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Corrections in Horndeski theory:

Vainshtein mechanism for Horndeski 
theory

equations of motion to suppress the scalar field gradient sourced by massive objects. Indeed,
expanding the metric sourced by an object of mass M to Newtonian order as

ds2 = (�1 + 2�) dt2 + (1 + 2 ) �ij dx
i dxj , (1.1)

one finds a correction to the Newtonian potential
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where the dimensionless constant ↵ parameterises the coupling of the scalar to matter and
n > 0 is model dependent. A solar mass object has rv ⇠ O(0.1 kpc) [20] and so the cor-
rection to GR is strongly suppressed in the solar system. In the case of Horndeski theories,
Vainshtein screening is fully e↵ective [21–23]. For beyond Horndeski theories, this mechanism
works outside extended bodies but breaks down inside matter [24]. The equations governing
Newtonian perturbations were found to be of the form [24–27]
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where M(r) ⌘ 4⇡
R r
0 s2⇢(s)ds, and the parameters ⌥1 and ⌥2 are non vanishing when the

theory contains beyond Horndeski terms in its Lagrangian.
This opens up the possibility of testing beyond Horndeski theories using astrophysical

objects such as stars [25, 26, 28–30] and galaxy clusters [27]. Currently, ⌥1 is bounded in
the range �0.22 < ⌥1 < 0.027 where the lower bound comes from the Chandrasekhar mass
of white dwarf stars [30] and the upper bound comes from consistency of the minimum mass
for hydrogen burning with the lowest mass hydrogen burning star [28, 29]. For later purposes
we note that prior to the white dwarf constraint, Ref. [26] was able to place the lower limit
⌥1 > �2/3 by requiring a sensible stellar profile (with a mass density that decreases with the
radius). The best constraint on ⌥2 = �0.22+1.22

�1.19 comes from the agreement of the lensing
and hydrostatic mass of galaxy clusters [27].

Constraining these parameters is important because they are directly related to the
coe�cients introduced in the context of the e↵ective description of dark energy that includes
Horndeski and beyond Horndeski theories [31–33], via [26, 27]:

⌥1 =
4↵2

H

c2T (1 + ↵B)� ↵H � 1
and ⌥2 =

4↵H(↵H � ↵B)

5(c2T (1 + ↵B)� ↵H � 1)
. (1.5)

The coe�cients ↵T ⌘ c2T � 1, ↵B and ↵H are defined at the level of the cosmological back-
ground solution and characterise the behaviour of cosmological perturbations [33]. In partic-
ular, when the theory is purely Horndeski ↵H = 0 and we thus have ⌥1 = ⌥2 = 0. Therefore,
constraints on ⌥i directly restrict the allowed “beyond Horndeski” deviations from GR.

The constraints mentioned above all rely on non-relativistic systems. The purpose of
this paper is to investigate the existence and structure of relativistic stars in these theories.
There are several motivations for such a study. First, the equations of motion for beyond
Horndeski theories are very non-linear and it is important to verify that static spherically
symmetric solutions for relativistic stars exist. Second, there are technical issues relating to
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    is the coupling between the scalar and matter,      is model 
dependent parameter!
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For solar mass object                                                          GR is 
restored (solar system tests are passed)

↵ n

rV � O(0.1 kpc) � for r � rV
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Newtonian order (Linearised metric)

n.b.  special case             in particular theories (not Vainshtein 
screening but rather special solution where the scalar field is stealth)

� = 0
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In Horndeski theory GR  solution is valid also inside matter!
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In beyond Horndeski theory:

Vainshtein mechanism for Horndeski 
theory
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   and         are non-zero in beyond Horndeski theory⌥1 ⌥2

(Breaking of GR)
[Kobayashi et al’15]

equations of motion to suppress the scalar field gradient sourced by massive objects. Indeed,
expanding the metric sourced by an object of mass M to Newtonian order as

ds2 = (�1 + 2�) dt2 + (1 + 2 ) �ij dx
i dxj , (1.1)
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where the dimensionless constant ↵ parameterises the coupling of the scalar to matter and
n > 0 is model dependent. A solar mass object has rv ⇠ O(0.1 kpc) [20] and so the cor-
rection to GR is strongly suppressed in the solar system. In the case of Horndeski theories,
Vainshtein screening is fully e↵ective [21–23]. For beyond Horndeski theories, this mechanism
works outside extended bodies but breaks down inside matter [24]. The equations governing
Newtonian perturbations were found to be of the form [24–27]

