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Broken symmetries

Spontaneously broken symmetries → Goldstone Bosons

Goldstone Bosons have shift symmetry
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Shift symmetry
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A broken symmetry transformation starts with a field-independent term:
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Galileon symmetry
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Scalar kinetic term also has galileon symmetry:
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Deformation of the symmetry:
DBI theory
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Wess-Zumino terms (galileons):

with the first of these indicating that �(0) is a symmetry of L(0). Our goal in this section is

to seek expansions of this form for the various examples we have constructed, in order to

find simpler, but still non-trivial, theories with the same number of symmetries.

The expansion we choose is one in powers of the field ⇡ around some background. We

expand ⇡ around a constant background value ⇡0 and let � count powers of the deviation

from this background; i.e. we make the replacement

⇡ ! ⇡0 + �⇡ , (153)

and then expand the Lagrangians and symmetries in powers of �.

Applying this small field limit to the DBI Galileons (34) gives rise to the original Galileons

first studied in [4]. These are, up to total derivatives,
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Note that lower order terms in the expansion are total derivatives. For example, in the

expansion of L4 there exists an O (⇡2) piece, but this is a total derivative in Minkowski

space, and the first non-trivial term is the O (⇡4) piece shown above.

Applying the small field limit to the transformation laws (37) yields

�⇡ = 1 ,

�µ⇡ = xµ , (156)
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Extensions of Galileon symmetry

Scalar kinetic term also has extended galileon symmetry:
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symmetric, traceless constant tensor

special galileon:

A Hidden Symmetry of the Galileon

Kurt Hinterbichlera,⇤ and Austin Joyceb,†

a
Perimeter Institute for Theoretical Physics, 31 Caroline St. N., Waterloo, ON, N2L 2Y5, Canada

b
Enrico Fermi Institute and Kavli Institute for Cosmological Physics, University of Chicago, Chicago, IL 60637, USA

We show that there is a special choice of parameters for which the galileon theory is invariant under
an enhanced shift symmetry whose non-linear part is quadratic in the coordinates. This symmetry
fixes the theory to be equivalent to one with only even powers of the field, with no free coe�cients,
and accounts for the improved soft limit behavior observed in the quartic galileon S-matrix.

E↵ective theories with derivative interactions have
been of great interest recently. Much of this work has
focused on a particular family of scalar field theories, the
galileons [1]. These theories have primarily been of in-
terest in cosmology, where they arise in various infrared
modifications of gravity (they appeared in the decoupling
limit of the Dvali–Gabadadze–Porrati model [2–4], and
have since been seen to arise in massive gravity [5, 6]),
but they have potential applications in many corners of
high energy physics, cosmology and even condensed mat-
ter.

Galileons appear in the non-relativistic limit of theories
describing fluctuating hypersurfaces [7–10], which is of
interest in high energy physics, but may also be of interest
for biophysics or condensed matter applications. The
galileons and their higher-shift analogues may also be
useful for describing Goldstone bosons near multi-critical
points [11–13].

Galileons possess a number of interesting properties:
they obey a non-renormalization theorem [2, 14], which
indicates that they may be employed to address natu-
ralness problems. They can exhibit classically non-linear
behavior without losing control of quantum corrections—
this is the essence of the Vainshtein mechanism which
can screen the presence of the galileon from Solar Sys-
tem tests [15, 16]. Additionally, the galileons can be in-
terpreted as Wess–Zumino terms for a particular spon-
taneously broken space-time symmetry [17]. For reviews
of these properties along with cosmological applications
and generalizations, see [18–20].

The galileon has two essential defining properties: sec-
ond order equations of motion (which ensures that the
theory does not propagate an Ostrogradsky-type ghost)
and invariance under the symmetry

�� = c+ bµx
µ, (1)

where c is a constant, bµ is a constant vector and xµ is the
spacetime coordinate. There are a finite number of terms
with these properties; D + 1 of them in D dimensions.

In this letter, we show that, up to field redefinitions,
there is a single choice of coe�cients for the galileon
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terms for which the theory is additionally invariant un-
der a higher-shift symmetry. Up to field redefinitions,
this symmetry fixes all the coe�cients of the galileon,
and the resulting theory is equivalent to one with only
even powers of the field. For example, in four dimensions,
the theory containing only the quartic galileon term,
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where ⇤ is the strong coupling scale, is invariant under
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1
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where sµ⌫ is a traceless symmetric constant tensor sµ⌫ =
s⌫µ, sµµ = 0.
As with all global symmetries, this symmetry has con-

sequences for correlation functions and scattering ampli-
tudes. We show that the soft-� theorem associated to
this extended shift symmetry implies that the soft limit
of scattering amplitudes starts at O(q3), higher than the
O(q2) behavior of a generic galileon. This explains a
phenomenon seen recently in [21].
Conventions: We use mostly plus signature. D is the
number of spacetime dimensions. ' denotes equality up
to total derivative.
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We show that there is a special choice of parameters for which the galileon theory is invariant under
an enhanced shift symmetry whose non-linear part is quadratic in the coordinates. This symmetry
fixes the theory to be equivalent to one with only even powers of the field, with no free coe�cients,
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indicates that they may be employed to address natu-
ralness problems. They can exhibit classically non-linear
behavior without losing control of quantum corrections—
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can screen the presence of the galileon from Solar Sys-
tem tests [15, 16]. Additionally, the galileons can be in-
terpreted as Wess–Zumino terms for a particular spon-
taneously broken space-time symmetry [17]. For reviews
of these properties along with cosmological applications
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The galileon has two essential defining properties: sec-
ond order equations of motion (which ensures that the
theory does not propagate an Ostrogradsky-type ghost)
and invariance under the symmetry

�� = c+ bµx
µ, (1)

where c is a constant, bµ is a constant vector and xµ is the
spacetime coordinate. There are a finite number of terms
with these properties; D + 1 of them in D dimensions.

In this letter, we show that, up to field redefinitions,
there is a single choice of coe�cients for the galileon
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terms for which the theory is additionally invariant un-
der a higher-shift symmetry. Up to field redefinitions,
this symmetry fixes all the coe�cients of the galileon,
and the resulting theory is equivalent to one with only
even powers of the field. For example, in four dimensions,
the theory containing only the quartic galileon term,
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where sµ⌫ is a traceless symmetric constant tensor sµ⌫ =
s⌫µ, sµµ = 0.
As with all global symmetries, this symmetry has con-

sequences for correlation functions and scattering ampli-
tudes. We show that the soft-� theorem associated to
this extended shift symmetry implies that the soft limit
of scattering amplitudes starts at O(q3), higher than the
O(q2) behavior of a generic galileon. This explains a
phenomenon seen recently in [21].
Conventions: We use mostly plus signature. D is the
number of spacetime dimensions. ' denotes equality up
to total derivative.

A. Galileon Lagrangians and Useful Quantities

The galileon Lagrangians can be conveniently written
in terms of certain total derivative combinations. Define
the matrix of second derivatives: �µ

⌫ ⌘ @µ@⌫�. At each
order in �, there is a unique combination of �’s that is a
total derivative [1, 22],
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(�1)p the sign of the permutation. The first few cases
are
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nonlinear deformation of the symmetry
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Extensions of Galileon symmetry

Scalar kinetic term has extended galileon symmetry of all orders:

L = �1

2
(@�)2
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1 Introduction

Shift symmetries play a powerful role in diverse areas of physics: they provide a useful classifica-

tion of low-energy e↵ective theories and appear generically in any theory in which an internal or

spacetime symmetry is spontaneously broken. In theories with spontaneously broken symmetries,

masslessness of the Goldstone bosons is protected by symmetries that act like shift symmetries to

leading order in powers of the fields. The avatars of these symmetries in scattering amplitudes are

enhanced soft limits, the prototypical example of which is the Adler zero [1, 2]. Theories with shift

symmetries are also known to enjoy various non-renormalization theorems [3–6].

The simplest example of a shift-symmetric theory is a free massless scalar field in flat space. In

fact, this theory has an infinite number of non-linearly realized symmetries which take the form of

an infinite tower of shifts,1

�� = c + cµx
µ + cµ1µ2x

µ1x
µ2 + cµ1µ2µ3x

µ1x
µ2x

µ3 + · · · . (1.1)

Here the cµ1···µk
are rank-k symmetric and traceless constant tensors, and x

µ are the Cartesian

spacetime coordinates. We call k the level of the shift symmetry. Interactions generically break

the shift symmetries (1.1); however, certain classes of interactions can preserve subsets of these

symmetries. The symmetries preserved by interaction terms therefore provide a useful organizing

principle for classifying derivatively-coupled e↵ective field theories (EFTs) in flat space [11–16].

The k = 0 shift symmetry is the standard shift by a constant, c. Any interacting theory involving

at least one derivative per field will preserve this symmetry, including ghost-free theories such as

P (X) theories. If we allow for multiple interacting fields, there exist interesting field-dependent

deformations of the constant shift symmetry such that the symmetry generators form a non-abelian

algebra. Field theories invariant under these deformed symmetries are of the non-linear �-model

type.

The k = 1 shift symmetry underlies the galileon [3, 17]. Any interaction with at least two

derivatives per field preserves this symmetry, but there is also a finite set of interactions, the

galileon interactions, that have fewer than two derivatives per field and are ghost-free,

Ln ⇠ �Sn�1(@@�) , n = 1, 2, · · · , D + 1 , (1.2)

where Sn are the symmetric polynomials defined in Appendix A. These can be understood as

Wess–Zumino terms for the galileon symmetry [18] and, from the point of view of the S-matrix, as

theories with enhanced soft limits [13, 14, 19].2 In this case, there are again interesting non-abelian

deformations of the symmetries involving field-dependent terms, but here the deformation can be

achieved with a single scalar field. For example, both the Dirac–Born–Infeld (DBI) action and the

1
The free scalar also has an infinite number of unbroken symmetries, which form the higher-spin algebra underlying

Vasiliev’s higher-spin theory [7–10]. The shift symmetries studied here are distinct from these.
2
Enhanced in this context means that scattering amplitudes vanish more quickly in the soft limit than would

naively be expected from the number of derivatives per field.

3

There do not seem to be interesting interactions at higher orders.

,

symmetric, traceless constant tensors

Clifford Cheung, Karol Kampf, Jiri Novotny, Chia-Hsien Shen, Jaroslav Trnka (2016)

KH, Austin Joyce (2014)

Mark Bogers,  Tomas Brauner (2018)

Diederik Roest,  David Stefanyszyn,  Pelle Werkman (2019)



How does all this extend to (A)dS and to higher spins?



(A)dS embedding space

Ambient space: quick review
Dirac; Fronsdal

I Treat (A)dSD space as a surface in (RD�1,2) RD,1,

⌘ABX
A
X

B = ±R2
,

described by the embedding functions XA(x).

Example: AdS2 in R1,2 ambient space

Embedding with global coordinates x = (t, ⇢) is

X0 = R
cos t

cos ⇢
,

X1 = R
sin ⇢

cos ⇢
,

X2 = R
sin t

cos ⇢
,

�X
2
0 +X

2
1 �X

2
2 = �R

2
.

Embed D dimensional (A)dS into D+1 dimensional Minkowski:

Xµ(x)
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Ambient space: quick review
Dirac; Fronsdal

I Treat (A)dSD space as a surface in (RD�1,2) RD,1,

⌘ABX
A
X

B = ±R2
,

described by the embedding functions XA(x).

Example: AdS2 in R1,2 ambient space

Embedding with global coordinates x = (t, ⇢) is

X0 = R
cos t

cos ⇢
,

X1 = R
sin ⇢

cos ⇢
,

X2 = R
sin t

cos ⇢
,

�X
2
0 +X

2
1 �X

2
2 = �R

2
.

Tµ1···µs(x)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

TA1···As(X)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�
XA@A � µ

�
TA1···As = 0
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Ambient space: quick review
Dirac; Fronsdal

I Ambient tensors project injectively to (A)dS tensors if they
satisfy

(XA
@A �N)TA1...As = 0, X

A1TA1...As = 0,

where N is the homogeneity degree.

I There are then general rules for projecting derivatives Bekaert,

Meunier, e.g.,

@(A1
. . . @An�An+1...An+s) ! r(µ1

. . .rµn�µn+1...µn+s) + · · · .

embedding space coordinates intrinsic (A)dS coordinates

(A)dS tensors correspond to embedding space tensors:

Homogeneity, transverse-ness conditions:

Rules for projecting derivatives:

Dirac (1936)

,



• Massless scalar preserves shift symmetry:

Higher symmetries all broken:

�� = c
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1 Introduction

Shift symmetries play a powerful role in diverse areas of physics: they provide a useful classifica-

tion of low-energy e↵ective theories and appear generically in any theory in which an internal or

spacetime symmetry is spontaneously broken. In theories with spontaneously broken symmetries,

masslessness of the Goldstone bosons is protected by symmetries that act like shift symmetries to

leading order in powers of the fields. The avatars of these symmetries in scattering amplitudes are

enhanced soft limits, the prototypical example of which is the Adler zero [1, 2]. Theories with shift

symmetries are also known to enjoy various non-renormalization theorems [3–6].

The simplest example of a shift-symmetric theory is a free massless scalar field in flat space. In

fact, this theory has an infinite number of non-linearly realized symmetries which take the form of

an infinite tower of shifts,1

�� = c + cµx
µ + cµ1µ2x

µ1x
µ2 + cµ1µ2µ3x

µ1x
µ2x

µ3 + · · · . (1.1)

Here the cµ1···µk
are rank-k symmetric and traceless constant tensors, and x

µ are the Cartesian

spacetime coordinates. We call k the level of the shift symmetry. Interactions generically break

the shift symmetries (1.1); however, certain classes of interactions can preserve subsets of these

symmetries. The symmetries preserved by interaction terms therefore provide a useful organizing

principle for classifying derivatively-coupled e↵ective field theories (EFTs) in flat space [11–16].

The k = 0 shift symmetry is the standard shift by a constant, c. Any interacting theory involving

at least one derivative per field will preserve this symmetry, including ghost-free theories such as

P (X) theories. If we allow for multiple interacting fields, there exist interesting field-dependent

deformations of the constant shift symmetry such that the symmetry generators form a non-abelian

algebra. Field theories invariant under these deformed symmetries are of the non-linear �-model

type.

The k = 1 shift symmetry underlies the galileon [3, 17]. Any interaction with at least two

derivatives per field preserves this symmetry, but there is also a finite set of interactions, the

galileon interactions, that have fewer than two derivatives per field and are ghost-free,

Ln ⇠ �Sn�1(@@�) , n = 1, 2, · · · , D + 1 , (1.2)

where Sn are the symmetric polynomials defined in Appendix A. These can be understood as

Wess–Zumino terms for the galileon symmetry [18] and, from the point of view of the S-matrix, as

theories with enhanced soft limits [13, 14, 19].2 In this case, there are again interesting non-abelian

deformations of the symmetries involving field-dependent terms, but here the deformation can be

achieved with a single scalar field. For example, both the Dirac–Born–Infeld (DBI) action and the

1
The free scalar also has an infinite number of unbroken symmetries, which form the higher-spin algebra underlying

Vasiliev’s higher-spin theory [7–10]. The shift symmetries studied here are distinct from these.
2
Enhanced in this context means that scattering amplitudes vanish more quickly in the soft limit than would

naively be expected from the number of derivatives per field.

3

Scalars in (A)dS

,

• There is a special mass which preserves a galileon symmetry:

�� = SAX
A
��
(A)dS
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Theories with deformed algebras

For k = 1, the commutator is

[SA, SB] = ↵JAB.

When ↵ 6= 0, the algebra is soD+2, spanned by the generators

⇢
,

�
.

This can be realised on a scalar by

�SA� = XA + ↵�@A�,

with mass m2 = D/L
2. The invariant theories are (A)dS DBI

galileons Goon, Hinterbichler, Trodden.

Theories with deformed algebras

For k = 1, the commutator is

[SA, SB] = ↵JAB.

When ↵ 6= 0, the algebra is soD+2, spanned by the generators

⇢
,

�
.

This can be realised on a scalar by

�SA� = XA + ↵�@A�,

with mass m2 = D/L
2. The invariant theories are (A)dS DBI

galileons Goon, Hinterbichler, Trodden.

•
SA
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Flat limit:
galileon shift

constant embedding space vector



Scalars in (A)dS

• There is a different mass which preserves second-order galileon symmetry:

Theories with deformed algebras

For k = 1, the commutator is

[SA, SB] = ↵JAB.

When ↵ 6= 0, the algebra is soD+2, spanned by the generators

⇢
,

�
.

This can be realised on a scalar by

�SA� = XA + ↵�@A�,

with mass m2 = D/L
2. The invariant theories are (A)dS DBI

galileons Goon, Hinterbichler, Trodden.

•→ �
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Theories with deformed algebras

For k = 2, the commutator is

[SA1A2 , SB1B2 ] = ↵⌘A1B1JA2B2 + · · · .

When ↵ 6= 0, the algebra is slD+1, spanned by the generators

⇢
,

T
�
.

This can be realised on a scalar by

�SAB� = X(AXB)T + ↵@(A�@B)T�,

with mass m2 = 2(D + 1)/L2. There is a unique invariant theory
with second-order EOM.
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with mass m2 = 2(D + 1)/L2. There is a unique invariant theory
with second-order EOM.
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• Sequence of special mass values:

1
2 (Tµ⌫ + T⌫µ)�

1
D

gµ⌫T
⇢
⇢. We denote Young projectors by Yr1,r2,r3,..., where the ri label the lengths

of the rows of the corresponding Young diagrams. Our convention for the PM depth is that the

depth, t, labels the number of indices of the PM gauge parameter.

2 Shift symmetries of free fields in (A)dS space

We begin by describing how free bosonic fields in (A)dS space with particular discrete masses enjoy

extended shift symmetries that are polynomials in the ambient space coordinates.

2.1 Scalar fields

First we consider scalar fields. When we extend the free massless scalar action to (A)dS space,

only the constant shift symmetry remains unbroken. However, for each k there is a particular mass

for which the massive (A)dS action is invariant under the analogue of the level-k flat space shift

symmetry.

Consider the action

S =

Z
dD

x
p

�g

✓
�

1

2
(@�)2 �

m
2
k

2
�
2

◆
, (2.1)

where

m
2
k

= �k(k + D � 1)H2
. (2.2)

This action has a shift symmetry given by

�� = K
(0)

, (2.3)

where K
(0) is the restriction to (A)dS space of a degree-k homogeneous polynomial of ambient

space coordinates,

K
(0) = SA1···Ak

X
A1 · · · X

Ak

��
⇢=R . (2.4)

Here X
A(x) is an embedding of (A)dSD into a (D + 1)-dimensional flat ambient space, restriction

to the (A)dS hyperboloid is denoted by |⇢=R, and SA1···Ak
is a constant ambient space tensor that

is symmetric and traceless (for more details on the ambient space formalism, see Appendix B).

Associated with � is an ambient space scalar � that has homogeneity degree k and equals � on the

(A)dS surface, �
X

A
@A � k

�
� = 0 , �(x) = �(⇢, x)

��
⇢=R , (2.5)

so the shift symmetry (2.3) corresponds to the ambient space transformation

�� = SA1···Ak
X

A1 · · · X
Ak . (2.6)

The number of independent components of SA1···Ak
is

Nsymm. =

 
D + k

k

!
�

 
D + k � 2

k � 2

!
, (2.7)
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Theories with deformed algebras

For k = 1, the commutator is

[SA, SB] = ↵JAB.

When ↵ 6= 0, the algebra is soD+2, spanned by the generators

⇢
,

�
.

This can be realised on a scalar by

�SA� = XA + ↵�@A�,

with mass m2 = D/L
2. The invariant theories are (A)dS DBI

galileons Goon, Hinterbichler, Trodden.
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Masses come from higher dimensional laplacian:

Scalars in (A)dS

,

k = 0, 1, 2, . . .
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Massive higher spins in (A)dS

The fact that �� is negative is a symptom of the tachyonic mass—at late times (⌘ ! 0) the field

is diverging. However, this dangerous zero mode can be removed by a shift transformation. To see

this, we note that the inflationary slicing is given by the embedding (B.15), so that if we perform

a shift (2.3) along the lightcone coordinate (B.18), we find

�� = S+···+X
+

· · · X
+
��
⇢=R / ⌘

�k
, (2.14)

which has precisely the same time dependence as the growing mode (2.11). This is not completely

satisfactory, because modes with arbitrarily small wave numbers will also seem unstable if we wait

long enough. However, this is an artifact of the inflationary slicing. Going to global coordinates,

there are only a finite number of modes that are sick: modes with spatial angular momentum L  k

are tachyonic.6 However, these are precisely the modes which can be generated or removed by the

symmetries (2.2), so that these scalar fields appear to be healthy.

In the AdS context, these scalars are not tachyonic, but rather correspond to conventional scalar

representations. They lie well above the Breitenlohner–Freedman bound [58] and are therefore uni-

tary. These particular mass values and their associated shift symmetries have not, to our knowledge,

been much studied in AdS space, though we expect that they should play some interesting role in

the AdS/CFT correspondence.

2.2 Symmetric tensor fields

Shift symmetries for fields with spin s � 1 have not been extensively studied, likely because

Goldstone bosons for broken internal symmetries are always scalars.7 However, in certain cases

massive Goldstone-like fields with spin arise in (A)dS space [60] (soft limits for spin-1 theories in

flat space have been studied in [61]). We now discuss how the scalar shift symmetries generalize to

symmetric tensor fields in (A)dS space.

A free spin-s bosonic field of mass m on (A)dS
D

can be described by a completely symmetric

tensor, �µ1···µs
, that obeys the following on-shell equations of motion:

�
⇤ � H

2 [s + D � 2 � (s � 1)(s + D � 4)] � m
2
�
�µ1···µs

= 0 , r
⌫
�⌫µ2···µs

= 0 , �
⌫

⌫µ3···µs
= 0 .

(2.15)

This theory develops a shift symmetry at the following values of the mass:

m
2
s,k

= �(k + 2)(k + D � 3 + 2s)H2
, k = 0, 1, 2, . . . , (s � 1) . (2.16)

The form of the level-k shift symmetry acting on the spin-s field is

��µ1···µs
= K

(k)
µ1···µs

, (2.17)

6
More properly, they are zero-norm with respect to the Klein–Gordon inner product.

7
Additionally, massless Goldstone fields with nonzero spin coming from broken spacetime symmetries are subject

to constraints, see e.g., [59].

9

Massive spin s field on (A)dS:Free higher-spin particles in (A)dS space

Similarly, a massive spin-s particle �µ1...µs with the mass

m
2
s,k = (k + 2)(k +D � 3 + 2s)/L2

,

where k 2 Z�0, corresponds to a harmonic ambient space field
with homogeneity degree k + s, so it has the shift symmetry

��µ1...µs = SA1...As+k,B1...BsX
A1 . . . X

As+k
@X

B1

@xµ1
. . .

@X
Bs

@xµs

����
(A)dS

,

where

SA1···As+k,B1···Bs 2
s+ k

s

T

.

I In AdSD, the dual CFTD�1 operator has � = k + s+D � 1.

Free higher-spin particles in (A)dS space

Similarly, a massive spin-s particle �µ1...µs with the mass

m
2
s,k = (k + 2)(k +D � 3 + 2s)/L2

,

where k 2 Z�0, corresponds to a harmonic ambient space field
with homogeneity degree k + s, so it has the shift symmetry

��µ1...µs = SA1...As+k,B1...BsX
A1 . . . X

As+k
@X

B1

@xµ1
. . .

@X
Bs

@xµs

����
(A)dS

,

where

SA1···As+k,B1···Bs 2
s+ k

s

T

.

I In AdSD, the dual CFTD�1 operator has � = k + s+D � 1.

recovered in a somewhat subtle way, similar to the massless case for s � 3 [34–36]. In Appendix A,

we work out the equations of motion for both partially massless points of a spin-3 field on de Sitter

space from the o↵-shell Lagrangian starting point. This is provided for convenience to illustrate

the relationship between this standard viewpoint and the formalism which we adopt in the rest of

the paper. We comment on some natural future directions in section 6.

Conventions: We use the mostly plus metric signature. We (anti) symmetrize tensors with unit

weight, e.g., S(µ⌫) =
1
2(Sµ⌫ + S⌫µ). We work on de Sitter space of dimension D and Hubble radius

1/H throughout. The curvature tensors of this de Sitter space are given by

Rµ⌫⇢� = H
2 (gµ⇢g⌫� � gµ�g⌫⇢) , Rµ⌫ = (D � 1)H2

gµ⌫ , R = D(D � 1)H2
.

All of our formulae apply equally well to anti-de Sitter by taking H
2 7! �L

�2, with L the AdS

radius. We define the depth, t, of a partially massless field to be the highest helicity component

removed by a gauge symmetry or, equivalently, the number of indices on the gauge parameter.3

Young tableaux are employed in the manifestly antisymmetric convention, and on the tensors we

use commas to delineate anti-symmetric groups of indices corresponding to columns of length two

or greater. The projector onto a tableau with row lengths r1, r2, · · · is denoted Pr1,r2,··· where the

indices to be projected should be obvious from context. The action of the projector is to first

symmetrize the indices in each row, and then anti-symmetrize the indices in each column, with an

overall normalization fixed so that P 2
r1,r2,··· = Pr1,r2,···. An excellent introduction to Young tableaux

can be found in section 4 of [65] or the book [66].

2 Partially massless equations and complexes

A spin-s field of mass m on (A)dS
D

is carried by a totally symmetric tensor `µ1···µs which obeys

the on-shell equations of motion

�
⇤�H

2 [D + (s� 2)� (s� 1)(s+D � 4)]�m
2
�
`µ1···µs = 0 , r⌫

`⌫µ2···µs = 0 , `
⌫

⌫µ3···µs
= 0.

(2.1)

At generic values of the mass, these equations propagate

(D � 3 + 2s)(D � 4 + s)!

s!(D � 3)!
(2.2)

degrees of freedom.

3
Note that this definition of the depth di↵ers from some papers in the literature, which define the depth by the

number of derivatives in the gauge transformation; it is straightforward to convert between these conventions by

sending t 7! s� t.

5

�µ1···µs + · · · = 0
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Symmetry under shifts parametrized by a mixed symmetry ambient space tensor:



Higher spins in (A)dS

Free higher-spin particles in (A)dS space

Similarly, a massive spin-s particle �µ1...µs with the mass

m
2
s,k = (k + 2)(k +D � 3 + 2s)/L2

,

where k 2 Z�0, corresponds to a harmonic ambient space field
with homogeneity degree k + s, so it has the shift symmetry

��µ1...µs = SA1...As+k,B1...BsX
A1 . . . X

As+k
@X

B1

@xµ1
. . .

@X
Bs

@xµs

����
(A)dS

,

where

SA1···As+k,B1···Bs 2
s+ k

s

T

.

