦

+ 𝑖𝜖𝛼𝛽𝜎𝜌𝑦
𝜎𝛾𝜌𝛾5

෩𝒀𝑨
𝑣 ⋅ 𝑦

− 𝑦𝛼𝑣𝛽 − 𝑦𝛽𝑣𝛼 𝑦𝜎𝛾
𝜎

𝑾

𝑣 ⋅ 𝑦 2
+ 𝑦𝛼𝛾𝛽 − 𝑦𝛽𝛾𝛼 𝑦𝜎𝛾

𝜎
𝒁

𝑣 ⋅ 𝑦 2
(𝒚, 𝒖𝒙)

basis with all independent Lorentz structures, 8 independent B-LCDAs [Braun/Ji/Manashov ‘17]

the LCDAs Ψ𝐴, Ψ𝑉 , 𝑋𝐴, 𝑌𝐴, … have no definite twist (twist = dimension – spin)

higher twists are suppressed by power of Λhad/𝑚𝐵

express the LCDAs in the traditional form in LCDAs with definite twist

calculation up to twist 4, twist 5 or higher give corrections of the order 1/mb²



Preliminary results and comparison

[q² is the dilepton mass square]

20/22 

𝚫𝑪𝟗(𝒒𝟐) KMPW2010 GvDV2019

factorizable contr. 0.27 0.27

𝐵 → 𝐾𝑙𝑙 ሚ𝒜(𝑞2 = 1) -0.09−0.07
+0.06 (1.9−0.6

+0.6) ⋅ 10−4

෨𝒱1(𝑞
2 = 1) 0.6−0.5

+0.7 (1.2−0.4
+0.4) ⋅ 10−3

𝐵 → 𝐾∗𝑙𝑙 ෨𝒱2(𝑞
2 = 1) 0.6−0.5

+0.7 (2.1−0.7
+0.7) ⋅ 10−3

෨𝒱3(𝑞
2 = 1) 1.0−0.8

+1.6 (3.0−1.0
+1.0) ⋅ 10−3

𝐵𝑠 → 𝜙𝑙𝑙 … - ???

results represented as a q² dependent correction to 𝐶9
we fully reproduce the results given in KMWP2010 



Preliminary results and comparison

[q² is the dilepton mass square]

20/22 

𝚫𝑪𝟗(𝒒𝟐) KMPW2010 GvDV2019

factorizable contr. 0.27 0.27

𝐵 → 𝐾𝑙𝑙 ሚ𝒜(𝑞2 = 1) -0.09−0.07
+0.06 (1.9−0.6

+0.6) ⋅ 10−4

෨𝒱1(𝑞
2 = 1) 0.6−0.5

+0.7 (1.2−0.4
+0.4) ⋅ 10−3

𝐵 → 𝐾∗𝑙𝑙 ෨𝒱2(𝑞
2 = 1) 0.6−0.5

+0.7 (2.1−0.7
+0.7) ⋅ 10−3

෨𝒱3(𝑞
2 = 1) 1.0−0.8

+1.6 (3.0−1.0
+1.0) ⋅ 10−3

𝐵𝑠 → 𝜙𝑙𝑙 … - ???

𝐾 𝑘 ෨𝑂𝜇 0, 𝑥 𝐵 𝑞 + 𝑘 = 𝑘 ⋅ 𝑞 𝑞𝜇 − 𝑞2𝑘𝜈 ሚ𝒜 𝑞2 +. . .

𝐾∗ 𝑘, 𝜂 ෨𝑂𝜇 0, 𝑥 𝐵 𝑞 + 𝑘 = 𝜖𝜇𝛼𝛽𝛾𝜂
∗𝛼𝑞𝛽𝑘𝛾 ෩𝒱1 𝑞2 + 𝑖 𝑚𝐵

2 −𝑚𝐾∗
2 𝜂𝜇

∗ − 𝜂∗ ⋅ 𝑘 2𝑘 + 𝑞 𝜇
෨𝒱2 𝑞2

+𝑖(𝜂∗ ⋅ 𝑞) 𝑞𝜇 −
𝑞2

𝑚𝐵
2−𝑚𝐾∗

2 2𝑘 + 𝑞 𝜇
෨𝒱3 𝑞2 +. . .

matrix elements parametrized analogously to the form factors: 

results represented as a q² dependent correction to 𝐶9
we fully reproduce the results given in KMWP2010 



Why such different results?

different inputs: B-LCDAs models depend on 𝜆𝐻
2 , 𝜆𝐸

2

[Nishikawa/Tanaka ‘14]
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KMPW10: 

𝜆𝐻
2 = 𝜆𝐸

2 = 0.31 ± 0.15 GeV2

⟹ twist 3 does not contribute

we use 𝜆𝐸
2 = 0.03 ± 0.02 GeV2

𝜆𝐻
2 = 0.06 ± 0.03 GeV2

⟹ ~10 times smaller

→
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[Nishikawa/Tanaka ‘14]
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KMPW10: 

