°
PARIS-SACLAY

n+1






1 rooted edge

W. Tutte's formula [1960's]

Number of rooted quadrangulations of the sphere with k faces =
2,9, 54, 378, 2916, 24057, ...

2.3%(2k)!

k!(k+2)!

: N
L

2t+9t7+54 1 +378¢ 429161 +...
—> gives: K

>, 23000 AT

\ —&»
* Make generating series : ’
= 4 r=+v1-12

k!(k+2)! 3 (144F912¢)

where ;




2/=6

Surfaces made of quadrangles k=4
— 225
Number of quadrangulations
of the sphere with
1 rooted face of length 2/
and k unmarked faces :
o 200 (k=)0 N[ s s 24r J 8
Zkzl ey 3 [1(1=1)! k!([+k+1)! B 2(Z 1z —(rz 3 = 1+7
— Y = WO,I(Z,'f) /map {7
A vt | r=vVi-124
/ Spectral Curve \ | 1 f_____\t é\« Mirror map » Y
Algebraic relation U_A\:\__) - “—_
P(z,y,r) = 0
\ / : 1 (II 1 IIIII

PeZ|z,y,r]



Surfaces made of quadrangles

Sphere
2 rooted marked faces

2 rooted faces of lengths /,= atb l,= a;b
and k unmarked faces :
s 3 e 3ka(2k+a—1)./2“;” (a—b—=2j) (a+b)!(a—b)!
¢ L T T k!(k+a)! <=0 jl1(b+j)!(a—j)!(a=b—j)!
3|
1 BRI
— W0,2<Zl’zzft) = m—s P I-
(21 Zz) \/(ZZ_L)(Zz_i)
Vl+r T L4y /
v
W, ., = Green function” on the Spectral Curve W, ,
Fundamental 2nd kind form '1‘“‘{_,_'_'___'.'_.',';:-

Bergmann kernel




Surfaces made of quadrangles

Surface with g holes
n rooted marked faces

nrooted faces of lengths / , [, [, ..., |
and k unmarked faces :

Wg’n(zl,zz,...,zn;t)

ﬁ"\v—-’m
SO SRS IR,
AR X

[Question:what is the formulafor W, =~ 72 ]




Formulas for Higher topologies

0 holes, 3 marked faces

D

. 8
es 1+r

W0,3(ZI’ZZ,Z3):Z_)i\/1L g [2WO,2(
" 2(z,—2) Zf—m W (z)
1 hole, 1 marked face
Res \ 22_% ~_
WlJ(Zl):Z_)i\/i g [Wo,z(z’z)}
i 2(21_2)\/2?_EW0,1(Z)

And in general g holes, n marked faces

w

Res \/

> 8
[ A —
g’”+1(zl""’zn+l): >+ 8 L+r *
VA gun 1+r 2(2 ZZ_LW (Z>
: 1+7r 0.1

~

—Z)
Wg_l’n”(z,z,zz, ...,Zn+1)+z Wg],|11|+1(z,]1) Wg2,|,2|+1(z,12)}
/
3 Operator kernel K (z,,z) Such that
Wg’,m(zl,...,zn+1):K(zl, Z)*[Wg_17n+2(z, z,zz,...,zn+1)+z Wg1,|11|+1(2:11)Wg2,|12|+1(2,12)}

.

J




Recursion relation

/~ Theorem [E04] I

3 Operator kernel K (z,,z) Such that

Wg,nﬂ(zl, s 2,.)=K(z,, z)*[Wg_LMz(z, Z,z,, ...,zn+1)+z ng’|,1|+1(z, Il)Wg2’|[2|+1(z, 12)]
-

+ It allows to compute recursively allthe W, (z,...,z,)

« Recursionon 2g+n—2  — allows to find all (g,n) by gluing pieces of (0,2) and (0,1).







Count hyperbolic surfaces

— | surfaces with constant curvature R=-1
M, (L,..L,) _ . )
’ with n geodesic boundaries of lengths L, ..., L, (g=1, n=3)

 Decompose into « pairs of pants »

Decomposition
into pants
Not unique !




Recursive counting

* Laplace transforms of volumes

W,z 2,) = fo fo LdLe™ .. L,dL,e ™" V, (L,.. L,

/ Theorem : [Mirzakhani 2004] Laplace transformed [EO 2006]
Wg,n(Zl’""Zn>:ReSz—>OK(Zl’Z) [Wg—l,n+1<z’_Z’ZZ"“’Zn>+z Wg1,|11|+1(z’]1)Wg2,|[2|+1(_Z’12)}
1

<21_22>

K(ZI’Z): 2_ 2 . W0,2<Zl:22) —

(zi—2z")sin(2mz) 2

.