I In AdSD, the dual CFTD�1 operator has � = k + s+D � 1.Dual CFTd operators:
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d
<latexit sha1_base64="jf0nGqnfz79afxa8Hl50A5Zc4wU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjC7YV2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEquDau++2UNja3tnfKu5W9/YPDo+rxSVcnmWLYYYlI1ENANQousWO4EfiQKqRxILAXTG7n9d4TKs0TeW+mKfoxHUkecUaNtdrhsFpz6+5CZB28AmpQqDWsfg3ChGUxSsME1brvuanxc6oMZwJnlUGmMaVsQkfYtyhpjNrPF4vOyIV1QhIlyj5pyML9PZHTWOtpHNjOmJqxXq3Nzf9q/cxEN37OZZoZlGz5UZQJYhIyv5qEXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR16F7VPcvtRq3ZKOIowxmcwyV4cA1NuIMWdIABwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/DtYza</latexit><latexit sha1_base64="jf0nGqnfz79afxa8Hl50A5Zc4wU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjC7YV2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEquDau++2UNja3tnfKu5W9/YPDo+rxSVcnmWLYYYlI1ENANQousWO4EfiQKqRxILAXTG7n9d4TKs0TeW+mKfoxHUkecUaNtdrhsFpz6+5CZB28AmpQqDWsfg3ChGUxSsME1brvuanxc6oMZwJnlUGmMaVsQkfYtyhpjNrPF4vOyIV1QhIlyj5pyML9PZHTWOtpHNjOmJqxXq3Nzf9q/cxEN37OZZoZlGz5UZQJYhIyv5qEXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR16F7VPcvtRq3ZKOIowxmcwyV4cA1NuIMWdIABwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/DtYza</latexit><latexit sha1_base64="jf0nGqnfz79afxa8Hl50A5Zc4wU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjC7YV2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEquDau++2UNja3tnfKu5W9/YPDo+rxSVcnmWLYYYlI1ENANQousWO4EfiQKqRxILAXTG7n9d4TKs0TeW+mKfoxHUkecUaNtdrhsFpz6+5CZB28AmpQqDWsfg3ChGUxSsME1brvuanxc6oMZwJnlUGmMaVsQkfYtyhpjNrPF4vOyIV1QhIlyj5pyML9PZHTWOtpHNjOmJqxXq3Nzf9q/cxEN37OZZoZlGz5UZQJYhIyv5qEXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR16F7VPcvtRq3ZKOIowxmcwyV4cA1NuIMWdIABwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/DtYza</latexit><latexit sha1_base64="jf0nGqnfz79afxa8Hl50A5Zc4wU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjC7YV2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEquDau++2UNja3tnfKu5W9/YPDo+rxSVcnmWLYYYlI1ENANQousWO4EfiQKqRxILAXTG7n9d4TKs0TeW+mKfoxHUkecUaNtdrhsFpz6+5CZB28AmpQqDWsfg3ChGUxSsME1brvuanxc6oMZwJnlUGmMaVsQkfYtyhpjNrPF4vOyIV1QhIlyj5pyML9PZHTWOtpHNjOmJqxXq3Nzf9q/cxEN37OZZoZlGz5UZQJYhIyv5qEXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR16F7VPcvtRq3ZKOIowxmcwyV4cA1NuIMWdIABwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/DtYza</latexit>

d + 1
<latexit sha1_base64="8XJGfhmNI8jZI7g0E/MzjsImNQQ=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfw0htUqm7NnYusgldAFQo1B5WvfpiwLEZpmKBa9zw3NX5OleFM4LTczzSmlI3pEHsWJY1R+/l81Sk5t05IokTZJw2Zu78nchprPYkD2xlTM9LLtZn5X62XmejGz7lMM4OSLT6KMkFMQmZ3k5ArZEZMLFCmuN2VsBFVlBmbTtmG4C2fvArtq5pn+b5ebdSLOEpwCmdwAR5cQwPuoAktYDCEZ3iFN0c4L86787FoXXOKmRP4I+fzB5nxjUo=</latexit><latexit sha1_base64="8XJGfhmNI8jZI7g0E/MzjsImNQQ=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfw0htUqm7NnYusgldAFQo1B5WvfpiwLEZpmKBa9zw3NX5OleFM4LTczzSmlI3pEHsWJY1R+/l81Sk5t05IokTZJw2Zu78nchprPYkD2xlTM9LLtZn5X62XmejGz7lMM4OSLT6KMkFMQmZ3k5ArZEZMLFCmuN2VsBFVlBmbTtmG4C2fvArtq5pn+b5ebdSLOEpwCmdwAR5cQwPuoAktYDCEZ3iFN0c4L86787FoXXOKmRP4I+fzB5nxjUo=</latexit><latexit sha1_base64="8XJGfhmNI8jZI7g0E/MzjsImNQQ=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfw0htUqm7NnYusgldAFQo1B5WvfpiwLEZpmKBa9zw3NX5OleFM4LTczzSmlI3pEHsWJY1R+/l81Sk5t05IokTZJw2Zu78nchprPYkD2xlTM9LLtZn5X62XmejGz7lMM4OSLT6KMkFMQmZ3k5ArZEZMLFCmuN2VsBFVlBmbTtmG4C2fvArtq5pn+b5ebdSLOEpwCmdwAR5cQwPuoAktYDCEZ3iFN0c4L86787FoXXOKmRP4I+fzB5nxjUo=</latexit><latexit sha1_base64="8XJGfhmNI8jZI7g0E/MzjsImNQQ=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfw0htUqm7NnYusgldAFQo1B5WvfpiwLEZpmKBa9zw3NX5OleFM4LTczzSmlI3pEHsWJY1R+/l81Sk5t05IokTZJw2Zu78nchprPYkD2xlTM9LLtZn5X62XmejGz7lMM4OSLT6KMkFMQmZ3k5ArZEZMLFCmuN2VsBFVlBmbTtmG4C2fvArtq5pn+b5ebdSLOEpwCmdwAR5cQwPuoAktYDCEZ3iFN0c4L86787FoXXOKmRP4I+fzB5nxjUo=</latexit>

t = 0
<latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit>

t = 1
<latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit>

t = 2
<latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit>

k
=

1

<latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit><latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit><latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit><latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit>k
=

2

<latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZHkIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzYmqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit><latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZHkIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzYmqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit><latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZHkIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzYmqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit><latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZHkIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzYmqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit> k
=

0

<latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit><latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit><latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit><latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit>

d + 2
<latexit sha1_base64="LDfabs3fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219YeHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBNVwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNyhW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1XobRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYthacfOYU/sj5/AGbdY1L</latexit><latexit sha1_base64="LDfabs3fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219YeHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBNVwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNyhW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1XobRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYthacfOYU/sj5/AGbdY1L</latexit><latexit sha1_base64="LDfabs3fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219YeHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBNVwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNyhW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1XobRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYthacfOYU/sj5/AGbdY1L</latexit><latexit sha1_base64="LDfabs3fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219YeHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBNVwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNyhW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1XobRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYthacfOYU/sj5/AGbdY1L</latexit>

d + 3
<latexit sha1_base64="JdEmBgUtqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOc+Y1M</latexit><latexit sha1_base64="JdEmBgUtqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOc+Y1M</latexit><latexit sha1_base64="JdEmBgUtqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOc+Y1M</latexit><latexit sha1_base64="JdEmBgUtqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOc+Y1M</latexit>

d + 4
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Figure 2: Conformal dimensions of the PM and shift-symmetric fields. Each (blue) filled circle below the

diagonal line is a PM field and the corresponding shift-symmetric longitudinal mode is the (black) circle

obtained by reflecting about the dotted line � = s + d � 1. The open circles on the dotted line belong to

the same family as the conformally coupled scalar, corresponding to the diagonal squares in Figure 1.

This branching rule can be understood in a straightforward way by appealing to the representa-

tions of the dual CFT in d = D�1 dimensions.9 We label the CFT representations as (�, s), where

� is the scaling dimension of the dual CFT operator given in terms of the mass by the greater root

of (3.6). The branching rule then reads

(�, s) ������!
�!t+d�1

(t + d � 1, s) � (s + d � 1, t). (3.18)

The longitudinal module (s + d � 1, t) is precisely the submodule descended from the state (3.9)—

obtained by taking s � t divergences—which is going null in the PM limit. Note that the state

(s + d � 1, t) is the reflection of the state (t + d � 1, s) about the line � = s + d � 1 in the (s, �)

plane. This is illustrated in Figure 2.

The longitudinal mode is a massive field that inherits a shift symmetry. This shift symmetry

comes from the reducibility parameters of the PM gauge transformation discussed in Section 3.3.

To illustrate this explicitly, consider the PM limit m
2

! 2H
2 of a massive spin-2 field in D = 4 dS

9
Though we phrase this in terms of AdS representations, identical considerations apply in the dS case.
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be somewhat obscure. Our goal in this section is to elucidate how these symmetries are intimately

connected to the phenomenon of partial masslessness in (A)dS space. As explained below, the shift-

symmetric fields are the longitudinal modes of massive fields when we take various PM limits, with

the shift symmetries arising from the reducibility parameters of the PM gauge transformations.

3.1 Partially massless fields

We first review some facts about PM fields. In contrast to flat space, on (A)dS space there

are representations that are neither strictly massive or massless. These PM fields are fields with

particular values of the mass, m, for which the free action develops a gauge invariance [23–37].

A spin-s field has s PM points, which are labeled by an integer, t, called the PM depth, t 2

{0, 1, . . . , s � 1}. The mass of a spin-s depth-t PM field is

m̄
2
s,t = (s � t � 1)(s + t + D � 4)H2

, (3.1)

so a massless field corresponds to t = s�1. A depth-t PM field possesses a gauge invariance with a

rank-t totally symmetric gauge parameter. This gauge invariance removes the helicity 0, ±1, . . . , ±t

components of the massive field, leaving a field which propagates only the ±(t+1), . . . , ±s helicities.

Combining Eqs. (2.15) and (3.1), the on-shell equations of motion for a PM field of spin-s and

depth-t are [30, 31, 64],

�
⇤ � H

2 [D + s � 2 � t(D + t � 3)]
�
�µ1···µs

= 0, r
⌫
�⌫µ2···µs

= 0, �
⌫

⌫µ3···µs
= 0. (3.2)

The gauge transformation of the PM field is given by

��µ1···µs
= r(µt+1

rµt+2 · · · rµs
⇠µ1···µt) + . . . , (3.3)

where the ellipses stand for O(H2) terms with fewer derivatives. Explicitly, we can write the full

transformation in the following factorized form [65]:

��µ1···µs
=

8
>><

>>:

Ys

✓Q s�t

2
n=1


rµn

rµ
n+ s�t

2

+ (2n � 1)2H2
gµnµ

n+ s�t

2

�◆
⇠µs�t+1···µs

, for (s � t) even,

Ys

✓Q s�t�1
2

n=1


rµn

rµ
n+ s�t�1

2

+ (2n)2H2
gµnµ

n+ s�t�1
2

�◆
rµs�t

⇠µs�t+1···µs
, for (s � t) odd,

(3.4)

where Ys is the Young projector onto the totally symmetric part. The gauge parameter, ⇠µ1···µt
, is

a totally symmetric tensor, which is itself restricted to satisfy the on-shell equations
⇣
⇤ + H

2 [(s � 1)(D + s � 2) � t]
⌘
⇠µ1···µt

= 0, r
⌫
⇠⌫µ2···µt

= 0, ⇠
⌫

⌫µ3···µt
= 0. (3.5)

3.2 Dual operators

Through the AdS/CFT correspondence, a spin-s field in AdSD corresponds to a spin-s primary

operator in a CFTd with d = D � 1. The mass of the field and the scaling dimension, �, of the

13

recovered in a somewhat subtle way, similar to the massless case for s � 3 [34–36]. In Appendix A,

we work out the equations of motion for both partially massless points of a spin-3 field on de Sitter

space from the o↵-shell Lagrangian starting point. This is provided for convenience to illustrate

the relationship between this standard viewpoint and the formalism which we adopt in the rest of

the paper. We comment on some natural future directions in section 6.

Conventions: We use the mostly plus metric signature. We (anti) symmetrize tensors with unit

weight, e.g., S(µ⌫) =
1
2(Sµ⌫ + S⌫µ). We work on de Sitter space of dimension D and Hubble radius

1/H throughout. The curvature tensors of this de Sitter space are given by

Rµ⌫⇢� = H
2 (gµ⇢g⌫� � gµ�g⌫⇢) , Rµ⌫ = (D � 1)H2

gµ⌫ , R = D(D � 1)H2
.

All of our formulae apply equally well to anti-de Sitter by taking H
2 7! �L

�2, with L the AdS

radius. We define the depth, t, of a partially massless field to be the highest helicity component

removed by a gauge symmetry or, equivalently, the number of indices on the gauge parameter.3

Young tableaux are employed in the manifestly antisymmetric convention, and on the tensors we

use commas to delineate anti-symmetric groups of indices corresponding to columns of length two

or greater. The projector onto a tableau with row lengths r1, r2, · · · is denoted Pr1,r2,··· where the

indices to be projected should be obvious from context. The action of the projector is to first

symmetrize the indices in each row, and then anti-symmetrize the indices in each column, with an

overall normalization fixed so that P 2
r1,r2,··· = Pr1,r2,···. An excellent introduction to Young tableaux

can be found in section 4 of [65] or the book [66].

2 Partially massless equations and complexes

A spin-s field of mass m on (A)dS
D

is carried by a totally symmetric tensor `µ1···µs which obeys

the on-shell equations of motion

�
⇤�H

2 [D + (s� 2)� (s� 1)(s+D � 4)]�m
2
�
`µ1···µs = 0 , r⌫

`⌫µ2···µs = 0 , `
⌫

⌫µ3···µs
= 0.

(2.1)

At generic values of the mass, these equations propagate

(D � 3 + 2s)(D � 4 + s)!

s!(D � 3)!
(2.2)

degrees of freedom.

3
Note that this definition of the depth di↵ers from some papers in the literature, which define the depth by the

number of derivatives in the gauge transformation; it is straightforward to convert between these conventions by

sending t 7! s� t.

5

�µ1···µs + · · · = 0
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depth

be somewhat obscure. Our goal in this section is to elucidate how these symmetries are intimately

connected to the phenomenon of partial masslessness in (A)dS space. As explained below, the shift-

symmetric fields are the longitudinal modes of massive fields when we take various PM limits, with

the shift symmetries arising from the reducibility parameters of the PM gauge transformations.

3.1 Partially massless fields

We first review some facts about PM fields. In contrast to flat space, on (A)dS space there

are representations that are neither strictly massive or massless. These PM fields are fields with

particular values of the mass, m, for which the free action develops a gauge invariance [23–37].

A spin-s field has s PM points, which are labeled by an integer, t, called the PM depth, t 2

{0, 1, . . . , s � 1}. The mass of a spin-s depth-t PM field is

m̄
2
s,t = (s � t � 1)(s + t + D � 4)H2

, (3.1)

so a massless field corresponds to t = s�1. A depth-t PM field possesses a gauge invariance with a

rank-t totally symmetric gauge parameter. This gauge invariance removes the helicity 0, ±1, . . . , ±t

components of the massive field, leaving a field which propagates only the ±(t+1), . . . , ±s helicities.

Combining Eqs. (2.15) and (3.1), the on-shell equations of motion for a PM field of spin-s and

depth-t are [30, 31, 64],

�
⇤ � H

2 [D + s � 2 � t(D + t � 3)]
�
�µ1···µs

= 0, r
⌫
�⌫µ2···µs

= 0, �
⌫

⌫µ3···µs
= 0. (3.2)

The gauge transformation of the PM field is given by

��µ1···µs
= r(µt+1

rµt+2 · · · rµs
⇠µ1···µt) + . . . , (3.3)

where the ellipses stand for O(H2) terms with fewer derivatives. Explicitly, we can write the full

transformation in the following factorized form [65]:

��µ1···µs
=

8
>><

>>:

Ys

✓Q s�t

2
n=1


rµn

rµ
n+ s�t

2

+ (2n � 1)2H2
gµnµ

n+ s�t

2

�◆
⇠µs�t+1···µs

, for (s � t) even,

Ys

✓Q s�t�1
2

n=1


rµn

rµ
n+ s�t�1

2

+ (2n)2H2
gµnµ

n+ s�t�1
2

�◆
rµs�t

⇠µs�t+1···µs
, for (s � t) odd,

(3.4)

where Ys is the Young projector onto the totally symmetric part. The gauge parameter, ⇠µ1···µt
, is

a totally symmetric tensor, which is itself restricted to satisfy the on-shell equations
⇣
⇤ + H

2 [(s � 1)(D + s � 2) � t]
⌘
⇠µ1···µt

= 0, r
⌫
⇠⌫µ2···µt

= 0, ⇠
⌫

⌫µ3···µt
= 0. (3.5)

3.2 Dual operators

Through the AdS/CFT correspondence, a spin-s field in AdSD corresponds to a spin-s primary

operator in a CFTd with d = D � 1. The mass of the field and the scaling dimension, �, of the
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0, 1, · · · , t, t+ 1, · · · , s

Gauge symmetry eliminates helicities 0,1,…,t

Massive spin s field on (A)dS:

At special values of the mass there are enhanced gauge symmetries:

,



Partially massless fields

conformal primary are related by

m
2
L
2 =

8
<

:
�(� � d), s = 0 ,

(� + s � 2) (� � s � d + 2) , s � 1 .

(3.6)

For a given mass, there are two ways to quantize the field in AdS space (that is, assign it a dual

operator). These correspond to the greater and smaller roots of (3.6), �±: �+ corresponds to the

“standard quantization,” which covers the primaries with � > d/2, and �� corresponds to the

“alternate quantization” [66], which covers the primaries with � < d/2.

The unitarity bound appropriate for AdS primary fields is [67–69]

� �

8
<

:

d�2
2 , s = 0 ,

s + d � 2, s � 1 .

(3.7)

The standard quantization of the PM masses (3.1) corresponds to the conformal dimensions

�s,t = t + d � 1 . (3.8)

These violate the bound (3.7), except for the massless cases, t = s � 1, which saturate it.8

A primary state |�i
i1···is with the conformal dimension (3.8) gives rise to a short multiplet of

the conformal group [70]. In particular, there is a null descendant at the (s� t)th level, of the form

Pi1 . . . Pis�t
|�i

i1···is = 0 . (3.9)

In the language of Ref. [71], this is called a type II shortening. It is precisely these null states that

are dual to fields with shift symmetries in the AdS space.

3.3 Generalized Killing tensors

The shift symmetries of the fields dual to the PM null states descend from the PM reducibility

parameters, which are choices of the gauge parameter for which the gauge transformation vanishes

[72]. The reducibility parameters for a spin-s and depth-t PM field are generalized Killing tensors

of rank t that satisfy an equation with s � t derivatives [32]. We denote these by K
(k)
µ1···µt

, where

k = s� t� 1, in anticipation of their connection with the spinning (A)dS spherical harmonics from

Section 2.

Given the gauge transformation laws (3.4), the reducibility parameters of a depth-t spin-s PM

field must satisfy an equation of the schematic form

r(µt+1
rµt+2 · · · rµt+k+1K

(k)
µ1···µt)

+ · · · = 0, (3.10)

8
This implies that PM fields are not unitary in AdS space. Conversely, in dS space, the reality condition on the

conformal algebra is di↵erent, and PM fields are unitary.
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<latexit sha1_base64="8XJGfhmNI8jZI7g0E/MzjsImNQQ=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfw0htUqm7NnYusgldAFQo1B5WvfpiwLEZpmKBa9zw3NX5OleFM4LTczzSmlI3pEHsWJY1R+/l81Sk5t05IokTZJw2Zu78nchprPYkD2xlTM9LLtZn5X62XmejGz7lMM4OSLT6KMkFMQmZ3k5ArZEZMLFCmuN2VsBFVlBmbTtmG4C2fvArtq5pn+b5ebdSLOEpwCmdwAR5cQwPuoAktYDCEZ3iFN0c4L86787FoXXOKmRP4I+fzB5nxjUo=</latexit><latexit sha1_base64="8XJGfhmNI8jZI7g0E/MzjsImNQQ=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfw0htUqm7NnYusgldAFQo1B5WvfpiwLEZpmKBa9zw3NX5OleFM4LTczzSmlI3pEHsWJY1R+/l81Sk5t05IokTZJw2Zu78nchprPYkD2xlTM9LLtZn5X62XmejGz7lMM4OSLT6KMkFMQmZ3k5ArZEZMLFCmuN2VsBFVlBmbTtmG4C2fvArtq5pn+b5ebdSLOEpwCmdwAR5cQwPuoAktYDCEZ3iFN0c4L86787FoXXOKmRP4I+fzB5nxjUo=</latexit><latexit sha1_base64="8XJGfhmNI8jZI7g0E/MzjsImNQQ=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfw0htUqm7NnYusgldAFQo1B5WvfpiwLEZpmKBa9zw3NX5OleFM4LTczzSmlI3pEHsWJY1R+/l81Sk5t05IokTZJw2Zu78nchprPYkD2xlTM9LLtZn5X62XmejGz7lMM4OSLT6KMkFMQmZ3k5ArZEZMLFCmuN2VsBFVlBmbTtmG4C2fvArtq5pn+b5ebdSLOEpwCmdwAR5cQwPuoAktYDCEZ3iFN0c4L86787FoXXOKmRP4I+fzB5nxjUo=</latexit><latexit sha1_base64="8XJGfhmNI8jZI7g0E/MzjsImNQQ=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfw0htUqm7NnYusgldAFQo1B5WvfpiwLEZpmKBa9zw3NX5OleFM4LTczzSmlI3pEHsWJY1R+/l81Sk5t05IokTZJw2Zu78nchprPYkD2xlTM9LLtZn5X62XmejGz7lMM4OSLT6KMkFMQmZ3k5ArZEZMLFCmuN2VsBFVlBmbTtmG4C2fvArtq5pn+b5ebdSLOEpwCmdwAR5cQwPuoAktYDCEZ3iFN0c4L86787FoXXOKmRP4I+fzB5nxjUo=</latexit>

t = 0
<latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit>

t = 1
<latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit>

t = 2
<latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit>

k
=

1

<latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit><latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit><latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit><latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit>k
=

2

<latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZHkIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzYmqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit><latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZHkIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzYmqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit><latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZHkIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzYmqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit><latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZHkIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzYmqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit> k
=

0

<latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit><latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit><latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit><latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit>

d + 2
<latexit sha1_base64="LDfabs3fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219YeHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBNVwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNyhW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1XobRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYthacfOYU/sj5/AGbdY1L</latexit><latexit sha1_base64="LDfabs3fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219YeHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBNVwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNyhW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1XobRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYthacfOYU/sj5/AGbdY1L</latexit><latexit sha1_base64="LDfabs3fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219YeHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBNVwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNyhW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1XobRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYthacfOYU/sj5/AGbdY1L</latexit><latexit sha1_base64="LDfabs3fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219YeHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBNVwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNyhW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1XobRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYthacfOYU/sj5/AGbdY1L</latexit>

d + 3
<latexit sha1_base64="JdEmBgUtqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOc+Y1M</latexit><latexit sha1_base64="JdEmBgUtqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOc+Y1M</latexit><latexit sha1_base64="JdEmBgUtqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOc+Y1M</latexit><latexit sha1_base64="JdEmBgUtqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOc+Y1M</latexit>

d + 4
<latexit sha1_base64="DeOJDXdDnRue4gVQpNAxFHnVCFw=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfwsj6oVN2aOxdZBa+AKhRqDipf/TBhWYzSMEG17nluavycKsOZwGm5n2lMKRvTIfYsShqj9vP5qlNybp2QRImyTxoyd39P5DTWehIHtjOmZqSXazPzv1ovM9GNn3OZZgYlW3wUZYKYhMzuJiFXyIyYWKBMcbsrYSOqKDM2nbINwVs+eRXaVzXP8n292qgXcZTgFM7gAjy4hgbcQRNawGAIz/AKb45wXpx352PRuuYUMyfwR87nD559jU0=</latexit><latexit sha1_base64="DeOJDXdDnRue4gVQpNAxFHnVCFw=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfwsj6oVN2aOxdZBa+AKhRqDipf/TBhWYzSMEG17nluavycKsOZwGm5n2lMKRvTIfYsShqj9vP5qlNybp2QRImyTxoyd39P5DTWehIHtjOmZqSXazPzv1ovM9GNn3OZZgYlW3wUZYKYhMzuJiFXyIyYWKBMcbsrYSOqKDM2nbINwVs+eRXaVzXP8n292qgXcZTgFM7gAjy4hgbcQRNawGAIz/AKb45wXpx352PRuuYUMyfwR87nD559jU0=</latexit><latexit sha1_base64="DeOJDXdDnRue4gVQpNAxFHnVCFw=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfwsj6oVN2aOxdZBa+AKhRqDipf/TBhWYzSMEG17nluavycKsOZwGm5n2lMKRvTIfYsShqj9vP5qlNybp2QRImyTxoyd39P5DTWehIHtjOmZqSXazPzv1ovM9GNn3OZZgYlW3wUZYKYhMzuJiFXyIyYWKBMcbsrYSOqKDM2nbINwVs+eRXaVzXP8n292qgXcZTgFM7gAjy4hgbcQRNawGAIz/AKb45wXpx352PRuuYUMyfwR87nD559jU0=</latexit><latexit sha1_base64="DeOJDXdDnRue4gVQpNAxFHnVCFw=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfwsj6oVN2aOxdZBa+AKhRqDipf/TBhWYzSMEG17nluavycKsOZwGm5n2lMKRvTIfYsShqj9vP5qlNybp2QRImyTxoyd39P5DTWehIHtjOmZqSXazPzv1ovM9GNn3OZZgYlW3wUZYKYhMzuJiFXyIyYWKBMcbsrYSOqKDM2nbINwVs+eRXaVzXP8n292qgXcZTgFM7gAjy4hgbcQRNawGAIz/AKb45wXpx352PRuuYUMyfwR87nD559jU0=</latexit>

d + 5
<latexit sha1_base64="F9dTwwbUrCLFOIVi9bBRaRNsOws=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSSEWPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOgAY1O</latexit><latexit sha1_base64="F9dTwwbUrCLFOIVi9bBRaRNsOws=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSSEWPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOgAY1O</latexit><latexit sha1_base64="F9dTwwbUrCLFOIVi9bBRaRNsOws=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSSEWPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOgAY1O</latexit><latexit sha1_base64="F9dTwwbUrCLFOIVi9bBRaRNsOws=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSSEWPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOgAY1O</latexit>
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Figure 2: Conformal dimensions of the PM and shift-symmetric fields. Each (blue) filled circle below the

diagonal line is a PM field and the corresponding shift-symmetric longitudinal mode is the (black) circle

obtained by reflecting about the dotted line � = s + d � 1. The open circles on the dotted line belong to

the same family as the conformally coupled scalar, corresponding to the diagonal squares in Figure 1.

This branching rule can be understood in a straightforward way by appealing to the representa-

tions of the dual CFT in d = D�1 dimensions.9 We label the CFT representations as (�, s), where

� is the scaling dimension of the dual CFT operator given in terms of the mass by the greater root

of (3.6). The branching rule then reads

(�, s) ������!
�!t+d�1

(t + d � 1, s) � (s + d � 1, t). (3.18)

The longitudinal module (s + d � 1, t) is precisely the submodule descended from the state (3.9)—

obtained by taking s � t divergences—which is going null in the PM limit. Note that the state

(s + d � 1, t) is the reflection of the state (t + d � 1, s) about the line � = s + d � 1 in the (s, �)

plane. This is illustrated in Figure 2.

The longitudinal mode is a massive field that inherits a shift symmetry. This shift symmetry

comes from the reducibility parameters of the PM gauge transformation discussed in Section 3.3.

To illustrate this explicitly, consider the PM limit m
2

! 2H
2 of a massive spin-2 field in D = 4 dS

9
Though we phrase this in terms of AdS representations, identical considerations apply in the dS case.
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Short multiplets with a level s-t null state:

conformal primary are related by

m
2
L
2 =

8
<

:
�(� � d), s = 0 ,

(� + s � 2) (� � s � d + 2) , s � 1 .

(3.6)

For a given mass, there are two ways to quantize the field in AdS space (that is, assign it a dual

operator). These correspond to the greater and smaller roots of (3.6), �±: �+ corresponds to the

“standard quantization,” which covers the primaries with � > d/2, and �� corresponds to the

“alternate quantization” [66], which covers the primaries with � < d/2.