𝜆𝐻
2 = 𝜆𝐸

2 = 0.31 ± 0.15 GeV2

⟹ twist 3 does not contribute

we use 𝜆𝐸
2 = 0.03 ± 0.02 GeV2

𝜆𝐻
2 = 0.06 ± 0.03 GeV2

⟹ ~10 times smaller

3-particle B-LCDAs heavy quark (twist) expansion

KMPW10: 4 Lorentz structures 

we use Braun/Ji/Manashov ‘17

Lorentz structures considered in 0 ҧ𝑑 𝑦 𝐺𝛼𝛽 𝑢𝑥 ℎ𝑣(0) 𝐵(𝑣)

KMPW10: the 3-pt B-LCDAs twist 

expansion was not known 

all 8 independent Lorentz structures

⟹partial cancelation (new structures 

come with an opposite sign) 

→

→

→



Summary
𝐵𝑠 → {𝑃, 𝑉} form factors (FFs)

• first calculation of 𝐵𝑠 → 𝐾 ∗ , 𝜙 FFs with B meson LCSRs

• first calculation of 𝐵𝑠 → 𝐷𝑠 FFs with LCSRs

• first calculation of 𝐵𝑠 → 𝐷𝑠
∗ FFs (except for A1 at q²max)

22/22 



Summary
𝐵𝑠 → {𝑃, 𝑉} form factors (FFs)

• first calculation of 𝐵𝑠 → 𝐾 ∗ , 𝜙 FFs with B meson LCSRs

• first calculation of 𝐵𝑠 → 𝐷𝑠 FFs with LCSRs

• first calculation of 𝐵𝑠 → 𝐷𝑠
∗ FFs (except for A1 at q²max)

soft gluon contributions to the charm-loop

• update the previous calculation for 𝐵 → 𝐾(∗)𝑙𝑙 decays 

and give results for 𝐵𝑠 → 𝜙𝑙𝑙 for the first time

• numerical ~100 smaller comparing with KMPW2010 (inputs, Lorentz structures, twist expansion, 

new B-LCDAs models)
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Summary
𝐵𝑠 → {𝑃, 𝑉} form factors (FFs)

• first calculation of 𝐵𝑠 → 𝐾 ∗ , 𝜙 FFs with B meson LCSRs

• first calculation of 𝐵𝑠 → 𝐷𝑠 FFs with LCSRs

• first calculation of 𝐵𝑠 → 𝐷𝑠
∗ FFs (except for A1 at q²max)

soft gluon contributions to the charm-loop

• update the previous calculation for 𝐵 → 𝐾(∗)𝑙𝑙 decays 

and give results for 𝐵𝑠 → 𝜙𝑙𝑙 for the first time

• numerical ~100 smaller comparing with KMPW2010 (inputs, Lorentz structures, twist expansion, 

new B-LCDAs models)

all results will be accessible in the open source software EOS (https://github.com/eos/eos)
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Thank you!



3-particle LCDAs twist basis 23/22 

Ψ𝐴 =
1

2
(Φ3 +Φ4)

Ψ𝑉 =
1

2
(−Φ3 +Φ4)

𝑋𝐴 =
1

2
(−Φ3 −Φ4 + 2Ψ4)

𝑌𝐴 =
1

2
(−Φ3 −Φ4 +Ψ4 −Ψ5)

models given for LCDAs up to twist 4, twist 5 or higher give corrections of the order 1/mb²

෨𝑋𝐴 =
1

2
(−Φ3 +Φ4 − 2෩Ψ4)

෨𝑌𝐴 =
1

2
(−Φ3 +Φ4 − ෩Ψ4 + ෩Ψ5)

𝑊 =
1

2
(Φ4 −Ψ4 − ෩Ψ4 +Ψ5 + ෩Ψ5 + ෩Φ5)

𝑍 =
1

4
(−Φ3 +Φ4 − 2෩Ψ4 + 2෩Ψ5 + ෩Φ5+Φ6)

use to compute the sum rule

• all 8 independent Lorentz structures (four of them considered for the first time)

• results using LCDAs up to twist 4

• new models for the LCDAs

[Braun/Ji/Manashov ‘17]



