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Maxwell equations

It is well known that Maxwell equations may

be written in several equivalent forms:

∂µFµν = Jν , ∂µ∗Fµν = 0 (1)

or

∂kEk = J0 (= 4πρ),

∂0Ek − εk`m∂`Hm = Jk (= −4πjk),

∂kHk = 0 ,

∂0Hk + εk`m∂`Em = 0 (2)

where Ek ≡ Fk0, Hk ≡ (1/2)εk`mF`m,

or

∂kF±k = J0 , ∂0F±k ± iεk`m∂`F
±
m = Jk (3)

where

F±k ≡ Ek ± iHk (4)



Not so well known is the fact that the eight

equations in (3) can be rewritten as two con-

jugate scalar equations in the following way:

I+ F+(z) = J(z, z̄) , (5a)

I− F−(z̄) = J(z, z̄) (5b)

where

I+
0 = z̄∂+ + ∂v − (6a)

− 1

2

(
z̄z∂+ + z∂v + z̄∂v̄ + ∂−

)
∂z ,

I−0 = z∂+ + ∂v̄ − (6b)

− 1

2

(
z̄z∂+ + z∂v + z̄∂v̄ + ∂−

)
∂z̄

x± ≡ x0 ± x3, v ≡ x1 − ix2, v̄ ≡ x1 + ix2,

∂± ≡ ∂/∂x±, ∂v ≡ ∂/∂v, ∂v̄ ≡ ∂/∂v̄ (7)



F+(z) ≡ z2(F+
1 + iF+

2 )− 2zF+
3 −

− (F+
1 − iF+

2 ) , (8)

F−(z̄) ≡ z̄2(F−1 − iF−2 )− 2z̄F−3 −
− (F−1 + iF−2 ) ,

J(z, z̄) ≡ z̄z(J0 + J3) + z̄(J1 − iJ2) +

+ z(J1 + iJ2) + (J0 − J3)

where we continue to suppress the xµ, resp., x±, v, v̄, dependence

in F and J. (The conjugation mentioned above is standard and in

our terms it is : I+
0 ←→ I−0 , F+(z) ←→ F−(z̄).)

It is easy to recover (3) from (5) - just note

that both sides of each equation are first order

polynomials in each of the two variables z and

z̄, then comparing the independent terms in

(5) one gets at once (3).



Writing the Maxwell equations in the simple

form (5) has also important conceptual mean-

ing. The point is that each of the two scalar

operators I+
0 , I−0 is indeed a single object,

namely it is an intertwiner of the conformal

group, while the individual components in (1)

- (3) do not have this interpretation. This is

also the simplest way to see that the Maxwell

equations are conformally invariant, since this

is equivalent to the intertwining property.

To check the intertwining property we rewrite

the operators (6) in the following form:

I+
0 =

1

2

(
2I1I2 − 3I2I1

)
,

I−0 =
1

2

(
2I3I2 − 3I2I3

)
(9)

where

I1 ≡ ∂z , I2 ≡ z̄z∂++z∂v+ z̄∂v̄+∂− , I3 ≡ ∂z̄

(10)



Let us briefly recall that a Verma module

V Λ over GC (= G+⊕H⊕G−) is defined as the

highest weight module over GC with highest

weight Λ ∈ H∗ and highest weight vector v0 ∈
V Λ, induced from the one-dimensional repre-

sentation V0
∼= Cv0 of U(B), (B = H⊕G+ is

a Borel subalgebra of GC), such that:

X v0 = 0, ∀X ∈ G+

H v0 = Λ(H) v0 , ∀H ∈ H (11)

Verma modules are generically irreducible. A

Verma module V Λ is reducible [BGG] iff there

exists a root β ∈ ∆+ and m ∈ N such that

(Λ + ρ, β∨) = m (12)

holds, where ρ = 1
2

∑
α∈∆+ α . If (12) holds

then the reducible Verma module V Λ contains

an invariant submodule which is also a Verma

module V Λ′ with shifted weight Λ′ = Λ−mβ.

This statement is equivalent to the fact that



V Λ contains a singular vector vs ∈ V Λ, such

that vs 6= ξv0 , (0 6= ξ ∈ C), and :

X vs = 0, ∀X ∈ G+ (13)

H vs = Λ′(H) vs , Λ′ = Λ−mβ, ∀H ∈ H

Restricting to the sl(4) case, let’s denote the

simple roots by αk, (k=1,2,3). Explicitly, the

singular vectors of weight α12 ≡ α1 + α2,

α23 ≡ α2 + α3. are:

v12
s = const.

