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Who we currently connect to:

Amplitudes

String Theory

Model Building

Collider Expt. 
Phenomenology

Formal 
Relativistic QFT

Cosmology
Gravitational Wave 

Astrophysics

Mathematics



Stories



Perturbative Quantum stories from Actions?

Use Feynman rules.



Consider Einstein-Hilbert Action:

Who could complain about this?
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MOST SYMMETRIC 4D 
THEORY, N=8 SUGRA

~1020  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Generic multiloop methods and application to N = 4 super-Yang-Mills 32
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Figure 18. Three-loop four-point cubic graphs considered in the main text. The
external momenta is outgoing and the shaded (red) edges mark the application of
kinematic Jacobi relations used in (55). Note that only graphs (a)–(l) contribute to
the N = 4 sYM amplitude where the duality between color and kinematics is made
manifest.

5.3. Three-loop example

In this section we reexamine the four-point three-loop N = 4 sYM amplitude using

the duality between color and kinematics [28]. This amplitude was originally given in

[26, 27] in terms of nine cubic diagrams. For this exercise we start by considering a

larger set of 25 graphs, which are related to any of the original nine diagrams by a

single application of a kinematic Jacobi relation. However, eleven of these diagrams
contain triangle subgraphs, which the no-triangle property of N = 4 sYM [1] suggests

will not contribute. After removing those with one-loop triangle subgraphs we have the

14 graphs depicted in figure 18. We will see that this set of diagrams is sufficiently large

to admit a manifest representation of the duality.

Now we will introduce the kinematic Jacobi relations that the numerators of each

diagram must satisfy. Each numerator depends on three independent external momenta

add all other particles

Bern, JJMC, Dixon, Kosower, Roiban ’07

/
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stuM(0)
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Physical (on-shell) tree-level amplitudes contain all the information 
necessary to verify and build all loop-level amplitudes

Bern, Dixon, and Kosower (‘96)
Bern, Dixon, Dunbar, and Kosower (‘94,’95)

Some truths obscured by actions:

Physical (on-shell) three-vertices contain all the information necessary 
to build all tree-level amplitudes Britto, Cachazo, Feng, and Witten (’05)

Calculate with physical (on-shell) quantities:

Easy verification => Natural construction.  Method of maximal 
cuts. Bern, JJMC, Johansson, Kosower (’07)



Physical gluon 3-vertex:

= x

Physical graviton 3-vertex:
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Lie Algebra structure 
constants: fabc

ANTISYMMETRY: fabc = �facb

JACOBI:
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Decoding the
S-Matrix

Stanford Institute forStanford Institute for
Theoretical PhysicsTheoretical Physics Feb 24 2014

S-

Physics and
Astronomy
Colloquium

Ready to solve all of life’s 
problems?





JJMC,  Johansson

Five point 1-loop (no triangles, no bubbles)

Complexity of Insisting on 
Local Representations



Five point 2-loop (no triangles, no bubbles)
JJMC,  Johansson



JJMC,  Johansson (to appear)Five point 3-loop (no bubbles, no triangles)
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Scaling Behavior

Polynomial: Graph Isomorphism (almost)

Exponential: Planar Graphs 
Dbl Factorial: Non-planar 

Graphs 
~ KLT



Scattering Amplitudesthe game of

[S�matrix]
(all the interactions!)

free states free states
(no interactions) (no interactions)

IN OUT

Key Property: GAUGE INVARIANT



Scattering Amplitudes

free states free states[S�matrix]
(no interactions) (no interactions)

(all the interactions!)

[S�matrix]
IN OUT

the game of



Scattering Amplitudesthe game of

free states free states[S�matrix]
(no interactions) (no interactions)

(all the interactions!)

