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We live in the era of cosmological data

PLANCK SDSS/BOSS/eBoss…

Your favorite survey here

CMB-S4



What makes learning from cosmic structure 
exciting?

We are awash in informative data – forms of 
Moore's law have held for astrophysical data for 

decades and will persist for at least another decade

Solid theoretical foundations – can formulate very 
good priors, often in the form of hierarchical 

models with strong physical motivation. We have 
the power of physics on our side.



What makes learning from cosmic structure 
challenging?

Limited information – only one universe! 
Careful treatment of uncertainties

Non-linearity – affects most of the modes in the 
late universe

Large data sets – observational rather than 
experimental and often indirect

Systematics – astrophysical “contaminants,” 
instrumental and observational effects



Why machine learning in cosmology?

• Automation
– Size of data sets (e.g. LSST will be on SDSS per week) means manual 

intervention is only possible in highly exceptional circumstances. Many 
data analysis tasks need to be automated.

• Acceleration
– Machine learning can provide short cuts to costly physical simulations. 

• Superhuman performance
– Trained on physical models and data, “emergent” algorithms can 

sometimes exceed performance of “designed” algorithms.
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Example: supernova classification

• LSST will detect 10^5-10^6 supernovae (SNe) in 6 photometric 
filters.

• Type Ia SNe are standard candles, important for cosmology. 
Other types are not standard candles. Traditionally typing is 
done through spectroscopic follow-up.

• But spectroscopic follow-up is far too costly for LSST.
• Can machine learning identify types?
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Supernova classification

Benjamin WandeltCharnock & Moss (2016), Möller et al. (2016)



Photo-z estimation

• Estimate the redshift of the spectrum of an object from its 
colors.

• First serious application of NN in astronomy.

• ANNz (Collister, Lahav 2004) was best in class. Now superseded 
by updated versions.

• Intrinsic difficulty: how to train 
out-of class data? (Discuss!)
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Acceleration

• Emulators
• Solve the problem of model predictions that involve costly 

computations

• First high-accuracy emulator in cosmology: Pico (Fendt, 

Wandelt 2007)

– Acceleration through Parallel Precomputation and LEarning (APPLE)

– PCA pre-compression of outputs – then predict compressed 

quantities as a function of parameters using regression.
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Theory confronts Planck data – extreme accuracy 
required

Need 10^5 
sequential
evaluations per
analysis.
Up to 1 hour
per high precision 
evaluation. 2 ms for 
the emulator.



Emulators for Speed and Accuracy (PICO)

Benjamin Wandelt
Fendt & Wandelt 2007, 2008

High accuracy and 10000x speed-up for Planck-accuracy power spectra



Machine learning ≠ Neural Networks

• PICO does not use NNs – actually it’s embarrassingly simple!
• Global approach for this problem is much more accurate than 

locally adaptive techniques.
• Better generalization, because the target function is very smooth.
• Accuracy requirement very high.

• So let’s not forget trees/forests, regression, clustering, Gaussian 
Processes etc.
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Emulators now

• Emulators
• Now training emulators for Euclid using essentially the same 

technique. (Euclid Collab., Knabenhans et al., arXiv: 1809.0469)

• Emulating non-linear
correction (boost)
to two-point
correlations.
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Machine learning cosmological physics

• He et al. (arXiv: 1811.06533)

• Learning non-linear correction to 
particle displacement (U-net)

• Find some ability to generalize beyond 
trained parameters

Benjamin Wandelt

1st order 2nd order 1st order+ML



Generative Adversarial Networks to simulate galaxy images

Benjamin Wandelt

Image credit: T. Charnock 



Machine learning vs Physics?
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Physics-based machine learning

Forward model

Initial conditions of the universe The universe today



• Gaussian prior + Gravity + likelihood for galaxies

• Hamiltonian Markov Chain Monte Carlo 

method

A fully probabilistic model of galaxy surveys

BORG:	Bayesian	Origin	Reconstruction	from	Galaxies

BORG

Observations

E.g. inferred dark

matter densities

z=100                                z=0

(galaxy catalog + meta-data: selection 
functions, completeness…)

Jasche & Wandelt 2013, arXiv:1203.3639
Jasche, Leclercq & Wandelt 2015, arXiv:1409.6308

(includes survey model, bias model, automatic noise level calibration, 

selection function, mask, …)

Summaries

with

quantified

uncertainties



Bayesian LSS sampling - movie

ObservationsFinal conditionsInitial conditions

Jasche, Leclercq & Wandelt 2014, arXiv:1409.6308



A posterior sample of the formation history of our 
Universe

Jasche, Leclercq & BDW 2014, arXiv:1409.6308



Bayesian LCDM predictions: Dynamical velocities

Leclercq et al. 2017



Posterior mean of Lagrangian
stream density

Leclercq et al. 2017

Previously not accessible in data,
only simulations!



What if we can only do simulations?



Likelihood-free inference 101

simulation

parameters
simulated 
data Draw from prior:

Simulate data:

If :
accept;

else:
reject;

data

?
=

In the limit



Likelihood-free inference 101

simulation

parameters
simulated 
data Draw from prior:

Simulate data:

If :
accept;

else:
reject;

data

In the limit

?
=

How to reduce data-space?

How to explore parameter-space?



Massive data compression
n parameters

N data

M summary statistics

n compressed statistics



Massive data compression

Fisher information

Information inequality

Can derive n compressed quantities that contain 
all the Fisher information!

Alsing & Wandelt arXiv:1712.00012



Exploration of parameter space

Density estimation Likelihood free inference
(DELFI)

Learn joint probability density of parameters
and compressed data using a 
Gaussian Mixture Model

Alsing, Feeney &Wandelt arXiv: 1801.01497



Case study: JLA SNe

n compressed statistics

light curves, spectra…

740 distance moduli

Betoule et al 2014
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But what if you don’t know how to 
compute informative summaries of 

your data?



Automatic Physical Inference

• Obviates the need to “guess” heuristic, informative summaries of the 
data

• An neural network is trained through reinforcement learning to 
compute functions of the data (summaries) that maximize the 
information about the parameters of the model.

• The network generates non-linear informative summaries that constrain 
model parameters

Charnock, Lavaux, Wandelt (arXiv:1802:03537)



Information maximizing neural networkd

ੇ

ds ǻɸǠȯ
ds ǻɸǠ਷ȯ
ds ǻɸǠ�ȯ

xs ǻɸǠȯ
xs ǻɸǠ਷ȯ
xs ǻɸǠ�ȯ

ds ǻɸǠɞ
ds ǻɸǠ਷ɞ
ds ǻɸǠ�ɞ

xs ǻɸǠɞ
xs ǻɸǠ਷ɞ
xs ǻɸǠ�ɞ

ds ǻɸǠՓs

ds ǻɸǠ਷Փs

ds ǻɸǠ�Փs

xs ǻɸǠՓs

xs ǻɸǠ਷Փs

xs ǻɸǠ�Փs

CਥᅊਥӴᆕ Fᆕᆖ

6B;m`2 R , *�`iQQM Q7 i?2 BM7Q`K�iBQM K�tBKBbBM; M2m`�H M2irQ`F �`+?Bi2+im`2X .m`BM; i`�BMBM;- 2�+? bBKmH�iBQM dsӱǻɸǠՎ �M/
2�+? bBKmH�iBQM K�/2 rBi? � p�`B2/ }/m+B�H T�`�K2i2`- ds ǻɸǠ਻Վ - Bb T�bb2/ i?`Qm;? i?2 b�K2 M2irQ`F U�HH i?2 r2B;?ib �M/ #B�b2b
�`2 b?�`2/VX h?2 QmiTmi Q7 i?2 M2irQ`F 7Q` 2�+? bBKmH�iBQM- xs ǻɸǠՎ - Bb mb2/ iQ +�H+mH�i2 i?2 +Qp�`B�M+2- Cਥ- �M/ 2�+? Q7 i?2
M2irQ`F QmiTmib 7`QK i?2 p�`B2/ bBKmH�iBQMb- xs ǻɸǠ਻Վ - �`2 mb2/ iQ +�H+mH�i2 i?2 /2`Bp�iBp2 Q7 i?2 K2�M- ᅊਥӴᆕX h?2 M2irQ`F mb2bᇝ်�ᇝ۞Է � ਷]F] � ]Cਥ] �b i?2 2``Q` Q7 � `2r�`/ 7mM+iBQM r?B+? Bb K�tBKBb2/ i?`Qm;? #�+F T`QT�;�iBQMX h?2 `2r�`/ 7mM+iBQM
Bb #�+F T`QT�;�i2/ QMHv i?`Qm;? � b2H2+iBQM Q7 M2irQ`Fb r?B+? mb2 i?2 bBKmH�iBQMb +`2�i2/ �i i?2 }/m+B�H T�`�K2i2` p�Hm2-
xs ǻɸǠՎ X h?2 r2B;?ib �M/ #B�b2b �`2 mT/�i2/ mbBM; i?2 K2�M Q7 i?2 #�+F T`QT�;�i2/ 2``Q` �i 2�+? r2B;?i �M/ #B�b- ᇝ်�ᇝ۴Ց �M/ᇝ်�ᇝ۟ՑX PM+2 i`�BM2/- � bmKK�`v Q7 bQK2 /�i� +�M #2 Q#i�BM2/ mbBM; � bBKTH2 �`iB}+B�H M2m`�H M2irQ`F rBi? i?2 r2B;?ib �M/
#B�b2b 7`QK i?2 i`�BMBM; M2irQ`FX