(
2X−

1 X−
2 − 3X−

2 X−
1

)
v0,

v23
s = const.

(
2X−

3 X−
2 − 3X−

2 X−
3

)
v0 (14)

where X−
k are the simple negative root gen-

erators.

Now it remains to pass from generators X−
k

to their right action πR(X−
k ) on the coset

Y = SL(4)/B, where B is a Borel subgroup



of SL(4) consisting of all upper diagonal ma-

trices. The local coordinates of Y may be

given in the following matrix form:



1 0 0 0
z 1 0 0
v x− 1 0

x+ v̄ z̄ 1


 (15)

Then we can derive (possibly after change of

variables) the relation between (10) and πR(X−
k ):

Ik = πR(X−
k ) (16)

Now we see that the variables z, z̄ which we

introduced as book-keeping device, together

with the Minkowski variables x±, v, v̄, have def-

inite group-theoretical meaning as six local co-

ordinates on the flag manifold Y. Under a natural

conjugation this is also a flag manifold of the conformal group

SU(2,2).



Thus, we have seen an example of the

main group-theoretical ingredient: that ev-

ery Verma module singular vector provides

an invariant differential operator. [Da,DI]



To put the example in the general picture we

recall the physically relevant representations

Tχ of the 4-dimensional conformal algebra su(2,2)

may be labelled by χ = [n1, n2; d], where n1, n2

are non-negative integers fixing finite-dimensional

irreducible representations of the Lorentz sub-

algebra, (the dimension being (n1+1)(n2+1)),

and d is the conformal weight (or dimension,

or energy).

[ In the literature these Lorentz representations are labelled also by

(j1, j2) ≡ (n1/2, n2/2).] [ For the conformal group we also have to

take into account a central element taking sign values, however,

these are fixed for the reducible cases we consider.]

Then the intertwining properties of the opera-

tors in (6) and some more are presented in the

following diagram:



φ

?

d2

Aµ

�
�

�
�

��

H
H

H
H

Hj

d12 d23

χ− χ+

•
�

�
�

�
��

H
H
H

H
Hj

d23 d12

d13

Jµ ∼= χ0

?Φ

Fig. 1. Intertwining diagram for su(2, 2) involving Maxwell equations

where the representations have the signatures:

χ(φ) ∼ [0,0; 0], χ(Φ) ∼ [0,0; 4],

χ(Aµ) = [1,1; 1], χ(Jµ) = [1,1; 3],

χ− = [0,2; 2], χ+ = [2,0; 2] (17)

The invariant differential operators in the dia-

gram are denoted by d2, djk corresponding to

the singular vectors of weight α2, αjk, resp.



Formulae (17) are part of an infinite hierarchy
of couples of first order intertwiners. Explicitly,
instead of (17) we have [Db,DI]:

χ+
k = [k + 2, k; 2] , χ−k = [k, k + 2;2] ,

χ0
k = [k + 1, k + 1;3] , k ∈ Z+ (18)

while instead of (5) we have:

I+
k F+

k (z, z̄) = Jk(z, z̄) , (19a)

I−k F−k (z, z̄) = Jk(z, z̄) (19b)

where (k ∈ Z+)

I+
k =

k + 2

2

(
z̄∂+ + ∂v

)
− (20a)

− 1

2

(
z̄z∂+ + z∂v + z̄∂v̄ + ∂−

)
∂z ,

I−k =
k + 2

2

(
z∂+ + ∂v̄

)
− (20b)

− 1

2

(
z̄z∂+ + z∂v + z̄∂v̄ + ∂−

)
∂z̄

while F+
k (z, z̄), F−k (z, z̄), Jk(z, z̄), are polyno-

mials in z, z̄ of degrees (k + 2, k), (k, k + 2),
(k + 1, k + 1), resp., as explained above.



Note that we can rewrite (20) as (9):

I+
k =

1

2

(
(k + 2)I1I2 − (k + 3)I2I1

)
,

I−k =
1

2

(
(k + 2)I3I2 − (k + 3)I2I3

)
(21)

If we want to use the notation with indices as in (1), then F+
k (z, z̄)

and F−
k (z, z̄) correspond to Fµν,α1,...,αk which is antisymmetric in the

indices µ, ν, symmetric in α1, . . . , αk, and traceless in every pair of in-

dices, while Jk(z, z̄) corresponds to Jµ,α1,...,αk which is symmetric and

traceless in every pair of indices. Note, however, that the analogs

of (1) would be much more complicated if one wants to write ex-

plicitly all components. The crucial advantage of (19) is that the

operators I±k (k > 0) are given just by a slight generalization of

I±0 .