3-particle LCDAs models and 𝜆𝐻,𝐸
2 24/22 

Ψ𝐴 𝜔1, 𝜔2 = Ψ𝑉 𝜔1, 𝜔2 =
𝜆𝐸
2

6𝜆𝐵
4 𝜔2

2𝑒
−
𝜔1+𝜔2
𝜆𝐵

𝑋𝐴 =
𝜆𝐸
2

6𝜆𝐵
4 𝜔2(2𝜔1 − 𝜔2)𝑒

−
𝜔1+𝜔2
𝜆𝐵

𝑌𝐴 = −
𝜆𝐸
2

24𝜆𝐵
4 𝜔2(7𝜆𝐵 − 13𝜔1 + 3𝜔2)𝑒

−
𝜔1+𝜔2
𝜆𝐵

KMPW2010

Φ3 𝜔1, 𝜔2 =
𝜆𝐸
2 − 𝜆𝐻

2

6𝜆𝐵
4 𝜔1𝜔2

2𝑒
−
𝜔1+𝜔2
𝜆𝐵

Φ4 𝜔1, 𝜔2 =
𝜆𝐸
2 + 𝜆𝐻

2

6𝜆𝐵
4 𝜔2

2𝑒
−
𝜔1+𝜔2
𝜆𝐵

Ψ4 𝜔1, 𝜔2 =
𝜆𝐸
2

3𝜆𝐵
4 𝜔1𝜔2𝑒

−
𝜔1+𝜔2
𝜆𝐵

෩Ψ4 𝜔1, 𝜔2 =
𝜆𝐻
2

3𝜆𝐵
4 𝜔1𝜔2𝑒

−
𝜔1+𝜔2
𝜆𝐵

Braun/Ji/Manashov

0 ҧ𝑑 0 𝐺𝛼𝛽 0 ℎ𝑣(0) 𝐵(𝑣) = −
𝑖

6
𝑓𝐵𝜆𝐻

2 Tr 𝛾5Γ𝑃+𝜎𝛼𝛽 −
𝑖

6
𝑓𝐵 𝜆𝐻

2 − 𝜆𝐸
2 Tr 𝛾5Γ𝑃+ 𝑣𝛼𝛾𝛽 − 𝑣𝛽𝛾𝛼

𝜆𝐻,𝐸
2 definition



Threshold 𝑠0determination 25/22 

𝑓𝐾 ∗ 𝑒
−
𝑚
𝐾 ∗

𝑀2 𝐾 ∗ 𝑘 ෨𝑂𝜇 0, 𝑥 𝐵 𝑞 + 𝑘 = 𝑓𝐵න
0

𝑠0

d𝑠 𝑒
−

𝑠
𝑀2 ෍

𝑡=3,4

𝐼𝑡 𝑠, 𝑞
2 Ψ𝑡(𝑦, 𝑢𝑥)

derive with respect to 1/𝑀2

and divide by (𝟏)

(𝟏)

𝑚𝐾 ∗ =
0׬
𝑠0 d𝑠 𝑠 𝑒

−
𝑠
𝑀2 σ𝑡=3,4 𝐼𝑡 𝑠, 𝑞

2 Ψ𝑡 𝑦, 𝑢𝑥

0׬
𝑠0 d𝑠 𝑒

−
𝑠
𝑀2 σ𝑡=3,4 𝐼𝑡 𝑠, 𝑞

2 Ψ𝑡 𝑦, 𝑢𝑥

daughter sum rule to extract 𝒔𝟎



Alignment of the gluon with the 𝐾(∗)meson 26/22 

[…]

[Khodjamirian et al. ‘10]
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0 ҧ𝑑 𝑦 𝐺𝛼𝛽 𝑢𝑥 𝑛𝛽ℎ𝑣(0) 𝐵(𝑣)

=
𝑓𝐵𝑚𝐵

4
Tr 𝛾5𝑃+ 𝑣𝛼𝛾𝛽 − 𝑣𝛽𝛾𝛼 𝚿𝑨 −𝚿𝑽 − 𝑖𝜎𝛼𝛽𝚿𝑽 − 𝑦𝛼𝑣𝛽 − 𝑦𝛽𝑣𝛼

𝑿𝑨

𝑣 ⋅ 𝑦
+ 𝑦𝛼𝛾𝛽 − 𝑦𝛽𝛾𝛼

𝒀𝑨

𝑣 ⋅ 𝑦
𝑛𝛽 (𝒚, 𝒖𝒙)

0 ҧ𝑑 𝑦 𝐺𝛼𝛽 𝑢𝑥 ℎ𝑣(0) 𝐵(𝑣)

=
𝑓𝐵𝑚𝐵

4
Tr 𝛾5𝑃+ 𝑣𝛼𝛾𝛽 − 𝑣𝛽𝛾𝛼 𝚿𝑨 −𝚿𝑽 − 𝑖𝜎𝛼𝛽𝚿𝑽 − 𝑦𝛼𝑣𝛽 − 𝑦𝛽𝑣𝛼

𝑿𝑨

𝑣 ⋅ 𝑦
+ 𝑦𝛼𝛾𝛽 − 𝑦𝛽𝛾𝛼

𝒀𝑨

𝑣 ⋅ 𝑦
(𝒚, 𝒖𝒙)

[Kawamura et al. ’01]

[Khodjamirian et al. ’06]



𝜆𝐵𝑠extimation 28/22 

in the exponential model

𝜆𝐵 =
2

3
ഥΛ

where

ഥΛ𝑞 = 𝑚𝐵𝑞 −𝑚𝑞 + 𝑂
1

𝑚𝑞

then

𝜆𝐵
𝜆𝐵𝑠

=
ഥΛ

ഥΛ𝑠

⇓

𝜆𝐵𝑠 = 𝜆𝐵
ഥΛ𝑠
ഥΛ