`2�H /�i�X h?2 r2B;?i2/ b�KTH2b �`2 mb2/ iQ Q#i�BM � M2r
T`QTQb�H /Bbi`B#miBQM rBi? r?B+? iQ `2b�KTH2 7`QK BM i?2
M2ti Bi2`�iBQMX h?Bb �HHQrb i?2 SJ*@�"* iQ ;`�/m�HHv
?QM2 BM QM i?2 i?2 i`m2 T`Q#�#BHBiv /Bbi`B#miBQMX) aBKm@
H�iBQMb �`2 K�/2 �i 2�+? Q7 i?2 ԃ T�`�K2i2` p2+iQ`b �M/
72/ i?`Qm;? i?2 i`�BM2/ M2irQ`F iQ Q#i�BM � +QHH2+iBQM Q7
M2irQ`F bmKK�`B2b \xs ֏քֆ ]Ԛ ୮ <�
 ԃ>^ r?2`2 Ԙ H�#2Hb i?2
bBKmH�iBQMX PMHv i?2 p�Hm2 Q7 ᄇ Bb BKTQ`i�Mi 7Q` �"* �M/
bQ- QM+2 � `�M/QK BMBiB�HBb�iBQM Ԙ Bb +?Qb2M 7Q` 2�+? bBKm@
H�iBQM- Bib p�Hm2 +�M #2 B;MQ`2/X h?2 (*>�_LP*E , q2
+?QQb2 iQ /2}M2 i?2) /Bbi�M+2 Q7 2�+? bBKmH�i2/ bmKK�`v
7`QK i?2 bmKK�`v Q7 i?2 `2�H /�i� x Bb ;Bp2M (*>�_@
LP*E , ) #vᆆ֏ֆ � ఊिxs ֏քֆ ਷ xीյ

F िxs ֏քֆ ਷ xी
 U8XRV

r?2`2 F Bb i?2 6Bb?2` BM7Q`K�iBQM K�i`Bt Q#i�BM2/ Q`B@
;BM�HHv #v i?2 M2irQ`FX (*>�_LP*E , Pi?2` /Bbi�M+2

K2�bm`2b +�M #2 +QMbB/2`2/- #mi 2[m�iBQM 8XR Bb � bQ@
K2r?�i Q#pBQmb +?QB+2 BM Qm` +�b2X) PM 2�+? Bi2`�iBQM-
�M �++2Ti�M+2 +QM/BiBQM- ᆃ֏- 7Q` i?2 b�KTH2b Bb /2}M2/
#v i?2 d8Ϭ΢ T2`+2MiBH2 Q7 \ᆆ֏ֆ]Ԛ ୮ <�
 ԃ>^ bm+? i?�i i?2
d8W Q7 b�KTH2b r?B+? ?�p2 i?2 bK�HH2bi /Bbi�M+2b 7`QK
i?2 bmKK�`v Q7 i?2 `2�H /�i� �`2 F2TiX ᄇ ֏ֆ i?2M +Q``2b@
TQM/b iQ i?2 `2K�BMBM; k8W Q7 i?2 b�KTH2b- r?B+? �`2
mb2/ iQ /`�r T�`�K2i2` p2+iQ`b 7Q` i?2 M2ti Bi2`�iBQM-ᄇ ֏�φֆ X ᄇ ֏�φֆ �`2 b2H2+i2/ 7`QK � :�mbbB�M rBi? K2�M ᄇ ֏ֆ
�M/ +Qp�`B�M+2- C֏- 7`QK i?2 r2B;?i2/ T�`�K2i2` p�Hm2bX
h?2 r2B;?iBM; 7Q` ᄇ ֏�φֆ Bb ;Bp2M #v

Ԍ ֏�φֆ � ԟ	ᄇ ֏�φֆ 
௴կօ�φ Ԍ ֏օ ෭	ᄇ ֏�φֆ � ᄇ ֏օ 
C֏
 U8XkV

Charnock, Lavaux, Wandelt (arXiv:1802:03537)



Example 1: variance inference

• Perfect information ! = 5 in this problem
• Linear summaries give F = 0.5

N

6B;m`2 k , o�Hm2 Q7 i?2 6Bb?2` BM7Q`K�iBQM Q#i�BM2/ #v i?2
M2irQ`F �i i?2 2M/ Q7 2�+? 2TQ+? Q7 i`�BMBM;X h?2 bQHB/ #Hm2
HBM2 b?Qrb i?2 6Bb?2` BM7Q`K�iBQM Q#i�BM2/ #v `mMMBM; � b2i Q7
8yy bBKmH�iBQMb U�M/ 8y T�`iB�H /2`Bp�iBp2bV- r?B+? �`2 +QMi�B@
M2/ BM i?2 i`�BMBM; b2i- i?`Qm;? i?2 M2irQ`FX h?2 /�b?2/
Q`�M;2 HBM2 b?Qrb i?2 6Bb?2` BM7Q`K�iBQM Q#i�BM2/ #v `mM@
MBM; i?2 b�K2 MmK#2` Q7 bBKmH�iBQMb i?`Qm;? i?2 M2irQ`F-
#mi r?2`2 MQM2 Q7 i?2 bBKmH�iBQMb �`2 T`2b2Mi BM i?2 i`�BMBM;
b2iX h?2 K�tBKmK �KQmMi Q7 6Bb?2` BM7Q`K�iBQM 2tT2+i2/ Bb
F � Θ- b?Qr �b � #H�+F /�b?2/ HBM2X Ai Bb +H2�` i?�i i?2 M2i@
rQ`F K�M�;2b iQ 2ti`�+i i?2 2MiB`2iv Q7 i?2 BM7Q`K�iBQM ;Bp2M
i?2 /�i�X

p�Hm2 U:HQ`Qi �M/ "2M;BQ kyRyV- r?2`2 ևٳ � ��� ?�b #22M
+?Qb2M ?2`2X hQ KBKB+ i?2 bK�HH MmK#2` Q7 bBKmH�iBQMb
r?B+? rQmH/ #2 �p�BH�#H2 7Q` +QKTH2t /�i� b2ib- r2 HBKBi
i?2 iQi�H MmK#2` Q7 bBKmH�iBQMb iQ Ryyy UY Ryy bBKm@
H�iBQMb +`2�i2/ �#Qp2 �M/ #2HQr i?2 }/m+B�H T�`�K2i2`
p�Hm2 iQ +�H+mH�i2 i?2 MmK2`B+�H /2`Bp�iBp2bVX h?2b2 �`2
/BpB/2/ BMiQ ԝϬϝ͘Џμ � � i`�BMBM; #�i+?2b T2` 2TQ+?- bm+?
i?�i ԝs � ��� �M/ ԝᇝᇆ � ��X h?2 i`�BMBM; #�i+?2b �`2
bTHBi iQ T`QpB/2 p�`B�iBQM BM i?2 bi�iBbiB+�H [m�MiBiB2b ᄌਥ
ᆿ
�M/ Cਥ r?2M DmK#HBM; i?2 bBKmH�iBQMb �i i?2 #2;BMMBM;
Q7 2�+? 2TQ+? Q7 i`�BMBM;X q2 i`�BM i?2 M2irQ`F 7Q` 3yy
2TQ+?bX hQ T`2p2Mi Qp2`}iiBM;- r?2`2 i?2 M2irQ`F H2�`Mb
72�im`2b BM i?2 i`�BMBM; b2i r?B+? �`2 MQi T`2b2Mi BM i?2
i2bi /�i�- 8yW Q7 i?2 M2m`QMb �`2 /`QTT2/ 7`QK i?2 M2i@
rQ`F QM 2�+? #�i+? Q7 i`�BMBM;X

6`QK 2[m�iBQM UeXdV- Bi +�M #2 b22M i?�i i?2 K�tBKmK
6Bb?2` BM7Q`K�iBQM �ii�BM�#H2 7Q` i?Bb T`Q#H2K Bb F � �X
6B;m`2 k b?Qrb i?�i F � ���� ਻ ���� Bb Q#i�BM2/ #v i?2
M2irQ`F Qp2` i?2 H�bi RyW Q7 i?2 i`�BMBM; 2TQ+?bX h?2
bQHB/ #Hm2 HBM2 BM };m`2 k Bb i?2 p�Hm2 Q7 i?2 6Bb?2` BM7Q`@
K�iBQM Q#i�BM2/ 7`QK i?2 M2irQ`F bmKK�`B2b Q7 ԝs � ���
�M/ ԝᇝᇆ � �� bBKmH�iBQMb 7`QK i?2 i`�BMBM; b2i U� bBM;H2
#�i+? rBi? MQ /`QTQmiV- r?BHbi i?2 /�b?2/ Q`�M;2 HBM2
Bb i?2 b�K2 7Q` bBKmH�iBQMb r?B+? �`2 MQi +QMi�BM2/ BM
i?2 i`�BMBM; b2iX q2 }M/ i?�i r2 �`2 �#H2 iQ Q#i�BM � 6B@
b?2` BM7Q`K�iBQM bHB;?iHv �#Qp2 F � � �b BM/B+�i2/ #v i?2
bi`�B;?i #H�+F /�b?2/ HBM2 bBM+2 i?2 i`�BMBM; �M/ i2bi /�i�
�`2 #B�b2/- rBi? � bi�iBbiB+�HHv bHB;?iHv bK�HH2` p�`B�M+2