We call the hierarchy of equations (19) the

Maxwell hierarchy. The Maxwell equations

are the zero member of this hierarchy.

Everything above is part of the general classi-

fication scheme:
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�
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dν13

χ′+
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?χ+
pνn

Fig. 2. General intertwining diagram su(2, 2) ∼= so(4, 2)
(valid also for so(5, 1) and so(3, 3))



The signatures in the figure are:

χ−pνn = (p, n; 2− ν − (p + n)/2) (22)

χ+
pνn = (n, p; 2 + ν + (p + n)/2)

χ′−pνn = (p + ν, n + ν; 2− (p + n)/2)

χ′+pνn = (n + ν, p + ν; 2 + (p + n)/2)

χ′′−pνn = (ν, p + ν + n; 2 + (p− n)/2)

χ′′+pνn = (p + ν + n, ν; 2 + (n− p)/2)

p, ν, n ∈ N
The invariant differential operators in the di-

agram are denoted by dν
2, dn

12, d
p
23, dν

13 corre-

sponding to the singular vectors of weight να2,

nα12, pα23, να13, resp.

We exhibit also an alternative of the same sit-

uation showing also the integral intertwining

operators in Fig. 2’:



-� / /

-� / /

/ / -�

χ−

pνn χ+
pνn

χ′−

pνn χ′+
pνn

χ′′−

pνn χ′′+
pνn

dν
2 dν

13

dn
12 dn

12d
p
23d

p
23

?

?

6

6@
@

@
@

@
@

@
@

@
@

@
@

@
@

@@R�
�

�
�

�
�

�
�

�
�

�
�

�
�

���

Fig. 2′. Alternative of Fig. 2 with

integral operators shown as horizontal dashed lines



The above diagram appeared first for the Eu-

clidean conformal case so(5,1) ∼= su∗(4) in

[DP]. In the case of so(4) (and so(n)) symmet-

ric traceless tensors only the top four represen-

tations with n = p are relevant [DMPPT]. In

particular, the cancelation of kinematical poles

in the derivation of the OPE mentioned in the

talk of G. Mack uses the partial equivalence be-

tween the representations χ+
nνn and χ′+nνn pro-

vided by the operator dν
13.

Besides in the sextets the reducible VMs occur

in some doublets which we omit for the lack

of space here. The sextets and the doublets

exhaust all reducible VMs induced from finite-

dimensional Lorentz irreps.

Next we show the cases so(p, q) :
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Fig. 3. Diagram for the cases so(p, q), p+ q = 2h+ 2, even
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Fig. 4. Diagram for the cases so(p, q), p+ q = 2h+ 3, odd



Conformal Lie algebras

We start with the class of Hermitian symmet-

ric spaces. The algebraic criterion is that the

maximal compact subalgebra K of G is of the

form:

K = so(2)⊕K′

The Lie algebras from this class are:

so(p,2), sp(p, R), su(p, q),

so∗(2p), E6(−14) , E7(−25)

These groups/algebras have highest/lowest weight

representations, and relatedly (anti-)holomorphic

discrete series representations.

We already considered the conformal algebras

so(p,2) in p-dimensional Minkowski space-time.

In that case, there is a maximal Bruhat decom-

position that has direct physical meaning:

so(p,2) = M ⊕ A ⊕ N ⊕ Ñ ,



M = so(p− 1,1) , Lorentz subalgebra

A, dimA = 1, dilatations,

N , dimN = p, translations,

Ñ , dim Ñ = p, special conformal transformations

Another special feature of the conformal alge-

bra: the complexification of the maximal com-

pact subalgebra K is isomorphic to the com-

plexification of the first two factors of the Bruhat

decomposition:

KC = so(p,C)⊕ so(2,C) ∼=
∼= so(p− 1,1)C ⊕ so(1,1)C = MC ⊕AC

In particular, the coincidence of the complexi-

fication of the semi-simple subalgebras:

K′C = MC (∗)



means that the sets of finite-dimensional (nonuni-

tary) representations of M are in 1-to-1 cor-

respondence with the finite-dimensional (uni-

tary) representations of K′.

It turns out that some of the hermitian-symmetric

algebras share the above-mentioned special prop-

erties of so(p,2).

This subclass consists of:

so(p,2), sp(p,R), su(p, p),

so∗(4p), E7(−25)

In view of applications to physics, we proposed

to call these algebras ’conformal Lie algebras’,

(or groups).