[S�matrix]
IN OUT

QFT, NR-QM, String Theory,  
Classical Physics…



Same predictions, but definitely different stories



NECESSARY



NECESSARY



SUFFICIENT

Bern, Dixon, and 
Kosower (‘96)

Bern, Dixon, Dunbar, 
and Kosower (‘94,’95)

Britto, Cachazo, and 
Feng (’04)



SPANNING CUTSMethod of Maximal Cuts
Developed in: arXiv:0705.1864, Z.Bern, JJMC, H. Johansson, D. Kosower.  

applied to 3-loop SUGRA: arXiv:0808.4112 Z. Bern, JJMC, L. Dixon, H. Johansson, D. Kosower, R. Roiban.

ØØ

ØÿÿÿØ

HFinalAnswer,

nocutconditions!L
!|"

4 carrascoErice2008.nb

Printed by Mathematica for Students

<

leads to notion of a Minimal Spanning Set

EASY VERIFICATION



EASY VERIFICATION NATURAL CONSTRUCTION
Method of Maximal Cuts
Developed in: arXiv:0705.1864, Z.Bern, JJMC, H. Johansson, D. Kosower.  

applied to 3-loop SUGRA: arXiv:0808.4112 Z. Bern, JJMC, L. Dixon, H. Johansson, D. Kosower, R. Roiban.

Ø Ø

Ø ÿ ÿ ÿØ

HFinal Answer,

no cut conditions!L
! | "

4  carrascoErice2008.nb

Printed by Mathematica for Students

On Shell

( )

METHOD OF MAXIMAL CUTS

8 exposed propagators p2 = 0

Bern, JJMC, Kosower, Johansson



Original solution of 
three-loop four-point 

N=4 sYM and N=8 sugra

Bern,  JJMC, Dixon, Kosower, Johansson, Roiban ’07



Cubic Double-Copy 
Solution

Bern, JJMC, Johansson (2010)

u = (k1 + k3)2t = (k1 + k4)2s = (k1 + k2)2 fii;j = 2ki ´ lj



Color and Kinematics dance together.

Solving Yang-Mills theories means 
solving Gravity theories.

Bern, JJMC, Johansson (’08,’10)



Color factors and 
numerator factors 

satisfy similar lie algebra 
properties

Color-Kinematic Duality!

Jacobi

Vertex 
Antisymmetry

= +

= -

Generic D-dimensional YM theories have a 
fascinating structure at tree-level

Atreem =
X

G2cubic

c(G)n(G)
D(G)

Bern, JJMC, Johansson (’08,’10)



LNLSM =
1

2
Tr

⇢
@µ'

1

1� '2
@µ'

1

1� '2

�

Non-Linear sigma  model…

(Cayley Parameterization) 

Tree level example that doesn’t hurt the eyes…



CHIRAL PERTURBATION THEORY TO ONE LOOP *) 

J. Gasser 
Institut fUr Theoretische Physik der 

Universitat Bern, 3012 Bern 

and 
**) H. Leutwyler 

CERN -- Geneva 

ABSTRACT 

Ref.TH.3689-CERN 

We expand the Green's functions of QCD in powers of the extern a 1 
momenta and of the quark masses. The Ward identities of chiral 

determine the expansion up to and including terms of 
order p (at fixed ratio mquark1P 2

) in terms of a few constants, which may be identified with the coupling constants of a unique 
effective low energy Lagrangian. We then calculate the low energy representation of several Green's functions and form 
factors and of the nn scattering amplitude. The values of the 
low energy coupling constants are extracted from available ex-
perimental data. The corrections of order to the nn scat-tering lengths and effective ranges turn out to be substantial 
and the improved low energy theorems agree very well with the 
measured phase shifts. The observed differences between the data and the uncorrected soft pion theorems may even be used 
to measure the scalar radius of the pion, which plays a central 
role in the low energy expansion. 
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0
?
= ns � nu � nt