.�i� o�Hm2տȯ ਷ЈӳνφνЈϯϯννտɞ ਷ЈӳϯϨϯϵϵΘφΘտɘ ਷ЈӳЈΘϩφϯϯΚϵտȃ φӳϵЈ΅φϩϨΚϩտȁ ЈӳЈϨϩΚνϵϩνտɒ ਷ЈӳΚϨφϨφφΚφտɑ ਷φӳΚϨΘϩΘϨφտǮ ਷ЈӳϩϵνΚϩΚϩϯտȦ ਷φӳϯЈϯϯΚЈϨνտȯɱ ਷ЈӳΚφΚΚφϩϯν
h�#H2 A , o�Hm2b Q7 i?2 BMTmi T�`�K2i2`b 7Q` i?2 Q`B;BM�H
bBKmH�i2/ i`m2 /�i� b2i r?2`2 i?2 /�i� Bb :�mbbB�M MQBb2 d �ृտՎ ߉ ม 	ЈӴ φ
 ੵ � ք ୮ <φӴ ։d>ॄX

i?�M ᅲ � �X h?2 M2irQ`F BMi2`T`2ib i?2 #B�b BM i?2 /�i� �b
�M BM/B+�iBQM i?�i KQ`2 BM7Q`K�iBQM �#Qmi i?2 T�`�K2@
i2`b Bb �p�BH�#H2 7`QK i?2 M2irQ`F i?�M Bb i`mHv �p�BH�#H2X
q2 /Q MQi mb2 � i?B`/ 7mim`2 /�i� b2i �b bT2+B}2/ �i i?2
2M/ Q7 b2+iBQM AAA iQ [mQi2 i?2 }M�H 6Bb?2` BM7Q`K�iBQM
p�Hm2 �b i?2 6Bb?2` BM7Q`K�iBQM 7`QK i?2 i`�BMBM; /�i� Bb
� T`Q/m+i r2 mb2 BM i?2 SJ*@�"* bi�;2X
Ai b?QmH/ #2 MQi2/ i?�i �Hi?Qm;? i?2 �`+?Bi2+im`2 rBHH

#2 BKTQ`i�Mi- r2 ?�p2 7QmM/ i?�i � p2`v H�`;2 p�`B2iv
Q7 ?vT2`T�`�K2i2`b rBHH T`QpB/2 mb rBi? �TT`QtBK�i2Hv
F � �X JQbi MQi�#Hv r2 +�M mb2 p2`v /22T M2irQ`Fb rBi?
72r M2m`QMb bm+? �b (8- 8- 8- 8- 8) iQ 2ti`2K2Hv bBKTH2 M2i@
rQ`Fb rBi? H�`;2 MmK#2`b Q7 M2m`QMb- BX2X (ky93- ky93)-
2�+? rBi? p2`v bBKBH�` Qmi+QK2bX h?2 K�BM /Bz2`2M+2
rBi? /Bz2`2Mi �`+?Bi2+im`2b- i?�i r2 ?�p2 7QmM/- Bb i?2
MmK#2` Q7 2TQ+?b M2+2bb�`v iQ K�tBKBb2 i?2 6Bb?2` BM@
7Q`K�iBQM K�i`BtX q2 ?�p2 +?Qb2M � bBKTH2 M2irQ`F Q7
(k8e- k8e) bBM+2 Bi b22Kb iQ +QMp2`;2 KQ`2 [mB+FHv i?�M
Qi?2` M2irQ`FbX
aBM+2 i?2 i2bi KQ/2H +�M #2 r`Bii2M /QrM �M�HviB+�HHv-

i?2 i`m2 TQbi2`BQ` /Bbi`B#miBQM 7Q` bQK2 bBKmH�i2/ i2bi
/�i� d Ub?QrM BM i�#H2 AV +�M #2 7QmM/ �M/ Bb THQi@
i2/ �b i?2 bQHB/ Q`�M;2 +m`p2 BM };m`2 jX h?2 T`BQ` /Bb@
i`B#miBQM mb2/ ?2`2 Bb mMB7Q`K #2ir22M ᅲ � 	�
 ��>X �
}`bi �TT`QtBK�iBQM Q7 i?2 TQbi2`BQ` /Bbi`B#miBQM mbBM;
i?2 M2irQ`F- rBi?Qmi +`2�iBM; �Mv �//BiBQM�H bBKmH�iBQMb
+�M #2 7QmM/ mbBM; i?2 �bvKTiQiB+ HBF2HB?QQ/ #v 2t@
T�M/BM; 2[m�iBQM UkXRV �#Qmi i?2 }/m+B�H p�`B�M+2 rBi?ငᅲ � 	਷�
 �>RX h?2 �bvKTiQiB+ HBF2HB?QQ/ `2bmHi Bb THQi@
i2/ BM };m`2 j BM /�b?2/ #Hm2X Ai +�M #2 b22M i?�i i?2
T2�F Q7 i?2 TQbi2`BQ` 7QmM/ mbBM; i?2 �bvKTiQiB+ HBF2@
HB?QQ/ +Q``2bTQM/b rBi? i?2 T2�F Q7 i?2 �M�HviB+ TQbi2@
`BQ`- �Hi?Qm;? �b 2tT2+i2/ i?2 `2bi Q7 i?2 /Bbi`B#miBQM [mB@
+FHv /2pB�i2b 7`QK i?2 �M�HviB+ `2bmHiX hQ T2`7Q`K SJ*@

RX h?Bb �TT`QtBK�iBQM Bb QMHv i`m2 7Q` ͗ͣϣ<းᇆ> ୆ φX h?2 BMi2`@
p�H +?Qb2M ?2`2 Bb mb2/ QMHv 7Q` THQiiBM; Tm`TQb2bX

training

Ry

6B;m`2 j , h?2 TQbi2`BQ` /Bbi`B#miBQM 7Q` i?2 p�`B�M+2 Q7 i?2
`2�H /�i�X h?2 bQHB/ Q`�M;2 +m`p2 Bb i?2 �M�HviB+ TQbi2`BQ`
/Bbi`B#miBQM mbBM; "�v2bǶ i?2Q`2K �M/ i?2 HBF2HB?QQ/ BM 2[m�@
iBQM UeXRVX h?2 /�b?2/ #Hm2 +m`p2 b?Qrb i?2 TQbi2`BQ` +�H+mH�@
i2/ 7`QK i?2 �bvKTiQiB+ HBF2HB?QQ/ 7`QK i?2 M2irQ`F bmKK�`v
�M/ BM Tm`TH2 Bb i?2 �"* TQbi2`BQ` Q#i�BM2/ i?`Qm;? SJ*
rBi? i?2 Tm`TH2 b?�/2/ 2``Q` #�`b b?QrBM; i?2 R@ᇐ SQBbbQM
rB/i?X 1�+? /Bbi`B#miBQM Bb MQ`K�HBb2/ bm+? i?�i Bib BMi2;`�H
Bb mMBiv BM i?2 BMi2`p�H ᇆ � <ЈӴ φЈ>X q2 +�M b22 i?�i i?2 �M�Hv@
iB+ TQbi2`BQ` BM i?2 bQHB/ Q`�M;2 +m`p2 Qp2`H�Tb i?2 SJ*@�"*
TQbi2`BQ` BM i?2 Tm`TH2 ?BbiQ;`�K b?QrBM; i?�i i?2 M2irQ`F
?�b bm++2bb7mHHv H2�`M2/ iQ bmKK�`Bb2 i?2 /�i�X h?2 #Hm2 /�@
b?2/ +m`p2 T2�Fb �i i?2 b�K2 TH�+2 �b i?2 �M�HviB+ TQbi2`BQ`
rBi? � bBKBH�` rB/i?- r?B+? b?Qrb i?�i i?2 }`bi Q`/2` �TT`QtB@
K�iBQM Q7 i?2 TQbi2`BQ` Bb �HbQ +Q``2+iX

�"*- ԃ � ���� T�`�K2i2` p�Hm2b- \ᅲ Јֆ ]Ԛ ୮ <�
 ԃ>^- �`2
/`�rM 7`QK i?2 mMB7Q`K T`BQ` /Bbi`B#miBQM- ԟ	ᄇ
- #2ir22Mᅲ � 	�
 ��>X h?2 SJ* T`Q+2/m`2- /2b+`B#2/ �#Qp2- Bb
i?2M +�``B2/ Qmi iQ Q#i�BM Ryyy b�KTH2b 7`QK i?2 �T@
T`QtBK�i2 TQbi2`BQ`X lbBM; � +`Bi2`BQM i?�i i?2`2 M22/b
iQ #2 kyyy /`�rb Q7 ᅲ ֏ֆ BM Bi2`�iBQM ԣ iQ #2 +QMpBM+2/ i?�i
i?2 �TT`QtBK�i2 TQbi2`BQ` ?�b +QMp2`;2/ `2[mB`2b � iQi�H
Q7 Rykjk bBKmH�iBQMbX h?2 rB/i? Q7 i?2 �++2Ti�M+2 T�@
`�K2i2` Bb ᆃյ � ����� �i i?2 H�bi Bi2`�iBQM- ԉ - K2�MBM;
i?�i i?2 M2irQ`F bmKK�`v Q7 2�+? Q7 i?2 �++2Ti2/ M2i@
rQ`F bmKK�`B2b �`2 rBi?BM � #�M/ Q7 ԧs յքֆ � ԧ ਻ �����
Q7 i?2 M2irQ`F bmKK�`v Q7 i?2 `2�H /�i�- ԧX h?2 ?Bb@
iQ;`�K Q7 i?2 �++2Ti2/ TQBMib �`2 b?QrM BM };m`2 j BM
Tm`TH2X h?2 SJ*@�"* TQbi2`BQ` /Bbi`B#miBQM 7QHHQrb i?2
�M�HviB+ TQbi2`BQ` /Bbi`B#miBQM 2t�+iHv- b?QrBM; i?�i i?2
M2irQ`F ?�b bm++2bb7mHHv H2�`M2/ ?Qr iQ bmKK�`Bb2 i?2
/�i�X

