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Major routes of present developments

Improved fit protocols for parameterizations
more diverse observables
more data (”mass formulas”)
avoiding finite-size instabilities in spin and/or isospin channels
better constrain deformation properties

New and/or extended forms of effective interactions / energy density functionals
higher-order gradient terms [Becker, Davesne, Meyer, Navarro, Pastore, PRC 96
(2017) 044330]
combining finite-range and gradients [Bennaceur, Dobaczewski et al, JPG 44 (2017)
045106]
replacing density dependence by many-body forces [Sadoudi, Duguet, Meyer, Bender,
PRC 88 (2013) 064326]

Codes
Towards systematic symmetry-unrestricted calculations
breaking symmetries beyond triaxiality is not just ”more of the same”, but sometimes
requires new developments for algorithms (HFB equation becoming complex,
conserving number parity of configurations, tagging and following blocked states, fixing
the orientation of the nucleus, . . . )
more effcient representations are welcome (in terms of CPU and storage requirements)
more efficient and/or stable convergence is welcome
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Relevance of surface tension

most Skyrme parameterizations overestimate fission
barriers . . .

. . . although a few do well . . .

and a very few even systematically underestimate them.

Controlled fits with constraint on asurf (SLy5s1)
Jodon, Bennaceur, Meyer, Bender, PRC94 (2016) 024355
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Relevance of surface tension

Family of fits with systematically varied asurf .
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SD band head
NIKOLOV, SCHUNCK, NAZAREWICZ, BENDER, AND PEI PHYSICAL REVIEW C 83, 034305 (2011)

TABLE II. Experimental energies of 0+ band heads of SD states
in A = 190 mass region and in the actinides.

Nucleus ESD(0+) (MeV) References

192Hg 5.3 (9) [98]
194Hg 6.017 [97]
192Pb 4.011 [96]
194Pb 4.643 [99]
196Pb 5.630(5) [101]
236U 2.750 [95]
238U 2.557 [95]
240Pu 2.800 [95]
242Cm 1.900 [95]

energies of SD configurations, we employed several Skyrme
EDFs in the particle-hole channel. Pairing correlations were
modeled by a mixed-pairing interaction with a dependence
on the isoscalar density [108,109]. All calculations were per-
formed with a cutoff energy of Ecut = 60 MeV to truncate the
quasiparticle space. For each parametrization of the Skyrme
interaction, the pairing strength was fitted to the average neu-
tron pairing gap in 120Sn according to the procedure described
in Ref. [108]. In both solvers, the quasiparticle solutions to the
HFB problem are expanded on the deformed harmonic oscilla-
tor (HO) basis. Since we are probing very elongated systems,
we performed the calculations using a stretched basis with a
large number of deformed HO shells, Nmax = 20. All calcu-
lations were performed assuming axial reflection symmetric
shapes. The constrained minimization was performed using
the augmented Lagrangian method [110] and the procedure of
Refs. [111,112].

As an illustration of typical deformation landscapes in the
two regions, Fig. 4 shows the calculated potential energy
curves for 194Pb and 236U as functions of the quadrupole
deformation β extracted from the mass quadrupole moment
⟨Q̂20⟩ and the total rms radius:

β ≡
√

π

5
⟨Q̂20⟩
⟨r2⟩

. (4)

While the actinide nuclei of interest are always predicted to
have prolate-deformed g.s.s with β2 ≈ 0.3, neutron-deficient
Hg and Pb isotopes show a more complex g.s. pattern involving
coexisting oblate and spherical structures [113].

The predicted excitation energy of the SD minimum
relative to the g.s., E∗

th = ESD − Eg.s., between the HFB SD
minimum and the g.s. minimum can be compared with the
experimental value E∗

exp. The residuals #E = E∗
th − E∗

exp are
plotted in Fig. 5 for 22 different Skyrme EDFs. It is rather
striking to notice that, for a given nucleus, the differences
between various EDFs can be as high as 4 MeV, which is
often greater than the excitation energy itself. These large
fluctuations sometimes occur within a family of Skyrme EDFs
(e.g., SLy[x]) and have been explained in some cases by
the different recipes to treat the center of mass [114]. In
contrast, the Brussels-Montreal parametrizations Bsk[x] and
Msk[x] are more consistent with one another. An appreciable
EDF dependence for SD states had already been pointed

d

FIG. 4. (Color online) Potential energy curves for 194Pb (top)
and 236U (bottom) versus quadrupole deformation β calculated
with SkI3, SkI4, SkM*, SkO, SLy4, and SLy6 Skyrme EDFs. All
curves are normalized to the spherical point. Axial symmetry is
assumed.

out in previous Refs. [115,116]. Similarly, the sensitivity
of fission barriers on EDF parametrizations was studied in
Refs. [117–119]. In the context of this paper, it is especially
interesting to point out that the surface symmetry term has been
claimed [118] to have a significant influence on self-consistent
fission barriers.