Interpretation : /E)po/ogical Recursi@
* Can count surfaces of genus g, with n boundaries

by recursion on their Euler characteristics ~ y=2—-2g—n

n+1

n+1



Recursive counting

/ Theorem : [Mirzakhani 2004] Laplace transformed [EO 2006]
Wg,n(Zl’""Zn>:ReSz—)OK(Zl’Z) [Wg—l,n+1(z’_z’z2"“’Zn)+z ng,|11|+1(z’[1>Wg2,|12|+1(_z:]2)}
Kz, , 6 z)= T _ 1
(z1,2) (z7—2z°)sin(2m z) Woalz1,22) = (z,—2z,)

\
* - L 21’ 3 271’
* Example w (z) :f L. dL. e b Ly — +
LIS o “14e 24" 24 2474 247
W1,1<21):R63290K(21’2) [Wo,z(z:_z)]
1
= Res T
Zeo(zf—zz)sin(2nz) 4z7°
1 1 22\ 1 !
—_2R€SZ_>O ) 1——2 (1——(23132) +>
8z z zZ] 6
1 1 221 ) 4
=—5Res,,, = |[1+5+=(2nz)+..0(2")
8z, z z; ©

2
:% %4_1(2“)2 — 3 + 27
8z, \z; © 24z} 24z



T cyaofogica[ Recursion

New Invariants



Summary and genemﬁ’zau’on

@ Disc amplitude Woﬁl(z) = « number » of discs of parameter z

— spectral curve (= surface in CXC ) T' B

® Wo,z(zl, z,) = « number » of cylinders of parameters z,, z,
= fundamental form on the surface y=W,, (Z)
® Wg,n(Zl’ - = « number » of surfaces of genus g and n boundaries, of
parameters z,...,z, 0
*\;:\"-,-.
By the « topological recursion » on 2g-2+n :
1 J., - W0,2(ZI,Z ')
K(z,,z) = = -
2 WO,I(Z)_WO,1<Z)

Wg,n<Zl’ .., 2,)=Res , K (z,z2) [Wg—l,n+l<z’_z’ P PRLLE Zn)"'z Wg1,|11|+1(z’[1) Wg2,|]2|+1<_z’ [2)}

@ Can we start from an arbitrary function Woilz)=f(z) ?



Invariants 0/[ acurve

Pick an arbitrary

[Spectral curve S = { (x,y), P(x,y)=0 } J _ O |
ﬁne its invariants \

Woi(z) = ydx

Wo,,(z,,z,) = fundamental 2nd kind differential

and then recursively  (Topological recursion)

Wg,n<Zl’ ., 2,)=K(z,, Z)*[Wg—l,n+l(z’z’ Zo)p oo Zn)"'z ng,\11|+1<z’ 1) Wgz,‘12|+1(2’12)l

Kz = 1 3o Pelz )
v -2 Wo,1(z>_Wo,1<Z)

\ Universal : no parameter /




Invariants 0/[ a CUTVE

Topological recursion defines invariants of a spectral curve :

4 )

T.R.
S L T Wg,n

/4

g,n

/4

g0

ﬁenty of beautiful mathematical properties

Modular invariants

Seiberg-Witten equations

Integrability — [ - function

Virasoro, W, link to CFT

Commute with limits

~

symmetric n form on S"

F,eC



Gromov-Witten

Invariants



Count surfaces in a target space

« How many lines through 2 points in  CP> ?

» How many conics through 5 points in CP*> 7

How many degree 3 rational curves through

8 points in

CP’

?

How many degree d rational curves through
3d-1 pointsin CP*

?

-

How many degree d elliptic curves through

3d points in

cP’

|

|

—>

L7
(=)
av

N,(CP*,d)

=1,1, 12, 620, 87304, ...

N,(cP?,d)
=0,0, 1, 225, ...




Count surfaces in a target space

X = Calabi Yau space, BeH,(X;Z) = degree
Gromov-Witten invariants M, (X, B)=((Z,. /)] 22X, f(Z,)Ep)

— \ stable )
Ng,o(X’ B)= fMg,O(X,B) I = Number of holomorphic'maps

\_/

L= (special) Lagrangian submanifold (brane), PEH,(X,L;Z) w,eH, (L, Zd
egrees

4 Open Gromov-Witten invariants stable h
Ng,n(X,L,B, )= Number of holomorphic'maps /3, X f(Z, )€

. J

Generating series
W, (X, Ltz,..z,) = Zﬁ" e’ N, (X,LpB,w) H?:lew"z“w.dzi

(" Theorem for X = toric CY3 = iss I
[EO 2012, BLZ 2014] & G i e
s — e
o = ,. * S
- - = A P - I
W, ,satisfy the topological recursion : \ e \\O/ \;
e g N 0
\_ for spectral curve = mirror of X —> Mirror symmetry to all genus J




Conclusion

82
C
9
(7))
—
)
o
()
—
©
O
(@)
9O
@)
Qo
O
—-—
()
L
_I

* A universal equation, satisfied by many geometric invariants

SRS
OSEES

50

ERED

vy
PEAVANANAN

N
N .0’

SN

N\

W\
A
GO
S

"’

. easy to implement on a computer

* Computational

* A definition of new invariants : the invariants of spectral curves

* Many beautiful mathematical properties

* Has found many applications, more to come ...