d�

dr
=

GNM(r)

r2
+
⌥1GN

4

d2M(r)

dr2
(1.3)

d 

dr
=

GNM(r)

r2
� 5⌥2GN

4r

dM(r)

dr
, (1.4)

where M(r) ⌘ 4⇡
R r
0 s2⇢(s)ds, and the parameters ⌥1 and ⌥2 are non vanishing when the

theory contains beyond Horndeski terms in its Lagrangian.
This opens up the possibility of testing beyond Horndeski theories using astrophysical

objects such as stars [25, 26, 28–30] and galaxy clusters [27]. Currently, ⌥1 is bounded in
the range �0.22 < ⌥1 < 0.027 where the lower bound comes from the Chandrasekhar mass
of white dwarf stars [30] and the upper bound comes from consistency of the minimum mass
for hydrogen burning with the lowest mass hydrogen burning star [28, 29]. For later purposes
we note that prior to the white dwarf constraint, Ref. [26] was able to place the lower limit
⌥1 > �2/3 by requiring a sensible stellar profile (with a mass density that decreases with the
radius). The best constraint on ⌥2 = �0.22+1.22

�1.19 comes from the agreement of the lensing
and hydrostatic mass of galaxy clusters [27].

Constraining these parameters is important because they are directly related to the
coe�cients introduced in the context of the e↵ective description of dark energy that includes
Horndeski and beyond Horndeski theories [31–33], via [26, 27]:
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The coe�cients ↵T ⌘ c2T � 1, ↵B and ↵H are defined at the level of the cosmological back-
ground solution and characterise the behaviour of cosmological perturbations [33]. In partic-
ular, when the theory is purely Horndeski ↵H = 0 and we thus have ⌥1 = ⌥2 = 0. Therefore,
constraints on ⌥i directly restrict the allowed “beyond Horndeski” deviations from GR.

The constraints mentioned above all rely on non-relativistic systems. The purpose of
this paper is to investigate the existence and structure of relativistic stars in these theories.
There are several motivations for such a study. First, the equations of motion for beyond
Horndeski theories are very non-linear and it is important to verify that static spherically
symmetric solutions for relativistic stars exist. Second, there are technical issues relating to
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⌥1 > �2/3

equations of motion to suppress the scalar field gradient sourced by massive objects. Indeed,
expanding the metric sourced by an object of mass M to Newtonian order as

ds2 = (�1 + 2�) dt2 + (1 + 2 ) �ij dx
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where the dimensionless constant ↵ parameterises the coupling of the scalar to matter and
n > 0 is model dependent. A solar mass object has rv ⇠ O(0.1 kpc) [20] and so the cor-
rection to GR is strongly suppressed in the solar system. In the case of Horndeski theories,
Vainshtein screening is fully e↵ective [21–23]. For beyond Horndeski theories, this mechanism
works outside extended bodies but breaks down inside matter [24]. The equations governing
Newtonian perturbations were found to be of the form [24–27]
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where M(r) ⌘ 4⇡
R r
0 s2⇢(s)ds, and the parameters ⌥1 and ⌥2 are non vanishing when the

theory contains beyond Horndeski terms in its Lagrangian.
This opens up the possibility of testing beyond Horndeski theories using astrophysical

objects such as stars [25, 26, 28–30] and galaxy clusters [27]. Currently, ⌥1 is bounded in
the range �0.22 < ⌥1 < 0.027 where the lower bound comes from the Chandrasekhar mass
of white dwarf stars [30] and the upper bound comes from consistency of the minimum mass
for hydrogen burning with the lowest mass hydrogen burning star [28, 29]. For later purposes
we note that prior to the white dwarf constraint, Ref. [26] was able to place the lower limit
⌥1 > �2/3 by requiring a sensible stellar profile (with a mass density that decreases with the
radius). The best constraint on ⌥2 = �0.22+1.22

�1.19 comes from the agreement of the lensing
and hydrostatic mass of galaxy clusters [27].

Constraining these parameters is important because they are directly related to the
coe�cients introduced in the context of the e↵ective description of dark energy that includes
Horndeski and beyond Horndeski theories [31–33], via [26, 27]:
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The coe�cients ↵T ⌘ c2T � 1, ↵B and ↵H are defined at the level of the cosmological back-
ground solution and characterise the behaviour of cosmological perturbations [33]. In partic-
ular, when the theory is purely Horndeski ↵H = 0 and we thus have ⌥1 = ⌥2 = 0. Therefore,
constraints on ⌥i directly restrict the allowed “beyond Horndeski” deviations from GR.