The large spread in calculated values of E∗ comes as little
surprise: Very few EDFs have been optimized by considering
data probing large deformations. The importance of consid-
ering strongly deformed shapes when fitting the coupling
constants of EDFs was discussed in Refs. [32,84,120], but this
program has been carried out only in a handful of cases. The
SkM* functional [84] has been fitted by considering the ex-
perimental fission barrier in 240Pu. The D1S Gogny interaction
[78,121] was also optimized for fission properties. In the Bsk14
EDF of the HFB-14 mass model [122], data on fission barriers
were utilized to optimize the EDF parameters by adding a phe-
nomenological collective correction accounting for the zero-
point rotational-vibrational motion. In this paper, we do not
employ zero-point corrections as we are primarily interested
in the deformation properties of the functionals themselves.
We refer, for example, to Ref. [123] for a more thorough
discussion of dynamical correlations and their impact on
deformation properties of nuclei. We note, in passing, that such
correlations are supposed to impact standard DFT predictions
of g.s. energies of Hg and Pb nuclei because of coexistence
effects [124,125].
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FIG. 5. (Color online) Residuals !E = E∗
th − E∗

exp (top) and rms
deviations from experiment (bottom) for various Skyrme EDFs.
Additional references for the Skyrme forces: SLy5-SLy7 [88], SkMP
[126], SkX-SkXC [127], SIII [128], MSk1-MSk6 [129], BSk2 [87],
SkO’ [90]. The average rms deviation for the set of EDFs considered
(marked by a dashed line in the lower panel) is 1.26 MeV for the nine
data points of Table II and 1.34 MeV for the fission isomers nuclei.

B. Estimation of theoretical errors

Since the values of !E in Fig. 5 are subject to numerical
and experimental uncertainties, it is important to estimate their
respective errors before assessing the model dependence of
results. To validate E∗

th, we studied the convergence of our
HFB results with respect to the size of HO space used. Figure 6
shows the HFB + SkM* energy of the g.s. and SD state
of 240Pu calculated with the HFBTHO solver as a function of
Nmax, The HFBTHO numbers are compared to the benchmark
results obtained with the precise coordinate-space DFT solver
HFB-AX [130].

With the large HO basis used here (Nmax = 20), the
theoretical error on the energy of either the g.s. or the SD
state is around 600 keV. Since the HFB theory is variational,
the error on the excitation energy, in fact, is much smaller (see
the bottom panel of Fig. 5), and comes principally from the
different convergence rates of HFB states with β2 ≈ 0.3 and
β2 ≈ 0.6. Those differences are caused by the combination of
effects coming from the basis deformation and the choice of
oscillator frequency h̄ω. At Nmax ! 16, the dependence on h̄ω
is rather weak; hence, the only remaining source of fluctuations
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FIG. 6. (Color online) Convergence of the HO basis expansion
for the HFB + SkM* binding energy of the fission isomer and g.s. (top
panel) and the excitation energy of the fission isomer (bottom panel)
in 240Pu as a function of the HO basis size. Results are compared with
the benchmark numbers obtained with the precise coordinate-space
solver HFB-AX [130].

is the basis deformation. For the residuals, we estimate the
latter empirically to be at most 500 keV for 16 shells and less
than 100 keV for Nmax ! 16 shells.

The convergence pattern of HFB calculations seen in Fig. 6
is, to a large extent, exponential. A similar behavior has also
been observed in ab initio calculations of Refs. [131–133].
However, in all these many-body approaches, the size of the
actual model space grows combinatorially with the number
of active particles and single-particle states taken, which is
not the case for DFT. In a recent work, the exponential
convergence of wave functions expanded in a HO basis, in
fact, has been related to its weak differentiability proper-
ties [134]. It has been argued therein that this may be a
generic property of systems with exponentially decaying wave
functions.