Ai Bb BMi2`2biBM; iQ b22 i?2 M2irQ`F QmiTmib �b � 7mM+@
iBQM Q7 ᅲ- rBi?Qmi mbBM; i?2 SJ* T`Q+2/m`2X "v T2`@
7Q`KBM; M�śp2 (*>�_LP*E , ) �"* (*>�_LP*E ,
#v `�M/QKHv /`�rBM; 7`QK i?2 r?QH2 T`BQ`- �M/ MQi ?Q@
MBM; BM QM i?2 i`m2 /Bbi`B#miBQM-) r2 +�M THQi i?2 M2i@
rQ`F QmiTmi �b � 7mM+iBQM Q7 i?2 p�`B�M+2 /`�rM 7`QK
i?2 T`BQ`- b?QrM BM };m`2 9X h?2 ;`22M TQBMib b?Qr i?2
`2D2+i2/ b�KTH2b �M/ i?2 Tm`TH2 TQBMib UmM/2` i?2 #H�+F

6B;m`2 9 , L2irQ`F QmiTmi �b � 7mM+iBQM Q7 i?2 p�`B�M+2 mb2/
iQ +`2�i2 i?2 bBKmH�iBQMbX h?2 ;`22M TQBMib �`2 i?2 M2irQ`F
bmKK�`B2b Q7 � b2H2+iBQM Q7 i?2 bBKmH�iBQMb +`2�i2/ 7`QK `�M@
/QK /`�rb 7`QK ᇆ � 	ЈӴ φЈ> 7Q` i?2 `�M/QK �"* T`Q+2/m`2X
h?2 Tm`TH2 TQBMib �`2 i?2 �++2Ti2/ M2irQ`F bmKK�`B2b Q7 i?2
Ryyy bBKmH�iBQMb rBi?BM ֓s ԿՎՐ � ֓ ਻ ᇗԿ rBi? ᇗԿ � ЈӳЈ΅ϩX h?2
#H�+F /Qii2/ HBM2 BM/B+�i2b i?2 M2irQ`F QmiTmi Q7 i?2 `2�H
/�i�X h?2`2 Bb � bi`QM; +Q``2H�iBQM #2ir22M i?2 M2irQ`F Qmi@
Tmi �M/ i?2 p�Hm2 Q7 ᇆ r?B+? bm;;2bib i?�i i?2 M2irQ`F ?�b
H2�`M2/ ?Qr iQ bmKK�`Bb2 i?2 M2irQ`F BMTmi rBi? `2bT2+i iQ
i?2 KQ/2H T�`�K2i2`bX

/�b?2/ HBM2V b?Qr i?2 �++2Ti2/ /`�rbX h?2 #H�+F /�b?2/
HBM2 b?Qrb i?2 M2irQ`F QmiTmi Q7 i?2 `2�H /�i�X h?2`2
Bb � bi`QM; +Q``2H�iBQM #2ir22M i?2 M2irQ`F bmKK�`v Q7
i?2 bBKmH�iBQMb �M/ i?2 p�Hm2 Q7 ᅲ mb2/ iQ +`2�i2 i?2 bB@
KmH�iBQMX _2[mB`BM; i?�i i?2`2 �`2 Ryyy b�KTH2b r?Qb2
bmKK�`B2b �`2 rBi?BM ԧs յքֆ � ԧ ਻ ᆃյ - r?2`2 ᆃյ � �����-
M2+2bbBi�i2b KQ`2 i?�M eyy-yyy /`�rb 7`QK i?2 T`BQ`- 8y
iBK2b KQ`2 /`�rb i?�M i?2 SJ* M22/bX Ai b?QmH/ #2 MQ@
i2/ i?�i i?2 M2irQ`F bmKK�`v Bb MQi 2[m�H iQ i?2 p�Hm2
Q7 ᅲ �M/- BM ;2M2`�H +�M p�`v � HQi #v +?�M;BM; i?2 M2i@
rQ`F �`+?Bi2+im`2- i?2 BMBiB�HBb�iBQM Q7 i?2 r2B;?ib Q` 2p2M
Dmbi +?�M;BM; i?2 Q`/2` Q7 i?2 bBKmH�iBQMb mb2/ iQ i`�BM
i?2 M2irQ`FX h?2 p�`B�iBQM BM i?2 M2irQ`F bmKK�`v Bb �
K�MB72bi�iBQM Q7 ?Qr i?2 6Bb?2` BM7Q`K�iBQM Bb BMp�`B�Mi
mM/2` HBM2�` b+�HBM;b Q7 � bm{+B2Mi bi�iBbiB+- �Hi?Qm;? i?2
b+�H2 Q7 i?2 bi�iBbiB+ Bb �#H2 iQ #2 +QMbi`�BM2/ bQK2r?�i
#v +QmTHBM; i?2 6Bb?2` BM7Q`K�iBQM K�i`Bt iQ i?2 +Qp�@
`B�M+2 Q7 i?2 QmiTmib- �b BM 2[m�iBQM U9XeVX
q?2M +`2�iBM; bBKmH�iBQMb /m`BM; i?2 �"* T`Q+2/m`2

r2 +�M +�H+mH�i2 i?2 i`m2 bmKK�`v (*>�_LP*E , bm7@
}+B2Mi bi�iBbiB+)- BX2Xԧsք � ։dంօ�φ ॕԓsքօॖϵ UeX3V

r?2`2 Ԙ H�#2Hb i?2 `�M/QK BMBiB�HBb�iBQM Q7 i?2 bBKmH�iBQM
�M/ i?2 i?2 D H�#2Hb i?2 /�i� TQBMi BM i?2 /�i� b2i dX SHQi@
iBM; i?2 i`m2 bmKK�`v (*>�_LP*E , 2t�+i bm{+B2Mi
bi�iBbiB+) �;�BMbi i?2 M2irQ`F bmKK�`v (*>�_LP*E ,
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6B;m`2 j , h?2 TQbi2`BQ` /Bbi`B#miBQM 7Q` i?2 p�`B�M+2 Q7 i?2
`2�H /�i�X h?2 bQHB/ Q`�M;2 +m`p2 Bb i?2 �M�HviB+ TQbi2`BQ`
/Bbi`B#miBQM mbBM; "�v2bǶ i?2Q`2K �M/ i?2 HBF2HB?QQ/ BM 2[m�@
iBQM UeXRVX h?2 /�b?2/ #Hm2 +m`p2 b?Qrb i?2 TQbi2`BQ` +�H+mH�@
i2/ 7`QK i?2 �bvKTiQiB+ HBF2HB?QQ/ 7`QK i?2 M2irQ`F bmKK�`v
�M/ BM Tm`TH2 Bb i?2 �"* TQbi2`BQ` Q#i�BM2/ i?`Qm;? SJ*
rBi? i?2 Tm`TH2 b?�/2/ 2``Q` #�`b b?QrBM; i?2 R@ᇐ SQBbbQM
rB/i?X 1�+? /Bbi`B#miBQM Bb MQ`K�HBb2/ bm+? i?�i Bib BMi2;`�H
Bb mMBiv BM i?2 BMi2`p�H ᇆ � <ЈӴ φЈ>X q2 +�M b22 i?�i i?2 �M�Hv@
iB+ TQbi2`BQ` BM i?2 bQHB/ Q`�M;2 +m`p2 Qp2`H�Tb i?2 SJ*@�"*
TQbi2`BQ` BM i?2 Tm`TH2 ?BbiQ;`�K b?QrBM; i?�i i?2 M2irQ`F
?�b bm++2bb7mHHv H2�`M2/ iQ bmKK�`Bb2 i?2 /�i�X h?2 #Hm2 /�@
b?2/ +m`p2 T2�Fb �i i?2 b�K2 TH�+2 �b i?2 �M�HviB+ TQbi2`BQ`
rBi? � bBKBH�` rB/i?- r?B+? b?Qrb i?�i i?2 }`bi Q`/2` �TT`QtB@
K�iBQM Q7 i?2 TQbi2`BQ` Bb �HbQ +Q``2+iX