The unitarity bound appropriate for AdS primary fields is [67–69]

� �

8
<

:

d�2
2 , s = 0 ,

s + d � 2, s � 1 .

(3.7)

The standard quantization of the PM masses (3.1) corresponds to the conformal dimensions

�s,t = t + d � 1 . (3.8)

These violate the bound (3.7), except for the massless cases, t = s � 1, which saturate it.8

A primary state |�i
i1···is with the conformal dimension (3.8) gives rise to a short multiplet of

the conformal group [70]. In particular, there is a null descendant at the (s� t)th level, of the form

Pi1 . . . Pis�t
|�i

i1···is = 0 . (3.9)

In the language of Ref. [71], this is called a type II shortening. It is precisely these null states that

are dual to fields with shift symmetries in the AdS space.

3.3 Generalized Killing tensors

The shift symmetries of the fields dual to the PM null states descend from the PM reducibility

parameters, which are choices of the gauge parameter for which the gauge transformation vanishes

[72]. The reducibility parameters for a spin-s and depth-t PM field are generalized Killing tensors

of rank t that satisfy an equation with s � t derivatives [32]. We denote these by K
(k)
µ1···µt

, where

k = s� t� 1, in anticipation of their connection with the spinning (A)dS spherical harmonics from

Section 2.

Given the gauge transformation laws (3.4), the reducibility parameters of a depth-t spin-s PM

field must satisfy an equation of the schematic form

r(µt+1
rµt+2 · · · rµt+k+1K

(k)
µ1···µt)

+ · · · = 0, (3.10)

8
This implies that PM fields are not unitary in AdS space. Conversely, in dS space, the reality condition on the

conformal algebra is di↵erent, and PM fields are unitary.
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Shift symmetries from partially massless fields
• Example: Massless limit of a massive vector:

4.1 Vector example

To introduce the idea, we consider a simpler case, the theory of a massive photon Aµ coupled

to a (not necessarily conserved) source Jµ,

S =

Z
dDx � 1

4
Fµ⌫F

µ⌫ � 1

2
m2AµA

µ + AµJ
µ, (4.1)

where Fµ⌫ ⌘ @µA⌫ �@⌫Aµ. The mass term breaks the would-be gauge invariance, �Aµ = @µ⇤,

and for D = 4 this theory describes the 3 degrees of freedom of a massive spin 1 particle.

Recall that the propagator for a massive vector is �i
p2+m2

�
⌘µ⌫ +

pµp⌫
m2

�
, which goes like ⇠ 1

m2

for large momenta, invalidating the usual power counting arguments.

As it stands, the limit m ! 0 of the lagrangian (4.1) is not a smooth limit because

we lose a degree of freedom – for m = 0 we have Maxwell electromagnetism which in

D = 4 propagates only 2 degrees of freedom, the two polarizations of a massless helicity 1

particle. Also, the limit does not exist unless the source is conserved, as this is a consistency

requirement in the massless case.

The Stückelberg trick consists of introducing a new scalar field �, in such a way that

the new action has gauge symmetry but is still dynamically equivalent to the original action.

It will expose a di↵erent m ! 0 limit which is smooth, in that no degrees of freedom are

gained or lost. We introduce a field, �, by making the replacement

Aµ ! Aµ + @µ�, (4.2)

following the pattern of the gauge symmetry we want to introduce [46]. This is emphati-

cally not a change of field variables. It is not a decomposition of Aµ into transverse and

longitudinal parts (Aµ is not meant to identically satisfy @µAµ = 0 after the replacement),

and it is not a gauge transformation (the lagrangian (4.1) isn’t gauge invariant). Rather,

this is creating a new lagrangian from the old one, by the addition of a new field �. Fµ⌫

is invariant under this replacement, since the replacement looks like a gauge transformation

and Fµ⌫ is gauge invariant. The only thing that changes is the mass term and the coupling

to the source,

S =

Z
dDx � 1

4
Fµ⌫F

µ⌫ � 1

2
m2(Aµ + @µ�)

2 + AµJ
µ � �@µJ

µ. (4.3)

We have integrated by parts in the coupling to the source. The new action now has the

gauge symmetry

�Aµ = @µ⇤, �� = �⇤. (4.4)
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4
Fµ⌫F

µ⌫ � 1

2
m2AµA

µ + AµJ
µ, (4.1)

where Fµ⌫ ⌘ @µA⌫ �@⌫Aµ. The mass term breaks the would-be gauge invariance, �Aµ = @µ⇤,

and for D = 4 this theory describes the 3 degrees of freedom of a massive spin 1 particle.

Recall that the propagator for a massive vector is �i
p2+m2
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⌘µ⌫ +

pµp⌫
m2
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, which goes like ⇠ 1

m2

for large momenta, invalidating the usual power counting arguments.

As it stands, the limit m ! 0 of the lagrangian (4.1) is not a smooth limit because

we lose a degree of freedom – for m = 0 we have Maxwell electromagnetism which in

D = 4 propagates only 2 degrees of freedom, the two polarizations of a massless helicity 1

particle. Also, the limit does not exist unless the source is conserved, as this is a consistency

requirement in the massless case.

The Stückelberg trick consists of introducing a new scalar field �, in such a way that

the new action has gauge symmetry but is still dynamically equivalent to the original action.

It will expose a di↵erent m ! 0 limit which is smooth, in that no degrees of freedom are

gained or lost. We introduce a field, �, by making the replacement

Aµ ! Aµ + @µ�, (4.2)

following the pattern of the gauge symmetry we want to introduce [46]. This is emphati-

cally not a change of field variables. It is not a decomposition of Aµ into transverse and

longitudinal parts (Aµ is not meant to identically satisfy @µAµ = 0 after the replacement),

and it is not a gauge transformation (the lagrangian (4.1) isn’t gauge invariant). Rather,

this is creating a new lagrangian from the old one, by the addition of a new field �. Fµ⌫

is invariant under this replacement, since the replacement looks like a gauge transformation

and Fµ⌫ is gauge invariant. The only thing that changes is the mass term and the coupling

to the source,

S =

Z
dDx � 1

4
Fµ⌫F

µ⌫ � 1

2
m2(Aµ + @µ�)

2 + AµJ
µ � �@µJ

µ. (4.3)

We have integrated by parts in the coupling to the source. The new action now has the

gauge symmetry

�Aµ = @µ⇤, �� = �⇤. (4.4)
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By fixing the gauge � = 0, called the unitary gauge (a gauge condition for which it is

permissible to substitute back into the action, because the potentially lost � equation is

implied by the divergence of the Aµ equation) we recover the original massive lagrangian

(4.1), which means (4.3) and (4.1) are equivalent theories. They both describe the three

degrees of freedom of a massive spin 1 in D = 4. The new lagrangian (4.3) does the job

using more fields and gauge symmetry.

The Stückelberg trick is a terrific illustration of the fact that gauge symmetry is a

complete sham. It represents nothing more than a redundancy of description. We can take

any theory and make it a gauge theory by introducing redundant variables. Conversely,

given any gauge theory, we can always eliminate the gauge symmetry by eliminating the

redundant degrees of freedom. The catch is that removing the redundancy is not always a

smart thing to do. For example, in Maxwell electromagnetism it is impossible to remove

the redundancy and at the same time preserve manifest Lorentz invariance and locality. Of

course, electromagnetism with gauge redundancy removed is still electromagnetism, so it is

still Lorentz invariant and local, it is just not manifestly so. With the Stückelberg trick

presented here, on the other hand, we are adding and removing extra gauge symmetry in a

rather simple way, which does not mess with the manifest Lorentz invariance and locality.

We see from (4.3) that � has a kinetic term, in addition to cross terms. Rescaling

� ! 1
m� in order to normalize the kinetic term, we have

S =

Z
dDx � 1

4
Fµ⌫F

µ⌫ � 1

2
m2AµA

µ � mAµ@
µ� � 1

2
@µ�@

µ�+ AµJ
µ � 1

m
�@µJ

µ, (4.5)

and the gauge symmetry reads

�Aµ = @µ⇤, �� = �m⇤. (4.6)

Consider now the m ! 0 limit. Note that if the current is not conserved (or its

divergence does not go to zero with at least a power of m [47]), then the scalar becomes

strongly coupled to the divergence of the source and the limit does not exist. Assuming a

conserved source, the lagrangian becomes in the limit

L = �1

4
Fµ⌫F

µ⌫ � 1

2
@µ�@

µ�+ AµJ
µ, (4.7)

and the gauge symmetry is

�Aµ = @µ⇤, �� = 0. (4.8)

32

Aµ ! Aµ +
1

m
@µ�

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

By fixing the gauge � = 0, called the unitary gauge (a gauge condition for which it is

permissible to substitute back into the action, because the potentially lost � equation is

implied by the divergence of the Aµ equation) we recover the original massive lagrangian

(4.1), which means (4.3) and (4.1) are equivalent theories. They both describe the three

degrees of freedom of a massive spin 1 in D = 4. The new lagrangian (4.3) does the job

using more fields and gauge symmetry.

The Stückelberg trick is a terrific illustration of the fact that gauge symmetry is a

complete sham. It represents nothing more than a redundancy of description. We can take

any theory and make it a gauge theory by introducing redundant variables. Conversely,

given any gauge theory, we can always eliminate the gauge symmetry by eliminating the

redundant degrees of freedom. The catch is that removing the redundancy is not always a

smart thing to do. For example, in Maxwell electromagnetism it is impossible to remove

the redundancy and at the same time preserve manifest Lorentz invariance and locality. Of

course, electromagnetism with gauge redundancy removed is still electromagnetism, so it is

still Lorentz invariant and local, it is just not manifestly so. With the Stückelberg trick

presented here, on the other hand, we are adding and removing extra gauge symmetry in a

rather simple way, which does not mess with the manifest Lorentz invariance and locality.
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Consider now the m ! 0 limit. Note that if the current is not conserved (or its

divergence does not go to zero with at least a power of m [47]), then the scalar becomes

strongly coupled to the divergence of the source and the limit does not exist. Assuming a

conserved source, the lagrangian becomes in the limit
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4
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2
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redundant degrees of freedom. The catch is that removing the redundancy is not always a

smart thing to do. For example, in Maxwell electromagnetism it is impossible to remove

the redundancy and at the same time preserve manifest Lorentz invariance and locality. Of

course, electromagnetism with gauge redundancy removed is still electromagnetism, so it is

still Lorentz invariant and local, it is just not manifestly so. With the Stückelberg trick

presented here, on the other hand, we are adding and removing extra gauge symmetry in a

rather simple way, which does not mess with the manifest Lorentz invariance and locality.

We see from (4.3) that � has a kinetic term, in addition to cross terms. Rescaling

� ! 1
m� in order to normalize the kinetic term, we have

S =

Z
dDx � 1

4
Fµ⌫F

µ⌫ � 1

2
m2AµA

µ � mAµ@
µ� � 1

2
@µ�@

µ�+ AµJ
µ � 1

m
�@µJ

µ, (4.5)

and the gauge symmetry reads

�Aµ = @µ⇤, �� = �m⇤. (4.6)

Consider now the m ! 0 limit. Note that if the current is not conserved (or its

divergence does not go to zero with at least a power of m [47]), then the scalar becomes

strongly coupled to the divergence of the source and the limit does not exist. Assuming a

conserved source, the lagrangian becomes in the limit

L = �1

4
Fµ⌫F

µ⌫ � 1

2
@µ�@

µ�+ AµJ
µ, (4.7)

and the gauge symmetry is

�Aµ = @µ⇤, �� = 0. (4.8)
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Introduce Stückelberg field:

Massless limit

if ⇤ is such that @µ⇤ = 0
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Reducibility parameter:

reducibility parameter → shift symmetry of longitudinal mode

, then symmetry survives the massless limit:



• Example: massless limit of a massive spin-2:

Massless AdS limit

 Flat limit

Partially massless limit

m
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H
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m
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2
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Figure 1: Linear spin-2 on maximally symmetric spaces and its various limits.

[51] extended to maximally symmetric curved space [52],

Lm =
p

��

"
� 1

2
r↵hµ⌫r↵

h
µ⌫ + r↵hµ⌫r⌫

h
µ↵ � rµhr⌫h

µ⌫ +
1

2
rµhrµ

h

+3H2(hµ⌫h
µ⌫ � 1

2
h
2) � 1

2
m

2(hµ⌫h
µ⌫ � h

2) +
1

MPl

hµ⌫T
µ⌫

#
. (2.1)

Here �µ⌫ is the (A)dS background metric with curvature R
µ

⌫
[�] = 3H2

�
µ

⌫
, while the hµ⌫ is

the dynamical spin-2 field. Covariant derivatives rµ and the raising and lowering of indices

is taken with respect to �µ⌫ . We have also added to (2.1) a coupling to a source Tµ⌫ with

strength 1/MPl.

For generic values of the mass m, (2.1) propagates the 5 degrees of freedom of a fully

massive spin-2 on (A)dS space. However for two special values of m relative to the (A)dS

8

radius, there is (at least within the free linear theory) a reduction in the number of degrees

of freedom, giving the enhanced symmetry lines:

• For m = 0, there is an enhanced gauge symmetry

�hµ⌫ = rµ⇠⌫ + r⌫⇠µ, (2.2)

where ⇠µ is a vector gauge parameter. The action propagates 2 degrees of freedom of a

massless spin-2 on (A)dS. This is the nothing but general relativity with a cosmological

constant linearized about its maximally symmetric solution, and the symmetry (2.2)

is linearized di↵eomorphism symmetry.

At this massless line, consistency demands that the source is conserved,

r⌫T
µ⌫ = 0 . (2.3)

• For m2 = 2H2 there is an enhanced gauge symmetry

��hµ⌫ = rµr⌫�+H
2
��µ⌫ , (2.4)

where � is a scalar gauge parameter. The theory at m
2 = 2H2 is called partially

massless. The gauge symmetry (2.4) kills one degree of freedom, so the partially

massless graviton carries 4 degrees of freedom rather than 5.

At this partially massless line, consistency demands that the source satisfies

rµr⌫T
µ⌫ = �H

2
T

µ
µ . (2.5)

(In the limit where H ! 0, this is consistent with conservation (2.3).)

Away from the enhanced symmetry lines the source need not necessarily satisfy any

conservation conditions. However, as we will see, we will generally find strong coupling in

the various limits unless we demand weaker conditions such as rµT
µ⌫ = O(m2) that are

consistent with the required conservation in the various limits.

The theory (2.1) has ghost-like instabilities when m
2
< 0, and is stable when m = 0.

For m
2
> 0, there are two di↵erent cases: on AdS and flat space (H2  0), the theory is

stable for m2
> 0. On dS (H2

> 0), the theory is unstable for 0 < m
2
< 2H2 and stable for

m
2 � 2H2. The massless and partially massless lines form boundaries for the stable regions,

as shown in Fig. 1.
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Shift symmetries from partially massless fields

Group theoretically, the massive spin-2 representation decomposes in this limit into a

massless spin-2 and a massive vector of mass squared 6/L2. Representations in AdS [58] can

be labelled as (�c, s), where s is the spin and �c is the dimension of the dual CFT operator,

in terms of which the mass is given by m
2
L
2 = (�c + s � 2)(�c � s � 1) for s � 1 and

m
2
L
2 = �c(�c � 3) for s = 0. The limit we are interested in corresponds to the branching

rule [58, 59]

(�c, 2) �!
�c!3

(3, 2) � (4, 1) . (2.12)

Here (�c, 2) can be thought of as a non-conserved symmetric traceless primary operator

Tij in the dual three dimensional CFT. As it approaches its conserved dimension �c = 3,

the divergence @
j
Tij, which has dimension �c + 1, decouples and becomes its own primary,

becoming the (4, 1).

Based on this group theoretical decomposition, we expect to only need to introduce a

vector Stückelberg Aµ, patterned after the gauge symmetry (2.2) which is restored in the

m = 0 limit,

hµ⌫ ! hµ⌫ +
1

m
(rµA⌫ + r⌫Aµ) . (2.13)

We do not need to introduce the scalar with the associated U(1) symmetry as we did in (2.6)

for the massless case, since the vector is massive in the m ! 0 limit and the scalar degree of

freedom does not appear. The mass scaling here is chosen so that the kinetic term for the

vector comes out canonically normalized.

After (2.13), the theory has a gauge symmetry

�hµ⌫ = rµ⇠⌫ + r⌫⇠µ, �Aµ = �m⇠µ . (2.14)

We then take the limit

m ! 0, L fixed, hµ⌫ , Aµ fixed , (2.15)

and the Lagrangian in this limit becomes

L = Lm=0 +
p

��


�1

2
F

2

µ⌫
� 6

L2
A

2 +
1

MPl

hµ⌫T
µ⌫

�
. (2.16)

We see explicitly the appearance of a massless graviton and a massive vector with the mass

m
2

A
=

6

L2
. (2.17)

12
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Based on this group theoretical decomposition, we expect to only need to introduce a
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m = 0 limit,

hµ⌫ ! hµ⌫ +
1

m
(rµA⌫ + r⌫Aµ) . (2.13)

We do not need to introduce the scalar with the associated U(1) symmetry as we did in (2.6)

for the massless case, since the vector is massive in the m ! 0 limit and the scalar degree of

freedom does not appear. The mass scaling here is chosen so that the kinetic term for the

vector comes out canonically normalized.

After (2.13), the theory has a gauge symmetry

�hµ⌫ = rµ⇠⌫ + r⌫⇠µ, �Aµ = �m⇠µ . (2.14)

We then take the limit

m ! 0, L fixed, hµ⌫ , Aµ fixed , (2.15)

and the Lagrangian in this limit becomes
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p

��
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F
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� 6

L2
A

2 +
1

MPl
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µ⌫

�
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We see explicitly the appearance of a massless graviton and a massive vector with the mass

m
2

A
=

6

L2
. (2.17)
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Group theoretically, the massive spin-2 representation decomposes in this limit into a

massless spin-2 and a massive vector of mass squared 6/L2. Representations in AdS [58] can

be labelled as (�c, s), where s is the spin and �c is the dimension of the dual CFT operator,

in terms of which the mass is given by m
2
L
2 = (�c + s � 2)(�c � s � 1) for s � 1 and

m
2
L
2 = �c(�c � 3) for s = 0. The limit we are interested in corresponds to the branching

rule [58, 59]

(�c, 2) �!
�c!3

(3, 2) � (4, 1) . (2.12)

Here (�c, 2) can be thought of as a non-conserved symmetric traceless primary operator

Tij in the dual three dimensional CFT. As it approaches its conserved dimension �c = 3,

the divergence @
j
Tij, which has dimension �c + 1, decouples and becomes its own primary,

becoming the (4, 1).

Based on this group theoretical decomposition, we expect to only need to introduce a

vector Stückelberg Aµ, patterned after the gauge symmetry (2.2) which is restored in the

m = 0 limit,

hµ⌫ ! hµ⌫ +
1

m
(rµA⌫ + r⌫Aµ) . (2.13)

We do not need to introduce the scalar with the associated U(1) symmetry as we did in (2.6)

for the massless case, since the vector is massive in the m ! 0 limit and the scalar degree of

freedom does not appear. The mass scaling here is chosen so that the kinetic term for the

vector comes out canonically normalized.

After (2.13), the theory has a gauge symmetry

�hµ⌫ = rµ⇠⌫ + r⌫⇠µ, �Aµ = �m⇠µ . (2.14)

We then take the limit

m ! 0, L fixed, hµ⌫ , Aµ fixed , (2.15)

and the Lagrangian in this limit becomes

L = Lm=0 +
p

��


�1

2
F

2

µ⌫
� 6

L2
A

2 +
1

MPl

hµ⌫T
µ⌫

�
. (2.16)

L = Lmassless graviton +
p

�g


�1

2
F

2

µ⌫
� 6

L2
A

2

�
. (2.17)

We see explicitly the appearance of a massless graviton and a massive vector with the mass

m
2

A
=

6

L2
. (2.18)
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The decoupling limit is smooth without the need to introduce the scalar, as expected from

the branching rule (2.12); before the limit there are 5 degrees in the massive graviton, after

the limit there are 2 degrees of freedom in the massless graviton and 3 degrees of freedom in

the massive vector.

We have assumed that the divergence of the stress tensor vanishes faster than O(m)

in the limit, otherwise we would get strong coupling between the vector and the divergence

of the stress tensor. There is no coupling between the Stückelberg degrees of freedom and

the source, so as is well-known, there is no vDVZ discontinuity on AdS [33, 55–57, 60] (see

however [61, 62] for studies of one-loop corrections to this statement).

Note that the transformation for Aµ in (2.14) goes to zero in the limit (2.15), and hence

becomes gauge invariant, whereas the tensor hµ⌫ maintains the linear massless symmetry,

�hµ⌫ = rµ⇠⌫ + r⌫⇠µ, �Aµ = 0 . (2.18)

2.3 Partially massless limit

In this limit, we let the graviton mass approach its partially massless value m
2 ! m

2

PM
=

2H2, while leaving the de Sitter scale H fixed.

Group theoretically, the massive spin-2 representation decomposes in this limit into

a partially massless spin-2 and a massive scalar of mass squared �4H2. Using the AdS

representation notation referred to at the beginning of Section 2.2, the branching rule is

(�c, 2) �!
�c!2

(2, 2) � (4, 0) . (2.19)

The value �c = 2 for a spin-2 primary Tij is the value at which it satisfies the double

conservation condition @i@jT
ij = 0, and is dual to a partially massless graviton4 [71]. Here

(�c, 2) is a non-conserved stress tensor Tij in the dual three dimensional CFT, and as it

approaches its double conserved dimension �c = 2, the double divergence @i
@
j
Tij, which has

dimension �c + 2, decouples and becomes its own scalar primary, becoming the (4, 0).

Based on this group theoretic decomposition, to restore the partially massless symmetry

we expect to only need to introduce a Stückelberg scalar, and no vector. Since the linear

4Higher spin AdS/CFT examples including partially massless states have been studied in [63–70].
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Vector Stückelberg field:

m ! 0
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Claudia de Rham, KH, Laura A. Johnson (2018)

⇠̂µ = m⇠µ
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if ⇠µ is such that @µ⇠⌫ + @⌫⇠µ = 0
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Higher-spin generalizations

I Need larger Lie algebras containing PM Killing tensors, such
as higher-spin or PM higher-spin algebras Fradkin, Vasiliev;
Vasiliev. These would correspond to shift-invariant theories
with an infinite number of interacting massive particles.

I PM higher-spin algebras have finite-dimensional truncations
Joung, Mkrtchyan. Simplest example is slD+1 =) special
galileon.

I The next finite algebra is generated by
(

,
T
,

T
,

T

,

T
)
.

This would correspond to a theory with �
k=2,4, Ak=2

µ , hk=0
µ⌫ .

Reducibility parameter:

Reducibility parameters are (A)dS Killing vectors:

MAB 2
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Figure 1: Linear spin-2 on maximally symmetric spaces and its various limits.

[51] extended to maximally symmetric curved space [52],

Lm =
p
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"
� 1

2
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h
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#
. (2.1)

Here �µ⌫ is the (A)dS background metric with curvature R
µ

⌫
[�] = 3H2

�
µ

⌫
, while the hµ⌫ is

the dynamical spin-2 field. Covariant derivatives rµ and the raising and lowering of indices

is taken with respect to �µ⌫ . We have also added to (2.1) a coupling to a source Tµ⌫ with

strength 1/MPl.

For generic values of the mass m, (2.1) propagates the 5 degrees of freedom of a fully

massive spin-2 on (A)dS space. However for two special values of m relative to the (A)dS
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• Example: PM limit of a massive spin-2:

Spin-2 example
de Rham, Hinterbichler, Johnson

Consider a massive spin-2 particle hµ⌫ in dS4. In the limit
m

2 ! 2H2, it acquires the PM symmetry

�hµ⌫ = r(µr⌫)⇠ +H
2
gµ⌫⇠.

To take a smooth limit we introduce a Stückelberg field �,

hµ⌫ ! hµ⌫ +
1

H✏

�
rµr⌫�+H

2
gµ⌫�

�
, ✏

2 ⌘ m
2 � 2H2

.

The theory then has the Stückelberg symmetry

�hµ⌫ = rµr⌫�+H
2
�gµ⌫ , �� = �H✏�.

In the PM limit ✏ ! 0, get a decoupled PM spin-2 particle and a
scalar with m

2 = �4H2. The scalar symmetry survives the limit if

rµr⌫�+H
2
�gµ⌫ = 0 =) �� = SAX

A
��
(A)dS

.

Spin-2 example
de Rham, Hinterbichler, Johnson
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m

2 ! 2H2, it acquires the PM symmetry
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2
gµ⌫⇠.
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hµ⌫ ! hµ⌫ +
1
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gµ⌫�

�
, ✏

2 ⌘ m
2 � 2H2

.

The theory then has the Stückelberg symmetry
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2
�gµ⌫ , �� = �H✏�.

In the PM limit ✏ ! 0, get a decoupled PM spin-2 particle and a
scalar with m

2 = �4H2. The scalar symmetry survives the limit if

rµr⌫�+H
2
�gµ⌫ = 0 =) �� = SAX

A
��
(A)dS

.

Shift symmetries from partially massless fields
Spin-2 example
de Rham, Hinterbichler, Johnson
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m
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2
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, ✏
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2
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A
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, ✏
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.

The theory then has the Stückelberg symmetry
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2
�gµ⌫ , �� = �H✏�.
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2 = �4H2. The scalar symmetry survives the limit if
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2
�gµ⌫ = 0 =) �� = SAX

A
��
(A)dS

.

Theories with deformed algebras

For k = 1, the commutator is

[SA, SB] = ↵JAB.

When ↵ 6= 0, the algebra is soD+2, spanned by the generators

⇢
,

�
.

This can be realised on a scalar by

�SA� = XA + ↵�@A�,

with mass m2 = D/L
2. The invariant theories are (A)dS DBI

galileons Goon, Hinterbichler, Trodden.

Reducibility parameter:

SA 2
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Partially massless reducibility parameters:

Spin-2 example
de Rham, Hinterbichler, Johnson
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de Rham, Hinterbichler, Johnson

Consider a massive spin-2 particle hµ⌫ in dS4. In the limit
m

2 ! 2H2, it acquires the PM symmetry

�hµ⌫ = r(µr⌫)⇠ +H
2
gµ⌫⇠.

To take a smooth limit we introduce a Stückelberg field �,

hµ⌫ ! hµ⌫ +
1

H✏

�
rµr⌫�+H

2
gµ⌫�

�
, ✏

2 ⌘ m
2 � 2H2

.

The theory then has the Stückelberg symmetry

�hµ⌫ = rµr⌫�+H
2
�gµ⌫ , �� = �H✏�.

In the PM limit ✏ ! 0, get a decoupled PM spin-2 particle and a
scalar with m

2 = �4H2. The scalar symmetry survives the limit if

rµr⌫�+H
2
�gµ⌫ = 0 =) �� = SAX

A
��
(A)dS

.

Scalar Stückelberg field:

Partially massless limit:

L = LPM �
p
�g

1

2

⇥
(@�)2 �DH

2
�
2
⇤
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General rule:
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t = 0
<latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit>

t = 1
<latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit>

t = 2
<latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit>

...
<latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit><latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit><latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit><latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit>

k
=

0

<latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit><latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit><latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit><latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit>k
=

1
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Figure 1: Masses in dS space in units of H
2 (masses in AdS space are the negatives of these, in units of

1/L
2). Theories along the (red) diagonal have no apparent symmetry, but the s = 0 case corresponds to

the conformally coupled scalar. Each (blue) square below the diagonal is a PM field labelled by spin s and

depth t. The corresponding longitudinal mode is the theory reflected across the diagonal, and has a shift

symmetry of level k. The parameter k is uniform along diagonal lines in the top half of the square.

the depth-t PM value (3.1), its degrees of freedom split into the PM field and an additional massive

field that we call the longitudinal mode,

(m2
, s) ������!

m2!m̄
2
s,t

(m̄2
s,t, s) � (m2

t,k
, t) , (3.16)

where k = s � 1 � t and the masses of the additional fields are given by

m
2
t,k

=

8
<

:
�k(k + D � 1)H2

, t = 0,

�(k + 2)(k + D � 3 + 2t)H2
, t � 1 .