This class was identified by G. Mack (2007)

from different configurations.



The Lie algebra su(p, p)

Let G = su(p, p), p ≥ 2. The maximal

compact subgroup is K ∼= u(1)⊕su(p)⊕su(p),

while M = sl(p,C)R . The number of ERs in

the corresponding diagram (multiplet) is equal

to

|W (GC,HC)| / |W (MC,HCm)| =

(
2p

p

)

The signature of the ERs of G is:

χ = {n1 , . . . , np−1 , np+1 . . . , n2p−1 ; c } ,

nj ∈ N , c = d− p

Below we give the diagrams for su(p, p)

for p = 3,4 (p = 2 was considered as so(4,2)).

These are diagrams also for sl(2p,R) and for

p = 2k these are diagrams also for su∗(4k) [Dj,DI].

We use the following conventions. Each in-

variant differential operator is represented by



an arrow accompanied by a symbol ij...k en-

coding the root βj...k and the numbers mi ∈ N
which encode the reducibility (12) of the cor-

responding Verma module.
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Fig. 5. Pseudo-unitary symmetry su(3, 3)

The pseudo-unitary symmetry su(p, p) is similar to conformal symmetry

in p2 dimensional space, for p = 2 coincides with conformal 4-dimensional case.

By parabolic relation the su(3, 3) diagram above is valid also for sl(6, R).
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Ĵ������������)






�

′′+
22

������������)






�PPPPPPPPPPPPq

J
J
Ĵ
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Fig. 6. Pseudo-unitary symmetry in 16-dimensional space.

By parabolic relation the su(4, 4) diagram above is valid also for sl(8, R) and su∗(8).



The Lie algebras sp(n,R) and

sp(n
2, n

2) (n–even)

Let n ≥ 2. Let G = sp(n,R), the split real

form of sp(n,C) = GC. The maximal com-

pact subalgebra is K ∼= u(1) ⊕ su(n), while

M = sl(n,R). The number of ERs in the

corresponding diagram (multiplet) is:

|W (GC,HC)| / |W (MC,HCm)| = 2n

The signature of the ERs of G is:

χ = {n1 , . . . , nn−1 ; c } , nj ∈ N ,

Below we give pictorially the multiplets for sp(n,R)

for n = 3,4,5,6 (n = 2 was already consid-

ered as so(3,2)). For n = 2r these are also

multiplets for sp(r, r) [Dj,DI].
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Fig. 7. Main multiplets for Sp(3, IR)
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Fig. 8. Main multiplets for sp(4, IR) and sp(2, 2)
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Fig. 9. Main multiplets for Sp(5, IR)
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Fig. 10. Main multiplets for Sp(6, IR) and sp(3, 3)



The Lie algebras so∗(2n)

The Lie algebra G = so∗(2n) is given by:

so∗(2n)
.
= {X ∈ so(2n,C) : JnCX = XJnC} =

= { X =

(
a b
−b̄ ā

)
| a, b ∈ gl(n,C),

ta = −a, b† = b } . (23)

dimR G = n(2n − 1), rankG = n. The max-
imal compact subalgebra is K ∼= u(n). For
even n = 2r the algebra G = so∗(4r) belongs
to the class of ’conformal Lie algebras’ (since
M = su∗(n)).
Further we restrict to the case G = so∗(12),
since so∗(4) ∼= so(3)⊕so(2,1), so∗(8) ∼= so(6,2).

The number of ERs/GVMs in the correspond-
ing multiplets is [Dj]:

|W (GC,HC)|/|W (KC,HC)| =
= |W (so(12,C))|/|W (sl(6,C))| = 32

where H is a Cartan subalgebra of both G and
K.
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Fig. 11. SO∗(12) main multiplets



The Lie algebras E7(−25) and E7(7)

Let G = E7(−25). The maximal compact sub-

group is K ∼= e6 ⊕ so(2), while M ∼= E6(−6).

The signatures of the ERs of G are:

χ = {n1 , . . . , n6 ; c } , nj ∈ N .

The same can be used for the parabolically

related exceptional Lie algebra E7(7) [Dj,DI].

The number of ERs in these main multiplets

is:

|W (GC,HC)|
|W (MC,HCm)| =

|W (E7)|
|W (E6)|

=
210 34 5.7

27 34 5
= 56

(24)
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Fig. 12. Main Type for E7(−25)



The Lie algebras E6(−14), E6(6) and E6(2)

Let G = E6(−14) . The maximal compact

subalgebra is K ∼= so(10)⊕ so(2), while M ∼=
su(5,1).