The constraints mentioned above all rely on non-relativistic systems. The purpose of
this paper is to investigate the existence and structure of relativistic stars in these theories.
There are several motivations for such a study. First, the equations of motion for beyond
Horndeski theories are very non-linear and it is important to verify that static spherically
symmetric solutions for relativistic stars exist. Second, there are technical issues relating to
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Dynamics in DHOST

A Horndeski field equations

The field equations for Horndeski gravity given in Ref. [10] are reproduced here for conve-
nience. Varying the action (2.1) with respect to the metric and scalar field yields the equations
of motion,
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Dynamics in DHOST

ds2 = �[1 + 2�(t, r)]dt2 + [1 + 2�(t, r)](dr2 + r2d�2)
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with respect to GR a↵ects standard hydrodynamics, and can lead to a pathological behaviour
of the perturbations in the medium. The full equations in DHOST theories are rather compli-
cated, due to the non-linear nature of these theories. The main di�culty is that the theories
remain non-linear even in situations when GR can be linearised. In fact, due to the non-linear
behaviour of the extra degree of freedom ', GR can be restored thanks to the Vainshtein
mechanism, see e.g., the review [12]. Non-linearity is an important feature of these theories,
allowing to hide the fifth force generated by '. At the same time, this leads to technical
di�culties in solving the full equations of motion. In some cases, however, it is possible to
solve approximately the system of equations.

In our analysis, we will need the Newtonian potential for DHOST theories. Let us focus
in particular on the Newtonian potential � in the spherically symmetric case, neglecting
cosmological corrections. Writing the metric as

ds2 = �[1 + 2�(t, r)]dt2 + [1 + 2 (t, r)](dr2 + r2d⌦2), (2.1)

� is determined by the following expression [13, 19–23]:

�0 =
GNM

r2
+
⌥1GN

4
M 00, (2.2)

where a prime stands for a radial derivative, GN is the e↵ective Newtonian constant, and
⌥1 a dimensionless parameter. The exact expression for GN and ⌥1 depend on a particular
DHOST model, and on the cosmological evolution of the scalar field '̇. For our purposes
the exact form of GN is not important, it su�ces that GN is constant on time scales much
smaller than the cosmological time scale. We also do not give an expression for the other
potential,  , since we will be interested in Newtonian hydrodynamics, when  can be safely
neglected.

In Eq. (2.2), M is the integral of the energy density ⇢ over a ball of radius r:

M = 4⇡

Z
r2 dr⇢(t, r). (2.3)

Equation (2.2) will be very handy in what follows, because it determines the weight. Indeed,
in the absence of external force, test-particles follow the geodesics of spacetime. In the
Newtonian picture, this e↵ect is accounted for by saying that particles experience weight.
This force, per unit mass, is minus the 3-gradient of the Newtonian potential, ~r�. In the
case of spherical symmetry, the magnitude of the weight is thus proportional to �0.

In deriving Eq. (2.2), besides spherical symmetry, the following assumptions were made:

• the gravitational potentials are small, (�, ) ⌧ 1, and the gradient of the scalar field
is small with respect to its time derivative, ('0/'̇)2 ⌧ 1,

• quasi-staticity,

• Vainshtein regime, i.e., the canonical kinetic term — normally assumed to be present
in the action — is subdominant compared to the non-linear terms.

The first condition is implied by a weak-field approximation, and should be satisfied in
configurations where the curvature remains small, such as the Solar System. The assumption
on derivatives of ' is technical and it can be checked a posteriori: it is needed to neglect
terms O[('0/'̇)4] with respect to O[('0/'̇)2] when obtaining Eq. (2.2). The second condition
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Assumptions:

Implied by a weak-field approximation, and should be satisfied in configurations
where the curvature remains small, such as the Solar System.
Technical assumption to neglect terms O[(��/�̇)4] with respect to O[(��/�̇)2].



Dynamics in DHOST
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with respect to GR a↵ects standard hydrodynamics, and can lead to a pathological behaviour
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cated, due to the non-linear nature of these theories. The main di�culty is that the theories
remain non-linear even in situations when GR can be linearised. In fact, due to the non-linear
behaviour of the extra degree of freedom ', GR can be restored thanks to the Vainshtein
mechanism, see e.g., the review [12]. Non-linearity is an important feature of these theories,
allowing to hide the fifth force generated by '. At the same time, this leads to technical
di�culties in solving the full equations of motion. In some cases, however, it is possible to
solve approximately the system of equations.