(3.17)

These longitudinal modes have precisely the masses (2.2) and (2.16) at which a spin-t field acquires

a level-k shift symmetry. These masses are illustrated in Figure 1.
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conformal primary are related by

m
2
L
2 =

8
<

:
�(� � d), s = 0 ,

(� + s � 2) (� � s � d + 2) , s � 1 .

(3.6)

For a given mass, there are two ways to quantize the field in AdS space (that is, assign it a dual

operator). These correspond to the greater and smaller roots of (3.6), �±: �+ corresponds to the

“standard quantization,” which covers the primaries with � > d/2, and �� corresponds to the

“alternate quantization” [66], which covers the primaries with � < d/2.

The unitarity bound appropriate for AdS primary fields is [67–69]

� �

8
<

:

d�2
2 , s = 0 ,

s + d � 2, s � 1 .

(3.7)

The standard quantization of the PM masses (3.1) corresponds to the conformal dimensions

�s,t = t + d � 1 . (3.8)

These violate the bound (3.7), except for the massless cases, t = s � 1, which saturate it.8

A primary state |�i
i1···is with the conformal dimension (3.8) gives rise to a short multiplet of

the conformal group [70]. In particular, there is a null descendant at the (s� t)th level, of the form

Pi1 . . . Pis�t
|�i

i1···is = 0 . (3.9)

In the language of Ref. [71], this is called a type II shortening. It is precisely these null states that

are dual to fields with shift symmetries in the AdS space.

3.3 Generalized Killing tensors

The shift symmetries of the fields dual to the PM null states descend from the PM reducibility

parameters, which are choices of the gauge parameter for which the gauge transformation vanishes

[72]. The reducibility parameters for a spin-s and depth-t PM field are generalized Killing tensors

of rank t that satisfy an equation with s � t derivatives [32]. We denote these by K
(k)
µ1···µt

, where

k = s� t� 1, in anticipation of their connection with the spinning (A)dS spherical harmonics from

Section 2.

Given the gauge transformation laws (3.4), the reducibility parameters of a depth-t spin-s PM

field must satisfy an equation of the schematic form

r(µt+1
rµt+2 · · · rµt+k+1K

(k)
µ1···µt)

+ · · · = 0, (3.10)

8
This implies that PM fields are not unitary in AdS space. Conversely, in dS space, the reality condition on the

conformal algebra is di↵erent, and PM fields are unitary.
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Partially massless fields: review
Massive fields in (A)dSD space have gauge symmetries when

m
2
s,t = �(s� t� 1)(s+ t+D � 4)/L2

, t = 0, . . . , s� 1.

The spin-s depth-t partially massless (PM) field is invariant under

��µ1···µs = r(µt+1
· · ·rµs⇠µ1···µt) + · · · ,

which eliminates the 0, ±1, . . . , ±t helicity modes.

Examples

I The case t = s� 1 corresponds to ordinary massless particles.

I When s = 2 and t = 0, we get a PM spin-2 particle with a
scalar gauge transformation

�hµ⌫ =

✓
rµr⌫ �

1

L2
gµ⌫

◆
⇠.

where + · · · stands for terms with fewer derivatives and corresponding factors of H. Explicitly, the

equation satisfied by the reducibility parameters is

Yk+t+1
Q k+1

2
n=1


rµn

rµ
n+ k+1

2

+ (2n � 1)2H2
gµnµ

n+ k+1
2

�
K

(k)
µk+2···µk+t+1 = 0, for k odd,

Yk+t+1
Q k

2
n=1


rµn

rµ
n+ k

2

+ (2n)2H2
gµnµ

n+ k

2

�
rµk+1K

(k)
µk+2···µk+t+1 = 0, for k even,

(3.11)

where the symmetric Young projector Yk+t+1 acts on everything to its right. In addition to (3.11),

from the on-shell conditions (3.5) we find that the reducibility parameters must satisfy
⇣
⇤ + H

2 [(k + t)(k + t + D � 1) � t]
⌘
K

(k)
µ1...µt

= 0, r
⌫
K

(k)
⌫µ2...µt

= 0, K
(k)⌫

⌫µ3...µt
= 0. (3.12)

The space of solutions to Eqs. (3.10) and (3.12) is finite dimensional. It is parametrized by precisely

the tensors of the type (2.18),

K
(k)
µ1···µt

= KA1···At+k,B1···Bt
X

A1 · · · X
At+k

@X
B1

@xµ1
· · ·

@X
Bt

@xµt

, (3.13)

where X
A(x) are ambient space coordinates and KA1···At+k,B1···Bt

is a fully traceless, constant tensor

with the symmetries of the Young tableau

KA1···At+k,B1···Bt
2

t + k

t

T

. (3.14)

For k = 0, the tensors (3.13) are ordinary traceless rank-t Killing tensors on (A)dS, i.e., traceless

symmetric tensors that satisfy the Killing equation,

r(µt+1
K

(0)
µ1···µt)

= 0 , (3.15)

which implies that they are also divergenceless. Taken together, these form the higher-spin algebra

of Vasiliev theory [8–10], and from the boundary perspective these parametrize conformal Killing

tensors which are the global symmetries of the dual free scalar [7]. For k � 1, these are general-

izations of the Killing tensors on (A)dS. Subsets of them form the higher-spin algebras underlying

generalizations of Vasiliev theory containing PM fields [73–77]. Going to the boundary, these

parametrize higher-order conformal Killing tensors of the boundary which are global symmetries

of higher-derivative dual free scalar theories [78–80].

3.4 Branching rules

The shift-symmetric fields introduced in Section 2 can be understood as the decoupled longitudinal

modes of a massive field in the limit that its mass approaches a PM value. This is analogous to

how lower-helicity degrees of freedom are isolated in the massless decoupling limits of theories of

massive vector fields or massive gravity [81]. When the mass of a massive spin-s field approaches
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massive vector fields or massive gravity [81]. When the mass of a massive spin-s field approaches
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,



CFT Branching rule:

d � 1
<latexit sha1_base64="ZOVn8qLLBVMFafzdi5BFzJ9TkN8=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIXiyJFPRY8OKxov2ANpTNZtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AKro3rfjtr6xubW9ulnfLu3v7BYeXouK2TTDFssUQkqhtQjYJLbBluBHZThTQOBHaC8e2s3nlCpXkiH80kRT+mQ8kjzqix1kN46Q0qVbfmzkVWwSugCoWag8pXP0xYFqM0TFCte56bGj+nynAmcFruZxpTysZ0iD2Lksao/Xy+6pScWyckUaLsk4bM3d8TOY21nsSB7YypGenl2sz8r9bLTHTj51ymmUHJFh9FmSAmIbO7ScgVMiMmFihT3O5K2IgqyoxNp2xD8JZPXoX2Vc2zfF+vNupFHCU4hTO4AA+uoQF30IQWMBjCM7zCmyOcF+fd+Vi0rjnFzAn8kfP5A5z7jUw=</latexit><latexit sha1_base64="ZOVn8qLLBVMFafzdi5BFzJ9TkN8=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIXiyJFPRY8OKxov2ANpTNZtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AKro3rfjtr6xubW9ulnfLu3v7BYeXouK2TTDFssUQkqhtQjYJLbBluBHZThTQOBHaC8e2s3nlCpXkiH80kRT+mQ8kjzqix1kN46Q0qVbfmzkVWwSugCoWag8pXP0xYFqM0TFCte56bGj+nynAmcFruZxpTysZ0iD2Lksao/Xy+6pScWyckUaLsk4bM3d8TOY21nsSB7YypGenl2sz8r9bLTHTj51ymmUHJFh9FmSAmIbO7ScgVMiMmFihT3O5K2IgqyoxNp2xD8JZPXoX2Vc2zfF+vNupFHCU4hTO4AA+uoQF30IQWMBjCM7zCmyOcF+fd+Vi0rjnFzAn8kfP5A5z7jUw=</latexit><latexit sha1_base64="ZOVn8qLLBVMFafzdi5BFzJ9TkN8=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIXiyJFPRY8OKxov2ANpTNZtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AKro3rfjtr6xubW9ulnfLu3v7BYeXouK2TTDFssUQkqhtQjYJLbBluBHZThTQOBHaC8e2s3nlCpXkiH80kRT+mQ8kjzqix1kN46Q0qVbfmzkVWwSugCoWag8pXP0xYFqM0TFCte56bGj+nynAmcFruZxpTysZ0iD2Lksao/Xy+6pScWyckUaLsk4bM3d8TOY21nsSB7YypGenl2sz8r9bLTHTj51ymmUHJFh9FmSAmIbO7ScgVMiMmFihT3O5K2IgqyoxNp2xD8JZPXoX2Vc2zfF+vNupFHCU4hTO4AA+uoQF30IQWMBjCM7zCmyOcF+fd+Vi0rjnFzAn8kfP5A5z7jUw=</latexit><latexit sha1_base64="ZOVn8qLLBVMFafzdi5BFzJ9TkN8=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIXiyJFPRY8OKxov2ANpTNZtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AKro3rfjtr6xubW9ulnfLu3v7BYeXouK2TTDFssUQkqhtQjYJLbBluBHZThTQOBHaC8e2s3nlCpXkiH80kRT+mQ8kjzqix1kN46Q0qVbfmzkVWwSugCoWag8pXP0xYFqM0TFCte56bGj+nynAmcFruZxpTysZ0iD2Lksao/Xy+6pScWyckUaLsk4bM3d8TOY21nsSB7YypGenl2sz8r9bLTHTj51ymmUHJFh9FmSAmIbO7ScgVMiMmFihT3O5K2IgqyoxNp2xD8JZPXoX2Vc2zfF+vNupFHCU4hTO4AA+uoQF30IQWMBjCM7zCmyOcF+fd+Vi0rjnFzAn8kfP5A5z7jUw=</latexit>

d
<latexit sha1_base64="jf0nGqnfz79afxa8Hl50A5Zc4wU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjC7YV2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEquDau++2UNja3tnfKu5W9/YPDo+rxSVcnmWLYYYlI1ENANQousWO4EfiQKqRxILAXTG7n9d4TKs0TeW+mKfoxHUkecUaNtdrhsFpz6+5CZB28AmpQqDWsfg3ChGUxSsME1brvuanxc6oMZwJnlUGmMaVsQkfYtyhpjNrPF4vOyIV1QhIlyj5pyML9PZHTWOtpHNjOmJqxXq3Nzf9q/cxEN37OZZoZlGz5UZQJYhIyv5qEXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR16F7VPcvtRq3ZKOIowxmcwyV4cA1NuIMWdIABwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/DtYza</latexit><latexit sha1_base64="jf0nGqnfz79afxa8Hl50A5Zc4wU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjC7YV2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEquDau++2UNja3tnfKu5W9/YPDo+rxSVcnmWLYYYlI1ENANQousWO4EfiQKqRxILAXTG7n9d4TKs0TeW+mKfoxHUkecUaNtdrhsFpz6+5CZB28AmpQqDWsfg3ChGUxSsME1brvuanxc6oMZwJnlUGmMaVsQkfYtyhpjNrPF4vOyIV1QhIlyj5pyML9PZHTWOtpHNjOmJqxXq3Nzf9q/cxEN37OZZoZlGz5UZQJYhIyv5qEXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR16F7VPcvtRq3ZKOIowxmcwyV4cA1NuIMWdIABwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/DtYza</latexit><latexit sha1_base64="jf0nGqnfz79afxa8Hl50A5Zc4wU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjC7YV2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEquDau++2UNja3tnfKu5W9/YPDo+rxSVcnmWLYYYlI1ENANQousWO4EfiQKqRxILAXTG7n9d4TKs0TeW+mKfoxHUkecUaNtdrhsFpz6+5CZB28AmpQqDWsfg3ChGUxSsME1brvuanxc6oMZwJnlUGmMaVsQkfYtyhpjNrPF4vOyIV1QhIlyj5pyML9PZHTWOtpHNjOmJqxXq3Nzf9q/cxEN37OZZoZlGz5UZQJYhIyv5qEXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR16F7VPcvtRq3ZKOIowxmcwyV4cA1NuIMWdIABwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/DtYza</latexit><latexit sha1_base64="jf0nGqnfz79afxa8Hl50A5Zc4wU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjC7YV2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEquDau++2UNja3tnfKu5W9/YPDo+rxSVcnmWLYYYlI1ENANQousWO4EfiQKqRxILAXTG7n9d4TKs0TeW+mKfoxHUkecUaNtdrhsFpz6+5CZB28AmpQqDWsfg3ChGUxSsME1brvuanxc6oMZwJnlUGmMaVsQkfYtyhpjNrPF4vOyIV1QhIlyj5pyML9PZHTWOtpHNjOmJqxXq3Nzf9q/cxEN37OZZoZlGz5UZQJYhIyv5qEXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR16F7VPcvtRq3ZKOIowxmcwyV4cA1NuIMWdIABwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/DtYza</latexit>

d + 1
<latexit sha1_base64="8XJGfhmNI8jZI7g0E/MzjsImNQQ=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfw0htUqm7NnYusgldAFQo1B5WvfpiwLEZpmKBa9zw3NX5OleFM4LTczzSmlI3pEHsWJY1R+/l81Sk5t05IokTZJw2Zu78nchprPYkD2xlTM9LLtZn5X62XmejGz7lMM4OSLT6KMkFMQmZ3k5ArZEZMLFCmuN2VsBFVlBmbTtmG4C2fvArtq5pn+b5ebdSLOEpwCmdwAR5cQwPuoAktYDCEZ3iFN0c4L86787FoXXOKmRP4I+fzB5nxjUo=</latexit><latexit sha1_base64="8XJGfhmNI8jZI7g0E/MzjsImNQQ=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfw0htUqm7NnYusgldAFQo1B5WvfpiwLEZpmKBa9zw3NX5OleFM4LTczzSmlI3pEHsWJY1R+/l81Sk5t05IokTZJw2Zu78nchprPYkD2xlTM9LLtZn5X62XmejGz7lMM4OSLT6KMkFMQmZ3k5ArZEZMLFCmuN2VsBFVlBmbTtmG4C2fvArtq5pn+b5ebdSLOEpwCmdwAR5cQwPuoAktYDCEZ3iFN0c4L86787FoXXOKmRP4I+fzB5nxjUo=</latexit><latexit sha1_base64="8XJGfhmNI8jZI7g0E/MzjsImNQQ=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfw0htUqm7NnYusgldAFQo1B5WvfpiwLEZpmKBa9zw3NX5OleFM4LTczzSmlI3pEHsWJY1R+/l81Sk5t05IokTZJw2Zu78nchprPYkD2xlTM9LLtZn5X62XmejGz7lMM4OSLT6KMkFMQmZ3k5ArZEZMLFCmuN2VsBFVlBmbTtmG4C2fvArtq5pn+b5ebdSLOEpwCmdwAR5cQwPuoAktYDCEZ3iFN0c4L86787FoXXOKmRP4I+fzB5nxjUo=</latexit><latexit sha1_base64="8XJGfhmNI8jZI7g0E/MzjsImNQQ=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfw0htUqm7NnYusgldAFQo1B5WvfpiwLEZpmKBa9zw3NX5OleFM4LTczzSmlI3pEHsWJY1R+/l81Sk5t05IokTZJw2Zu78nchprPYkD2xlTM9LLtZn5X62XmejGz7lMM4OSLT6KMkFMQmZ3k5ArZEZMLFCmuN2VsBFVlBmbTtmG4C2fvArtq5pn+b5ebdSLOEpwCmdwAR5cQwPuoAktYDCEZ3iFN0c4L86787FoXXOKmRP4I+fzB5nxjUo=</latexit>

t = 0
<latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit>

t = 1
<latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit>

t = 2
<latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit>

k
=

1

<latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit><latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit><latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit><latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit>k
=

2

<latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZHkIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzYmqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit><latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZHkIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzYmqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit><latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZHkIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzYmqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit><latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZHkIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzYmqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit> k
=

0

<latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit><latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit><latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit><latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit>

d + 2
<latexit sha1_base64="LDfabs3fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219YeHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBNVwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNyhW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1XobRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYthacfOYU/sj5/AGbdY1L</latexit><latexit sha1_base64="LDfabs3fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219YeHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBNVwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNyhW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1XobRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYthacfOYU/sj5/AGbdY1L</latexit><latexit sha1_base64="LDfabs3fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219YeHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBNVwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNyhW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1XobRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYthacfOYU/sj5/AGbdY1L</latexit><latexit sha1_base64="LDfabs3fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219YeHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBNVwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNyhW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1XobRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYthacfOYU/sj5/AGbdY1L</latexit>

d + 3
<latexit sha1_base64="JdEmBgUtqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOc+Y1M</latexit><latexit sha1_base64="JdEmBgUtqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOc+Y1M</latexit><latexit sha1_base64="JdEmBgUtqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOc+Y1M</latexit><latexit sha1_base64="JdEmBgUtqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOc+Y1M</latexit>

d + 4
<latexit sha1_base64="DeOJDXdDnRue4gVQpNAxFHnVCFw=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfwsj6oVN2aOxdZBa+AKhRqDipf/TBhWYzSMEG17nluavycKsOZwGm5n2lMKRvTIfYsShqj9vP5qlNybp2QRImyTxoyd39P5DTWehIHtjOmZqSXazPzv1ovM9GNn3OZZgYlW3wUZYKYhMzuJiFXyIyYWKBMcbsrYSOqKDM2nbINwVs+eRXaVzXP8n292qgXcZTgFM7gAjy4hgbcQRNawGAIz/AKb45wXpx352PRuuYUMyfwR87nD559jU0=</latexit><latexit sha1_base64="DeOJDXdDnRue4gVQpNAxFHnVCFw=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfwsj6oVN2aOxdZBa+AKhRqDipf/TBhWYzSMEG17nluavycKsOZwGm5n2lMKRvTIfYsShqj9vP5qlNybp2QRImyTxoyd39P5DTWehIHtjOmZqSXazPzv1ovM9GNn3OZZgYlW3wUZYKYhMzuJiFXyIyYWKBMcbsrYSOqKDM2nbINwVs+eRXaVzXP8n292qgXcZTgFM7gAjy4hgbcQRNawGAIz/AKb45wXpx352PRuuYUMyfwR87nD559jU0=</latexit><latexit sha1_base64="DeOJDXdDnRue4gVQpNAxFHnVCFw=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfwsj6oVN2aOxdZBa+AKhRqDipf/TBhWYzSMEG17nluavycKsOZwGm5n2lMKRvTIfYsShqj9vP5qlNybp2QRImyTxoyd39P5DTWehIHtjOmZqSXazPzv1ovM9GNn3OZZgYlW3wUZYKYhMzuJiFXyIyYWKBMcbsrYSOqKDM2nbINwVs+eRXaVzXP8n292qgXcZTgFM7gAjy4hgbcQRNawGAIz/AKb45wXpx352PRuuYUMyfwR87nD559jU0=</latexit><latexit sha1_base64="DeOJDXdDnRue4gVQpNAxFHnVCFw=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfwsj6oVN2aOxdZBa+AKhRqDipf/TBhWYzSMEG17nluavycKsOZwGm5n2lMKRvTIfYsShqj9vP5qlNybp2QRImyTxoyd39P5DTWehIHtjOmZqSXazPzv1ovM9GNn3OZZgYlW3wUZYKYhMzuJiFXyIyYWKBMcbsrYSOqKDM2nbINwVs+eRXaVzXP8n292qgXcZTgFM7gAjy4hgbcQRNawGAIz/AKb45wXpx352PRuuYUMyfwR87nD559jU0=</latexit>

d + 5
<latexit sha1_base64="F9dTwwbUrCLFOIVi9bBRaRNsOws=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSSEWPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOgAY1O</latexit><latexit sha1_base64="F9dTwwbUrCLFOIVi9bBRaRNsOws=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSSEWPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOgAY1O</latexit><latexit sha1_base64="F9dTwwbUrCLFOIVi9bBRaRNsOws=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSSEWPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOgAY1O</latexit><latexit sha1_base64="F9dTwwbUrCLFOIVi9bBRaRNsOws=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSSEWPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOgAY1O</latexit>

. . . <latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit><latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit><latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit><latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit>

...
<latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit><latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit><latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit><latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit>
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Figure 2: Conformal dimensions of the PM and shift-symmetric fields. Each (blue) filled circle below the

diagonal line is a PM field and the corresponding shift-symmetric longitudinal mode is the (black) circle

obtained by reflecting about the dotted line � = s + d � 1. The open circles on the dotted line belong to

the same family as the conformally coupled scalar, corresponding to the diagonal squares in Figure 1.

This branching rule can be understood in a straightforward way by appealing to the representa-

tions of the dual CFT in d = D�1 dimensions.9 We label the CFT representations as (�, s), where

� is the scaling dimension of the dual CFT operator given in terms of the mass by the greater root

of (3.6). The branching rule then reads

(�, s) ������!
�!t+d�1

(t + d � 1, s) � (s + d � 1, t). (3.18)

The longitudinal module (s + d � 1, t) is precisely the submodule descended from the state (3.9)—

obtained by taking s � t divergences—which is going null in the PM limit. Note that the state

(s + d � 1, t) is the reflection of the state (t + d � 1, s) about the line � = s + d � 1 in the (s, �)

plane. This is illustrated in Figure 2.

The longitudinal mode is a massive field that inherits a shift symmetry. This shift symmetry

comes from the reducibility parameters of the PM gauge transformation discussed in Section 3.3.

To illustrate this explicitly, consider the PM limit m
2

! 2H
2 of a massive spin-2 field in D = 4 dS

9
Though we phrase this in terms of AdS representations, identical considerations apply in the dS case.
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d � 1
<latexit sha1_base64="ZOVn8qLLBVMFafzdi5BFzJ9TkN8=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIXiyJFPRY8OKxov2ANpTNZtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AKro3rfjtr6xubW9ulnfLu3v7BYeXouK2TTDFssUQkqhtQjYJLbBluBHZThTQOBHaC8e2s3nlCpXkiH80kRT+mQ8kjzqix1kN46Q0qVbfmzkVWwSugCoWag8pXP0xYFqM0TFCte56bGj+nynAmcFruZxpTysZ0iD2Lksao/Xy+6pScWyckUaLsk4bM3d8TOY21nsSB7YypGenl2sz8r9bLTHTj51ymmUHJFh9FmSAmIbO7ScgVMiMmFihT3O5K2IgqyoxNp2xD8JZPXoX2Vc2zfF+vNupFHCU4hTO4AA+uoQF30IQWMBjCM7zCmyOcF+fd+Vi0rjnFzAn8kfP5A5z7jUw=</latexit><latexit sha1_base64="ZOVn8qLLBVMFafzdi5BFzJ9TkN8=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIXiyJFPRY8OKxov2ANpTNZtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AKro3rfjtr6xubW9ulnfLu3v7BYeXouK2TTDFssUQkqhtQjYJLbBluBHZThTQOBHaC8e2s3nlCpXkiH80kRT+mQ8kjzqix1kN46Q0qVbfmzkVWwSugCoWag8pXP0xYFqM0TFCte56bGj+nynAmcFruZxpTysZ0iD2Lksao/Xy+6pScWyckUaLsk4bM3d8TOY21nsSB7YypGenl2sz8r9bLTHTj51ymmUHJFh9FmSAmIbO7ScgVMiMmFihT3O5K2IgqyoxNp2xD8JZPXoX2Vc2zfF+vNupFHCU4hTO4AA+uoQF30IQWMBjCM7zCmyOcF+fd+Vi0rjnFzAn8kfP5A5z7jUw=</latexit><latexit sha1_base64="ZOVn8qLLBVMFafzdi5BFzJ9TkN8=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIXiyJFPRY8OKxov2ANpTNZtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AKro3rfjtr6xubW9ulnfLu3v7BYeXouK2TTDFssUQkqhtQjYJLbBluBHZThTQOBHaC8e2s3nlCpXkiH80kRT+mQ8kjzqix1kN46Q0qVbfmzkVWwSugCoWag8pXP0xYFqM0TFCte56bGj+nynAmcFruZxpTysZ0iD2Lksao/Xy+6pScWyckUaLsk4bM3d8TOY21nsSB7YypGenl2sz8r9bLTHTj51ymmUHJFh9FmSAmIbO7ScgVMiMmFihT3O5K2IgqyoxNp2xD8JZPXoX2Vc2zfF+vNupFHCU4hTO4AA+uoQF30IQWMBjCM7zCmyOcF+fd+Vi0rjnFzAn8kfP5A5z7jUw=</latexit><latexit sha1_base64="ZOVn8qLLBVMFafzdi5BFzJ9TkN8=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIXiyJFPRY8OKxov2ANpTNZtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AKro3rfjtr6xubW9ulnfLu3v7BYeXouK2TTDFssUQkqhtQjYJLbBluBHZThTQOBHaC8e2s3nlCpXkiH80kRT+mQ8kjzqix1kN46Q0qVbfmzkVWwSugCoWag8pXP0xYFqM0TFCte56bGj+nynAmcFruZxpTysZ0iD2Lksao/Xy+6pScWyckUaLsk4bM3d8TOY21nsSB7YypGenl2sz8r9bLTHTj51ymmUHJFh9FmSAmIbO7ScgVMiMmFihT3O5K2IgqyoxNp2xD8JZPXoX2Vc2zfF+vNupFHCU4hTO4AA+uoQF30IQWMBjCM7zCmyOcF+fd+Vi0rjnFzAn8kfP5A5z7jUw=</latexit>

d
<latexit sha1_base64="jf0nGqnfz79afxa8Hl50A5Zc4wU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjC7YV2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEquDau++2UNja3tnfKu5W9/YPDo+rxSVcnmWLYYYlI1ENANQousWO4EfiQKqRxILAXTG7n9d4TKs0TeW+mKfoxHUkecUaNtdrhsFpz6+5CZB28AmpQqDWsfg3ChGUxSsME1brvuanxc6oMZwJnlUGmMaVsQkfYtyhpjNrPF4vOyIV1QhIlyj5pyML9PZHTWOtpHNjOmJqxXq3Nzf9q/cxEN37OZZoZlGz5UZQJYhIyv5qEXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR16F7VPcvtRq3ZKOIowxmcwyV4cA1NuIMWdIABwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/DtYza</latexit><latexit sha1_base64="jf0nGqnfz79afxa8Hl50A5Zc4wU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjC7YV2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEquDau++2UNja3tnfKu5W9/YPDo+rxSVcnmWLYYYlI1ENANQousWO4EfiQKqRxILAXTG7n9d4TKs0TeW+mKfoxHUkecUaNtdrhsFpz6+5CZB28AmpQqDWsfg3ChGUxSsME1brvuanxc6oMZwJnlUGmMaVsQkfYtyhpjNrPF4vOyIV1QhIlyj5pyML9PZHTWOtpHNjOmJqxXq3Nzf9q/cxEN37OZZoZlGz5UZQJYhIyv5qEXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR16F7VPcvtRq3ZKOIowxmcwyV4cA1NuIMWdIABwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/DtYza</latexit><latexit sha1_base64="jf0nGqnfz79afxa8Hl50A5Zc4wU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjC7YV2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEquDau++2UNja3tnfKu5W9/YPDo+rxSVcnmWLYYYlI1ENANQousWO4EfiQKqRxILAXTG7n9d4TKs0TeW+mKfoxHUkecUaNtdrhsFpz6+5CZB28AmpQqDWsfg3ChGUxSsME1brvuanxc6oMZwJnlUGmMaVsQkfYtyhpjNrPF4vOyIV1QhIlyj5pyML9PZHTWOtpHNjOmJqxXq3Nzf9q/cxEN37OZZoZlGz5UZQJYhIyv5qEXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR16F7VPcvtRq3ZKOIowxmcwyV4cA1NuIMWdIABwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/DtYza</latexit><latexit sha1_base64="jf0nGqnfz79afxa8Hl50A5Zc4wU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjC7YV2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEquDau++2UNja3tnfKu5W9/YPDo+rxSVcnmWLYYYlI1ENANQousWO4EfiQKqRxILAXTG7n9d4TKs0TeW+mKfoxHUkecUaNtdrhsFpz6+5CZB28AmpQqDWsfg3ChGUxSsME1brvuanxc6oMZwJnlUGmMaVsQkfYtyhpjNrPF4vOyIV1QhIlyj5pyML9PZHTWOtpHNjOmJqxXq3Nzf9q/cxEN37OZZoZlGz5UZQJYhIyv5qEXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR16F7VPcvtRq3ZKOIowxmcwyV4cA1NuIMWdIABwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/DtYza</latexit>