The signature of the ERs of G is:

χ = {n1 , n3 , n4 , n5 , n6 ; c} , c = d− 11
2 .

The above can be used for the parabolically

related exceptional Lie algebras E6(6) and

E6(2) [Dj,DI].

( The algebra E6(−14) does not belong to the class of conformal Lie

algebras and the formula as (24) for the main multiplet does not

hold here.)

There are 70 VMs in the main multiplet:
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ĥχ+
jo χ+

k̂
426 615,34 326,4 515,4 126,45 415

HHHHHj

������

HHHHHj

������

HHHHHj

������

HHHHHj

������216 χ+
j′′

52,46 615,34 426 515,4 326,4 415 126,45 314
? ? ? ? ?χ+

ko χ+

k̃
χ+
k χ+

k′ χ+
k′′

Fig. 13. Main Type for E6(−24)



Quantum groups

We go back to the 4D conformal case. The

form (9) is that we generalize for the deformed

case. In fact, we can write at once the q-

deformed form [Dh,DII]:

Î+
n =

1

2

(
[n + 2]q Î1Î2 − [n + 3]q Î2Î1

)
,

Î−n =
1

2

(
[n + 2]q Î3Î2 − [n + 3]q Î2Î3

)
(25)

where [m]q ≡ qm−q−m

q−q−1 are the ubiquitous q-

numbers.

Here Î±n are obtained from the lowest possible

singular vectors of Uq(sl(4)), namely, those of

weight α12, α23 [Dh,DII].

To proceed further, we should make this form

explicit by first generalizing the variables, then

the functions and the operators.



Quantum Minkowski space-time

We know from [Dh,DII] what are the proper-

ties of the non-commutative coordinates on

the SLq(4) coset. Thus, we obtain for the

commutation rules of the q-Minkowski space-

time coordinates

x±v = q±1vx± , x±v̄ = q±1v̄x± ,

x+x− − x−x+ = λvv̄ , v̄v = vv̄ (26)

The q-Minkowski length `q is defined as the

q-determinant of M =

(
x+ v̄
v x−

)
:

`q
.
= detq M = x+x− − qv̄v (27)

and hence it commutes with the q-Minkowski

coordinates. It has the correct classical limit

`q=1 = x2
0 − ~x2.



For q phase (|q| = 1) the commutation rela-

tions (26) are preserved by an anti-linear anti-

involution ω acting as:

ω(x±) = x± , ω(v) = v̄ (28)

from which follows also that ω(`q) = `q .

The commutation rules involving the spin vari-

ables z, z̄ are:

z̄z = zz̄ ,

x+z = q−1zx+ , x−z = qzx− − λv ,

vz = q−1zv , v̄z = qzv̄ − λx+ ,

z̄x+ = qx+z̄ , z̄x− = q−1x−z̄ + λv̄ ,

z̄v = q−1vz̄ + λx+ , z̄v̄ = qv̄z̄ ,

z`q = `qz , z̄`q = `qz̄ (29)

Certainly, the commutation relations (29) are

also preserved (for q phase) by the conjugation

ω - supplementing (28) by ω(z) = z̄.

With this conjugation Yq becomes a coset of SUq(2,2).



Quantum Maxwell equations hierarchy

The normally ordered basis of the q - coset

Yq considered as an associative algebra is :

ϕ̂ijk`mn = zi vj xk− x`
+ v̄m z̄n , (30)

i, j, k, `, m, n ∈ Z+

We introduce now the representation spaces

Cχ , χ = [n1, n2; d] . The elements of Cχ ,

which we shall call (abusing the notion) func-

tions, are polynomials in z, z̄ of degrees n1, n2,

resp., and formal power series in the quantum

Minkowski variables. Namely, these functions

are given by:

ϕ̂n1,n2(Ȳ ) =
∑

i,j,k,`,m,n∈Z+
i≤n1, n≤n2

µ
n1,n2
ijk`mn ϕ̂ijk`mn

(31)



where Ȳ denotes the set of the six coordinates
on Yq . Thus the quantum analogs of F±n ,
Jn, cf. (19), are :

F̂+
n = ϕ̂n+2,n(Ȳ ) , F̂−n = ϕ̂n,n+2(Ȳ ) ,

Ĵn = ϕ̂n+1,n+1(Ȳ ) (32)

Using the above machinery we can present a
deformed version of the Maxwell hierarchy of
equations. For this we use that the operators
Îa are given by the right action of Uq(sl(4)) on
Yq:

Îa = πR(X−
a ) (33)

Explicitly, we have:

Î1 = D̂z Tz Tv T+ (T−Tv̄)
−1 (34a)

Î2 =
(
q M̂z D̂v T2− + D̂− T− +

+ M̂z M̂z̄ D̂+ T− Tv̄ T−1
v +

+ q−1 M̂z̄ D̂v̄ − (34b)

− λ M̂v M̂z̄ D̂− D̂+ Tv̄

)
Tv̄ T−1

z̄

Î3 = D̂z̄ Tz̄ (34c)



where we us the q-shift operators Tκ:

Tz ϕ̂ijk`mn = qi ϕ̂ijk`mn

Tv ϕ̂ijk`mn = qj ϕ̂ijk`mn

T− ϕ̂ijk`mn = qk ϕ̂ijk`mn

T+ ϕ̂ijk`mn = q` ϕ̂ijk`mn

Tv̄ ϕ̂ijk`mn = qm ϕ̂ijk`mn

Tz̄ ϕ̂ijk`mn = qn ϕ̂ijk`mn

further the q-difference operators:

D̂κ =
1

q − q−1
M−1

κ

(
Tκ − T−1

κ

)

where:

Mz ϕ̂ijk`mn = ϕ̂i+1,jk`mn

Mv ϕ̂ijk`mn = ϕ̂i,j+1,k`mn

M− ϕ̂ijk`mn = ϕ̂ij,k+1,`mn

M+ ϕ̂ijk`mn = ϕ̂ijk,`+1,mn

Mv̄ ϕ̂ijk`mn = ϕ̂ijk`,m+1,n

Mz̄ ϕ̂ijk`mn = ϕ̂ijk`m,n+1

Note that for q → 1 we have: Tκ → 1, D̂κ → ∂κ .



With this we have now the q - Maxwell hierar-

chy of equations - it remains just to substitute

the operators of (34) in (25). In fact, we can

also rewrite these in the q-analog of (19). We

have :

qI
+
n = 1

2




(
qD̂v + M̂z̄D̂+(T−Tv)

−1Tv̄

)
[n + 2−Nz]q

−q−n−2
(
D̂−T− + q−1M̂z̄D̂v̄ − (35a)

−λM̂vM̂z̄D̂−D̂+Tv̄

)
D̂z


T+T−TvTzT

−1
z̄

qI
−
n = 1

2

(
D̂v̄ + qM̂zD̂+Tv̄T−T−1

v − (35b)

−qλM̂vD̂−D̂+Tv̄

)
Tv̄[n + 2−Nz̄]q −

−1
2qn+3

(
D̂− + qM̂zD̂vT−

)
D̂z̄T−Tv̄

Clearly, for q = 1 the operators in (34), (35)

coincide with (10),(9), resp.

With this the final result for the q - Maxwell



hierarchy of equations is:

qI
+
n qF

+
n = qJn , (36a)

qI
−
n qF

−
n = qJn (36b)



q - d’Alembert equations hierarchy

Next we consider another one parameter hier-

archy:

χd+
r = [r,0;

r

2
+ 1], (37a)

χd0+
r = [r − 1,1;

r

2
+ 2], r ∈ N,

χd−
r = [0, r;

r

2
+ 1], (37b)

χd0−
r = [1, r − 1;

r

2
+ 2], r ∈ N,

where there are two conjugated equations:

qI
+
r F d+

r = Jd+
r , (38a)

qI
−
r F d−

r = Jd−
r (38b)

where qI±r are given by (25).

For the minimal possible value of the param-

eter r = 1 we obtain the two conjugate q -

Weyl equations.



The case r = 2 gives the q-Maxwell equations

(note that Jd+
2 = Jd−

2 ). This is the only in-

tersection of the present hierarchy with the q-

Maxwell hierarchy.

We call this hierarchy q - d’Alembert hierar-

chy following the classical case, (cf. [De,DI,DII]),

due to the following. We consider the repre-

sentations χd±
a for the excluded above value

r = 0, when they coincide. Thus, we set: χd ≡
χd±
0 = [0,0; 1], F d ≡ F d±

0 . Furthermore, the

relevant equation is the q-d’Alembert equa-

tion [De,DII]:

¤q F d = Jd (39)

where χJ = [0,0; 3],

¤q =
(
D̂v̄D̂v − qD̂−D̂+TvTv̄

)
TvTv̄T+T− (40)



Weyl gravity equations hierarchy

Next we study another hierarchy which is given

as follows:

C+
m

↗ ↘
Ch

m CT
m

↘ ↗
C−m

(41)

where m ∈ N, and the corresponding signa-

tures are:

χ+
m = [2m,0; 2], χ−m = [0,2m; 2], (42)

χh
m = [m, m; 2−m], χT

m = [m, m; 2 + m]

The arrows on (41) represent invariant differ-

ential operators of order m. It is a partial case

of the general conformal scheme parametrized

by three natural numbers p, ν, n, (cf. Fig. 3),

setting there: ν = 1, p = n = m. This hi-

erarchy intersects with the Maxwell hierarchy



for the lowest value m = 1. Below we consider

the linear conformal gravity which is obtained

for m = 2.