�"*- ԃ � ���� T�`�K2i2` p�Hm2b- \ᅲ Јֆ ]Ԛ ୮ <�
 ԃ>^- �`2
/`�rM 7`QK i?2 mMB7Q`K T`BQ` /Bbi`B#miBQM- ԟ	ᄇ
- #2ir22Mᅲ � 	�
 ��>X h?2 SJ* T`Q+2/m`2- /2b+`B#2/ �#Qp2- Bb
i?2M +�``B2/ Qmi iQ Q#i�BM Ryyy b�KTH2b 7`QK i?2 �T@
T`QtBK�i2 TQbi2`BQ`X lbBM; � +`Bi2`BQM i?�i i?2`2 M22/b
iQ #2 kyyy /`�rb Q7 ᅲ ֏ֆ BM Bi2`�iBQM ԣ iQ #2 +QMpBM+2/ i?�i
i?2 �TT`QtBK�i2 TQbi2`BQ` ?�b +QMp2`;2/ `2[mB`2b � iQi�H
Q7 Rykjk bBKmH�iBQMbX h?2 rB/i? Q7 i?2 �++2Ti�M+2 T�@
`�K2i2` Bb ᆃյ � ����� �i i?2 H�bi Bi2`�iBQM- ԉ - K2�MBM;
i?�i i?2 M2irQ`F bmKK�`v Q7 2�+? Q7 i?2 �++2Ti2/ M2i@
rQ`F bmKK�`B2b �`2 rBi?BM � #�M/ Q7 ԧs յքֆ � ԧ ਻ �����
Q7 i?2 M2irQ`F bmKK�`v Q7 i?2 `2�H /�i�- ԧX h?2 ?Bb@
iQ;`�K Q7 i?2 �++2Ti2/ TQBMib �`2 b?QrM BM };m`2 j BM
Tm`TH2X h?2 SJ*@�"* TQbi2`BQ` /Bbi`B#miBQM 7QHHQrb i?2
�M�HviB+ TQbi2`BQ` /Bbi`B#miBQM 2t�+iHv- b?QrBM; i?�i i?2
M2irQ`F ?�b bm++2bb7mHHv H2�`M2/ ?Qr iQ bmKK�`Bb2 i?2
/�i�X

Ai Bb BMi2`2biBM; iQ b22 i?2 M2irQ`F QmiTmib �b � 7mM+@
iBQM Q7 ᅲ- rBi?Qmi mbBM; i?2 SJ* T`Q+2/m`2X "v T2`@
7Q`KBM; M�śp2 (*>�_LP*E , ) �"* (*>�_LP*E ,
#v `�M/QKHv /`�rBM; 7`QK i?2 r?QH2 T`BQ`- �M/ MQi ?Q@
MBM; BM QM i?2 i`m2 /Bbi`B#miBQM-) r2 +�M THQi i?2 M2i@
rQ`F QmiTmi �b � 7mM+iBQM Q7 i?2 p�`B�M+2 /`�rM 7`QK
i?2 T`BQ`- b?QrM BM };m`2 9X h?2 ;`22M TQBMib b?Qr i?2
`2D2+i2/ b�KTH2b �M/ i?2 Tm`TH2 TQBMib UmM/2` i?2 #H�+F

6B;m`2 9 , L2irQ`F QmiTmi �b � 7mM+iBQM Q7 i?2 p�`B�M+2 mb2/
iQ +`2�i2 i?2 bBKmH�iBQMbX h?2 ;`22M TQBMib �`2 i?2 M2irQ`F
bmKK�`B2b Q7 � b2H2+iBQM Q7 i?2 bBKmH�iBQMb +`2�i2/ 7`QK `�M@
/QK /`�rb 7`QK ᇆ � 	ЈӴ φЈ> 7Q` i?2 `�M/QK �"* T`Q+2/m`2X
h?2 Tm`TH2 TQBMib �`2 i?2 �++2Ti2/ M2irQ`F bmKK�`B2b Q7 i?2
Ryyy bBKmH�iBQMb rBi?BM ֓s ԿՎՐ � ֓ ਻ ᇗԿ rBi? ᇗԿ � ЈӳЈ΅ϩX h?2
#H�+F /Qii2/ HBM2 BM/B+�i2b i?2 M2irQ`F QmiTmi Q7 i?2 `2�H
/�i�X h?2`2 Bb � bi`QM; +Q``2H�iBQM #2ir22M i?2 M2irQ`F Qmi@
Tmi �M/ i?2 p�Hm2 Q7 ᇆ r?B+? bm;;2bib i?�i i?2 M2irQ`F ?�b
H2�`M2/ ?Qr iQ bmKK�`Bb2 i?2 M2irQ`F BMTmi rBi? `2bT2+i iQ
i?2 KQ/2H T�`�K2i2`bX

/�b?2/ HBM2V b?Qr i?2 �++2Ti2/ /`�rbX h?2 #H�+F /�b?2/
HBM2 b?Qrb i?2 M2irQ`F QmiTmi Q7 i?2 `2�H /�i�X h?2`2
Bb � bi`QM; +Q``2H�iBQM #2ir22M i?2 M2irQ`F bmKK�`v Q7
i?2 bBKmH�iBQMb �M/ i?2 p�Hm2 Q7 ᅲ mb2/ iQ +`2�i2 i?2 bB@
KmH�iBQMX _2[mB`BM; i?�i i?2`2 �`2 Ryyy b�KTH2b r?Qb2
bmKK�`B2b �`2 rBi?BM ԧs յքֆ � ԧ ਻ ᆃյ - r?2`2 ᆃյ � �����-
M2+2bbBi�i2b KQ`2 i?�M eyy-yyy /`�rb 7`QK i?2 T`BQ`- 8y
iBK2b KQ`2 /`�rb i?�M i?2 SJ* M22/bX Ai b?QmH/ #2 MQ@
i2/ i?�i i?2 M2irQ`F bmKK�`v Bb MQi 2[m�H iQ i?2 p�Hm2
Q7 ᅲ �M/- BM ;2M2`�H +�M p�`v � HQi #v +?�M;BM; i?2 M2i@
rQ`F �`+?Bi2+im`2- i?2 BMBiB�HBb�iBQM Q7 i?2 r2B;?ib Q` 2p2M
Dmbi +?�M;BM; i?2 Q`/2` Q7 i?2 bBKmH�iBQMb mb2/ iQ i`�BM
i?2 M2irQ`FX h?2 p�`B�iBQM BM i?2 M2irQ`F bmKK�`v Bb �
K�MB72bi�iBQM Q7 ?Qr i?2 6Bb?2` BM7Q`K�iBQM Bb BMp�`B�Mi
mM/2` HBM2�` b+�HBM;b Q7 � bm{+B2Mi bi�iBbiB+- �Hi?Qm;? i?2
b+�H2 Q7 i?2 bi�iBbiB+ Bb �#H2 iQ #2 +QMbi`�BM2/ bQK2r?�i
#v +QmTHBM; i?2 6Bb?2` BM7Q`K�iBQM K�i`Bt iQ i?2 +Qp�@
`B�M+2 Q7 i?2 QmiTmib- �b BM 2[m�iBQM U9XeVX
q?2M +`2�iBM; bBKmH�iBQMb /m`BM; i?2 �"* T`Q+2/m`2

r2 +�M +�H+mH�i2 i?2 i`m2 bmKK�`v (*>�_LP*E , bm7@
}+B2Mi bi�iBbiB+)- BX2Xԧsք � ։dంօ�φ ॕԓsքօॖϵ UeX3V

r?2`2 Ԙ H�#2Hb i?2 `�M/QK BMBiB�HBb�iBQM Q7 i?2 bBKmH�iBQM
�M/ i?2 i?2 D H�#2Hb i?2 /�i� TQBMi BM i?2 /�i� b2i dX SHQi@
iBM; i?2 i`m2 bmKK�`v (*>�_LP*E , 2t�+i bm{+B2Mi
bi�iBbiB+) �;�BMbi i?2 M2irQ`F bmKK�`v (*>�_LP*E ,

Charnock, Lavaux, Wandelt (arXiv:1802:03537)
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QmiTmi) �HHQrb mb iQ b22 ?Qr r2HH i?2 +Q``2+i 7mM+iBQM Bb
H2�`M2/ #v K�tBKBbBM; i?2 AJLL- �b b22M BM };m`2 8X h?2
#Hm2 TQBMib b?Qr i?2 p�Hm2b Q7 i`m2 bmKK�`B2b (*>�_@
LP*E , 2t�+i bm{+B2Mi bi�iBbiB+b) Q7 i?2 bBKmH�iBQMb �M/
b+�H2/ p�Hm2b Q7 i?2 M2irQ`F bmKK�`B2b (*>�_LP*E ,
Q)miTmib Q7 i?2 b�K2 bBKmH�iBQMbX h?2 M2irQ`F bmKK�`v
(*>�_LP*E , QmiTmi) Kmbi #2 b+�H2/ /m2 iQ i?2 �HHQ@
r2/ HBM2�` b+�HBM; Q7 i?2 bm{+B2Mi bi�iBbiB+X q2 �+im�HHv
7QmM/ i?�i M2irQ`F bmKK�`v (*>�_LP*E , QmiTmi) Bb
�TT`QtBK�i2HvOFUXPSL PVUQVU ஈ ։dంօ�φ ॕԓsքօॖϵ � ��
 UeXNV