d + 1
<latexit sha1_base64="8XJGfhmNI8jZI7g0E/MzjsImNQQ=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfw0htUqm7NnYusgldAFQo1B5WvfpiwLEZpmKBa9zw3NX5OleFM4LTczzSmlI3pEHsWJY1R+/l81Sk5t05IokTZJw2Zu78nchprPYkD2xlTM9LLtZn5X62XmejGz7lMM4OSLT6KMkFMQmZ3k5ArZEZMLFCmuN2VsBFVlBmbTtmG4C2fvArtq5pn+b5ebdSLOEpwCmdwAR5cQwPuoAktYDCEZ3iFN0c4L86787FoXXOKmRP4I+fzB5nxjUo=</latexit><latexit sha1_base64="8XJGfhmNI8jZI7g0E/MzjsImNQQ=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfw0htUqm7NnYusgldAFQo1B5WvfpiwLEZpmKBa9zw3NX5OleFM4LTczzSmlI3pEHsWJY1R+/l81Sk5t05IokTZJw2Zu78nchprPYkD2xlTM9LLtZn5X62XmejGz7lMM4OSLT6KMkFMQmZ3k5ArZEZMLFCmuN2VsBFVlBmbTtmG4C2fvArtq5pn+b5ebdSLOEpwCmdwAR5cQwPuoAktYDCEZ3iFN0c4L86787FoXXOKmRP4I+fzB5nxjUo=</latexit><latexit sha1_base64="8XJGfhmNI8jZI7g0E/MzjsImNQQ=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfw0htUqm7NnYusgldAFQo1B5WvfpiwLEZpmKBa9zw3NX5OleFM4LTczzSmlI3pEHsWJY1R+/l81Sk5t05IokTZJw2Zu78nchprPYkD2xlTM9LLtZn5X62XmejGz7lMM4OSLT6KMkFMQmZ3k5ArZEZMLFCmuN2VsBFVlBmbTtmG4C2fvArtq5pn+b5ebdSLOEpwCmdwAR5cQwPuoAktYDCEZ3iFN0c4L86787FoXXOKmRP4I+fzB5nxjUo=</latexit><latexit sha1_base64="8XJGfhmNI8jZI7g0E/MzjsImNQQ=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfw0htUqm7NnYusgldAFQo1B5WvfpiwLEZpmKBa9zw3NX5OleFM4LTczzSmlI3pEHsWJY1R+/l81Sk5t05IokTZJw2Zu78nchprPYkD2xlTM9LLtZn5X62XmejGz7lMM4OSLT6KMkFMQmZ3k5ArZEZMLFCmuN2VsBFVlBmbTtmG4C2fvArtq5pn+b5ebdSLOEpwCmdwAR5cQwPuoAktYDCEZ3iFN0c4L86787FoXXOKmRP4I+fzB5nxjUo=</latexit>

t = 0
<latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit>

t = 1
<latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit>

t = 2
<latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit>

k
=

1

<latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit><latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit><latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit><latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit>k
=

2

<latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZHkIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzYmqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit><latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZHkIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzYmqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit><latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZHkIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzYmqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit><latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZHkIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzYmqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit> k
=

0

<latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit><latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit><latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit><latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit>

d + 2
<latexit sha1_base64="LDfabs3fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219YeHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBNVwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNyhW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1XobRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYthacfOYU/sj5/AGbdY1L</latexit><latexit sha1_base64="LDfabs3fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219YeHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBNVwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNyhW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1XobRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYthacfOYU/sj5/AGbdY1L</latexit><latexit sha1_base64="LDfabs3fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219YeHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBNVwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNyhW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1XobRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYthacfOYU/sj5/AGbdY1L</latexit><latexit sha1_base64="LDfabs3fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219YeHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBNVwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNyhW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1XobRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYthacfOYU/sj5/AGbdY1L</latexit>

d + 3
<latexit sha1_base64="JdEmBgUtqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOc+Y1M</latexit><latexit sha1_base64="JdEmBgUtqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOc+Y1M</latexit><latexit sha1_base64="JdEmBgUtqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOc+Y1M</latexit><latexit sha1_base64="JdEmBgUtqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOc+Y1M</latexit>

d + 4
<latexit sha1_base64="DeOJDXdDnRue4gVQpNAxFHnVCFw=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfwsj6oVN2aOxdZBa+AKhRqDipf/TBhWYzSMEG17nluavycKsOZwGm5n2lMKRvTIfYsShqj9vP5qlNybp2QRImyTxoyd39P5DTWehIHtjOmZqSXazPzv1ovM9GNn3OZZgYlW3wUZYKYhMzuJiFXyIyYWKBMcbsrYSOqKDM2nbINwVs+eRXaVzXP8n292qgXcZTgFM7gAjy4hgbcQRNawGAIz/AKb45wXpx352PRuuYUMyfwR87nD559jU0=</latexit><latexit sha1_base64="DeOJDXdDnRue4gVQpNAxFHnVCFw=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfwsj6oVN2aOxdZBa+AKhRqDipf/TBhWYzSMEG17nluavycKsOZwGm5n2lMKRvTIfYsShqj9vP5qlNybp2QRImyTxoyd39P5DTWehIHtjOmZqSXazPzv1ovM9GNn3OZZgYlW3wUZYKYhMzuJiFXyIyYWKBMcbsrYSOqKDM2nbINwVs+eRXaVzXP8n292qgXcZTgFM7gAjy4hgbcQRNawGAIz/AKb45wXpx352PRuuYUMyfwR87nD559jU0=</latexit><latexit sha1_base64="DeOJDXdDnRue4gVQpNAxFHnVCFw=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfwsj6oVN2aOxdZBa+AKhRqDipf/TBhWYzSMEG17nluavycKsOZwGm5n2lMKRvTIfYsShqj9vP5qlNybp2QRImyTxoyd39P5DTWehIHtjOmZqSXazPzv1ovM9GNn3OZZgYlW3wUZYKYhMzuJiFXyIyYWKBMcbsrYSOqKDM2nbINwVs+eRXaVzXP8n292qgXcZTgFM7gAjy4hgbcQRNawGAIz/AKb45wXpx352PRuuYUMyfwR87nD559jU0=</latexit><latexit sha1_base64="DeOJDXdDnRue4gVQpNAxFHnVCFw=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfwsj6oVN2aOxdZBa+AKhRqDipf/TBhWYzSMEG17nluavycKsOZwGm5n2lMKRvTIfYsShqj9vP5qlNybp2QRImyTxoyd39P5DTWehIHtjOmZqSXazPzv1ovM9GNn3OZZgYlW3wUZYKYhMzuJiFXyIyYWKBMcbsrYSOqKDM2nbINwVs+eRXaVzXP8n292qgXcZTgFM7gAjy4hgbcQRNawGAIz/AKb45wXpx352PRuuYUMyfwR87nD559jU0=</latexit>

d + 5
<latexit sha1_base64="F9dTwwbUrCLFOIVi9bBRaRNsOws=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSSEWPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOgAY1O</latexit><latexit sha1_base64="F9dTwwbUrCLFOIVi9bBRaRNsOws=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSSEWPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOgAY1O</latexit><latexit sha1_base64="F9dTwwbUrCLFOIVi9bBRaRNsOws=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSSEWPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOgAY1O</latexit><latexit sha1_base64="F9dTwwbUrCLFOIVi9bBRaRNsOws=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSSEWPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOgAY1O</latexit>

. . . <latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit><latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit><latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit><latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit>

...
<latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit><latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit><latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit><latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit>
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Figure 2: Conformal dimensions of the PM and shift-symmetric fields. Each (blue) filled circle below the

diagonal line is a PM field and the corresponding shift-symmetric longitudinal mode is the (black) circle

obtained by reflecting about the dotted line � = s + d � 1. The open circles on the dotted line belong to

the same family as the conformally coupled scalar, corresponding to the diagonal squares in Figure 1.

This branching rule can be understood in a straightforward way by appealing to the representa-

tions of the dual CFT in d = D�1 dimensions.9 We label the CFT representations as (�, s), where

� is the scaling dimension of the dual CFT operator given in terms of the mass by the greater root

of (3.6). The branching rule then reads

(�, s) ������!
�!t+d�1

(t + d � 1, s) � (s + d � 1, t). (3.18)

The longitudinal module (s + d � 1, t) is precisely the submodule descended from the state (3.9)—

obtained by taking s � t divergences—which is going null in the PM limit. Note that the state

(s + d � 1, t) is the reflection of the state (t + d � 1, s) about the line � = s + d � 1 in the (s, �)

plane. This is illustrated in Figure 2.

The longitudinal mode is a massive field that inherits a shift symmetry. This shift symmetry

comes from the reducibility parameters of the PM gauge transformation discussed in Section 3.3.

To illustrate this explicitly, consider the PM limit m
2

! 2H
2 of a massive spin-2 field in D = 4 dS

9
Though we phrase this in terms of AdS representations, identical considerations apply in the dS case.
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Null module

Shift symmetries from partially massless fields



Are there interactions preserving these shift symmetries?



Algebra of symmetries

Symmetry algebras for scalars

The symmetry algebra of the (A)dS scalar with mass mk is
generated by JAB and SA1...Ak :

I JAB form the (A)dS isometry algebra, a real form of soD+1,

[JAB, JCD] = ⌘ACJBD � ⌘BCJAD + ⌘BDJAC � ⌘ADJBC .

I SA1...Ak transforms covariantly

[JBC , SA1···Ak ] =
kX

i=1

⌘BAiSA1...Ai�1CAi+1...Ak � (B $ C).

I The remaining commutator can only be

[SA1...Ak , S
B1...Bk ] = ↵k!2� (B1

(A1
. . . �

Bk�1

Ak�1
J

Bk)
Ak)

+ · · · .

The algebra of the free theory is deformed if ↵ 6= 0. This is
only possible for k  2 due to Jacobi identities (in general D).

4.1 Deformed symmetry algebras

We start by reconsidering the symmetry algebras formed by the generators of shift symmetries

and (A)dS isometries. Interactions can be classified according to whether or not they deform the

symmetry algebra of the free theory. In the undeformed case, we call the theories, in a slight abuse

of the term, abelian, otherwise we call them non-abelian.

The (A)dS isometries always takes the same ambient space form, (2.34), regardless of interactions.

Specialized to scalars, the transformation is

�JAB
� ⌘ JAB� = XA@B� � XB@A� . (4.1)

It can be checked that these satisfy the so(D + 1) commutation relations,

[JAB, JCD] = ⌘ACJBD � ⌘BCJAD + ⌘BDJAC � ⌘ADJBC . (4.2)

In contrast, the traceless shift symmetries acting on the scalar may acquire additional field-

dependent terms in the presence of interactions, schematically of the form

�SA1···Ak

� ⌘ SA1···Ak
� = X(A1

· · · XAk)T + O (�) , (4.3)

where the additional terms are constrained to have the same homogeneity degree as �. These

additional terms can deform the abelian algebra of the free theory into a non-abelian algebra. The

commutators between the JAB and the SA1···Ak
are fixed because SA1···Ak

is an so(D + 1) tensor,

[JBC , SA1···Ak
] =

kX

i=1

�
⌘BAi

SA1...Ai�1CAi+1...Ak
� ⌘CAi

SA1...Ai�1BAi+1...Ak

�
. (4.4)

This leaves only the commutators between SA1···Ak
to be determined. There is only one term

consistent with both the symmetries and trace conditions of this commutator, assuming there are

no additional generators,11

[SA1...Ak
, S

B1...Bk ] = ↵k!2
b

k�1
2 cX

n=0

an⌘(A1A2
⌘
(B1B2 . . . ⌘A2n�1A2n⌘

B2n�1B2n�
B2n+1

A2n+1
. . . �

Bk�1

Ak�1
J

Bk)
Ak)

.

(4.5)

The an are functions of D and k that are fixed by the tracelessness conditions and can be determined

recursively by

an+1 = �an
(k � 2n � 1)(k � 2n � 2)

2(D + 2k � 2n � 4)(n + 1)
, (4.6)

with a0 = 1.

11
Naively, when k is even there could also be terms on the right-hand side of this commutator proportional to

SA1...AiBi+1...Bk , but these turn out to be incompatible with the antisymmetry and trace conditions. Such terms are

allowed for general higher-spin algebras.
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(A)dS isometries (unbroken):

Commutators give (a real form of) so(D+1) algebra:

Shift symmetries (broken):

4.1 Deformed symmetry algebras

We start by reconsidering the symmetry algebras formed by the generators of shift symmetries

and (A)dS isometries. Interactions can be classified according to whether or not they deform the

symmetry algebra of the free theory. In the undeformed case, we call the theories, in a slight abuse

of the term, abelian, otherwise we call them non-abelian.

The (A)dS isometries always takes the same ambient space form, (2.34), regardless of interactions.

Specialized to scalars, the transformation is

�JAB
� ⌘ JAB� = XA@B� � XB@A� . (4.1)

It can be checked that these satisfy the so(D + 1) commutation relations,

[JAB, JCD] = ⌘ACJBD � ⌘BCJAD + ⌘BDJAC � ⌘ADJBC . (4.2)

In contrast, the traceless shift symmetries acting on the scalar may acquire additional field-

dependent terms in the presence of interactions, schematically of the form

�SA1···Ak

� ⌘ SA1···Ak
� = X(A1

· · · XAk)T + O (�) , (4.3)

where the additional terms are constrained to have the same homogeneity degree as �. These

additional terms can deform the abelian algebra of the free theory into a non-abelian algebra. The

commutators between the JAB and the SA1···Ak
are fixed because SA1···Ak

is an so(D + 1) tensor,

[JBC , SA1···Ak
] =

kX

i=1

�
⌘BAi

SA1...Ai�1CAi+1...Ak
� ⌘CAi

SA1...Ai�1BAi+1...Ak

�
. (4.4)

This leaves only the commutators between SA1···Ak
to be determined. There is only one term

consistent with both the symmetries and trace conditions of this commutator, assuming there are

no additional generators,11

[SA1...Ak
, S

B1...Bk ] = ↵k!2
b

k�1
2 cX

n=0

an⌘(A1A2
⌘
(B1B2 . . . ⌘A2n�1A2n⌘

B2n�1B2n�
B2n+1

A2n+1
. . . �

Bk�1

Ak�1
J

Bk)
Ak)

.

(4.5)

The an are functions of D and k that are fixed by the tracelessness conditions and can be determined

recursively by

an+1 = �an
(k � 2n � 1)(k � 2n � 2)

2(D + 2k � 2n � 4)(n + 1)
, (4.6)

with a0 = 1.

11
Naively, when k is even there could also be terms on the right-hand side of this commutator proportional to

SA1...AiBi+1...Bk , but these turn out to be incompatible with the antisymmetry and trace conditions. Such terms are

allowed for general higher-spin algebras.
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Shifts transform as tensors under (A)dS isometries

4.1 Deformed symmetry algebras

We start by reconsidering the symmetry algebras formed by the generators of shift symmetries

and (A)dS isometries. Interactions can be classified according to whether or not they deform the

symmetry algebra of the free theory. In the undeformed case, we call the theories, in a slight abuse

of the term, abelian, otherwise we call them non-abelian.

The (A)dS isometries always takes the same ambient space form, (2.34), regardless of interactions.

Specialized to scalars, the transformation is

�JAB
� ⌘ JAB� = XA@B� � XB@A� . (4.1)

It can be checked that these satisfy the so(D + 1) commutation relations,

[JAB, JCD] = ⌘ACJBD � ⌘BCJAD + ⌘BDJAC � ⌘ADJBC . (4.2)

In contrast, the traceless shift symmetries acting on the scalar may acquire additional field-

dependent terms in the presence of interactions, schematically of the form

�SA1···Ak

� ⌘ SA1···Ak
� = X(A1

· · · XAk)T + O (�) , (4.3)

where the additional terms are constrained to have the same homogeneity degree as �. These

additional terms can deform the abelian algebra of the free theory into a non-abelian algebra. The

commutators between the JAB and the SA1···Ak
are fixed because SA1···Ak

is an so(D + 1) tensor,

[JBC , SA1···Ak
] =

kX

i=1

�
⌘BAi

SA1...Ai�1CAi+1...Ak
� ⌘CAi

SA1...Ai�1BAi+1...Ak

�
. (4.4)

This leaves only the commutators between SA1···Ak
to be determined. There is only one term

consistent with both the symmetries and trace conditions of this commutator, assuming there are

no additional generators,11

[SA1...Ak
, S

B1...Bk ] = ↵k!2
b

k�1
2 cX

n=0

an⌘(A1A2
⌘
(B1B2 . . . ⌘A2n�1A2n⌘

B2n�1B2n�
B2n+1

A2n+1
. . . �

Bk�1

Ak�1
J

Bk)
Ak)

.

(4.5)

The an are functions of D and k that are fixed by the tracelessness conditions and can be determined

recursively by

an+1 = �an
(k � 2n � 1)(k � 2n � 2)

2(D + 2k � 2n � 4)(n + 1)
, (4.6)

with a0 = 1.

11
Naively, when k is even there could also be terms on the right-hand side of this commutator proportional to

SA1...AiBi+1...Bk , but these turn out to be incompatible with the antisymmetry and trace conditions. Such terms are

allowed for general higher-spin algebras.
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Algebra of symmetries

Symmetry algebras for scalars

The symmetry algebra of the (A)dS scalar with mass mk is
generated by JAB and SA1...Ak :

I JAB form the (A)dS isometry algebra, a real form of soD+1,

[JAB, JCD] = ⌘ACJBD � ⌘BCJAD + ⌘BDJAC � ⌘ADJBC .

I SA1...Ak transforms covariantly

[JBC , SA1···Ak ] =
kX

i=1

⌘BAiSA1...Ai�1CAi+1...Ak � (B $ C).

I The remaining commutator can only be

[SA1...Ak , S
B1...Bk ] = ↵k!2� (B1

(A1
. . . �

Bk�1

Ak�1
J

Bk)
Ak)

+ · · · .

The algebra of the free theory is deformed if ↵ 6= 0. This is
only possible for k  2 due to Jacobi identities (in general D).

Remaining commutator has one possible structure (k>0):

arbitrary constant

Jacobi identities:This alone is not enough to guarantee the algebra exists, since we also have to check that the

Jacobi identities are satisfied. A nontrivial identity is

⇥
SA(k),

⇥
SB(k), SC(k)

⇤⇤
+

⇥
SB(k),

⇥
SC(k), SA(k)

⇤⇤
+

⇥
SC(k),

⇥
SA(k), SB(k)

⇤⇤
= 0 , (4.7)

where we have used the condensed index notation, A(k) ⌘ A1 · · · Ak. Using (4.5) and (4.4), the

first term is given schematically by

[SA(k), [SB(k), SC(k)]] ⇠ ↵

b
k�1
2 cX

n=0

an(⌘BB)n(⌘CC)n(⌘BC)k�2n�1
�
⌘CASBA(k�1) � ⌘BASCA(k�1)

�
, (4.8)

where each index type is to be separately symmetrized. Permuting the indices gives the other two

terms in (4.7). For k > 2, the sum in (4.8) contains terms with n > 0 that, due to their index

structure, cannot cancel against other terms in (4.7), so the Jacobi identities can only be satisfied

if ↵ = 0. This implies that the k > 2 abelian algebras cannot be deformed without introducing

additional particles, at least in generic dimensions. There could still be algebras with k > 2 that

exist only in specific dimensions due to dimension-dependent identities, e.g., as in [82]. Additionally,

in D  3 there is the possibility of parity-violating terms in the algebras, but we do not consider

such cases.

For k  2, we can check explicitly that all of the Jacobi identities are satisfied for any value of

↵, so deformations of the algebra can exist. We next discuss each of these cases.

4.1.1 k = 0 algebra

When k = 0, the generator S is a scalar and hence always commutes with itself, just as in the free

theory. The symmetry algebra is simply so(D + 1) � u(1) and there are no non-abelian extensions

without introducing additional generators. It is straightforward to write down theories in (A)dS

space realizing this algebra. Any interactions where at least one derivative appears on each field

will be invariant, which includes ghost-free theories such as P (X) theories. The tadpole term is

also invariant and is a Wess–Zumino term for this shift symmetry.

4.1.2 k = 1 algebra

When k = 1, the commutator (4.5) is given by

[SA, SB] = ↵JAB . (4.9)

In the abelian theory, ↵ = 0, the algebra is iso(D +1), with SA playing the role of the translations.

We can therefore think of the abelian k = 1 scalar as the Goldstone field for the symmetry breaking

pattern

iso(D + 1) �! so(D + 1) . (4.10)

21

↵ = 0 for k > 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

for k=1,2↵ arbitrary
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

k>2



“Abelian” theories
↵ = 0

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

is the algebra of the free theory

4.1 Deformed symmetry algebras

We start by reconsidering the symmetry algebras formed by the generators of shift symmetries

and (A)dS isometries. Interactions can be classified according to whether or not they deform the

symmetry algebra of the free theory. In the undeformed case, we call the theories, in a slight abuse

of the term, abelian, otherwise we call them non-abelian.

The (A)dS isometries always takes the same ambient space form, (2.34), regardless of interactions.

Specialized to scalars, the transformation is

�JAB
� ⌘ JAB� = XA@B� � XB@A� . (4.1)

It can be checked that these satisfy the so(D + 1) commutation relations,

[JAB, JCD] = ⌘ACJBD � ⌘BCJAD + ⌘BDJAC � ⌘ADJBC . (4.2)

In contrast, the traceless shift symmetries acting on the scalar may acquire additional field-

dependent terms in the presence of interactions, schematically of the form

�SA1···Ak

� ⌘ SA1···Ak
� = X(A1

· · · XAk)T + O (�) , (4.3)

where the additional terms are constrained to have the same homogeneity degree as �. These

additional terms can deform the abelian algebra of the free theory into a non-abelian algebra. The

commutators between the JAB and the SA1···Ak
are fixed because SA1···Ak

is an so(D + 1) tensor,

[JBC , SA1···Ak
] =

kX

i=1

�
⌘BAi

SA1...Ai�1CAi+1...Ak
� ⌘CAi

SA1...Ai�1BAi+1...Ak

�
. (4.4)

This leaves only the commutators between SA1···Ak
to be determined. There is only one term

consistent with both the symmetries and trace conditions of this commutator, assuming there are

no additional generators,11

[SA1...Ak
, S

B1...Bk ] = ↵k!2
b

k�1
2 cX

n=0

an⌘(A1A2
⌘
(B1B2 . . . ⌘A2n�1A2n⌘

B2n�1B2n�
B2n+1

A2n+1
. . . �

Bk�1

Ak�1
J

Bk)
Ak)

.

(4.5)

The an are functions of D and k that are fixed by the tracelessness conditions and can be determined

recursively by

an+1 = �an
(k � 2n � 1)(k � 2n � 2)

2(D + 2k � 2n � 4)(n + 1)
, (4.6)

with a0 = 1.

11
Naively, when k is even there could also be terms on the right-hand side of this commutator proportional to

SA1...AiBi+1...Bk , but these turn out to be incompatible with the antisymmetry and trace conditions. Such terms are

allowed for general higher-spin algebras.
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4.4 k > 2 interactions

We now comment briefly on interactions for shift symmetries with k > 2. As discussed in Sec-

tion 4.1, there do not exist deformations of the symmetry algebras when k > 2 without adding

additional generators, except possibly in special dimensions. This implies that interacting theories

of a single scalar in generic dimensions must realize the symmetries of the free theory, which act as

�� = SA1···Ak
X

A1 · · · X
Ak . (4.49)

It is straightforward to construct objects that are invariant under these shifts by acting with k + 1

derivatives or the d’Alembert operator in ambient space and projecting,

@(A1
. . . @Ak+1)� �(k)

µ1···µk+1 = r(µ1
. . . rµk+1)� + O(H2) terms, (4.50)

@A@
A� �(k) =

�
⇤+ k(D + k � 1)H2

�
�. (4.51)

Any scalar formed from these objects and their derivatives will be an invariant Lagrangian. This

captures all possible Lagrangians except for a finite number of Wess–Zumino terms. It is beyond the

scope of this work, but it would be interesting to classify such Wess–Zumino terms for these higher

shift symmetries. Our expectation is that all interactions invariant under the symmetries (4.49)

with k � 2 will have higher-order equations of motion, because there are no known theories for

them to reduce to in the flat space limit with lower-order equations of motion. We have checked

this explicitly for k = 3.

It is worth noting that in cases that break dS invariance, either explicitly or spontaneously, higher

shift symmetries can be present that act only on the spatial coordinates. Shift symmetries of this

kind appear in the context of inflation [88–90], and have interesting consequences for correlation

functions. It would be interesting to systematically classify theories where such spatial shifts appear.

5 Conclusions

In this paper we have identified special mass values at which massive bosonic fields of all spins

in (A)dS space develop shift symmetries that are the analogues of flat space polynomial shift

symmetries. We have explained how these shift-symmetric fields are related to PM fields and we

have constructed explicit examples of interacting scalar theories preserving the symmetries. These

theories generalize many known interesting examples of shift-symmetric theories in flat space.

In flat space, shift symmetries have proven useful as an organizing principle to classify EFTs.

We have taken the first steps toward such a classification in (A)dS space. In particular, we have

considered interactions for theories with shift symmetries containing a single scalar field. In addition

to placing known curved-spacetime EFTs in a new context, we have constructed in every dimension

a novel interacting scalar theory with a nonlinear quadratic shift symmetry, which is a highly

nontrivial generalization of the special galileon to (A)dS space. Additionally, we have argued

30

Interactions can be constructed from the building blocks:

These will generally have ghosts.

arbitrary function of the building 
blocks and its derivatives

L =
p
�g F

⇣
�(k)

µ1···µk+1 ,rµ�
(k)
µ1···µk+1 , · · ·

⌘
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“Abelian” theories

4.2 k = 1 interactions

Now that we have the possible symmetry algebras that a k = 1 scalar can realize, we look for invari-

ant interactions. In this case, the theories have been considered before in the literature in slightly

di↵erent contexts. These scalar fields can be thought of as Goldstone degrees of freedom associ-

ated with the nonlinearly realized symmetries, and can be constructed in a systematic way using

nonlinear realization techniques. In Appendix C, we employ this method to construct interactions

for the abelian k = 1 and k = 2 scalars.