For all the nuclei considered in Fig. 6 and Table II,
experimental g.s. masses are known to an excellent precision
of approximately 2 keV [135]. In the A ∼ 190 region, the
uncertainty of the SD band head comes from the extrapolation
of the rotational band down to spin 0+. This procedure is
slightly model dependent, but its error is estimated to be only
∼5 keV [96–101]. In the actinides, the determination of the
excitation energy of the fission isomer is slightly less precise:
It is about 5–10 keV for 236,238U and about 200 keV for 240Pu
and 242Cm [95].

Considering the foregoing, the theoretical fluctuations of
approximately several MeV in !E seen in Fig. 5 are well above
numerical uncertainties in E∗

th and experimental uncertainties
in E∗

exp. Consequently, these deviations are rooted in actual
EDF parametrizations. In Sec. IV, we will investigate the

034305-7
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SD band heads
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SD band impact of tensor terms
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SD band
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Finite-size spin instabilities
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yrast superdeformed rotational band of 194Hg.

(b) Dependence of all other time-odd terms
containing the spin density st relative to their
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0 = 0 in the same calculations.

In response calculations of infinite nuclear
matter, there is a pole approaching saturation
density when increasing C∆s

0 analogous to what
has been explained the other day by Karim
Bennaceur.
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Finite-size spin instabilities
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FIGURE 1. Left: Dependence of the C∆s
0 s0 · ∆s0 term of a modified T22 parameterization (see text) on

the value of its coupling constant C∆s
0 for the Jz = 54 h̄ state in the ground superdeformed band of 194Hg.

Variation of the Cs
t s2

t , t = 0, 1, terms relative to their values at C∆s
0 = 0 in the same calculation.
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FIGURE 2. (color online) Left: The isoscalar spin density s0 obtained with a modified T22 parame-
terization (see text) with C∆s

0 = 0 for the Jz = 54h̄ state in the ground superdeformed band of 194Hg at
convergence. Right: Same as the panel on the left, but for C∆s

0 = 40 MeV fm5 at a few iterations before
the code crashes.

Instead, we will analyze here what happens to the spin densities during the onset of a
finite-size instability. The evolution of the energy of the C∆s

0 st · ∆s0 term when varying
C∆s

0 is presented in the left panel of Fig. 1. When approaching C∆s
0 ≈ 36 MeV fm5, the

energy of the C∆s
0 st · ∆s0 term displays a strong downwards slope. Simultaneously, all

other terms containing the spin density st are strongly amplified, in particular the Cs
0s2

0
term (see the right panel of Fig. 1), indicating a strong change in spin polarization.

In Fig. 2, we present the corresponding spin densities s0. In the left panel, at C∆s
0 = 0,

most spins are oriented along the rotation axis of the nucleus. This picture is completely
altered for C∆s

0 = 40 MeV fm5 (right panel). Because the calculations do not converge
for such a value of C∆s

0 , we display the spin density at a few iterations before the code
crashes. First of all, one notice that the norms of the spin vectors are one order of
magnitude larger than at C∆s

0 = 0. Second, the spins are no longer parallel but are in
fact perpendicular to the rotation axis, as is also exemplified in Fig. 3, which presents a
cut of the spin density. As a function of iterations, the spins are evolving from initially
parallel to the rotation axis over an intermediate situation (left panel) to perpendicular

244
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0 st · ∆s0 term displays a strong downwards slope. Simultaneously, all

other terms containing the spin density st are strongly amplified, in particular the Cs
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0
term (see the right panel of Fig. 1), indicating a strong change in spin polarization.

In Fig. 2, we present the corresponding spin densities s0. In the left panel, at C∆s
0 = 0,

most spins are oriented along the rotation axis of the nucleus. This picture is completely
altered for C∆s

0 = 40 MeV fm5 (right panel). Because the calculations do not converge
for such a value of C∆s

0 , we display the spin density at a few iterations before the code
crashes. First of all, one notice that the norms of the spin vectors are one order of
magnitude larger than at C∆s

0 = 0. Second, the spins are no longer parallel but are in
fact perpendicular to the rotation axis, as is also exemplified in Fig. 3, which presents a
cut of the spin density. As a function of iterations, the spins are evolving from initially
parallel to the rotation axis over an intermediate situation (left panel) to perpendicular
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FIGURE 3. (color online) Cut through the spin density s0 at x = 4.4 fm for the Jz = 54h̄ state in the
ground superdeformed band of 194Hg as obtained with a modified T22 parameterization (see text) with
C∆s
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to the rotation axis (right panel).