<latexit sha1_base64="citiqqKKIlXW9ve67ygyq5jRnok=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBTUsigm7EohuXFewD2hAm02k7dDIJMzdCCVm68VfcuFDErZ/gzr9x2mahrQdmOJxzL/feE8SCa3Ccb6uwtLyyulZcL21sbm3v2Lt7TR0lirIGjUSk2gHRTHDJGsBBsHasGAkDwVrB6Gbitx6Y0jyS9zCOmReSgeR9TgkYybcPHdzVQOhIMZFeZellhqWvccX8SUX64Ntlp+pMgReJm5MyylH37a9uL6JJyCRQQbTuuE4MXkoUcCpYVuommsVmHhmwjqGShEx76fSQDB8bpYf7kTJPAp6qvztSEmo9DgNTGRIY6nlvIv7ndRLoX3gpl3ECTNLZoH4iMER4kgruccUoiLEhhCpudsV0SBShYLIrmRDc+ZMXSfO06jpV9+6sXLvO4yiiA3SETpCLzlEN3aI6aiCKHtEzekVv1pP1Yr1bH7PSgpX37KM/sD5/ADb3mM8=</latexit><latexit sha1_base64="citiqqKKIlXW9ve67ygyq5jRnok=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBTUsigm7EohuXFewD2hAm02k7dDIJMzdCCVm68VfcuFDErZ/gzr9x2mahrQdmOJxzL/feE8SCa3Ccb6uwtLyyulZcL21sbm3v2Lt7TR0lirIGjUSk2gHRTHDJGsBBsHasGAkDwVrB6Gbitx6Y0jyS9zCOmReSgeR9TgkYybcPHdzVQOhIMZFeZellhqWvccX8SUX64Ntlp+pMgReJm5MyylH37a9uL6JJyCRQQbTuuE4MXkoUcCpYVuommsVmHhmwjqGShEx76fSQDB8bpYf7kTJPAp6qvztSEmo9DgNTGRIY6nlvIv7ndRLoX3gpl3ECTNLZoH4iMER4kgruccUoiLEhhCpudsV0SBShYLIrmRDc+ZMXSfO06jpV9+6sXLvO4yiiA3SETpCLzlEN3aI6aiCKHtEzekVv1pP1Yr1bH7PSgpX37KM/sD5/ADb3mM8=</latexit><latexit sha1_base64="citiqqKKIlXW9ve67ygyq5jRnok=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBTUsigm7EohuXFewD2hAm02k7dDIJMzdCCVm68VfcuFDErZ/gzr9x2mahrQdmOJxzL/feE8SCa3Ccb6uwtLyyulZcL21sbm3v2Lt7TR0lirIGjUSk2gHRTHDJGsBBsHasGAkDwVrB6Gbitx6Y0jyS9zCOmReSgeR9TgkYybcPHdzVQOhIMZFeZellhqWvccX8SUX64Ntlp+pMgReJm5MyylH37a9uL6JJyCRQQbTuuE4MXkoUcCpYVuommsVmHhmwjqGShEx76fSQDB8bpYf7kTJPAp6qvztSEmo9DgNTGRIY6nlvIv7ndRLoX3gpl3ECTNLZoH4iMER4kgruccUoiLEhhCpudsV0SBShYLIrmRDc+ZMXSfO06jpV9+6sXLvO4yiiA3SETpCLzlEN3aI6aiCKHtEzekVv1pP1Yr1bH7PSgpX37KM/sD5/ADb3mM8=</latexit><latexit sha1_base64="citiqqKKIlXW9ve67ygyq5jRnok=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBTUsigm7EohuXFewD2hAm02k7dDIJMzdCCVm68VfcuFDErZ/gzr9x2mahrQdmOJxzL/feE8SCa3Ccb6uwtLyyulZcL21sbm3v2Lt7TR0lirIGjUSk2gHRTHDJGsBBsHasGAkDwVrB6Gbitx6Y0jyS9zCOmReSgeR9TgkYybcPHdzVQOhIMZFeZellhqWvccX8SUX64Ntlp+pMgReJm5MyylH37a9uL6JJyCRQQbTuuE4MXkoUcCpYVuommsVmHhmwjqGShEx76fSQDB8bpYf7kTJPAp6qvztSEmo9DgNTGRIY6nlvIv7ndRLoX3gpl3ECTNLZoH4iMER4kgruccUoiLEhhCpudsV0SBShYLIrmRDc+ZMXSfO06jpV9+6sXLvO4yiiA3SETpCLzlEN3aI6aiCKHtEzekVv1pP1Yr1bH7PSgpX37KM/sD5/ADb3mM8=</latexit>