4.2.1 Abelian interactions

We first look for a scalar theory that realizes the k = 1 abelian symmetry algebra. In this case, the

shift symmetries commute and act on the ambient space field as

�� = SAX
A
. (4.18)

By acting on the scalar with two ambient space derivatives and projecting using the rules outlined

in Appendix B, we get the invariant “curvature” tensor

@A@B� �(1)
µ⌫ =

�
rµr⌫ + H

2
gµ⌫

�
�. (4.19)

We can construct invariant interactions by forming scalars from this tensor.

Since the tensor �(1)
µ⌫ has a term with two derivatives, most interactions lead to higher-derivative

equations of motion and ghosts. There are, however, a set of D+1 terms that are ghost free. These

are the (A)dS galileons, which were discovered in [53–55] and appear in the PM decoupling limit of

massive gravity [60]. They are listed in Eqs. (C.25) and (C.32). In Appendix C, we perform a coset

construction of the (A)dS galileons, showing that D of them are constructible from the invariant

tensor (4.19). The last interaction is a Wess–Zumino term, which cannot be written solely in terms

of �(1)
µ⌫ . Another realization of the symmetry breaking pattern (4.10) comes from considering a dS

brane in a flat bulk [53, 54]. This theory should be related to the (A)dS galileons by a (possibly

nonlocal) field redefinition.12

4.2.2 Non-abelian interactions

We now consider interactions that are invariant under the non-abelian k = 1 algebra, so(D + 2).

This algebra can be realized on a scalar field through the ambient space transformation

�� = SAX
A +

1

⇤D
SA�@

A�. (4.20)

12
This is because both theories realize the same symmetry breaking pattern. It is expected that theories of

Goldstone bosons are essentially unique and that all nonlinear realizations of the same symmetries with the same

degrees of freedom are equivalent. This has been proven in the case of internal symmetries [83, 84], but remains

conjectural in the case of spacetime symmetries.
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For k=1 there is a set of ghost-free terms:

Ln =
p
�g�(1)[µ1

µ1
· · ·�(1) µn]

µn
, n = 1, . . . , D
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,

These are the (A)dS galileons:

by taking the small field limit of (68),

�+⇡̂ =
1

u

�
u2

� y2
�
,

��⇡̂ = �
1

u
,

�i⇡̂ =
yi
u

. (158)

The terms (158) are Galileons which naturally live in de Sitter space, and become the original

Galileons in the limit where the dS4 radius goes to infinity. They have the same number

of nonlinear shift-like symmetries as the original flat space Galileons, despite the fact that

they live on a curved space. As such, we anticipate them being naturally suited to models

of inflation and dark energy.

Another fascinating new feature that is not shared by the original Galileons is the existence

of a potential. In particular, the quadratic term L̂2 comes with a mass term of order the

4d de Sitter radius. The symmetries (159) fix the value of the mass (in fact, each of the

symmetries in (159) is alone su�cient to fix the mass). If the coe�cient of L̂2 is chosen to

be positive, so that the scalar field is not a ghost, then this mass is tachyonic. However, this

instability is not necessarily worrisome because its timescale is of order the de Sitter time.

Furthermore, this small mass should not be renormalized, because its value is protected

by symmetry. The higher terms also come with cubic, quartic, and quintic terms in the

potential, with values tied to the kinetic structure by the symmetries.

The small field limit may also be applied to the examples of a de Sitter brane embedded in

either a de Sitter (79) or anti-de Sitter (105) bulk. The resulting actions and transformation

laws are identical to those of (158) and (159).

Finally, we apply the small field expansion to the case of an anti-de Sitter brane embedded

in an anti-de Sitter bulk, by expanding the terms (128) around a constant background ⇡0. In

a similar manner to the previous case, the following linear combinations yield terms which
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the lowest order terms in � up to total derivatives on dS4, yielding terms which start at order

�, �2, etc.

L̄1 =
1

⇡4
0

L1 =
p

�g⇡ ,

L̄2 =
1

⇡2
0

✓
L2 +

4

⇡0
L1

◆
= �

1

2

p
�g

�
(@⇡)2 � 4⇡2

�
,

L̄3 = L3 +
6

⇡0
L2 +

12

⇡2
0

L1 =
p

�g

✓
�
1

2
(@⇡)2[⇧] � 3(@⇡)2⇡ + 4⇡3

◆
,

L̄4 = ⇡2
0

✓
L4 +

6

⇡0
L3 +

18

⇡2
0

L2 +
24

⇡3
0

L1

◆

=
p

�g


�
1

2
(@⇡)2

✓
[⇧]2 � [⇧2] +

1

2
(@⇡)2 + 6⇡[⇧] + 18⇡2

◆
+ 6⇡4

�
,

L̄5 = ⇡4
0

✓
L5 +

4

⇡0
L4 +

12

⇡2
0

L3 +
24

⇡3
0

L2 +
24

⇡4
0

L1

◆

=
p

�g


�
1

2

✓
(@⇡)2 +

1

5
⇡2

◆�
[⇧]3 � 3[⇧][⇧2] + 2[⇧3]

�

�
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5
⇡(@⇡)2

✓
[⇧]2 � [⇧2] +

27

12
[⇧]⇡ + 5⇡2

◆
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24

5
⇡5

�
. (156)

Scaling the coordinates to (û, ŷi) ⌘ (Lu, Lyi), carrying dimensions of length, the dS4 curva-

ture becomes R = 12
L2 , and canonically normalizing the field to ⇡̂ = 1

L2⇡, we then obtain

L̂1 =
p

�g⇡̂ ,

L̂2 = �
1

2

p
�g

✓
(@⇡̂)2 �

4

L2
⇡̂2

◆
,

L̂3 =
p

�g
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�
1

2
(@⇡̂)2[⇧̂] �

3

L2
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4

L4
⇡̂3

◆
,

L̂4 =
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�g


�
1

2
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✓
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1

2L2
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18
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6
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⇡̂4

�
,
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�g


�
1

2

✓
(@⇡̂)2 +

1

5L2
⇡̂2

◆⇣
[⇧̂]3 � 3[⇧̂][⇧̂2] + 2[⇧̂3]

⌘

�
12

5L2
⇡̂(@⇡̂)2

✓
[⇧̂]2 � [⇧̂2] +

27

12L2
[⇧̂]⇡̂ +

5

L4
⇡̂2

◆
+
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5L8
⇡̂5

�
, (157)

where L̂n = 1
L4n+2 L̄n.

These expressions are invariant under the lowest order symmetry transformations obtained
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“Non-abelian” theories

For k=1 there is a possible deformation of the algebra:

Theories with deformed algebras

For k = 1, the commutator is

[SA, SB] = ↵JAB.

When ↵ 6= 0, the algebra is soD+2, spanned by the generators

⇢
,

�
.

This can be realised on a scalar by

�SA� = XA + ↵�@A�,

with mass m2 = D/L
2. The invariant theories are (A)dS DBI

galileons Goon, Hinterbichler, Trodden.

This forms an so(D+2) algebra:

Symmetry breaking pattern:

Theories with deformed algebras

For k = 1, the commutator is

[SA, SB] = ↵JAB.

When ↵ 6= 0, the algebra is soD+2, spanned by the generators

⇢
,

�
.

This can be realised on a scalar by

�SA� = XA + ↵�@A�,

with mass m2 = D/L
2. The invariant theories are (A)dS DBI

galileons Goon, Hinterbichler, Trodden.
so(D+2) →  so(D+1)

D+1 dimensional (A)dS D dimensional (A)dS

SA� = XA + ↵�@A�
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This gives (A)dS DBI galileons.

In Section 4.2 we describe nonlinear interactions which realize this symmetry algebra.

For ↵ 6= 0, the algebra is so(D + 2). This can be seen by grouping JAB and SA into a (D + 2)-

dimensional antisymmetric matrix with SA along the first row and column. We can therefore think

of scalar fields invariant under this deformed algebra as realizing the symmetry breaking

so(D + 2) �! so(D + 1) . (4.11)

The algebra (4.9) can be realized on a spin-0 field by the ambient space transformation

�SA
� ⌘ SA� = XA + ↵�@A�. (4.12)

In Section 4.2 we construct interactions with second-order equations of motion that are invariant

under this transformation and discuss other ways of realizing the symmetry breaking (4.11).

4.1.3 k = 2 algebra

When k = 2, the commutator (4.5) is given by

[SA1A2 , SB1B2 ] = ↵ (⌘A1B1JA2B2 + ⌘A2B1JA1B2 + ⌘A1B2JA2B1 + ⌘A2B2JA1B1) . (4.13)

When ↵ 6= 0, we can combine the generators into a matrix

MAB ⌘ �
1

2
JAB ±

i

2
p

↵
SAB, (4.14)

where the tracelessness of SAB implies that ⌘
AB

MAB = 0. The commutators written in terms of

MAB are

[MAB, MCD] = ⌘BCMAD � ⌘ADMCB, (4.15)

which are the commutators of sl(D + 1). In a scalar theory realizing this symmetry algebra, the

JAB are linearly realized and the shift symmetries SAB are non-linearly realized, so we may think

of the scalar field as the Goldstone field for the symmetry breaking

sl(D + 1) �! so(D + 1). (4.16)

 
0 SA

�SA JAB

!
(4.17)

This nonlinear symmetry can be realized on a spin-0 field by the ambient space transformation

�SAB
� ⌘ SAB� = X(AXB)T + ↵@(A�@B)T �, (4.18)

which is just the flat space special galileon transformation [20]. In Section 4.3.2, we present the

unique ghost-free (A)dS theory invariant under the transformation (4.18), which is the curved space

analogue of the special galileon.
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“Non-abelian” theories

For k=2 there is a possible deformation of the algebra:

In Section 4.2 we describe nonlinear interactions which realize this symmetry algebra.

For ↵ 6= 0, the algebra is so(D + 2). This can be seen by grouping JAB and SA into a (D + 2)-

dimensional antisymmetric matrix with SA along the first row and column. We can therefore think

of scalar fields invariant under this deformed algebra as realizing the symmetry breaking

so(D + 2) �! so(D + 1) . (4.11)

The algebra (4.9) can be realized on a spin-0 field by the ambient space transformation

�SA
� ⌘ SA� = XA + ↵�@A�. (4.12)

In Section 4.2 we construct interactions with second-order equations of motion that are invariant

under this transformation and discuss other ways of realizing the symmetry breaking (4.11).

4.1.3 k = 2 algebra

When k = 2, the commutator (4.5) is given by

[SA1A2 , SB1B2 ] = ↵ (⌘A1B1JA2B2 + ⌘A2B1JA1B2 + ⌘A1B2JA2B1 + ⌘A2B2JA1B1) . (4.13)

When ↵ 6= 0, we can combine the generators into a matrix

MAB ⌘ �
1

2
JAB ±

i

2
p

↵
SAB, (4.14)

where the tracelessness of SAB implies that ⌘
AB

MAB = 0. The commutators written in terms of

MAB are

[MAB, MCD] = ⌘BCMAD � ⌘ADMCB, (4.15)

which are the commutators of sl(D + 1). In a scalar theory realizing this symmetry algebra, the

JAB are linearly realized and the shift symmetries SAB are non-linearly realized, so we may think

of the scalar field as the Goldstone field for the symmetry breaking

sl(D + 1) �! so(D + 1). (4.16)

This nonlinear symmetry can be realized on a spin-0 field by the ambient space transformation

�SAB
� ⌘ SAB� = X(AXB)T + ↵@(A�@B)T �, (4.17)

which is just the flat space special galileon transformation [20]. In Section 4.3.2, we present the

unique ghost-free (A)dS theory invariant under the transformation (4.17), which is the curved space

analogue of the special galileon.
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This forms an sl(D+1) algebra

sl(D+1) →  so(D+1)

Symmetry breaking pattern:

Theories with deformed algebras

For k = 2, the commutator is

[SA1A2 , SB1B2 ] = ↵⌘A1B1JA2B2 + · · · .

When ↵ 6= 0, the algebra is slD+1, spanned by the generators

⇢
,

T
�
.

This can be realised on a scalar by

�SAB� = X(AXB)T + ↵@(A�@B)T�,

with mass m2 = 2(D + 1)/L2. There is a unique invariant theory
with second-order EOM.
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k=2 theory

with symmetric traceless sµ⌫ [20], as well as the standard galileon and shift symmetries. The

Lagrangian (4.34) can therefore be considered an H
2 deformation of the flat space special galileon.

Expanding in powers of the field, the structure of the Lagrangian (4.34) is

1
p

�g
LSG = �

1

2
(@�)2 + (D + 1)H2

�
2 +

1

24⇤D+2

h
@
µ
�@

⌫
�X

(2)
µ⌫ (⇧) + O

�
H

2
�i

+ O
�
�
6
�
, (4.38)

which has the correct mass for a k = 2 scalar. Each power of � comes suppressed with powers of

⇤, with a tail of lower-derivative terms suppressed by H. These tail terms are di↵erent from those

of the (A)dS galileons and there are interactions at every even order in the field. Thus, unlike the

flat space special galileon, which is a particular combination of galileons, the Lagrangian (4.34) is

not a particular combination of (A)dS galileons.

In the non-abelian k = 1 case, we found that there is a formulation of the interactions that is

much simpler than the one obtained from the simple ambient space field transformation. Based on

this, we expect that there should also exist a choice of field variables where the non-abelian k = 2

theory takes a much simpler form than (4.34). It would be interesting to find such a presentation

of the theory.

In any given dimension, the hypergeometric functions in Eq. (4.35) can be written in terms of

elementary functions: square roots and (in odd dimensions) tanh�1(
p

x). For example, in D = 4

the Lagrangian (4.34) can be written as

1
p

�g
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where we have defined

y ⌘ 1 + 4
H

4

⇤6
�
2
, X ⌘

H
2

⇤6
(@�)2 . (4.40)

Though this Lagrangian may seem somewhat complex, we emphasize that it is entirely fixed by

the shift symmetries (4.33).

Potential

The (A)dS special galileon possesses a potential whose form is completely fixed by the symmetry.

In D dimensions, this potential is given by

V (�) = �
1

p
�g

LSG

����
@�=0

=
⇤D+2

2(D + 1)H2

 
 
D+1 +  

⇤D+1

2 | |
D+1

� 1

!
, (4.41)
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D = 4 it takes the form
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and the tensors X
(j)
µ⌫ are defined in Appendix A. The highest-derivative terms are those of the

flat space special galileon, but there are highly nontrivial lower-derivative terms suppressed by the

(A)dS radius, including a potential, that are fixed by the symmetry. We expect that this theory

should have similarly compelling properties to the special galileon in flat space.

We begin in Section 2 by describing certain shift symmetries enjoyed by free bosonic fields with

particular discrete masses in maximally symmetric spacetimes. In Section 3, we explain the relation

between these fields and PM fields. We consider interactions in Section 4, focusing on the case of

a single scalar field. We first classify possible deformations of the symmetry algebras of the free

theories and then find interactions invariant under either the undeformed or deformed symmetries.

We conclude in Section 5 and discuss possible generalizations of our results, including interactions

for massive higher-spin particles. We include some technical results and reviews of useful material

in the appendices: the symmetric polynomials and the tensors X
(n)
µ⌫ are defined in Appendix A,

the ambient space formalism and some useful embedding coordinates are reviewed in Appendix B,

we describe the construction of scalar interactions using nonlinear realization techniques in Ap-

pendix C, the relation between the shift-symmetric scalars and conformal powers of the Laplacian

is discussed in Appendix D, and we discuss the PM decoupling limits of a massive spin-3 particle

in Appendix E.

Conventions: We denote the spacetime dimension by D and define d ⌘ D �1. We use the mostly

plus metric signature convention. We denote the dS space Hubble scale as H, so that the Ricci scalar

is R = D(D � 1)H2
> 0. We denote the AdS space radius by L, so that R = �D(D � 1)/L

2
< 0.

We can go between the two cases with the relation H
2

$ �1/L
2. We sometimes use R for the

radius to cover both cases at once, so that R = 1/H for dS space and R = L for AdS space. Though

we phrase things in Lorentzian signature, the theories we consider can be analytically continued

to live on Euclidean spheres or hyperbolic spaces straightforwardly. Tensors are symmetrized and

antisymmetrized with unit weight, e.g., T(µ⌫) = 1
2 (Tµ⌫ + T⌫µ), T[µ⌫] = 1

2 (Tµ⌫ � T⌫µ), and (· · · )T
indicates that we take the symmetric fully traceless part of the enclosed indices, e.g., T(µ⌫)T =

6
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A Symmetric polynomials

Here we define the tensors X
(n)
µ⌫ that are used at several points throughout the paper. They are

(A)dS versions of the tensors that appear in the decoupling limit of massive gravity [91, 92].

For an arbitrary symmetric tensor Mµ⌫ , we define the symmetric polynomials as

Sn(M) = n! M [µ1
µ1M

µ2
µ2 . . . M

µn]
µn

. (A.1)

The tensors X
(n)
µ⌫ (M) are defined as

X
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⌫(M) =
1

n + 1

�

�Mµ
⌫

Sn+1(M) = (n + 1)! �[µ⌫ M
µ2

µ2 . . . M
µn+1]

µn+1 . (A.2)

They vanish identically for n � D. Explicitly, the first few are given by

X
(0)
µ⌫ (M) = gµ⌫ , (A.3)

X
(1)
µ⌫ (M) = [M ] gµ⌫ � Mµ⌫ , (A.4)

X
(2)
µ⌫ (M) =

⇣
[M ]2 �

⇥
M

2
⇤⌘

gµ⌫ � 2 [M ] Mµ⌫ + 2M
2
µ⌫ , (A.5)
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3
µ⌫ ,

(A.6)

where gµ⌫ is the background metric.

B Ambient space

B.1 Ambient space review

It is often convenient to use ambient space to describe (A)dS fields [93, 94]. To do this, we

embed (A)dSD with coordinates x
µ into an ambient (D + 1)-dimensional Minkowski space with

coordinates X
A. The flat ambient metric ⌘AB has components diag(�1, 1, 1, 1, . . . ) for dS space

and diag(�1, �1, 1, 1, . . . ) for AdS space. The (A)dS manifold is the surface defined by

⌘ABX
A
X

B = ±R
2
, (B.1)

where the constant R is the radius. Here and throughout, the upper sign is for dS space and

the lower sign for AdS space. The (A)dS isometries are the so(D + 1) Lorentz transformations of
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and diag(�1, �1, 1, 1, . . . ) for AdS space. The (A)dS manifold is the surface defined by

⌘ABX
A
X

B = ±R
2
, (B.1)

where the constant R is the radius. Here and throughout, the upper sign is for dS space and

the lower sign for AdS space. The (A)dS isometries are the so(D + 1) Lorentz transformations of
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Expansion in powers of the field:

Flat space limit H → 0 is the special galileon:

k=2 theory

Non-trivial potential fixed by the symmetry:
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Figure 4: Potential for the D = 4 special galileon in dS space.

Focusing on the case D = 4, the potential can be written as
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where �̃ ⌘ H
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�/⇤3. This is plotted in Figure 4. As �̃ ! ±1, the potential asymptotes to
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Expanding about the critical points, the value of the squared mass relative to the kinetic term is

always �10H
2, as required by the shift symmetry, which is a nontrivial check of the symmetry of

the entire Lagrangian. However, the overall sign of the quadratic action di↵ers around the maxima

and minima,
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Although the minima appear stable by considering just the potential, the fluctuations about them

have ghostly kinetic terms, so they are actually unstable in dS space. As discussed at the end of

Section 2.1, the would-be growing mode corresponding to the tachyon instability around the origin

can be removed by a symmetry transformation. In AdS space, the potential is flipped upside down

and there are three stable minima, around which the field has the correct sign kinetic term.
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Figure 4: Potential for the D = 4 special galileon in dS space.

Focusing on the case D = 4, the potential can be written as
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�/⇤3. This is plotted in Figure 4. As �̃ ! ±1, the potential asymptotes to
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Expanding about the critical points, the value of the squared mass relative to the kinetic term is

always �10H
2, as required by the shift symmetry, which is a nontrivial check of the symmetry of

the entire Lagrangian. However, the overall sign of the quadratic action di↵ers around the maxima

and minima,
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Although the minima appear stable by considering just the potential, the fluctuations about them

have ghostly kinetic terms, so they are actually unstable in dS space. As discussed at the end of

Section 2.1, the would-be growing mode corresponding to the tachyon instability around the origin

can be removed by a symmetry transformation. In AdS space, the potential is flipped upside down

and there are three stable minima, around which the field has the correct sign kinetic term.
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Figure 4: Potential for the D = 4 special galileon in dS space.

Focusing on the case D = 4, the potential can be written as
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Expanding about the critical points, the value of the squared mass relative to the kinetic term is

always �10H
2, as required by the shift symmetry, which is a nontrivial check of the symmetry of

the entire Lagrangian. However, the overall sign of the quadratic action di↵ers around the maxima

and minima,
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Although the minima appear stable by considering just the potential, the fluctuations about them

have ghostly kinetic terms, so they are actually unstable in dS space. As discussed at the end of

Section 2.1, the would-be growing mode corresponding to the tachyon instability around the origin

can be removed by a symmetry transformation. In AdS space, the potential is flipped upside down

and there are three stable minima, around which the field has the correct sign kinetic term.
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4.3.2 Non-abelian interactions

We now consider interactions that are invariant under the non-abelian k = 2 algebra, sl(D + 1),

where the scalar transformation is given in ambient space by
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with symmetric traceless SAB. Using the same method as for the non-abelian k = 1 interactions,

we find that there is a single invariant interaction with second-order equations of motion,15

LSG
p

�g
=

D�1X

j=0

 
D�j + (�1)j ⇤D�j

ij⇤j(D+2)/2 | |
D+3 2 �(j + 3)


(j + 2)fj

✓
X

| |
2

◆
� (j + 1)fj+1

✓
X

| |
2

◆�
@
µ
�@

⌫
�X

(j)
µ⌫ (⇧)

+
⇤D+2

2(D + 1)H2

 
1 �

 
⇤D+1 +  

D+1

2 | |
D+1

!
, (4.34)
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Despite the appearance of factors of i, this Lagrangian is real. Note that in this case we have

ignored the tadpole term, which can be obtained from (4.34) by putting minus signs in front of

 
⇤D�j and  D+1. There will also exist invariant interactions with higher-order equations of motion,

which are (A)dS versions of the interactions constructed in [21].

The Lagrangian (4.34) depends on two scales, H and ⇤, and therefore has only one dimensionless

parameter, the ratio of these scales. Only terms of even order in � are present, so there is also a

Z2 symmetry � ! ��.

In the flat space limit, H ! 0, (4.34) reduces to
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Up to a total derivative, this is precisely the Lagrangian for the flat space special galileon of

[13, 19, 20], which is invariant under the nonlinear symmetry
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15
We have not been able to verify symbolically that (4.34) has the full symmetry to all orders, although we are

confident it does. For D = 4, we have shown that it has the full symmetry up to 14
th

order in the fields and has

the relevant subset of symmetries to all orders when � = �(⌘, x
1
). We have also shown that the expression for the

symmetry variation of the full Lagrangian vanishes when random integers are substituted for the variables, and so

we are confident it is zero, but due to its size we have not managed to simplify it to zero symbolically.
16
We use the definition of 2F1 of functions.wolfram.com/HypergeometricFunctions/Hypergeometric2F1.
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Despite the appearance of factors of i, this Lagrangian is real. Note that in this case we have

ignored the tadpole term, which can be obtained from (4.34) by putting minus signs in front of
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which are (A)dS versions of the interactions constructed in [21].
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Up to a total derivative, this is precisely the Lagrangian for the flat space special galileon of
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We have not been able to verify symbolically that (4.34) has the full symmetry to all orders, although we are

confident it does. For D = 4, we have shown that it has the full symmetry up to 14
th

order in the fields and has

the relevant subset of symmetries to all orders when � = �(⌘, x
1
). We have also shown that the expression for the

symmetry variation of the full Lagrangian vanishes when random integers are substituted for the variables, and so

we are confident it is zero, but due to its size we have not managed to simplify it to zero symbolically.
16
We use the definition of 2F1 of functions.wolfram.com/HypergeometricFunctions/Hypergeometric2F1.
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D = 4
<latexit sha1_base64="VOkp7Po0QJ8tfxPU31yLc7zzTFY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKehFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdjcZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9Szf1yr1Wh5HEU7gFM7Bg0uowx00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9yPn8AiReNPw==</latexit><latexit sha1_base64="VOkp7Po0QJ8tfxPU31yLc7zzTFY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKehFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdjcZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9Szf1yr1Wh5HEU7gFM7Bg0uowx00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9yPn8AiReNPw==</latexit><latexit sha1_base64="VOkp7Po0QJ8tfxPU31yLc7zzTFY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKehFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdjcZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9Szf1yr1Wh5HEU7gFM7Bg0uowx00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9yPn8AiReNPw==</latexit><latexit sha1_base64="VOkp7Po0QJ8tfxPU31yLc7zzTFY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKehFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdjcZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9Szf1yr1Wh5HEU7gFM7Bg0uowx00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9yPn8AiReNPw==</latexit>

D = 5
<latexit sha1_base64="P0MSuafk/i08k83cjI9Ar7o7gYc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSUfQiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsrq2vpGcbO0tb2zu1feP2iaONWMN1gsY90OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9cXvXLFrbozkWXwcqhArnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9G7SF5ozlGMLlGlhdyVsSDVlaNMp2RC8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7I+fwBipuNQA==</latexit><latexit sha1_base64="P0MSuafk/i08k83cjI9Ar7o7gYc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSUfQiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsrq2vpGcbO0tb2zu1feP2iaONWMN1gsY90OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9cXvXLFrbozkWXwcqhArnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9G7SF5ozlGMLlGlhdyVsSDVlaNMp2RC8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7I+fwBipuNQA==</latexit><latexit sha1_base64="P0MSuafk/i08k83cjI9Ar7o7gYc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSUfQiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsrq2vpGcbO0tb2zu1feP2iaONWMN1gsY90OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9cXvXLFrbozkWXwcqhArnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9G7SF5ozlGMLlGlhdyVsSDVlaNMp2RC8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7I+fwBipuNQA==</latexit><latexit sha1_base64="P0MSuafk/i08k83cjI9Ar7o7gYc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSUfQiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsrq2vpGcbO0tb2zu1feP2iaONWMN1gsY90OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9cXvXLFrbozkWXwcqhArnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9G7SF5ozlGMLlGlhdyVsSDVlaNMp2RC8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7I+fwBipuNQA==</latexit>

D = 6
<latexit sha1_base64="iKUIuMUGBxp+sffp+XrY1Jzt3kg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfUiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsrq2vpGcbO0tb2zu1feP2iaONWMN1gsY90OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9cXvXLFrbozkWXwcqhArnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9G7SF5ozlGMLlGlhdyVsSDVlaNMp2RC8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7I+fwBjB+NQQ==</latexit><latexit sha1_base64="iKUIuMUGBxp+sffp+XrY1Jzt3kg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfUiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsrq2vpGcbO0tb2zu1feP2iaONWMN1gsY90OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9cXvXLFrbozkWXwcqhArnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9G7SF5ozlGMLlGlhdyVsSDVlaNMp2RC8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7I+fwBjB+NQQ==</latexit><latexit sha1_base64="iKUIuMUGBxp+sffp+XrY1Jzt3kg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfUiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsrq2vpGcbO0tb2zu1feP2iaONWMN1gsY90OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9cXvXLFrbozkWXwcqhArnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9G7SF5ozlGMLlGlhdyVsSDVlaNMp2RC8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7I+fwBjB+NQQ==</latexit><latexit sha1_base64="iKUIuMUGBxp+sffp+XrY1Jzt3kg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfUiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsrq2vpGcbO0tb2zu1feP2iaONWMN1gsY90OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9cXvXLFrbozkWXwcqhArnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9G7SF5ozlGMLlGlhdyVsSDVlaNMp2RC8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7I+fwBjB+NQQ==</latexit> D = 7