In our analysis, we will need the Newtonian potential for DHOST theories. Let us focus
in particular on the Newtonian potential � in the spherically symmetric case, neglecting
cosmological corrections. Writing the metric as
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where a prime stands for a radial derivative, GN is the e↵ective Newtonian constant, and
⌥1 a dimensionless parameter. The exact expression for GN and ⌥1 depend on a particular
DHOST model, and on the cosmological evolution of the scalar field '̇. For our purposes
the exact form of GN is not important, it su�ces that GN is constant on time scales much
smaller than the cosmological time scale. We also do not give an expression for the other
potential,  , since we will be interested in Newtonian hydrodynamics, when  can be safely
neglected.

In Eq. (2.2), M is the integral of the energy density ⇢ over a ball of radius r:

M = 4⇡

Z
r2 dr⇢(t, r). (2.3)

Equation (2.2) will be very handy in what follows, because it determines the weight. Indeed,
in the absence of external force, test-particles follow the geodesics of spacetime. In the
Newtonian picture, this e↵ect is accounted for by saying that particles experience weight.
This force, per unit mass, is minus the 3-gradient of the Newtonian potential, ~r�. In the
case of spherical symmetry, the magnitude of the weight is thus proportional to �0.

In deriving Eq. (2.2), besides spherical symmetry, the following assumptions were made:

• the gravitational potentials are small, (�, ) ⌧ 1, and the gradient of the scalar field
is small with respect to its time derivative, ('0/'̇)2 ⌧ 1,

• quasi-staticity,

• Vainshtein regime, i.e., the canonical kinetic term — normally assumed to be present
in the action — is subdominant compared to the non-linear terms.

The first condition is implied by a weak-field approximation, and should be satisfied in
configurations where the curvature remains small, such as the Solar System. The assumption
on derivatives of ' is technical and it can be checked a posteriori: it is needed to neglect
terms O[('0/'̇)4] with respect to O[('0/'̇)2] when obtaining Eq. (2.2). The second condition
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Assumptions:

Quasi-staticity condition is satisfied when the sound in matter propagates much
slower than the spin-2 and spin-0 perturbations.
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ds2 = �[1 + 2�(t, r)]dt2 + [1 + 2�(t, r)](dr2 + r2d�2)

M = 4�

�
r2 dr�(t, r)�� =

GNM

r2
+

�1GN

4
M ��

with respect to GR a↵ects standard hydrodynamics, and can lead to a pathological behaviour
of the perturbations in the medium. The full equations in DHOST theories are rather compli-
cated, due to the non-linear nature of these theories. The main di�culty is that the theories
remain non-linear even in situations when GR can be linearised. In fact, due to the non-linear
behaviour of the extra degree of freedom ', GR can be restored thanks to the Vainshtein
mechanism, see e.g., the review [12]. Non-linearity is an important feature of these theories,
allowing to hide the fifth force generated by '. At the same time, this leads to technical
di�culties in solving the full equations of motion. In some cases, however, it is possible to
solve approximately the system of equations.

In our analysis, we will need the Newtonian potential for DHOST theories. Let us focus
in particular on the Newtonian potential � in the spherically symmetric case, neglecting
cosmological corrections. Writing the metric as

ds2 = �[1 + 2�(t, r)]dt2 + [1 + 2 (t, r)](dr2 + r2d⌦2), (2.1)

� is determined by the following expression [13, 19–23]:

�0 =
GNM

r2
+
⌥1GN

4
M 00, (2.2)

where a prime stands for a radial derivative, GN is the e↵ective Newtonian constant, and
⌥1 a dimensionless parameter. The exact expression for GN and ⌥1 depend on a particular
DHOST model, and on the cosmological evolution of the scalar field '̇. For our purposes
the exact form of GN is not important, it su�ces that GN is constant on time scales much
smaller than the cosmological time scale. We also do not give an expression for the other
potential,  , since we will be interested in Newtonian hydrodynamics, when  can be safely
neglected.

In Eq. (2.2), M is the integral of the energy density ⇢ over a ball of radius r:

M = 4⇡

Z
r2 dr⇢(t, r). (2.3)

Equation (2.2) will be very handy in what follows, because it determines the weight. Indeed,
in the absence of external force, test-particles follow the geodesics of spacetime. In the
Newtonian picture, this e↵ect is accounted for by saying that particles experience weight.
This force, per unit mass, is minus the 3-gradient of the Newtonian potential, ~r�. In the
case of spherical symmetry, the magnitude of the weight is thus proportional to �0.