/ ns � ns|s$u � ns|s$t
<latexit sha1_base64="FjEFcf1B5uEjBB319IyKe97cddo=">AAACLHicdVBNSwMxEJ312/pV9eglWARBLLte9Fj04lHBaqFblmyabYPZZElmlbL2v3j14l8RxIMiXv0dph8Htfpghsd7MyTz4kwKi77/5k1Nz8zOzS8slpaWV1bXyusbl1bnhvE601KbRkwtl0LxOgqUvJEZTtNY8qv4+mTgX91wY4VWF9jLeCulHSUSwSg6KSqfhJnRGWqiIkv2B/0uKmwoeYJGdLpIjdG3JO//72E/Klf8qj8EmSTBmFRq2+HePQCcReXnsK1ZnnKFTFJrm4GfYaugBgWTvF8Kc8szyq5phzcdVTTltlUMj+2THae0SaKNK4VkqH7fKGhqbS+N3WRKsWt/ewPxL6+ZY3LUKoTKcuSKjR5KcklcOIPkSFsYzlD2HKHMCPdXwrrUUIYu35ILIfh98iS5PKgGfjU4d2kcwwgLsAXbsAsBHEINTuEM6sDgAZ7gFd68R+/Fe/c+RqNT3nhnE37A+/wCIsOq3Q==</latexit><latexit sha1_base64="in62ZqkPB+Xdq1kCL0jgAu7PX/c=">AAACLHicdVDLSgMxFM34tr6qLt2EFkEQy4wbXRa7calgW6EzDJk00wYzyZDcUcrYv/An3PgrgriwiFu/w0zrQls9cC+Hc+4luSdKBTfguiNnbn5hcWl5ZbW0tr6xuVXe3mkZlWnKmlQJpa8jYpjgkjWBg2DXqWYkiQRrRzeNwm/fMm24klcwSFmQkJ7kMacErBSWG36qVQoKy9Dgo6Lfh7nxBYtB814fiNbqDmfD/z0YhuWqW3PHwLPE+ybVesU/fBjVBxdh+cXvKpolTAIVxJiO56YQ5EQDp4INS35mWEroDemxjqWSJMwE+fjYId63ShfHStuSgMfqz42cJMYMkshOJgT6ZtorxL+8TgbxaZBzmWbAJJ08FGcC23CK5HCXa0ZBDCwhVHP7V0z7RBMKNt+SDcGbPnmWtI5rnlvzLm0aZ2iCFbSHKugAeegE1dE5ukBNRNEjekZvaOQ8Oa/Ou/MxGZ1zvnd20S84n18sLaxj</latexit><latexit sha1_base64="in62ZqkPB+Xdq1kCL0jgAu7PX/c=">AAACLHicdVDLSgMxFM34tr6qLt2EFkEQy4wbXRa7calgW6EzDJk00wYzyZDcUcrYv/An3PgrgriwiFu/w0zrQls9cC+Hc+4luSdKBTfguiNnbn5hcWl5ZbW0tr6xuVXe3mkZlWnKmlQJpa8jYpjgkjWBg2DXqWYkiQRrRzeNwm/fMm24klcwSFmQkJ7kMacErBSWG36qVQoKy9Dgo6Lfh7nxBYtB814fiNbqDmfD/z0YhuWqW3PHwLPE+ybVesU/fBjVBxdh+cXvKpolTAIVxJiO56YQ5EQDp4INS35mWEroDemxjqWSJMwE+fjYId63ShfHStuSgMfqz42cJMYMkshOJgT6ZtorxL+8TgbxaZBzmWbAJJ08FGcC23CK5HCXa0ZBDCwhVHP7V0z7RBMKNt+SDcGbPnmWtI5rnlvzLm0aZ2iCFbSHKugAeegE1dE5ukBNRNEjekZvaOQ8Oa/Ou/MxGZ1zvnd20S84n18sLaxj</latexit><latexit sha1_base64="uun5huBtxRVwi0kf/4E7AhziZRo=">AAACLHicdVDLSgMxFM34rPVVdekmWAQ3lhk3uix247KCfUCnDJk004ZmkiG5o5SxH+TGXxHEhUXc+h2m7Sy01QP3cjjnXpJ7wkRwA647cVZW19Y3Ngtbxe2d3b390sFh06hUU9agSijdDolhgkvWAA6CtRPNSBwK1gqHtanfumfacCXvYJSwbkz6kkecErBSUKr5iVYJKCwDg8+n/THIjC9YBJr3B0C0Vg84Hf/vwTgold2KOwNeJl5OyihHPSi9+j1F05hJoIIY0/HcBLoZ0cCpYOOinxqWEDokfdaxVJKYmW42O3aMT63Sw5HStiTgmfpzIyOxMaM4tJMxgYFZ9KbiX14nheiqm3GZpMAknT8UpQLbcKbJ4R7XjIIYWUKo5vavmA6IJhRsvkUbgrd48jJpXlQ8t+LduuXqdR5HAR2jE3SGPHSJqugG1VEDUfSEXtA7mjjPzpvz4XzOR1ecfOcI/YLz9Q0QRKlU</latexit>