<latexit sha1_base64="w+qZ5MrByggFrO0etHR0KCUXDl4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdjcZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9SzfX1bql3kcRTiBUzgHD2pQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/kfP4AjaONQg==</latexit><latexit sha1_base64="w+qZ5MrByggFrO0etHR0KCUXDl4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdjcZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9SzfX1bql3kcRTiBUzgHD2pQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/kfP4AjaONQg==</latexit><latexit sha1_base64="w+qZ5MrByggFrO0etHR0KCUXDl4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdjcZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9SzfX1bql3kcRTiBUzgHD2pQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/kfP4AjaONQg==</latexit><latexit sha1_base64="w+qZ5MrByggFrO0etHR0KCUXDl4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdjcZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9SzfX1bql3kcRTiBUzgHD2pQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/kfP4AjaONQg==</latexit>

D = 8
<latexit sha1_base64="ZsVos7RAg/HrsbWos44L4qo2rFo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEexFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJa37GZZIalGzxUZgKYmIyu5sMuEJmxMQCZYrbXQkbUUWZsemUbAje8smr0LqoepbvLyv1yzyOIpzAKZyDB1dQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/kfP4AjyeNQw==</latexit><latexit sha1_base64="ZsVos7RAg/HrsbWos44L4qo2rFo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEexFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJa37GZZIalGzxUZgKYmIyu5sMuEJmxMQCZYrbXQkbUUWZsemUbAje8smr0LqoepbvLyv1yzyOIpzAKZyDB1dQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/kfP4AjyeNQw==</latexit><latexit sha1_base64="ZsVos7RAg/HrsbWos44L4qo2rFo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEexFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJa37GZZIalGzxUZgKYmIyu5sMuEJmxMQCZYrbXQkbUUWZsemUbAje8smr0LqoepbvLyv1yzyOIpzAKZyDB1dQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/kfP4AjyeNQw==</latexit><latexit sha1_base64="ZsVos7RAg/HrsbWos44L4qo2rFo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEexFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJa37GZZIalGzxUZgKYmIyu5sMuEJmxMQCZYrbXQkbUUWZsemUbAje8smr0LqoepbvLyv1yzyOIpzAKZyDB1dQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/kfP4AjyeNQw==</latexit>

D = 9
<latexit sha1_base64="lA0Jl3TBzKnsGj/4Yh3C/StR4TU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEdSDUNCDx4r2A9pQNttNu3SzCbsToYT+BC8eFPHqL/Lmv3Hb5qCtLyw8vDPDzrxBIoVB1/12Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTOutJ66NiNUjjhPuR3SgRCgYRWs93F5f9coVt+rORJbBy6ECueq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdywqGnHjZ7NVJ+TEOn0Sxto+hWTm/p7IaGTMOApsZ0RxaBZrU/O/WifF8NLPhEpS5IrNPwpTSTAm07tJX2jOUI4tUKaF3ZWwIdWUoU2nZEPwFk9ehuZZ1bN8f16pnedxFOEIjuEUPLiAGtxBHRrAYADP8ApvjnRenHfnY95acPKZQ/gj5/MHkKuNRA==</latexit><latexit sha1_base64="lA0Jl3TBzKnsGj/4Yh3C/StR4TU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEdSDUNCDx4r2A9pQNttNu3SzCbsToYT+BC8eFPHqL/Lmv3Hb5qCtLyw8vDPDzrxBIoVB1/12Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTOutJ66NiNUjjhPuR3SgRCgYRWs93F5f9coVt+rORJbBy6ECueq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdywqGnHjZ7NVJ+TEOn0Sxto+hWTm/p7IaGTMOApsZ0RxaBZrU/O/WifF8NLPhEpS5IrNPwpTSTAm07tJX2jOUI4tUKaF3ZWwIdWUoU2nZEPwFk9ehuZZ1bN8f16pnedxFOEIjuEUPLiAGtxBHRrAYADP8ApvjnRenHfnY95acPKZQ/gj5/MHkKuNRA==</latexit><latexit sha1_base64="lA0Jl3TBzKnsGj/4Yh3C/StR4TU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEdSDUNCDx4r2A9pQNttNu3SzCbsToYT+BC8eFPHqL/Lmv3Hb5qCtLyw8vDPDzrxBIoVB1/12Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTOutJ66NiNUjjhPuR3SgRCgYRWs93F5f9coVt+rORJbBy6ECueq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdywqGnHjZ7NVJ+TEOn0Sxto+hWTm/p7IaGTMOApsZ0RxaBZrU/O/WifF8NLPhEpS5IrNPwpTSTAm07tJX2jOUI4tUKaF3ZWwIdWUoU2nZEPwFk9ehuZZ1bN8f16pnedxFOEIjuEUPLiAGtxBHRrAYADP8ApvjnRenHfnY95acPKZQ/gj5/MHkKuNRA==</latexit><latexit sha1_base64="lA0Jl3TBzKnsGj/4Yh3C/StR4TU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEdSDUNCDx4r2A9pQNttNu3SzCbsToYT+BC8eFPHqL/Lmv3Hb5qCtLyw8vDPDzrxBIoVB1/12Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTOutJ66NiNUjjhPuR3SgRCgYRWs93F5f9coVt+rORJbBy6ECueq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdywqGnHjZ7NVJ+TEOn0Sxto+hWTm/p7IaGTMOApsZ0RxaBZrU/O/WifF8NLPhEpS5IrNPwpTSTAm07tJX2jOUI4tUKaF3ZWwIdWUoU2nZEPwFk9ehuZZ1bN8f16pnedxFOEIjuEUPLiAGtxBHRrAYADP8ApvjnRenHfnY95acPKZQ/gj5/MHkKuNRA==</latexit>

D = 10
<latexit sha1_base64="BhdvZiXo+QBADYD00zllzLZDLAw=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQjFHThsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK0v5M63MdPOQlt/CHz85xxyzh8mghvred+otLa+sblV3q7s7O7tH1QPj9omTjVlLRqLWHdDYpjgirUst4J1E82IDAXrhJPbvN55YtrwWD3aacICSUaKR5wSm1t3N743qNa8ujcXXgW/gBoUag6qX/1hTFPJlKWCGNPzvcQGGdGWU8FmlX5qWELohIxYz6Eikpkgm+86w2fOGeIo1u4pi+fu74mMSGOmMnSdktixWa7l5n+1Xmqj6yDjKkktU3TxUZQKbGOcH46HXDNqxdQBoZq7XTEdE02odfFUXAj+8smr0L6o+44fLmuNyyKOMpzAKZyDD1fQgHtoQgsojOEZXuENSfSC3tHHorWEiplj+CP0+QPy5Y12</latexit><latexit sha1_base64="BhdvZiXo+QBADYD00zllzLZDLAw=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQjFHThsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK0v5M63MdPOQlt/CHz85xxyzh8mghvred+otLa+sblV3q7s7O7tH1QPj9omTjVlLRqLWHdDYpjgirUst4J1E82IDAXrhJPbvN55YtrwWD3aacICSUaKR5wSm1t3N743qNa8ujcXXgW/gBoUag6qX/1hTFPJlKWCGNPzvcQGGdGWU8FmlX5qWELohIxYz6Eikpkgm+86w2fOGeIo1u4pi+fu74mMSGOmMnSdktixWa7l5n+1Xmqj6yDjKkktU3TxUZQKbGOcH46HXDNqxdQBoZq7XTEdE02odfFUXAj+8smr0L6o+44fLmuNyyKOMpzAKZyDD1fQgHtoQgsojOEZXuENSfSC3tHHorWEiplj+CP0+QPy5Y12</latexit><latexit sha1_base64="BhdvZiXo+QBADYD00zllzLZDLAw=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQjFHThsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK0v5M63MdPOQlt/CHz85xxyzh8mghvred+otLa+sblV3q7s7O7tH1QPj9omTjVlLRqLWHdDYpjgirUst4J1E82IDAXrhJPbvN55YtrwWD3aacICSUaKR5wSm1t3N743qNa8ujcXXgW/gBoUag6qX/1hTFPJlKWCGNPzvcQGGdGWU8FmlX5qWELohIxYz6Eikpkgm+86w2fOGeIo1u4pi+fu74mMSGOmMnSdktixWa7l5n+1Xmqj6yDjKkktU3TxUZQKbGOcH46HXDNqxdQBoZq7XTEdE02odfFUXAj+8smr0L6o+44fLmuNyyKOMpzAKZyDD1fQgHtoQgsojOEZXuENSfSC3tHHorWEiplj+CP0+QPy5Y12</latexit><latexit sha1_base64="BhdvZiXo+QBADYD00zllzLZDLAw=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQjFHThsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK0v5M63MdPOQlt/CHz85xxyzh8mghvred+otLa+sblV3q7s7O7tH1QPj9omTjVlLRqLWHdDYpjgirUst4J1E82IDAXrhJPbvN55YtrwWD3aacICSUaKR5wSm1t3N743qNa8ujcXXgW/gBoUag6qX/1hTFPJlKWCGNPzvcQGGdGWU8FmlX5qWELohIxYz6Eikpkgm+86w2fOGeIo1u4pi+fu74mMSGOmMnSdktixWa7l5n+1Xmqj6yDjKkktU3TxUZQKbGOcH46HXDNqxdQBoZq7XTEdE02odfFUXAj+8smr0L6o+44fLmuNyyKOMpzAKZyDD1fQgHtoQgsojOEZXuENSfSC3tHHorWEiplj+CP0+QPy5Y12</latexit>

Figure 3: Plots of H
2
V (�)/⇤D+2 for the special galileon in dS space in various dimensions. The horizontal

axes show the dimensionless combination H
2
�/⇤(D+2)/2.

where we recall that

 ⌘ 1 � 2iH
2
�/⇤(D+2)/2

. (4.42)

We plot this potential in Figure 3 for D = 2, . . . , 10 for the dS case H
2

> 0. The Z2 symmetry

implies that the potential is invariant under interchanging  $  
⇤, so the AdS case corresponds

to an overall sign flip. The potential is bounded, with the asymptotic values
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The number of critical points is 2
⌅
D

2

⇧
+ 1, increasing by two every two dimensions, and all the

maxima/minima have the same height.
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with symmetric traceless sµ⌫ [20], as well as the standard galileon and shift symmetries. The

Lagrangian (4.34) can therefore be considered an H
2 deformation of the flat space special galileon.

Expanding in powers of the field, the structure of the Lagrangian (4.34) is
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, (4.38)

which has the correct mass for a k = 2 scalar. Each power of � comes suppressed with powers of

⇤, with a tail of lower-derivative terms suppressed by H. These tail terms are di↵erent from those

of the (A)dS galileons and there are interactions at every even order in the field. Thus, unlike the

flat space special galileon, which is a particular combination of galileons, the Lagrangian (4.34) is

not a particular combination of (A)dS galileons.

In the non-abelian k = 1 case, we found that there is a formulation of the interactions that is

much simpler than the one obtained from the simple ambient space field transformation. Based on

this, we expect that there should also exist a choice of field variables where the non-abelian k = 2

theory takes a much simpler form than (4.34). It would be interesting to find such a presentation

of the theory.

In any given dimension, the hypergeometric functions in Eq. (4.35) can be written in terms of

elementary functions: square roots and (in odd dimensions) tanh�1(
p

x). For example, in D = 4

the Lagrangian (4.34) can be written as
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where we have defined

y ⌘ 1 + 4
H

4
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2
, X ⌘
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Though this Lagrangian may seem somewhat complex, we emphasize that it is entirely fixed by

the shift symmetries (4.33).

Potential

The (A)dS special galileon possesses a potential whose form is completely fixed by the symmetry.

In D dimensions, this potential is given by
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D = 2
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D = 3
<latexit sha1_base64="fPp7oPWUP9pk7LpFebf9pcQg33A=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLehFKOjBY0X7AW0om+2mXbrZhN2JUEJ/ghcPinj1F3nz37htc9DqCwsP78ywM2+QSGHQdb+cwsrq2vpGcbO0tb2zu1feP2iZONWMN1ksY90JqOFSKN5EgZJ3Es1pFEjeDsbXs3r7kWsjYvWAk4T7ER0qEQpG0Vr3N1fn/XLFrbpzkb/g5VCBXI1++bM3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIuxYVjbjxs/mqU3JinQEJY22fQjJ3f05kNDJmEgW2M6I4Msu1mflfrZtieOlnQiUpcsUWH4WpJBiT2d1kIDRnKCcWKNPC7krYiGrK0KZTsiF4yyf/hdZZ1bN8V6vUa3kcRTiCYzgFDy6gDrfQgCYwGMITvMCrI51n5815X7QWnHzmEH7J+fgGh5ONPg==</latexit><latexit sha1_base64="fPp7oPWUP9pk7LpFebf9pcQg33A=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLehFKOjBY0X7AW0om+2mXbrZhN2JUEJ/ghcPinj1F3nz37htc9DqCwsP78ywM2+QSGHQdb+cwsrq2vpGcbO0tb2zu1feP2iZONWMN1ksY90JqOFSKN5EgZJ3Es1pFEjeDsbXs3r7kWsjYvWAk4T7ER0qEQpG0Vr3N1fn/XLFrbpzkb/g5VCBXI1++bM3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIuxYVjbjxs/mqU3JinQEJY22fQjJ3f05kNDJmEgW2M6I4Msu1mflfrZtieOlnQiUpcsUWH4WpJBiT2d1kIDRnKCcWKNPC7krYiGrK0KZTsiF4yyf/hdZZ1bN8V6vUa3kcRTiCYzgFDy6gDrfQgCYwGMITvMCrI51n5815X7QWnHzmEH7J+fgGh5ONPg==</latexit><latexit sha1_base64="fPp7oPWUP9pk7LpFebf9pcQg33A=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLehFKOjBY0X7AW0om+2mXbrZhN2JUEJ/ghcPinj1F3nz37htc9DqCwsP78ywM2+QSGHQdb+cwsrq2vpGcbO0tb2zu1feP2iZONWMN1ksY90JqOFSKN5EgZJ3Es1pFEjeDsbXs3r7kWsjYvWAk4T7ER0qEQpG0Vr3N1fn/XLFrbpzkb/g5VCBXI1++bM3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIuxYVjbjxs/mqU3JinQEJY22fQjJ3f05kNDJmEgW2M6I4Msu1mflfrZtieOlnQiUpcsUWH4WpJBiT2d1kIDRnKCcWKNPC7krYiGrK0KZTsiF4yyf/hdZZ1bN8V6vUa3kcRTiCYzgFDy6gDrfQgCYwGMITvMCrI51n5815X7QWnHzmEH7J+fgGh5ONPg==</latexit><latexit sha1_base64="fPp7oPWUP9pk7LpFebf9pcQg33A=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSLehFKOjBY0X7AW0om+2mXbrZhN2JUEJ/ghcPinj1F3nz37htc9DqCwsP78ywM2+QSGHQdb+cwsrq2vpGcbO0tb2zu1feP2iZONWMN1ksY90JqOFSKN5EgZJ3Es1pFEjeDsbXs3r7kWsjYvWAk4T7ER0qEQpG0Vr3N1fn/XLFrbpzkb/g5VCBXI1++bM3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIuxYVjbjxs/mqU3JinQEJY22fQjJ3f05kNDJmEgW2M6I4Msu1mflfrZtieOlnQiUpcsUWH4WpJBiT2d1kIDRnKCcWKNPC7krYiGrK0KZTsiF4yyf/hdZZ1bN8V6vUa3kcRTiCYzgFDy6gDrfQgCYwGMITvMCrI51n5815X7QWnHzmEH7J+fgGh5ONPg==</latexit>
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<latexit sha1_base64="VOkp7Po0QJ8tfxPU31yLc7zzTFY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKehFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdjcZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9Szf1yr1Wh5HEU7gFM7Bg0uowx00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9yPn8AiReNPw==</latexit><latexit sha1_base64="VOkp7Po0QJ8tfxPU31yLc7zzTFY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKehFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdjcZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9Szf1yr1Wh5HEU7gFM7Bg0uowx00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9yPn8AiReNPw==</latexit><latexit sha1_base64="VOkp7Po0QJ8tfxPU31yLc7zzTFY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKehFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdjcZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9Szf1yr1Wh5HEU7gFM7Bg0uowx00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9yPn8AiReNPw==</latexit><latexit sha1_base64="VOkp7Po0QJ8tfxPU31yLc7zzTFY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKehFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdjcZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9Szf1yr1Wh5HEU7gFM7Bg0uowx00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9yPn8AiReNPw==</latexit>

D = 5
<latexit sha1_base64="P0MSuafk/i08k83cjI9Ar7o7gYc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSUfQiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsrq2vpGcbO0tb2zu1feP2iaONWMN1gsY90OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9cXvXLFrbozkWXwcqhArnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9G7SF5ozlGMLlGlhdyVsSDVlaNMp2RC8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7I+fwBipuNQA==</latexit><latexit sha1_base64="P0MSuafk/i08k83cjI9Ar7o7gYc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSUfQiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsrq2vpGcbO0tb2zu1feP2iaONWMN1gsY90OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9cXvXLFrbozkWXwcqhArnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9G7SF5ozlGMLlGlhdyVsSDVlaNMp2RC8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7I+fwBipuNQA==</latexit><latexit sha1_base64="P0MSuafk/i08k83cjI9Ar7o7gYc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSUfQiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsrq2vpGcbO0tb2zu1feP2iaONWMN1gsY90OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9cXvXLFrbozkWXwcqhArnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9G7SF5ozlGMLlGlhdyVsSDVlaNMp2RC8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7I+fwBipuNQA==</latexit><latexit sha1_base64="P0MSuafk/i08k83cjI9Ar7o7gYc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSUfQiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsrq2vpGcbO0tb2zu1feP2iaONWMN1gsY90OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9cXvXLFrbozkWXwcqhArnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9G7SF5ozlGMLlGlhdyVsSDVlaNMp2RC8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7I+fwBipuNQA==</latexit>

D = 6
<latexit sha1_base64="iKUIuMUGBxp+sffp+XrY1Jzt3kg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfUiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsrq2vpGcbO0tb2zu1feP2iaONWMN1gsY90OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9cXvXLFrbozkWXwcqhArnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9G7SF5ozlGMLlGlhdyVsSDVlaNMp2RC8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7I+fwBjB+NQQ==</latexit><latexit sha1_base64="iKUIuMUGBxp+sffp+XrY1Jzt3kg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfUiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsrq2vpGcbO0tb2zu1feP2iaONWMN1gsY90OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9cXvXLFrbozkWXwcqhArnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9G7SF5ozlGMLlGlhdyVsSDVlaNMp2RC8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7I+fwBjB+NQQ==</latexit><latexit sha1_base64="iKUIuMUGBxp+sffp+XrY1Jzt3kg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfUiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsrq2vpGcbO0tb2zu1feP2iaONWMN1gsY90OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9cXvXLFrbozkWXwcqhArnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9G7SF5ozlGMLlGlhdyVsSDVlaNMp2RC8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7I+fwBjB+NQQ==</latexit><latexit sha1_base64="iKUIuMUGBxp+sffp+XrY1Jzt3kg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfUiFPTgsaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsrq2vpGcbO0tb2zu1feP2iaONWMN1gsY90OqOFSKN5AgZK3E81pFEjeCkY303rriWsjYvWI44T7ER0oEQpG0VoPt9cXvXLFrbozkWXwcqhArnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHYuKRtz42WzVCTmxTp+EsbZPIZm5vycyGhkzjgLbGVEcmsXa1Pyv1kkxvPIzoZIUuWLzj8JUEozJ9G7SF5ozlGMLlGlhdyVsSDVlaNMp2RC8xZOXoXlW9Szfn1dq53kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7I+fwBjB+NQQ==</latexit> D = 7

<latexit sha1_base64="w+qZ5MrByggFrO0etHR0KCUXDl4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdjcZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9SzfX1bql3kcRTiBUzgHD2pQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/kfP4AjaONQg==</latexit><latexit sha1_base64="w+qZ5MrByggFrO0etHR0KCUXDl4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdjcZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9SzfX1bql3kcRTiBUzgHD2pQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/kfP4AjaONQg==</latexit><latexit sha1_base64="w+qZ5MrByggFrO0etHR0KCUXDl4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdjcZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9SzfX1bql3kcRTiBUzgHD2pQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/kfP4AjaONQg==</latexit><latexit sha1_base64="w+qZ5MrByggFrO0etHR0KCUXDl4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/yMyyQ1KNniozAVxMRkdjcZcIXMiIkFyhS3uxI2oooyY9Mp2RC85ZNXoXVR9SzfX1bql3kcRTiBUzgHD2pQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/kfP4AjaONQg==</latexit>

D = 8
<latexit sha1_base64="ZsVos7RAg/HrsbWos44L4qo2rFo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEexFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJa37GZZIalGzxUZgKYmIyu5sMuEJmxMQCZYrbXQkbUUWZsemUbAje8smr0LqoepbvLyv1yzyOIpzAKZyDB1dQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/kfP4AjyeNQw==</latexit><latexit sha1_base64="ZsVos7RAg/HrsbWos44L4qo2rFo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEexFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJa37GZZIalGzxUZgKYmIyu5sMuEJmxMQCZYrbXQkbUUWZsemUbAje8smr0LqoepbvLyv1yzyOIpzAKZyDB1dQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/kfP4AjyeNQw==</latexit><latexit sha1_base64="ZsVos7RAg/HrsbWos44L4qo2rFo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEexFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJa37GZZIalGzxUZgKYmIyu5sMuEJmxMQCZYrbXQkbUUWZsemUbAje8smr0LqoepbvLyv1yzyOIpzAKZyDB1dQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/kfP4AjyeNQw==</latexit><latexit sha1_base64="ZsVos7RAg/HrsbWos44L4qo2rFo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEexFKOjBY0X7AW0om+2kXbrZhN2NUEJ/ghcPinj1F3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HNrN5+QqV5LB/NJEE/okPJQ86osdbD7XWtX664VXcusgpeDhXI1eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5qtOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJa37GZZIalGzxUZgKYmIyu5sMuEJmxMQCZYrbXQkbUUWZsemUbAje8smr0LqoepbvLyv1yzyOIpzAKZyDB1dQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/kfP4AjyeNQw==</latexit>

D = 9
<latexit sha1_base64="lA0Jl3TBzKnsGj/4Yh3C/StR4TU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEdSDUNCDx4r2A9pQNttNu3SzCbsToYT+BC8eFPHqL/Lmv3Hb5qCtLyw8vDPDzrxBIoVB1/12Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTOutJ66NiNUjjhPuR3SgRCgYRWs93F5f9coVt+rORJbBy6ECueq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdywqGnHjZ7NVJ+TEOn0Sxto+hWTm/p7IaGTMOApsZ0RxaBZrU/O/WifF8NLPhEpS5IrNPwpTSTAm07tJX2jOUI4tUKaF3ZWwIdWUoU2nZEPwFk9ehuZZ1bN8f16pnedxFOEIjuEUPLiAGtxBHRrAYADP8ApvjnRenHfnY95acPKZQ/gj5/MHkKuNRA==</latexit><latexit sha1_base64="lA0Jl3TBzKnsGj/4Yh3C/StR4TU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEdSDUNCDx4r2A9pQNttNu3SzCbsToYT+BC8eFPHqL/Lmv3Hb5qCtLyw8vDPDzrxBIoVB1/12Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTOutJ66NiNUjjhPuR3SgRCgYRWs93F5f9coVt+rORJbBy6ECueq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdywqGnHjZ7NVJ+TEOn0Sxto+hWTm/p7IaGTMOApsZ0RxaBZrU/O/WifF8NLPhEpS5IrNPwpTSTAm07tJX2jOUI4tUKaF3ZWwIdWUoU2nZEPwFk9ehuZZ1bN8f16pnedxFOEIjuEUPLiAGtxBHRrAYADP8ApvjnRenHfnY95acPKZQ/gj5/MHkKuNRA==</latexit><latexit sha1_base64="lA0Jl3TBzKnsGj/4Yh3C/StR4TU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEdSDUNCDx4r2A9pQNttNu3SzCbsToYT+BC8eFPHqL/Lmv3Hb5qCtLyw8vDPDzrxBIoVB1/12Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTOutJ66NiNUjjhPuR3SgRCgYRWs93F5f9coVt+rORJbBy6ECueq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdywqGnHjZ7NVJ+TEOn0Sxto+hWTm/p7IaGTMOApsZ0RxaBZrU/O/WifF8NLPhEpS5IrNPwpTSTAm07tJX2jOUI4tUKaF3ZWwIdWUoU2nZEPwFk9ehuZZ1bN8f16pnedxFOEIjuEUPLiAGtxBHRrAYADP8ApvjnRenHfnY95acPKZQ/gj5/MHkKuNRA==</latexit><latexit sha1_base64="lA0Jl3TBzKnsGj/4Yh3C/StR4TU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEdSDUNCDx4r2A9pQNttNu3SzCbsToYT+BC8eFPHqL/Lmv3Hb5qCtLyw8vDPDzrxBIoVB1/12Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTOutJ66NiNUjjhPuR3SgRCgYRWs93F5f9coVt+rORJbBy6ECueq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdywqGnHjZ7NVJ+TEOn0Sxto+hWTm/p7IaGTMOApsZ0RxaBZrU/O/WifF8NLPhEpS5IrNPwpTSTAm07tJX2jOUI4tUKaF3ZWwIdWUoU2nZEPwFk9ehuZZ1bN8f16pnedxFOEIjuEUPLiAGtxBHRrAYADP8ApvjnRenHfnY95acPKZQ/gj5/MHkKuNRA==</latexit>

D = 10
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Figure 3: Plots of H
2
V (�)/⇤D+2 for the special galileon in dS space in various dimensions. The horizontal

axes show the dimensionless combination H
2
�/⇤(D+2)/2.

where we recall that

 ⌘ 1 � 2iH
2
�/⇤(D+2)/2

. (4.42)

We plot this potential in Figure 3 for D = 2, . . . , 10 for the dS case H
2

> 0. The Z2 symmetry

implies that the potential is invariant under interchanging  $  
⇤, so the AdS case corresponds

to an overall sign flip. The potential is bounded, with the asymptotic values

V (� ! ±1) ' �
⇤D+2

H2

sin
�
⇡D

2

�
+ 1

2(D + 1)
. (4.43)

The number of critical points is 2
⌅
D

2

⇧
+ 1, increasing by two every two dimensions, and all the

maxima/minima have the same height.

28

k=2 theory
The potential in general D :



Vector Interactions
Interacting vector
de Rham, Hinterbichler, Johnson

An interacting spin-1 particle with a k = 0 shift symmetry comes
from a decoupling limit of massive gravity in (A)dS space:

L =
p
�g

✓
�1

2
Fµ⌫F

µ⌫ � 6

L2
AµA

µ � 6

L2
AµA

µr⌫
A⌫ + · · ·

◆
.

The vector transforms as

�Aµ = ⇠
⌫r⌫Aµ � ⇠µ

p
1�A2/L2.

The algebra generators are
⇢

,

�
,

which form the algebra soD+1 � soD+1.

Massless decoupling limit of fully non-linear massive gravity on AdS

Non-linear proca theory:

Interacting vector
de Rham, Hinterbichler, Johnson

An interacting spin-1 particle with a k = 0 shift symmetry comes
from a decoupling limit of massive gravity in (A)dS space:

L =
p
�g
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2
Fµ⌫F

µ⌫ � 6

L2
AµA

µ � 6

L2
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µr⌫
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◆
.

The vector transforms as

�Aµ = ⇠
⌫r⌫Aµ � ⇠µ

p
1�A2/L2.

The algebra generators are
⇢

,

�
,

which form the algebra soD+1 � soD+1.