Linear conformal gravity

Linear conformal gravity is governed by the Weyl

tensor Cµνστ which is given in terms of the Rie-

mann curvature tensor Rµνστ , Ricci curvature

tensor Rµν , scalar curvature R :

Cµνστ = Rµνστ − 1
2(gµσRντ + gντRµσ −

− gµτRνσ − gνσRµτ) +

+ 1
6(gµσgντ − gµτgνσ)R (43)

where gµν is the metric tensor. Linear confor-

mal gravity is obtained when the metric ten-

sor is written as: gµν = ηµν + hµν, where ηµν

is the flat Minkowski metric, hµν are small so

that all quadratic and higher order terms are

neglected. In particular:

Rµνστ = 1
2(∂µ∂τhνσ+∂ν∂σhµτ−∂µ∂σhντ−∂ν∂τhµσ)



The equations of linear conformal gravity are:

∂ν∂τCµνστ = Tµσ (44)

where Tµν is the energy-momentum tensor. From

the symmetry properties of the Weyl tensor

it follows that it has ten independent compo-

nents. These may be chosen as follows (intro-

ducing notation for future use):

C0 = C0123 , C1 = C2121 , C2 = C0202 ,

C3 = C3012 , C4 = C2021 , C5 = C1012 ,

C6 = C2023 , C7 = C3132 , C8 = C2123 ,

C9 = C1213 (45)

Furthermore, the Weyl tensor transforms as

the direct sum of two conjugate Lorentz irreps,

which we shall denote as C± (cf. (42) for m =

2). The tensors Tµν and hµν are symmetric and

traceless with nine independent components.

Further, we shall use again the fact that a

Lorentz irrep (spin-tensor) with signature (n1, n2)



may be represented by a polynomial G(z, z̄) in

z, z̄ of order n1, n2, resp. More explicitly, for the

Weyl gravity representations mentioned above

we use:

C+(z) = z4C+
4 + z3C+

3 + z2C+
2 + zC+

1 + C+
0 ,

C−(z̄) = z̄4C−4 + z̄3C−3 + z̄2C−2 + z̄C−1 + C−0 ,

T (z, z̄) = z2z̄2T ′22 + z2z̄T ′21 + z2T ′20 +

+zz̄2T ′12 + zz̄T ′11 + zT ′10 +

+z̄2T ′02 + z̄T ′01 + T ′00 , (46)

h(z, z̄) = z2z̄2h′22 + z2z̄h′21 + z2h′20 +

+zz̄2h′12 + zz̄h′11 + zh′10 +

+z̄2h′02 + z̄h′01 + h′00

The components C±k are given in terms of the



Weyl tensor components as follows:

C+
0 = C2 −

1

2
C1 − C6 + i(C0 +

1

2
C3 + C7)

C+
1 = 2(C4 − C8 + i(C9 − C5))

C+
2 = 3(C1 − iC3) (47)

C+
3 = 8(C4 + C8 + i(C9 + C5))

C+
4 = C2 −

1

2
C1 + C6 + i(C0 +

1

2
C3 − C7)

C−0 = C2 −
1

2
C1 − C6 − i(C0 +

1

2
C3 + C7)

C−1 = 2(C4 − C8 − i(C9 − C5))

C−2 = 3(C1 + iC3)

C−3 = 2(C4 + C8 − i(C9 + C5))

C−4 = C2 −
1

2
C1 + C6 − i(C0 +

1

2
C3 − C7)

while the components T ′ij are given in terms of



Tµν as follows:

T ′22 = T00 + 2T03 + T33

T ′11 = T00 − T33

T ′00 = T00 − 2T03 + T33

T ′21 = T01 + iT02 + T13 + iT23

T ′12 = T01 − iT02 + T13 − iT23

T ′10 = T01 + iT02 − T13 − iT23

T ′01 = T01 − iT02 − T13 + iT23

T ′20 = T11 + 2iT12 − T22

T ′02 = T11 − 2iT12 − T22 (48)

and similarly for h′ij in terms of hµν .