rBi?Qmi � HBM2�` b+�HBM; Q7 i?2 i`m2 bmKK�`v (*>�_@
LP*E , 2t�+i bm{+B2Mi bi�iBbiB+)- #mi rBi? �M Qzb2iX
h?2 #H�+F /�b?2/ HBM2 b?Qrb r?�i rQmH/ #2 2tT2+i2/ B7
i?2 2t�+i K�T r�b H2�`M2/ #v i?2 M2irQ`FX q2 +�M b22
i?�i i?2 M2irQ`F bmKK�`v (*>�_LP*E , QmiTmi) ;2@
M2`�HHv 7QHHQrb i?2 bmK Q7 i?2 b[m�`2 Q7 i?2 /�i� +HQb2Hv
rBi? ?BMib Q7 � bHB;?i #2M/ �M/ bmT2`}+B�H #`Q�/2MBM;
�i H�`;2` 2t�+i bm{+B2Mi bi�iBbiB+bX h?2 #2M/BM; Bb Q7 MQ
+QM+2`M bBM+2 �Mv QM2@iQ@QM2 7mM+iBQM Q7 i?2 bm{+B2Mi
bi�iBbiB+ Bb biBHH � bm{+B2Mi bi�iBbiB+- �M/ r2 +�M b22 i?�i
i?2 M2irQ`F QmiTmi Bb +H2�`Hv � KQMQiQMB+ 7mM+iBQM Q7
i?2 `2�H bmKK�`vX h?2 #`Q�/2MBM; BM/B+�i2b i?�i QMHv
�M �TT`QtBK�i2 K�T Bb H2�`M2/ #2+�mb2 i?2 i`�BMBM; Q7
i?2 M2irQ`F Bb BM+QKTH2i2 /m2 iQ H�+F Q7 /Bp2`bBiv rBi?BM
bBKmH�iBQMb �M/ T2`?�Tb � bm#@QTiBK�H +?QB+2 Q7 M2irQ`F
?vT2`T�`�K2i2`bX qBi? ;`2�i2` p�`B2iv rBi?BM i?2 bBKm@
H�iBQMb Q`- HBF2rBb2- � ;`2�i2` MmK#2` Q7 bBKmH�iBQMb- i?2
QTiBK�H K�T +QmH/ #2 H2�`M2/ 2p2M KQ`2 T`2+Bb2HvX L2@
p2`i?2H2bb- r2 +�M b22 ?Qr KBMQ` �M 2z2+i i?2 #`Q�/2MBM;
Q7 i?2 2t�+i bm{+B2Mi bi�iBbiB+ Bb #v HQQFBM; �i i?2 `2bmHib
BM };m`2 jX h?2 `2bmHiBM; TQbi2`BQ` /Bbi`B#miBQM Bb 2[mBp�@
H2Mi iQ i?2 �M�HviB+ TQbi2`BQ`- r?B+? Bb i?2 `2�H T`QQ7 i?�i
i?2 M2irQ`F ?�b 7QmM/ i?2 +Q``2+i bmKK�`v bi�iBbiB+X

RX amKK�`BbBM; :�mbbB�M bB;M�Hb rBi? FMQrM MQBb2
p�`B�M+2

LQr +QMbB/2` bQK2 MQBbv /�i� r?2`2 i?2 `2�H /�i�
d � ृ �ԓք ߉ ෭ि ��
 ᅲ � ᅼϵμπЏϣ΄ी�ੵ � Ԙ ୮ <�
 ԝd>ॄ � ?�b � bB;M�H
p�`B�M+2 Q7 ᅲϬϝϷ΄ � � �M/ i?2 p�`B�M+2 Q7 i?2 MQBb2 Bb
i�F2M iQ #2 FMQrM ᅼϵμπЏϣ΄ � �X aBKmH�iBQMb Q7 i?2 MQBbv
/�i� +�M #2 +`2�i2/ �M/ mb2/ iQ i`�BM i?2 M2irQ`F- �b
#27Q`2X h?2 �//BiBQM Q7 i?2 MQBb2 K�F2b i?2 HBF2HB?QQ/
H2bb T2�F2/ �#Qmi i?2 i`m2 T�`�K2i2` p�Hm2 �M/ bQ i?2
6Bb?2` BM7Q`K�iBQM Bb 2tT2+i2/ iQ #2 H2bb i?�M BM Q`B;BM�H
T`Q#H2KX aBM+2 i?2 HBF2HB?QQ/ Bb FMQrM �M�HviB+�HHv- mbBM;
2[m�iBQM UeXeV Bi +�M #2 b22M i?�i F � ����X h?2 M2irQ`F
K�M�;2b iQ �+?B2p2 F ஈ ���� #v i?2 2M/ Q7 i`�BMBM;- bm;@
;2biBM; i?2 M2irQ`F Bb +�T�#H2 Q7 2ti`�+iBM; +HQb2 iQ i?2
K�tBKmK �KQmMi Q7 BM7Q`K�iBQM TQbbB#H2X q2 ?�p2 mb2/
� bHB;?iHv H2bb +QKTH2t M2irQ`F ?2`2 rBi? Rk3 M2m`QMb
BM irQ ?B//2M H�v2`b- (Rk3- Rk3)- #mi �HH Qi?2` T�`�K2@
i2`b i?2 b�K2X �;�BM- K�Mv /Bz2`2Mi �`+?Bi2+im`2b rQ`F

6B;m`2 8 , _2b+�H2/ M2irQ`F QmiTmi 7Q` � ;Bp2M 2t�+i bm{@
+B2Mi bi�iBbiB+X h?2 #Hm2 /Qib b?Qr � b+�H2/ p�Hm2 Q7 i?2 M2i@
rQ`F QmiTmi �i i?2 2t�+i bm{+B2Mi bi�iBbiB+ Q7 bBKmH�iBQMb
Q#i�BM2/ �i � `�M;2 Q7 ᇆ /m`BM; �"*X h?2 #H�+F /�b?2/ HBM2
b?Qrb i?2 2tT2+i2/ p�Hm2 Q7 i?2 M2irQ`F QmiTmi B7 i?2 M2irQ`F
?�/ H2�`M2/ i?2 K�T 7`QK /�i� iQ i?2 bm{+B2Mi bi�iBbiB+ T2`@
72+iHvX aBM+2 i?2 b+�ii2` Q7 i?2 2t�+i bm{+B2Mi bi�iBbiB+ iQ i?2
M2irQ`F QmiTmi +HQb2Hv 7QHHQrb i?2 #H�+F /�b?2/ HBM2- r2 FMQr
i?2 M2irQ`F ?�b �TT`QtBK�i2Hv H2�`M2/ i?2 +Q``2+i K�T 7`QK
/�i� iQ bmKK�`v (*>�_LP*E , bm{+B2Mi bi�iBbiB+)X h?2`2 Bb
� bHB;?i +m`p2 r?B+? �`Bb2b 7`QK i?2 7�+i i?�i �Mv QM2@iQ@QM2
7mM+iBQM Q7 i?2 bm{+B2Mi bi�iBbiB+ Bb biBHH � bm{+B2Mi bi�iBbiB+
�M/ bQ Bb Q7 MQ +QM+2`MX h?2`2 Bb �HbQ � bmT2`}+B�H #`Q�/2MBM;
Q7 i?2 +m`p2 r?B+? b?Qrb i?�i i?2 K�T Bb QMHv �TT`QtBK�i2Hv
+Q``2+iX

2[m�HHv r2HH- #mi /Q MQi M2+2bb�`BHv +QMp2`;2 �b [mB+FHvX
q2 i`�BM i?2 M2irQ`F 7Q` kyyy 2TQ+?b #27Q`2 i?2 6Bb?2`
BM7Q`K�iBQM b�im`�i2b iQ Bib K�tBKmK p�Hm2X

AM };m`2 e- Bi +�M #2 b22M i?�i i?2 SJ*@�"* TQbi2`BQ`
/Bbi`B#miBQM- b?QrM BM i?2 Tm`TH2 ?BbiQ;`�K rBi? b?�/2/
R@ᅼ SQBbbQM `2;BQMb- r?2M ;Bp2M bQK2 bBKmH�i2/ i2bi /�i�-
d- Bb p2`v bBKBH�` iQ i?2 �M�HviB+ `2bmHi b?QrM #v i?2 bQHB/
Q`�M;2 HBM2X h?2 /�b?2/ #Hm2 �TT`QtBK�i2 TQbi2`BQ` /Bb@
i`B#miBQM 7`QK i?2 �bvKTiQiB+ HBF2HB?QQ/ �;�BM T2�Fb p2`v
+HQb2 iQ i?2 K�tBKmK Q7 i?2 �M�HviB+ TQbi2`BQ`X h?2 TQb@
i2`BQ` /Bbi`B#miBQM #2+QK2b K�tBK�H �i i?2 KQbi HBF2Hv
T�`�K2i2` p�Hm2 ;Bp2M i?2 /�i�- rBi? i?2 p�`B�M+2 ;Bp2M
#v i?2 BMp2`b2 6Bb?2` BM7Q`K�iBQM �i i?2 2M/ Q7 i`�BMBM;X
h?2`2 �`2 Ryyy b�KTH2b mb2/ iQ +`2�i2 i?2 ?BbiQ;`�K Q7
i?2 SJ*@�"* TQbi2`BQ` r?B+? `2[mB`2/ RekjR bBKmH�@
iBQMb iQ #2 +`2�i2/ /m`BM; i?2 SJ*- r?2`2 �HH b�KTH2b
�`2 rBi?BM ԧs յքֆ � ԧ ਻ ᆃյ - rBi? ᆃյ � �����X aBM+2 i?2
�M�HviB+ TQbi2`BQ` /Bbi`B#miBQM Bb bQ bBKBH�` iQ i?2 SJ*@
�"* TQbi2`BQ` r2 +�M b22 i?�i- 2p2M i?Qm;? i?2 M2irQ`F
Bb QMHv ;Bp2M MQBbv bBKmH�iBQMb- Bi Bb +�T�#H2 Q7 }M/BM;
i?2 i`m2 7mM+iBQM iQ bmKK�`Bb2 i?2 /�i�X

The IMNN finds a 
minimal sufficient 

statistic for this 
inference 
problem

Minimal sufficient statistic

Charnock, Lavaux, Wandelt (arXiv:1802:03537)

…and Gaussianizes it!