(k2(1,2)+k2(3,4))⇥(k[1,2]·k[3,4])ns /
<latexit sha1_base64="91UFofb7YJCZ8DwFZinE3fHCE5c=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKoMeiF48VbC10l5JNs21oNgnJrFCW/g0vHhTx6p/x5r8x2+5BWx8MPN6bYWZerAW34PvfXmVtfWNzq7pd29nd2z+oHx51rcoMZR2qhDK9mFgmuGQd4CBYTxtG0liwx3hyW/iPT8xYruQDTDWLUjKSPOGUgJNCObA41EZpULVBveE3/TnwKglK0kAl2oP6VzhUNEuZBCqItf3A1x DlxACngs1qYWaZJnRCRqzvqCQps1E+v3mGz5wyxIkyriTgufp7IieptdM0dp0pgbFd9grxP6+fQXId5VzqDJiki0VJJjAoXASAh9wwCmLqCKGGu1sxHRNDKLiYihCC5ZdXSfeiGfjN4P6y0bop46iiE3SKzlGArlAL3aE26iCKNHpGr+jNy7wX7937WLRWvHLmGP2B9/kDkO+RXA==</latexit><latexit sha1_base64="91UFofb7YJCZ8DwFZinE3fHCE5c=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKoMeiF48VbC10l5JNs21oNgnJrFCW/g0vHhTx6p/x5r8x2+5BWx8MPN6bYWZerAW34PvfXmVtfWNzq7pd29nd2z+oHx51rcoMZR2qhDK9mFgmuGQd4CBYTxtG0liwx3hyW/iPT8xYruQDTDWLUjKSPOGUgJNCObA41EZpULVBveE3/TnwKglK0kAl2oP6VzhUNEuZBCqItf3A1x DlxACngs1qYWaZJnRCRqzvqCQps1E+v3mGz5wyxIkyriTgufp7IieptdM0dp0pgbFd9grxP6+fQXId5VzqDJiki0VJJjAoXASAh9wwCmLqCKGGu1sxHRNDKLiYihCC5ZdXSfeiGfjN4P6y0bop46iiE3SKzlGArlAL3aE26iCKNHpGr+jNy7wX7937WLRWvHLmGP2B9/kDkO+RXA==</latexit><latexit sha1_base64="91UFofb7YJCZ8DwFZinE3fHCE5c=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKoMeiF48VbC10l5JNs21oNgnJrFCW/g0vHhTx6p/x5r8x2+5BWx8MPN6bYWZerAW34PvfXmVtfWNzq7pd29nd2z+oHx51rcoMZR2qhDK9mFgmuGQd4CBYTxtG0liwx3hyW/iPT8xYruQDTDWLUjKSPOGUgJNCObA41EZpULVBveE3/TnwKglK0kAl2oP6VzhUNEuZBCqItf3A1x DlxACngs1qYWaZJnRCRqzvqCQps1E+v3mGz5wyxIkyriTgufp7IieptdM0dp0pgbFd9grxP6+fQXId5VzqDJiki0VJJjAoXASAh9wwCmLqCKGGu1sxHRNDKLiYihCC5ZdXSfeiGfjN4P6y0bop46iiE3SKzlGArlAL3aE26iCKNHpGr+jNy7wX7937WLRWvHLmGP2B9/kDkO+RXA==</latexit><latexit sha1_base64="91UFofb7YJCZ8DwFZinE3fHCE5c=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKoMeiF48VbC10l5JNs21oNgnJrFCW/g0vHhTx6p/x5r8x2+5BWx8MPN6bYWZerAW34PvfXmVtfWNzq7pd29nd2z+oHx51rcoMZR2qhDK9mFgmuGQd4CBYTxtG0liwx3hyW/iPT8xYruQDTDWLUjKSPOGUgJNCObA41EZpULVBveE3/TnwKglK0kAl2oP6VzhUNEuZBCqItf3A1x DlxACngs1qYWaZJnRCRqzvqCQps1E+v3mGz5wyxIkyriTgufp7IieptdM0dp0pgbFd9grxP6+fQXId5VzqDJiki0VJJjAoXASAh9wwCmLqCKGGu1sxHRNDKLiYihCC5ZdXSfeiGfjN4P6y0bop46iiE3SKzlGArlAL3aE26iCKNHpGr+jNy7wX7937WLRWvHLmGP2B9/kDkO+RXA==</latexit>