Hitchin systems, moduli spaces of connections

 To be continued ...

VAN




Thank ‘You ﬁr Your dattention

Zn+1

Zn+1



.ﬂjﬂjﬂ/ ication : knot Zﬁemy

* Consider a knot \/O

S = A - Polynomial of the knot A4(e",e’) = 0

a )
Example : fig 8 knot

Ale’,e’) = e'+e ' = =2+ +e +2 f\9
. >4 J

. T.R.
A — Polynomial - — w

Wg,” I — wh(‘x) — e X 6[X]<_ V,T)

("f‘ Volume conjecture (extended) :
) &

y,(x) is the asymptotic expansion of the Jones polynomial J \(q) \
hi=lng x=Nr

(more precisely : it is the asymptotic expansion of a solution of the same
holnomic equation as the Jones polynomial)



ﬁ/ﬂﬁﬁmn’an : CFT

4 \
Liouville theory central charge c=1 —6Q2 O=b+1/b
. J
- N
Vertex operators Vol Zi)
N Currents J (x;,) Stress energy tensor T(x,)=—J(x,)’+00J(x,) )
J

[ Amplitudes (7, (z,)V.(z,) 0 Ve (2,))

W, (x1, e x,) =V (2)V o, (2) . Vo, (2y) T(x)..T (x,))

\_ J
4 N\
Heavy limit log(V,(z,)Volz,).. Vo (zy)) NZg O *F,

g Wn(xl,...,xn)NZg Qz_zg_"Wg,n(xl,...,xn) y
4 Amplitudes W, ,(x,,...,x,) computed from Topological Recursion : N

from Spectral curve : —t(x)E0(x)=0 1 <V %(0-a) B,

iR () oLy wloma) b

0 (X_Zi> X2z
y [x, y]=1

& Y,




String Theory

in a (very small) nut shell

Classical Physics : particle = o

* Particles are « points » that move along trajectories (lines) o

Quantum Physics :

* Probabilistic : probability of final state, knowing initial state
0O -N_""> o o
Classical strings :

» Particles are « strings » that move along trajectories (surfaces)
particle = Q

Quantum strings :

time

* Probabilistic : probability law on surfaces knowing the boundaries

|:(>[ Necessity to « count » (measure) sets of surfaces ]

» O



pis)

0.40

Eigenvalues Histogram. N=80, 20 samples

0.35}

= 0.30

0.25

0.20

0.15

0.10

0.05

0.00
-3

t2=1.0

t4=-0.02875




Random matrix

(i.i.d. normal law)

Choose the entries at random

densit
A y

- —
iy

3 6 17 45 2
6 7 -3 4 1
17 -3 1 03| 6.1 18
45| 4 161 5 |-03
2 1 18 | -03 3

Plot the eigenvalues

Eigenvalues Histogram. N=80, 20 samples




Density and correlations

\_

* Density of eigenvalues 9(7\) ‘

e Cumulants correlation

~

 Correlation of 2 eigenvalues 92(7»1,7\2) p;(}\'l’x2):p2(}\11}\2)_p(}\1)p(}\2)

+ Correlation of n eigenvalues  P.(M, Mos e M) | o (W Ry, o) > pE(Ry, sy, e

A,)

%

ﬂ)efinition :

K—> turns functions of real A, into analytic functions of complex variables 2z,

 Stieljes transform of density of eigenvalues :

» Stieljes transform of correlations

Wn<Zl e, Zn):

[ [ 0S(My, e, M) d Ny d K,
Supp(p)”. Supp(p) (Zl_}\’l)'"<zn_)\’n)

~

/




.

/- Large size expansion N =

Density and correlations

1
p(2)~ Np(A)+—p" (1) +

1
N2g—1

—N A4

.+ o) + ...

+e

|

* For Stieljes transforms

W (z,..,z,)~ NZTET W, .z,

g=0

)

1 1@

p=p*

+ Non. Pert.

Eap + §4p +..n

-

-

The coefficients 1V, | of the asymptotic expansions obey a recursion relation :

= Topological Recursion

Z,Zy, e

Wg,n(zl’ ""Zn):K(Zl’Z)*[Wg—l,n+l<Z’

) Zn)"'z Wg1,|11\+1 (Z’ ]1) Wg2,|12\+1 (Z: ]2)l

\




Z q boxes
T

Z(shape)

@yﬁm ton . ﬁysm/(qmwzﬁ

* Crystal

)

RN

N\
O

LI, .n«f.....
L X0 gn.%

ioﬂz 0”.... lol ' ‘z
Nagatagoamtututiaa
Q)

0” N\ O% \/ 0"0‘.“ Q\

0‘ NV Q@O\ \ .0\\
\\
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AN \\
ey / SN N\F
N\ SN\

Smallest degree algebraic curve inscribed

in shape

/

X

(x")dx"

X

J‘p

anNZg In(g)* " F,

WO,I('X)

y:

Spectral curve :

Fg:Wg,O(S)

Question :
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