Example 2: Automatic physical 
inference with 

noisy data Rk

6B;m`2 e , h?2 TQbi2`BQ` /Bbi`B#miBQM Q7 i?2 bB;M�H p�`B�M+2 Q7
i?2 :�mbbB�M MQBb2 r?2M i?2 /�i� Bb +QMi�KBM�i2/ rBi? FMQrM
MQBb2 Q7 ᇐɞȥȩɸɌǭ � φX h?2 bQHB/ Q`�M;2 HBM2 b?Qrb i?2 �M�HviB+
TQbi2`BQ` /Bbi`B#miBQM- r?BHbi i?2 TQbi2`BQ` /Bbi`B#miBQM 7`QK
i?2 �bvKTiQiB+ HBF2HB?QQ/ Bb b?QrM BM /�b?2/ #Hm2 �M/ i?2
Tm`TH2 ?BbiQ;`�K rBi? R@ᇐ SQBbbQM b?�/2/ 2``Q` #�`b b?Qrb
i?2 �TT`QtBK�i2 TQbi2`BQ` /Bbi`B#miBQM 7`QK SJ*@�"*X 1�+?
/Bbi`B#miBQM Bb MQ`K�HBb2/ bm+? i?�i Bib BMi2;`�H Bb mMBiv BM i?2
BMi2`p�H ᇆ � <ЈӴ φЈ>X q2 +�M b22 i?�i i?2 bQHB/ Q`�M;2 +m`p2
�M/ i?2 Tm`TH2 ?BbiQ;`�K Qp2`H�T �HQM; i?2 2MiB`2 `�M;2 Q7 ᇆ
bm;;2biBM; i?�i i?2 M2irQ`F ?�b H2�`M2/ i?2 +Q``2+i r�v iQ
bmKK�`Bb2 i?2 /�i�X

kX amKK�`BbBM; :�mbbB�M bB;M�Hb rBi? mMFMQrM MQBb2
p�`B�M+2

LQr +QMbB/2` i?2 T`Q#H2K r?2`2- �;�BM- i?2 `2�H /�i�
d � ृ �ԓք ߉ ෭ि ��
 ᅲ � ᅼϵμπЏϣ΄ी�ੵ � Ԙ ୮ <�
 ԝd>ॄ � ?�b � bB;M�H
p�`B�M+2 Q7 ᅲ � � �M/ i?2 p�`B�M+2 Q7 i?2 MQBb2 Bb �HbQ
mMFMQrM rBi? � mMB7Q`K T`BQ` ᅼϵμπЏϣ΄ ୮ 	�
 �>X q2 i`�BM
mbBM; Ryyy bBKmH�iBQMb UYRyy 7Q` 2�+? Q7 i?2 /2`Bp�iBp2bV
�i � }/m+B�H ᅲΒЏͷ � � 2�+? rBi? � /Bz2`2Mi ᅼϵμπЏϣ΄ `�M/QKHv
/`�rM 7`QK i?2 mMB7Q`K T`BQ` QM i?2 MQBb2X h?2 }M�H p�@
Hm2 Q7 i?2 6Bb?2` BM7Q`K�iBQM 7`QK i?2 M2irQ`F Bb H2bb
i?�M BM 2Bi?2` Q7 i?2 irQ T`2pBQmb +�b2b �i F � ��� mbBM;
� bHB;?iHv KQ`2 +QKTH2t M2irQ`F i?�M BM i?2 T`2pBQmb b2+@
iBQM rBi? �M �`+?Bi2+im`2 Q7 (Rk3- Rk3- e9) #mi �HH Qi?2`
T�`�K2i2`b i?2 b�K2X A7 i?2 MQBb2 r2`2 �bbmK2/ iQ #2
FMQrM �i ᅼϵμπЏϣ΄ � � i?2M i?2 K�tBKmK 6Bb?2` �p�BH�#H2-
�b +�H+mH�i2/ 7`QK 2[m�iBQM UeXeV rQmH/ #2 F � ���X
h?2 TQbi2`BQ` /Bbi`B#miBQMb 7Q` ᅲ �`2 b?QrM BM };m`2 dX
aBM+2 i?2 MQBb2 Bb mMFMQrM- � _�Q@"H�+Fr2HH 2biBK�i2 Q7
i?2 �M�HviB+ /Bbi`B#miBQM Bb K�/2X >2`2- i?2 TQbi2`BQ` /Bb@
i`B#miBQM Bb +�H+mH�i2/ 7Q` � `�M;2 Q7 ;Bp2M MQBb2 p�Hm2b
7`QK ᅼϵμπЏϣ΄ � 	�
 �> �M/ i?2B` `2bmHib bmKK2/ �i 2�+? p�@
Hm2 Q7 ᅲ- THQii2/ rBi? � bQHB/ Q`�M;2 HBM2X h?2 SJ*@�"*
TQbi2`BQ` Bb ;Bp2M #v i?2 Tm`TH2 ?BbiQ;`�K +QMbBbiBM; Q7
Ryyy b�KTH2b- r?B+? `2[mB`2/ RR3Nk bBKmH�iBQMb mbBM; i?2
SJ*X �;�BM- �b #27Q`2- i?2 +QMbi`�BMib QM ᅲ �`2 BM+`2/B@
#Hv bBKBH�` iQ i?2 �M�HviB+ `2bmHi- +QM}`KBM; i?�i i?2
M2irQ`F +�M �TT`QtBK�i2 i?2 2t�+i bmKK�`v p2`v r2HHX

6B;m`2 d , h?2 TQbi2`BQ` /Bbi`B#miBQM Q7 i?2 bB;M�H p�`B�M+2
r?2M i?2 /�i� Bb +QMi�KBM�i2/ rBi? mMFMQrM MQBb2 ᇐɞȥȩɸɌǭ �	ЈӴ ϵ>X h?2 2t�+i TQbi2`BQ` Bb b?QrM #v i?2 bQHB/ Q`�M;2 +m`p2-
i?2 TQbi2`BQ` /Bbi`B#miBQM Q#i�BM2/ mbBM; i?2 �bvKTiQiB+ HBF2@
HB?QQ/ Bb BM /�b?2/ #Hm2 �M/ i?2 SJ*@�"* TQbi2`BQ` rBi?
b�KTH2b /`�rM mbBM; SJ* Bb BM/B+�i2/ #v i?2 Tm`TH2 ?BbiQ@
;`�K rBi? b?�/2/ R@ᇐ SQBbbQM 2``Q` #�`bX 1�+? /Bbi`B#miBQM
Bb MQ`K�HBb2/ bm+? i?�i Bib BMi2;`�H Bb mMBiv BM i?2 BMi2`p�Hᇆ � <ЈӴ φЈ>X 1p2M rBi? mMFMQrM MQBb2 i?2 M2irQ`F +�M bmK@
K�`Bb2 i?2 /�i� 2[m�HHv �b r2HH �b � _�Q@"H�+Fr2HH 2biBK�i2 Q7
i?2 �M�HviB+ +�b2- H2�/BM; iQ 2[mBp�H2Mi TQbi2`BQ` /Bbi`B#miBQMbX
h?2 TQbi2`BQ` /Bbi`B#miBQM Q#i�BM2/ 7`QK i?2 �bvKTiQiB+ HBF2@
HB?QQ/ /Q2b MQi �;`22 rBi? i?2 Qi?2` /Bbi`B#miBQMb bBM+2 i?2
i`�BMBM; bBKmH�iBQMb �`2 MQi `2T`2b2Mi�iBp2 Q7 i?2 `2�H /�i�X

h?2 _�Q@"H�+Fr2HH 2biBK�iBQM T`Q+2/m`2 Bb �HbQ +�``B2/
Qmi iQ Q#i�BM i?2 TQbi2`BQ` +�H+mH�i2/ 7`QK i?2 �bvKT@
iQiB+ HBF2HB?QQ/- BM /�b?2/ #Hm2- �Hi?Qm;? i?2 `2bmHi /Q2b
MQi �;`22 rBi? i?2 2t�+i Q` SJ*@�"* TQbi2`BQ`bX h?2
H�+F Q7 �;`22K2Mi �`Bb2b #2+�mb2 i?2 bBKmH�i2/ i2bi /�i�
Bb MQi r2HH `2T`2b2Mi2/ BM i?2 i`�BMBM; bBKmH�iBQMbX 1p2M
i?Qm;? i?2`2 Bb �M mM/2` `2T`2b2Mi�iBQM BM i?2 /�i�- i?2
M2irQ`F ?�b H2�`M2/ i?2 +Q``2+i r�v iQ bmKK�`Bb2 /�i�
BM/2T2M/2Mi Q7 i?2 BMTmi- BX2X i?2 M2irQ`F +�H+mH�i2b i?2
bmK Q7 i?2 b[m�`2 Q7 i?2 BMTmiX