�Aµ = ⇠µ+
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Non-abelian extension of k=0 spin-1 shift symmetry: 

Killing vector

Interacting vector
de Rham, Hinterbichler, Johnson

An interacting spin-1 particle with a k = 0 shift symmetry comes
from a decoupling limit of massive gravity in (A)dS space:

L =
p
�g

✓
�1

2
Fµ⌫F

µ⌫ � 6

L2
AµA

µ � 6

L2
AµA

µr⌫
A⌫ + · · ·

◆
.

The vector transforms as

�Aµ = ⇠
⌫r⌫Aµ � ⇠µ

p
1�A2/L2.

The algebra generators are
⇢

,

�
,

which form the algebra soD+1 � soD+1.

⇠µ = ⌅ABX
A @XB

@xµ
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so(D+1)+so(D+1) →  so(D+1)diagonal

Symmetry breaking pattern: JAB
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⌅AB
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This forms an so(D+1)+so(D+1) algebra:

Claudia de Rham, KH, Laura A. Johnson (2018)
James Bonifacio, KH, Laura A. Johnson, Austin Joyce (to appear)



Other higher spin interactions?
Higher-spin generalizations

I Need larger Lie algebras containing PM Killing tensors, such
as higher-spin or PM higher-spin algebras Fradkin, Vasiliev;
Vasiliev. These would correspond to shift-invariant theories
with an infinite number of interacting massive particles.

I PM higher-spin algebras have finite-dimensional truncations
Joung, Mkrtchyan. Simplest example is slD+1 =) special
galileon.

I The next finite algebra is generated by
(

,
T
,

T
,

T

,

T
)
.

This would correspond to a theory with �
k=2,4, Ak=2

µ , hk=0
µ⌫ .
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Joung, Mkrtchyan. Simplest example is slD+1 =) special
galileon.

I The next finite algebra is generated by
(

,
T
,

T
,

T

,

T
)
.

This would correspond to a theory with �
k=2,4, Ak=2

µ , hk=0
µ⌫ .

Joung, Mkrtchyan (2015)

There is a series of algebras which result from finite 
truncations of various higher spin algebras:

Theories with deformed algebras

For k = 2, the commutator is

[SA1A2 , SB1B2 ] = ↵⌘A1B1JA2B2 + · · · .

When ↵ 6= 0, the algebra is slD+1, spanned by the generators

⇢
,

T
�
.

This can be realised on a scalar by

�SAB� = X(AXB)T + ↵@(A�@B)T�,

with mass m2 = 2(D + 1)/L2. There is a unique invariant theory
with second-order EOM.

�k=2
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�k=4
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the algebra develops an infinite-dimensional ideal corresponding to the generators M (r,2t)

with r− t > k . The coset algebra, denoted henceforth by fk , is finite dimensional one with

the generators M (r,2t) satisfying

r − t ≤ k . (6.7)

The Young diagram of M (r,2t) has r and r−2t boxes in the first and second row respectively,

so the total number is 2(r − t) . Therefore, the algebra fk consists of the generators whose

Young diagram contains no more than 2k boxes. This situation is very similar to the

one with massless HS algebras in three dimensions9, and five dimensions [6, 28] where

the corresponding HS algebras are the symmetries of symmetric tensor representations of

sl4 or, equivalently, (anti-)self-dual (spin-)tensors of so6 described by rectangular three-

row Young diagrams. For example, fk with k = 3 have (we omit the identity generator,

corresponding to Young diagram with no boxes)

{
,

}
,

{
, ,

}
,

{
, , ,

}
, (6.8)

where we have organized the generators in terms of the number of boxes. Regrouping the

same set according to spins, we get

{ }
,

{
,

}
,

{
,

}
,

{
,

}
,

{ }
,

{ }
. (6.9)

The dimension of f3 is
(
(d+1)(d+2)(d+6)

6

)2
. For generic integer value of k , the dimension of

fk is given again by a perfect square M2
k with

Mk =
(d+ 1)k−1(d+ 2k)

k!
. (6.10)

This suggests that the algebra fk is isomorphic to glMk
, an endomorphism of a sod+2

representation with dimension Mk . It turns out that this representation corresponds to

the finite-dimensional one-row sod+2 Young diagram with length k :

k . (6.11)

This can be verified by comparing the quadratic Casimir of (6.11) — given by k(k+ d) —

with that of (6.6) : the latter gives

C2(so(d+ 2)) = −
(d− 2λ)(d + 2λ)

4
= k(k + d) , (6.12)

9In fact, the three dimensional HS algebra hs[λ] can be interpreted as the partially-massless HS algebra

in (A)dS2, and allows for finite-dimensional truncations, interpreted as partially-massless algebras [26].

– 14 –

the algebra develops an infinite-dimensional ideal corresponding to the generators M (r,2t)

with r− t > k . The coset algebra, denoted henceforth by fk , is finite dimensional one with

the generators M (r,2t) satisfying

r − t ≤ k . (6.7)

The Young diagram of M (r,2t) has r and r−2t boxes in the first and second row respectively,

so the total number is 2(r − t) . Therefore, the algebra fk consists of the generators whose

Young diagram contains no more than 2k boxes. This situation is very similar to the

one with massless HS algebras in three dimensions9, and five dimensions [6, 28] where

the corresponding HS algebras are the symmetries of symmetric tensor representations of

sl4 or, equivalently, (anti-)self-dual (spin-)tensors of so6 described by rectangular three-

row Young diagrams. For example, fk with k = 3 have (we omit the identity generator,

corresponding to Young diagram with no boxes)

{
,

}
,

{
, ,

}
,

{
, , ,

}
, (6.8)

where we have organized the generators in terms of the number of boxes. Regrouping the

same set according to spins, we get

{ }
,

{
,

}
,

{
,

}
,

{
,

}
,

{ }
,

{ }
. (6.9)

The dimension of f3 is
(
(d+1)(d+2)(d+6)

6

)2
. For generic integer value of k , the dimension of

fk is given again by a perfect square M2
k with

Mk =
(d+ 1)k−1(d+ 2k)

k!
. (6.10)

This suggests that the algebra fk is isomorphic to glMk
, an endomorphism of a sod+2

representation with dimension Mk . It turns out that this representation corresponds to

the finite-dimensional one-row sod+2 Young diagram with length k :

k . (6.11)

This can be verified by comparing the quadratic Casimir of (6.11) — given by k(k+ d) —

with that of (6.6) : the latter gives

C2(so(d+ 2)) = −
(d− 2λ)(d + 2λ)

4
= k(k + d) , (6.12)

9In fact, the three dimensional HS algebra hs[λ] can be interpreted as the partially-massless HS algebra

in (A)dS2, and allows for finite-dimensional truncations, interpreted as partially-massless algebras [26].

– 14 –

the algebra develops an infinite-dimensional ideal corresponding to the generators M (r,2t)

with r− t > k . The coset algebra, denoted henceforth by fk , is finite dimensional one with

the generators M (r,2t) satisfying

r − t ≤ k . (6.7)

The Young diagram of M (r,2t) has r and r−2t boxes in the first and second row respectively,

so the total number is 2(r − t) . Therefore, the algebra fk consists of the generators whose

Young diagram contains no more than 2k boxes. This situation is very similar to the

one with massless HS algebras in three dimensions9, and five dimensions [6, 28] where

the corresponding HS algebras are the symmetries of symmetric tensor representations of

sl4 or, equivalently, (anti-)self-dual (spin-)tensors of so6 described by rectangular three-

row Young diagrams. For example, fk with k = 3 have (we omit the identity generator,

corresponding to Young diagram with no boxes)

{
,

}
,

{
, ,

}
,

{
, , ,

}
, (6.8)

where we have organized the generators in terms of the number of boxes. Regrouping the

same set according to spins, we get

{ }
,

{
,

}
,

{
,

}
,

{
,

}
,

{ }
,

{ }
. (6.9)

The dimension of f3 is
(
(d+1)(d+2)(d+6)

6

)2
. For generic integer value of k , the dimension of

fk is given again by a perfect square M2
k with

Mk =
(d+ 1)k−1(d+ 2k)

k!
. (6.10)

This suggests that the algebra fk is isomorphic to glMk
, an endomorphism of a sod+2

representation with dimension Mk . It turns out that this representation corresponds to

the finite-dimensional one-row sod+2 Young diagram with length k :

k . (6.11)

This can be verified by comparing the quadratic Casimir of (6.11) — given by k(k+ d) —

with that of (6.6) : the latter gives

C2(so(d+ 2)) = −
(d− 2λ)(d + 2λ)

4
= k(k + d) , (6.12)

9In fact, the three dimensional HS algebra hs[λ] can be interpreted as the partially-massless HS algebra

in (A)dS2, and allows for finite-dimensional truncations, interpreted as partially-massless algebras [26].

– 14 –

the algebra develops an infinite-dimensional ideal corresponding to the generators M (r,2t)

with r− t > k . The coset algebra, denoted henceforth by fk , is finite dimensional one with

the generators M (r,2t) satisfying

r − t ≤ k . (6.7)

The Young diagram of M (r,2t) has r and r−2t boxes in the first and second row respectively,

so the total number is 2(r − t) . Therefore, the algebra fk consists of the generators whose

Young diagram contains no more than 2k boxes. This situation is very similar to the

one with massless HS algebras in three dimensions9, and five dimensions [6, 28] where

the corresponding HS algebras are the symmetries of symmetric tensor representations of

sl4 or, equivalently, (anti-)self-dual (spin-)tensors of so6 described by rectangular three-

row Young diagrams. For example, fk with k = 3 have (we omit the identity generator,

corresponding to Young diagram with no boxes)

{
,

}
,

{
, ,

}
,

{
, , ,

}
, (6.8)

where we have organized the generators in terms of the number of boxes. Regrouping the

same set according to spins, we get

{ }
,

{
,

}
,

{
,

}
,

{
,

}
,

{ }
,

{ }
. (6.9)

The dimension of f3 is
(
(d+1)(d+2)(d+6)

6

)2
. For generic integer value of k , the dimension of

fk is given again by a perfect square M2
k with

Mk =
(d+ 1)k−1(d+ 2k)

k!
. (6.10)

This suggests that the algebra fk is isomorphic to glMk
, an endomorphism of a sod+2

representation with dimension Mk . It turns out that this representation corresponds to

the finite-dimensional one-row sod+2 Young diagram with length k :

k . (6.11)

This can be verified by comparing the quadratic Casimir of (6.11) — given by k(k+ d) —

with that of (6.6) : the latter gives

C2(so(d+ 2)) = −
(d− 2λ)(d + 2λ)

4
= k(k + d) , (6.12)

9In fact, the three dimensional HS algebra hs[λ] can be interpreted as the partially-massless HS algebra

in (A)dS2, and allows for finite-dimensional truncations, interpreted as partially-massless algebras [26].

– 14 –

the algebra develops an infinite-dimensional ideal corresponding to the generators M (r,2t)

with r− t > k . The coset algebra, denoted henceforth by fk , is finite dimensional one with

the generators M (r,2t) satisfying

r − t ≤ k . (6.7)

The Young diagram of M (r,2t) has r and r−2t boxes in the first and second row respectively,

so the total number is 2(r − t) . Therefore, the algebra fk consists of the generators whose

Young diagram contains no more than 2k boxes. This situation is very similar to the

one with massless HS algebras in three dimensions9, and five dimensions [6, 28] where

the corresponding HS algebras are the symmetries of symmetric tensor representations of

sl4 or, equivalently, (anti-)self-dual (spin-)tensors of so6 described by rectangular three-

row Young diagrams. For example, fk with k = 3 have (we omit the identity generator,

corresponding to Young diagram with no boxes)

{
,

}
,

{
, ,

}
,

{
, , ,

}
, (6.8)

where we have organized the generators in terms of the number of boxes. Regrouping the

same set according to spins, we get

{ }
,

{
,

}
,

{
,

}
,

{
,

}
,

{ }
,

{ }
. (6.9)

The dimension of f3 is
(
(d+1)(d+2)(d+6)

6

)2
. For generic integer value of k , the dimension of

fk is given again by a perfect square M2
k with

Mk =
(d+ 1)k−1(d+ 2k)

k!
. (6.10)

This suggests that the algebra fk is isomorphic to glMk
, an endomorphism of a sod+2

representation with dimension Mk . It turns out that this representation corresponds to

the finite-dimensional one-row sod+2 Young diagram with length k :

k . (6.11)

This can be verified by comparing the quadratic Casimir of (6.11) — given by k(k+ d) —

with that of (6.6) : the latter gives

C2(so(d+ 2)) = −
(d− 2λ)(d + 2λ)

4
= k(k + d) , (6.12)

9In fact, the three dimensional HS algebra hs[λ] can be interpreted as the partially-massless HS algebra

in (A)dS2, and allows for finite-dimensional truncations, interpreted as partially-massless algebras [26].

– 14 –

the algebra develops an infinite-dimensional ideal corresponding to the generators M (r,2t)

with r− t > k . The coset algebra, denoted henceforth by fk , is finite dimensional one with

the generators M (r,2t) satisfying

r − t ≤ k . (6.7)

The Young diagram of M (r,2t) has r and r−2t boxes in the first and second row respectively,

so the total number is 2(r − t) . Therefore, the algebra fk consists of the generators whose

Young diagram contains no more than 2k boxes. This situation is very similar to the

one with massless HS algebras in three dimensions9, and five dimensions [6, 28] where

the corresponding HS algebras are the symmetries of symmetric tensor representations of

sl4 or, equivalently, (anti-)self-dual (spin-)tensors of so6 described by rectangular three-

row Young diagrams. For example, fk with k = 3 have (we omit the identity generator,

corresponding to Young diagram with no boxes)

{
,

}
,

{
, ,

}
,

{
, , ,

}
, (6.8)

where we have organized the generators in terms of the number of boxes. Regrouping the

same set according to spins, we get

{ }
,

{
,

}
,

{
,

}
,

{
,

}
,

{ }
,

{ }
. (6.9)

The dimension of f3 is
(
(d+1)(d+2)(d+6)

6

)2
. For generic integer value of k , the dimension of

fk is given again by a perfect square M2
k with

Mk =
(d+ 1)k−1(d+ 2k)

k!
. (6.10)

This suggests that the algebra fk is isomorphic to glMk
, an endomorphism of a sod+2

representation with dimension Mk . It turns out that this representation corresponds to

the finite-dimensional one-row sod+2 Young diagram with length k :

k . (6.11)

This can be verified by comparing the quadratic Casimir of (6.11) — given by k(k+ d) —

with that of (6.6) : the latter gives

C2(so(d+ 2)) = −
(d− 2λ)(d + 2λ)

4
= k(k + d) , (6.12)

9In fact, the three dimensional HS algebra hs[λ] can be interpreted as the partially-massless HS algebra

in (A)dS2, and allows for finite-dimensional truncations, interpreted as partially-massless algebras [26].

– 14 –

the algebra develops an infinite-dimensional ideal corresponding to the generators M (r,2t)

with r− t > k . The coset algebra, denoted henceforth by fk , is finite dimensional one with

the generators M (r,2t) satisfying

r − t ≤ k . (6.7)

The Young diagram of M (r,2t) has r and r−2t boxes in the first and second row respectively,

so the total number is 2(r − t) . Therefore, the algebra fk consists of the generators whose

Young diagram contains no more than 2k boxes. This situation is very similar to the

one with massless HS algebras in three dimensions9, and five dimensions [6, 28] where

the corresponding HS algebras are the symmetries of symmetric tensor representations of

sl4 or, equivalently, (anti-)self-dual (spin-)tensors of so6 described by rectangular three-

row Young diagrams. For example, fk with k = 3 have (we omit the identity generator,

corresponding to Young diagram with no boxes)

{
,

}
,

{
, ,

}
,

{
, , ,

}
, (6.8)

where we have organized the generators in terms of the number of boxes. Regrouping the

same set according to spins, we get

{ }
,

{
,

}
,

{
,

}
,

{
,

}
,

{ }
,

{ }
. (6.9)

The dimension of f3 is
(
(d+1)(d+2)(d+6)

6

)2
. For generic integer value of k , the dimension of

fk is given again by a perfect square M2
k with

Mk =
(d+ 1)k−1(d+ 2k)

k!
. (6.10)

This suggests that the algebra fk is isomorphic to glMk
, an endomorphism of a sod+2

representation with dimension Mk . It turns out that this representation corresponds to

the finite-dimensional one-row sod+2 Young diagram with length k :

k . (6.11)

This can be verified by comparing the quadratic Casimir of (6.11) — given by k(k+ d) —

with that of (6.6) : the latter gives

C2(so(d+ 2)) = −
(d− 2λ)(d + 2λ)

4
= k(k + d) , (6.12)

9In fact, the three dimensional HS algebra hs[λ] can be interpreted as the partially-massless HS algebra

in (A)dS2, and allows for finite-dimensional truncations, interpreted as partially-massless algebras [26].

– 14 –

the algebra develops an infinite-dimensional ideal corresponding to the generators M (r,2t)

with r− t > k . The coset algebra, denoted henceforth by fk , is finite dimensional one with

the generators M (r,2t) satisfying

r − t ≤ k . (6.7)

The Young diagram of M (r,2t) has r and r−2t boxes in the first and second row respectively,

so the total number is 2(r − t) . Therefore, the algebra fk consists of the generators whose

Young diagram contains no more than 2k boxes. This situation is very similar to the

one with massless HS algebras in three dimensions9, and five dimensions [6, 28] where

the corresponding HS algebras are the symmetries of symmetric tensor representations of

sl4 or, equivalently, (anti-)self-dual (spin-)tensors of so6 described by rectangular three-

row Young diagrams. For example, fk with k = 3 have (we omit the identity generator,

corresponding to Young diagram with no boxes)

{
,

}
,

{
, ,

}
,

{
, , ,

}
, (6.8)

where we have organized the generators in terms of the number of boxes. Regrouping the

same set according to spins, we get

{ }
,

{
,

}
,

{
,

}
,

{
,

}
,

{ }
,

{ }
. (6.9)

The dimension of f3 is
(
(d+1)(d+2)(d+6)

6

)2
. For generic integer value of k , the dimension of

fk is given again by a perfect square M2
k with

Mk =
(d+ 1)k−1(d+ 2k)

k!
. (6.10)

This suggests that the algebra fk is isomorphic to glMk
, an endomorphism of a sod+2

representation with dimension Mk . It turns out that this representation corresponds to

the finite-dimensional one-row sod+2 Young diagram with length k :

k . (6.11)

This can be verified by comparing the quadratic Casimir of (6.11) — given by k(k+ d) —

with that of (6.6) : the latter gives

C2(so(d+ 2)) = −
(d− 2λ)(d + 2λ)

4
= k(k + d) , (6.12)

9In fact, the three dimensional HS algebra hs[λ] can be interpreted as the partially-massless HS algebra

in (A)dS2, and allows for finite-dimensional truncations, interpreted as partially-massless algebras [26].

– 14 –

the algebra develops an infinite-dimensional ideal corresponding to the generators M (r,2t)

with r− t > k . The coset algebra, denoted henceforth by fk , is finite dimensional one with

the generators M (r,2t) satisfying

r − t ≤ k . (6.7)

The Young diagram of M (r,2t) has r and r−2t boxes in the first and second row respectively,

so the total number is 2(r − t) . Therefore, the algebra fk consists of the generators whose

Young diagram contains no more than 2k boxes. This situation is very similar to the

one with massless HS algebras in three dimensions9, and five dimensions [6, 28] where

the corresponding HS algebras are the symmetries of symmetric tensor representations of

sl4 or, equivalently, (anti-)self-dual (spin-)tensors of so6 described by rectangular three-

row Young diagrams. For example, fk with k = 3 have (we omit the identity generator,

corresponding to Young diagram with no boxes)

{
,

}
,

{
, ,

}
,

{
, , ,

}
, (6.8)

where we have organized the generators in terms of the number of boxes. Regrouping the

same set according to spins, we get

{ }
,

{
,

}
,

{
,

}
,

{
,

}
,

{ }
,

{ }
. (6.9)

The dimension of f3 is
(
(d+1)(d+2)(d+6)

6

)2
. For generic integer value of k , the dimension of

fk is given again by a perfect square M2
k with

Mk =
(d+ 1)k−1(d+ 2k)

k!
. (6.10)

This suggests that the algebra fk is isomorphic to glMk
, an endomorphism of a sod+2

representation with dimension Mk . It turns out that this representation corresponds to

the finite-dimensional one-row sod+2 Young diagram with length k :

k . (6.11)

This can be verified by comparing the quadratic Casimir of (6.11) — given by k(k+ d) —

with that of (6.6) : the latter gives

C2(so(d+ 2)) = −
(d− 2λ)(d + 2λ)

4
= k(k + d) , (6.12)

9In fact, the three dimensional HS algebra hs[λ] can be interpreted as the partially-massless HS algebra

in (A)dS2, and allows for finite-dimensional truncations, interpreted as partially-massless algebras [26].

– 14 –

the algebra develops an infinite-dimensional ideal corresponding to the generators M (r,2t)

with r− t > k . The coset algebra, denoted henceforth by fk , is finite dimensional one with

the generators M (r,2t) satisfying

r − t ≤ k . (6.7)

The Young diagram of M (r,2t) has r and r−2t boxes in the first and second row respectively,

so the total number is 2(r − t) . Therefore, the algebra fk consists of the generators whose

Young diagram contains no more than 2k boxes. This situation is very similar to the

one with massless HS algebras in three dimensions9, and five dimensions [6, 28] where

the corresponding HS algebras are the symmetries of symmetric tensor representations of

sl4 or, equivalently, (anti-)self-dual (spin-)tensors of so6 described by rectangular three-

row Young diagrams. For example, fk with k = 3 have (we omit the identity generator,

corresponding to Young diagram with no boxes)

{
,

}
,

{
, ,

}
,

{
, , ,

}
, (6.8)

where we have organized the generators in terms of the number of boxes. Regrouping the

same set according to spins, we get

{ }
,

{
,

}
,

{
,

}
,

{
,

}
,

{ }
,

{ }
. (6.9)

The dimension of f3 is
(
(d+1)(d+2)(d+6)

6

)2
. For generic integer value of k , the dimension of

fk is given again by a perfect square M2
k with

Mk =
(d+ 1)k−1(d+ 2k)

k!
. (6.10)

This suggests that the algebra fk is isomorphic to glMk
, an endomorphism of a sod+2

representation with dimension Mk . It turns out that this representation corresponds to

the finite-dimensional one-row sod+2 Young diagram with length k :

k . (6.11)

This can be verified by comparing the quadratic Casimir of (6.11) — given by k(k+ d) —

with that of (6.6) : the latter gives

C2(so(d+ 2)) = −
(d− 2λ)(d + 2λ)

4
= k(k + d) , (6.12)

9In fact, the three dimensional HS algebra hs[λ] can be interpreted as the partially-massless HS algebra

in (A)dS2, and allows for finite-dimensional truncations, interpreted as partially-massless algebras [26].

– 14 –

the algebra develops an infinite-dimensional ideal corresponding to the generators M (r,2t)

with r− t > k . The coset algebra, denoted henceforth by fk , is finite dimensional one with

the generators M (r,2t) satisfying

r − t ≤ k . (6.7)

The Young diagram of M (r,2t) has r and r−2t boxes in the first and second row respectively,

so the total number is 2(r − t) . Therefore, the algebra fk consists of the generators whose

Young diagram contains no more than 2k boxes. This situation is very similar to the

one with massless HS algebras in three dimensions9, and five dimensions [6, 28] where

the corresponding HS algebras are the symmetries of symmetric tensor representations of

sl4 or, equivalently, (anti-)self-dual (spin-)tensors of so6 described by rectangular three-

row Young diagrams. For example, fk with k = 3 have (we omit the identity generator,

corresponding to Young diagram with no boxes)

{
,

}
,

{
, ,

}
,

{
, , ,

}
, (6.8)

where we have organized the generators in terms of the number of boxes. Regrouping the

same set according to spins, we get

{ }
,

{
,

}
,

{
,

}
,

{
,

}
,

{ }
,

{ }
. (6.9)

The dimension of f3 is
(
(d+1)(d+2)(d+6)

6

)2
. For generic integer value of k , the dimension of

fk is given again by a perfect square M2
k with

Mk =
(d+ 1)k−1(d+ 2k)

k!
. (6.10)

This suggests that the algebra fk is isomorphic to glMk
, an endomorphism of a sod+2

representation with dimension Mk . It turns out that this representation corresponds to

the finite-dimensional one-row sod+2 Young diagram with length k :

k . (6.11)

This can be verified by comparing the quadratic Casimir of (6.11) — given by k(k+ d) —

with that of (6.6) : the latter gives

C2(so(d+ 2)) = −
(d− 2λ)(d + 2λ)

4
= k(k + d) , (6.12)

9In fact, the three dimensional HS algebra hs[λ] can be interpreted as the partially-massless HS algebra

in (A)dS2, and allows for finite-dimensional truncations, interpreted as partially-massless algebras [26].

– 14 –

the algebra develops an infinite-dimensional ideal corresponding to the generators M (r,2t)

with r− t > k . The coset algebra, denoted henceforth by fk , is finite dimensional one with

the generators M (r,2t) satisfying

r − t ≤ k . (6.7)

The Young diagram of M (r,2t) has r and r−2t boxes in the first and second row respectively,

so the total number is 2(r − t) . Therefore, the algebra fk consists of the generators whose

Young diagram contains no more than 2k boxes. This situation is very similar to the

one with massless HS algebras in three dimensions9, and five dimensions [6, 28] where

the corresponding HS algebras are the symmetries of symmetric tensor representations of

sl4 or, equivalently, (anti-)self-dual (spin-)tensors of so6 described by rectangular three-

row Young diagrams. For example, fk with k = 3 have (we omit the identity generator,

corresponding to Young diagram with no boxes)

{
,

}
,

{
, ,

}
,

{
, , ,

}
, (6.8)

where we have organized the generators in terms of the number of boxes. Regrouping the

same set according to spins, we get

{ }
,

{
,

}
,

{
,

}
,

{
,

}
,

{ }
,

{ }
. (6.9)

The dimension of f3 is
(
(d+1)(d+2)(d+6)

6

)2
. For generic integer value of k , the dimension of

fk is given again by a perfect square M2
k with

Mk =
(d+ 1)k−1(d+ 2k)

k!
. (6.10)

This suggests that the algebra fk is isomorphic to glMk
, an endomorphism of a sod+2

representation with dimension Mk . It turns out that this representation corresponds to

the finite-dimensional one-row sod+2 Young diagram with length k :

k . (6.11)

This can be verified by comparing the quadratic Casimir of (6.11) — given by k(k+ d) —

with that of (6.6) : the latter gives

C2(so(d+ 2)) = −
(d− 2λ)(d + 2λ)

4
= k(k + d) , (6.12)

9In fact, the three dimensional HS algebra hs[λ] can be interpreted as the partially-massless HS algebra

in (A)dS2, and allows for finite-dimensional truncations, interpreted as partially-massless algebras [26].

– 14 –

T<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

T<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> T<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> T<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> T<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> T<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�k=6
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Ak=4
µ

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

hk=2
µ⌫

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

bk=0
µ⌫�

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

...
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Is there a shift-symmetric theory with an infinite tower of fields 
coming from the longitudinal modes of Vasiliev theory?



Summary

• Massive fields of all spins on (A)dS develop shift symmetries at 
particular values of the masses, labelled by an integer k=0,1,2…

• These fields correspond to the longitudinal modes of partially 
massless gauge fields.

• We found interactions that preserve these symmetries in the 
scalar case when k≤2 (giving the AdS galileons and special 
galileon) and in the vector case when k=0.

• We believe there are more complicated multi-field interacting 
examples, including those with infinite numbers of fields 
(longitudinal modes of Vasiliev).