In these terms all linear conformal Weyl gravity

equations (44) (cf. also (41)) may be written

in compact form as the following pair of equa-

tions:

I+ C+(z) = T (z, z̄) , I− C−(z̄) = T (z, z̄)

(49)



where the operators I± are given as follows:

I+ =
(
z2z̄2∂2

+ + z2∂2
v + z̄2∂2

v̄ + ∂2− +

+2z2z̄∂v∂+ + 2zz̄2∂+∂v̄ +

+2zz̄(∂−∂+ + ∂v∂v̄) +

+2z̄∂−∂v̄ + 2z∂v∂−
)
∂2

z −

−6
(
zz̄2∂2

+ + z∂2
v + 2zz̄∂v∂+ + z̄2∂+∂v̄ +

+z̄(∂−∂+ + ∂v∂v̄) + ∂v∂−
)
∂z +

+12
(
z̄2∂2

+ + ∂2
v + 2z̄∂v∂+

)
, (50)

I− =
(
z2z̄2∂2

+ + z2∂2
v + z̄2∂2

v̄ + ∂2− +

+2z2z̄∂v∂+ + 2zz̄2∂+∂v̄ +

+2zz̄(∂−∂+ + ∂v∂v̄) +

+2z̄∂−∂v̄ + 2z∂v∂−
)
∂2

z̄ −

−6
(
z2z̄∂2

+ + z̄∂2
v̄ + 2zz̄∂+∂v̄ + z2∂v∂+ +

+z(∂−∂+ + ∂v∂v̄) + ∂−∂v̄

)
∂z̄ +

+12
(
z2∂2

+ + ∂2
v̄ + 2z∂+∂v̄

)



To make more transparent the origin of (49)

and in the same time to derive the quantum

group deformation of (49), (50) we first intro-

duce the following parameter-dependent oper-

ators:

I+
n =

1

2

(
n(n− 1)I2

1I2
2 − 2(n2 − 1)I1I2

2I1 +

+ n(n + 1)I2
2I2

1

)
, (51)

I−n =
1

2

(
n(n− 1)I2

3I2
2 − 2(n2 − 1)I3I2

2I3 +

+ n(n + 1)I2
2I2

3

)

where I1 = ∂z, I2 = z̄z∂+ + z∂v + z̄∂v̄ + ∂−,

I3 = ∂z̄, are from (10). We recall that group-

theoretically the operators Ia correspond to the

three simple roots of the root system of sl(4),

while the operators I±n correspond to the singu-

lar vectors for the two non-simple non-highest

roots. More precisely, the operator I+
n is ob-

tained from the sl(4) formula for the singular



vector of weight m12α12 = 2α12, while the op-

erator I−n corresponds to weight m23α23 =

2α23. The parameter n = max(2j1,2j2).

It is easy to check that we have the following

relation:

I± = I±4 (52)

i.e., (49) are written as:

I+
4 C+(z) = T (z, z̄) , I−4 C−(z̄) = T (z, z̄)

(53)

Using the same operators we can write down

the pair of equations which give the Weyl ten-

sor components in terms of the metric tensor:

I+
2 h(z, z̄) = C−(z̄) , I−2 h(z, z̄) = C+(z)

(54)

We stress again the advantage of the index-

less formalism due to which two different pairs



of equations, (53), (54), may be written us-

ing the same parameter-dependent operator

expressions by just specializing the values of

a parameter.

The above equations are is immediately gen-

eralizable to the deformed case.

Using the Uq(sl(4)) formula for the singular

vector given in [Dh,DII] we obtain for the q-

analogue of (51):

qI
+
n =

1

2

(
[n]q [n− 1]q qI

2
1 qI

2
2 −

− [2]q [n− 1]q [n + 1]q qI1 qI
2
2 qI1 +

+[n]q [n + 1]q qI
2
2 qI

2
1

)
, (55)

qI
−
n =

1

2

(
[n]q [n− 1]q qI

2
3 qI

2
2 −

− [2]q [n− 1]q [n + 1]q qI3 qI
2
2 qI3 +

+[n]q [n + 1]q qI
2
2 qI

2
3

)

where the q-deformed qIa were given above.



Then the q-Weyl gravity equations are (cf. (53)):

qI
+
4 C+(z) = T (z, z̄) , qI

−
4 C−(z̄) = T (z, z̄)

(56)

while q-analogues of (54) are:

qI
+
2 h(z, z̄) = C−(z̄) , qI

−
2 h(z, z̄) = C+(z)

(57)
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