"X amKK�`BbBM; :�mbbB�M bB;M�Hb rBi? r`QM;
}/m+B�H p�`B�M+2

aBM+2 i?2 M2irQ`F i`�BM2/ BM i?2 FMQrM MQBb2 T`Q#H2K-
BM b2+iBQM oA�R- Bb �FBM iQ � M2irQ`F i`�BM2/ �i � }@
/m+B�H T�`�K2i2` ᅲΒЏͷ � �- r2 +�M mb2 Bi iQ i2bi ?Qr
r2HH i?2 M2irQ`F +�M T`2/B+i i?2 p�`B�M+2 r?2M i?2 }/m@
+B�H p�Hm2 /Q2b MQi +QBM+B/2 rBi? i?2 i`m2 T�`�K2i2`X Ai
rQmH/ #2 2tT2+i2/ i?�i /�i� rBi? ᅲ � � rQmH/ #2 mM/2`@
`2T`2b2Mi2/ BM � i`�BMBM; /�i� b2i r?2`2 i?2 }/m+B�H p�Hm2
Bb ᅲΒЏͷ � �X L�śp2Hv- QM2 rQmH/ �bbmK2 i?�i i?2 M2irQ`F
rQmH/ MQi T2`7Q`K �b r2HH �b � M2irQ`F i`�BM2/ mbBM; bB@
KmH�iBQMb +`2�i2/ �i ᅲΒЏͷ � �- 2bT2+B�HHv bBM+2 i?2 6Bb?2`
BM7Q`K�iBQM �p�BH�#H2 7`QK i?Bb M2irQ`F Bb F � ���� �M/
MQi F � � �b BM b2+iBQM oA�X >Qr2p2`- };m`2 3 b?Qrb

Charnock, Lavaux, Wandelt (arXiv:1802:03537)



Example 3: Automatic physical 
inference with 
unknown noise Rk

6B;m`2 e , h?2 TQbi2`BQ` /Bbi`B#miBQM Q7 i?2 bB;M�H p�`B�M+2 Q7
i?2 :�mbbB�M MQBb2 r?2M i?2 /�i� Bb +QMi�KBM�i2/ rBi? FMQrM
MQBb2 Q7 ᇐɞȥȩɸɌǭ � φX h?2 bQHB/ Q`�M;2 HBM2 b?Qrb i?2 �M�HviB+
TQbi2`BQ` /Bbi`B#miBQM- r?BHbi i?2 TQbi2`BQ` /Bbi`B#miBQM 7`QK
i?2 �bvKTiQiB+ HBF2HB?QQ/ Bb b?QrM BM /�b?2/ #Hm2 �M/ i?2
Tm`TH2 ?BbiQ;`�K rBi? R@ᇐ SQBbbQM b?�/2/ 2``Q` #�`b b?Qrb
i?2 �TT`QtBK�i2 TQbi2`BQ` /Bbi`B#miBQM 7`QK SJ*@�"*X 1�+?
/Bbi`B#miBQM Bb MQ`K�HBb2/ bm+? i?�i Bib BMi2;`�H Bb mMBiv BM i?2
BMi2`p�H ᇆ � <ЈӴ φЈ>X q2 +�M b22 i?�i i?2 bQHB/ Q`�M;2 +m`p2
�M/ i?2 Tm`TH2 ?BbiQ;`�K Qp2`H�T �HQM; i?2 2MiB`2 `�M;2 Q7 ᇆ
bm;;2biBM; i?�i i?2 M2irQ`F ?�b H2�`M2/ i?2 +Q``2+i r�v iQ
bmKK�`Bb2 i?2 /�i�X

kX amKK�`BbBM; :�mbbB�M bB;M�Hb rBi? mMFMQrM MQBb2
p�`B�M+2

LQr +QMbB/2` i?2 T`Q#H2K r?2`2- �;�BM- i?2 `2�H /�i�
d � ृ �ԓք ߉ ෭ि ��
 ᅲ � ᅼϵμπЏϣ΄ी�ੵ � Ԙ ୮ <�
 ԝd>ॄ � ?�b � bB;M�H
p�`B�M+2 Q7 ᅲ � � �M/ i?2 p�`B�M+2 Q7 i?2 MQBb2 Bb �HbQ
mMFMQrM rBi? � mMB7Q`K T`BQ` ᅼϵμπЏϣ΄ ୮ 	�
 �>X q2 i`�BM
mbBM; Ryyy bBKmH�iBQMb UYRyy 7Q` 2�+? Q7 i?2 /2`Bp�iBp2bV
�i � }/m+B�H ᅲΒЏͷ � � 2�+? rBi? � /Bz2`2Mi ᅼϵμπЏϣ΄ `�M/QKHv
/`�rM 7`QK i?2 mMB7Q`K T`BQ` QM i?2 MQBb2X h?2 }M�H p�@
Hm2 Q7 i?2 6Bb?2` BM7Q`K�iBQM 7`QK i?2 M2irQ`F Bb H2bb
i?�M BM 2Bi?2` Q7 i?2 irQ T`2pBQmb +�b2b �i F � ��� mbBM;
� bHB;?iHv KQ`2 +QKTH2t M2irQ`F i?�M BM i?2 T`2pBQmb b2+@
iBQM rBi? �M �`+?Bi2+im`2 Q7 (Rk3- Rk3- e9) #mi �HH Qi?2`
T�`�K2i2`b i?2 b�K2X A7 i?2 MQBb2 r2`2 �bbmK2/ iQ #2
FMQrM �i ᅼϵμπЏϣ΄ � � i?2M i?2 K�tBKmK 6Bb?2` �p�BH�#H2-
�b +�H+mH�i2/ 7`QK 2[m�iBQM UeXeV rQmH/ #2 F � ���X
h?2 TQbi2`BQ` /Bbi`B#miBQMb 7Q` ᅲ �`2 b?QrM BM };m`2 dX
aBM+2 i?2 MQBb2 Bb mMFMQrM- � _�Q@"H�+Fr2HH 2biBK�i2 Q7
i?2 �M�HviB+ /Bbi`B#miBQM Bb K�/2X >2`2- i?2 TQbi2`BQ` /Bb@
i`B#miBQM Bb +�H+mH�i2/ 7Q` � `�M;2 Q7 ;Bp2M MQBb2 p�Hm2b
7`QK ᅼϵμπЏϣ΄ � 	�
 �> �M/ i?2B` `2bmHib bmKK2/ �i 2�+? p�@
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HB?QQ/ Bb BM /�b?2/ #Hm2 �M/ i?2 SJ*@�"* TQbi2`BQ` rBi?
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BM7Q`K�iBQM �p�BH�#H2 7`QK i?Bb M2irQ`F Bb F � ���� �M/
MQi F � � �b BM b2+iBQM oA�X >Qr2p2`- };m`2 3 b?Qrb
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Example 4: Lyman-α forest inference

• The idea is to infer the variance of the underlying 
density field from a non-linearly transformed, 
photon-noise dominated Lyman-α forest spectrumR9
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i`�iBQM r2 F22T i?2 b�K2 Ԛ /2T2M/2M+2 ?2`2X qBi? i?2
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 /m2 iQ i?2
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i2` ᅲ iQ #2 bQK2 KmHiBTHB+�iBp2 b+�HBM; Q7 i?2 �KTHBim/2-Ӷϣ � ᅲӶͩπϣζπ rBi? Ӷͩπϣζπ i?2 �KTHBim/2 Q7 i?2 TQr2`
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+QmH/ #2 T2`7Q`K2/X q2 mb2/ � mMB7Q`K T`BQ` BM HQ;�`Bi?@
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�TT`QtBK�i2Hv 8 Q`/2`b Q7 K�;MBim/2 Q` KQ`2 mbBM; i?2
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.X :`�pBi�iBQM�H r�p27Q`K 7`2[m2M+v

U:`�z 2i �HX kyRRV b?Qr2/ i?�i i?2 JPS1. �H;Q`Bi?K-
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q2 bi�`i #v +QMbB/2`BM; � bBM2@:�mbbB�M ;`�pBi�iBQM�H
r�p2 bB;M�H �b +QmH/ #2 b22M BM GAa�- rBi? � b?Q`i #m`bi
/m`�iBQM �M/ 7`2[m2M+v bT�+2 r�p27Q`K U62`Qx 2i �HX

Charnock, Lavaux, Wandelt (arXiv:1802:03537)



Example 4: Lyman-α forest inference
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Example 5: LISA gravitational wave chirp

Full likelihood (LH)
Gaussian likelihood based 
on linear compression
Gaussian LH based on 
IMNN compression

Charnock, Lavaux, Wandelt (arXiv:1802:03537)

The Information Maximizing 
Network summary gives the correct
unique likelihood peak.



The latest

• Include nuisance-hardened compression technique to ”pre-
marginalize” nuisance parameters

• Use another NN, a mixture density network to fit the likelihood 
rather than Gaussian mixture.

• Larger applications (see Alessandro Manzotti’s talk this afternoon!)

• Note: HEP paper in very similar spirit a few months later by  
Brehmer et al. arXiv: 1805.12244

Benjamin Wandelt



Summary
• A broad spectrum of machine learning ideas are at play in 

cosmology and astrophysics
• Need to find good ways to balance:
• the power of physical modeling with the power of machine learning
• ad hoc analysis with principled statistics
• interpretability with black box machines

• Cosmology adds some unique challenges:
• observational science (e.g. out of class training)
• Information is in “correlations” between all cosmic messengers 

(photons, particles, gravitons) 
• Only one universe!

Let’s go beyond putting machine learning into physics: let’s put 
physics into machine learning!



Benjamin Wandelt

To reproduce the results in the IMNN paper the code version used is 
archived on zenodo:

https://doi.org/10.5281/zenodo.1175196

The most recent version can be downloaded from github:
https://github.com/tomcharnock/information_maximiser

https://doi.org/10.5281/zenodo.1175196
https://github.com/tomcharnock/information_maximiser