In deriving Eq. (2.2), besides spherical symmetry, the following assumptions were made:

• the gravitational potentials are small, (�, ) ⌧ 1, and the gradient of the scalar field
is small with respect to its time derivative, ('0/'̇)2 ⌧ 1,

• quasi-staticity,

• Vainshtein regime, i.e., the canonical kinetic term — normally assumed to be present
in the action — is subdominant compared to the non-linear terms.

The first condition is implied by a weak-field approximation, and should be satisfied in
configurations where the curvature remains small, such as the Solar System. The assumption
on derivatives of ' is technical and it can be checked a posteriori: it is needed to neglect
terms O[('0/'̇)4] with respect to O[('0/'̇)2] when obtaining Eq. (2.2). The second condition
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Assumptions:

Can be lifted, so that one does not assume that the Vainshtein regime is on.
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The sound of DHOST: implications
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Monday 15 June 15

The sound speed strongly depends on the background (cosmological) solution!

Monday 15 June 15

The speed of sound in media depends on the distance to the center of the mass 
distribution (or to the source of the perturbation, if one has in mind a 
homogeneous medium).!

Monday 15 June 15

The absolute value of the sound speed grows as distance squared!

Monday 15 June 15

The planar limit of a spherical wave (when r goes to infinity) does not coincide 
with the result for a planar wave (discontinuity?).



The sound of DHOST: constraints

Dust in a homogeneous universe
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Sound waves in the air
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In the appropriate regime of temperature and
pressure, the typical di�erence between the
measured speed of sound and the prediction
of the ideal gas model is of order 0.2 %, or
even less.
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Sound waves in the air
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Figure 2. Speed of sound as a function of the temperature in two di↵erent gases (nitrogen in the
left panel, helium in the right one). All speeds are normalized to the value cGR(T ). The black crosses
represent experimental highly accurate values [24]. The larger |⌥1| is, the lesser the model agrees
with the measurements. The low temperature deviation of measurements with respect to cGR(T ) in
the left panel is due to the fact that, at these temperatures, nitrogen behaves less and less as an ideal
diatomic gas.

Thus, the precise setup of the experiments should not a↵ect too much these estimates. We
simply want to emphasize that very stringent constraints can be placed on DHOST theories,
without involving astrophysics, through simple table-top experiments. The bound (3.2) could
be highly improved by carrying out the calculation of the speed of sound out of spherical
symmetry, and by taking into account more refined gas models, notably.

4 Conclusion

We explored how DHOST theories, considered as dark energy candidates, back-react on local
physics. In our analysis this local e↵ect is encoded in a single dimensionless parameter ⌥1.
Because of the complexity of the equations in full DHOST theory, we were compelled to make
a set of assumptions, all of which, however, are justified in realistic configurations, such as
the Solar System.

We showed that the presence of a time-dependent cosmological scalar field in DHOST
theories changes the propagation of waves in media, altering even present day non-relativistic
hydrodynamics. As a simple consequence, a spherical perturbation in a homogeneous medium
filled with dust leads to an instability whenever ⌥1 is negative. Thus, the case ⌥1 < 0 is
excluded. Moreover, the speed of sound, say in the atmosphere of the Earth, is significantly
a↵ected in a generic DHOST theory. The model can reasonably account for measurements
only when |⌥1| . 10�2. This bound can certainly be improved by more involved calculations,
and a better modelling of the physical medium where sound propagates.

We should also mention that, when seen as e↵ective field theories, DHOST theories can
have a somewhat low energy cuto↵ scale. Reference [26], for instance, treated the case of
Horndeski theory and estimates its cuto↵ frequency to be around 260 Hz, not much higher
than the frequency of the GW170817 event. The constraint ⌥1 > 0 is not a↵ected by these
considerations; one can always choose a large enough wavelength � for the perturbation,
since spacetime is assumed to be homogeneous over a vast scale. The bound (3.2), however,
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Contrasting to experiments |�1| � 10�2



Conclusions
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DHOST/EST theories, considered as dark energy candidates, affect 
local physics.!

Monday 15 June 15

Speed of sound in media changes, altering even present day non-
relativistic hydrodynamics.!
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As a consequence, some parameters (negative     ) are excluded.!

Monday 15 June 15

The speed of sound even in the atmosphere of the Earth, is significantly 
affected in a generic DHOST theory, leading to!
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Only exact spherical symmetry!

Monday 15 June 15

Very low energy cutoff scale?
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