CONCLUSION

We have discussed the connection between one type of finite-size instability in INM
related to the C∆s

0 st · ∆s0 term and systematic non-convergence of calculations for finite
nuclei. A similar analysis can be carried out for finite-size instabilities related to the
C∆ρ

1 ρ1∆ρ1 and the C∇s
t (∇ · st)

2 terms in the EDF. An in-depth analysis of this correspon-
dence will allow to define universal stability constraints for future adjustments of the
Skyrme interaction. This work is currently underway and will be reported elsewhere.

ACKNOWLEDGMENTS

It is our pleasure to aknowledge many fruitful and stimulating discussions with K. Ben-
naceur, D. Davesne, T. Duguet, J. Meyer and A. Pastore. This research was supported
in parts by the PAI-P6-23 of the Belgian Office for Scientific Policy, the French Agence
Nationale de la Recherche under Grant No. ANR 2010 BLANC 0407 "NESQ", and the
CNRS/IN2P3 through the PICS No. 5994. V. H. gratefully acknowledges a postdoctoral
fellowship from the F.R.S.-FNRS (Belgium).

REFERENCES

1. M. Bender, P.-H. Heenen, P.-G. Reinhard, Rev. Mod. Phys. 75, 121 (2003).
2. T. Lesinski, K. Bennaceur, T. Duguet, J. Meyer, Phys. Rev. C 74, 044315 (2006).
3. D. Davesne et al., Phys. Rev. C 80, 024314 (2009); ibid 84, 059904(E) (2011).
4. A. Pastore et al., Phys. Rev. C 85, 054317 (2012).
5. T. Lesinski, M. Bender, K. Bennaceur, T. Duguet, J. Meyer, Phys. Rev. C 76, 014312 (2007).
6. N. Schunck et al., Phys. Rev. C 81, 024316 (2010).
7. V. Hellemans, P.-H. Heenen, M. Bender, Phys. Rev. C 85, 014326 (2012).
8. A. Pastore, K. Bennaceur, D. Davesne, J. Meyer, private communication.

245

Downloaded 24 Jun 2013 to 138.253.210.134. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://proceedings.aip.org/about/rights_permissions

Hellemans, Heenen, Bender, AIP Conf. Proc. 1491(2012) 242

M. Bender, IPN Lyon (IPN Lyon) Mean-field description of deformed states 9 October 2018 11 / 16



Towards Symmetry-unrestricted calculations: rotating pears

0.00 0.05 0.10 0.15
��

−7

−6

−5

−4

 �
 (M

eV
)

126

148

132
���
	

K

�
�
�

�
�
�
�

�
�

�

�
�

0.03 0.06 0.09 0.12
��

�

+

−

5 15 25 35 45
⟨ ̂��⟩(ħ)

ħ�

+�

−�

0.00 0.05 0.10 0.15
��

−4

−3

−2

−1

 �
 (M

eV
)

92
92

100

82

���
	

0.03 0.06 0.09 0.12
��

5 15 25 35 45
⟨ ̂��⟩(ħ)

M. Bender, IPN Lyon (IPN Lyon) Mean-field description of deformed states 9 October 2018 12 / 16



Towards Symmetry-unrestricted calculations: rotating pears
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Towards Symmetry-unrestricted calculations: rotating pears
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Major routes of present developments

Improved fit protocols for parameterizations
more diverse observables
more data (”mass formulas”)
avoiding finite-size instabilities in spin and/or isospin channels
better constrain deformation properties

New and/or extended forms of effective interactions / energy density functionals
higher-order gradient terms [Becker, Davesne, Meyer, Navarro, Pastore, PRC 96
(2017) 044330]
combining finite-range and gradients [Bennaceur, Dobaczewski et al, JPG 44 (2017)
045106]
replacing density dependence by many-body forces [Sadoudi, Duguet, Meyer, Bender,
PRC 88 (2013) 064326]

Codes
Towards systematic symmetry-unrestricted calculations
breaking symmetries beyond triaxiality is not just ”more of the same”, but sometimes
requires new developments for algorithms (HFB equation becoming complex,
conserving number parity of configurations, tagging and following blocked states, fixing
the orientation of the nucleus, . . . )
more effcient representations are welcome (in terms of CPU and storage requirements)
more efficient and/or stable convergence is welcome
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