/
<latexit sha1_base64="fEmY/StlZZJ6LeuVObwQ01SX8jo=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7Irgh6LXjxWcNtCu5Rsmm1Ds0lMskJZ+ie8eFDEq3/Hm//GtN2Dtg4Ehpn3yJuJFWfG+v63V1pb39jcKm9Xdnb39g+qh0ctIzNNaEgkl7oTY0M5EzS0zHLaUZriNOa0HY9vZ377iWrDpHiwE0WjFA8FSxjB1kmdntJSWYn61Zpf9+dAqyQoSA0KNPvVr95AkiylwhKOjekGvrJRjrVlhNNppZcZqjAZ4yHtOipwSk2Uz++dojOnDFAitXvCorn6eyPHqTGTNHaTKbYjs+zNxP+8bmaT6yhnQmWWCrL4KMk4cgln4dGAaUosnziCiWbuVkRGWGNiXUUVV0KwHHmVtC7qgV8P7i9rjZuijjKcwCmcQwBX0IA7aEIIBDg8wyu8eY/ei/fufSxGS16xcwx/4H3+APtLj+o=</latexit><latexit sha1_base64="fEmY/StlZZJ6LeuVObwQ01SX8jo=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7Irgh6LXjxWcNtCu5Rsmm1Ds0lMskJZ+ie8eFDEq3/Hm//GtN2Dtg4Ehpn3yJuJFWfG+v63V1pb39jcKm9Xdnb39g+qh0ctIzNNaEgkl7oTY0M5EzS0zHLaUZriNOa0HY9vZ377iWrDpHiwE0WjFA8FSxjB1kmdntJSWYn61Zpf9+dAqyQoSA0KNPvVr95AkiylwhKOjekGvrJRjrVlhNNppZcZqjAZ4yHtOipwSk2Uz++dojOnDFAitXvCorn6eyPHqTGTNHaTKbYjs+zNxP+8bmaT6yhnQmWWCrL4KMk4cgln4dGAaUosnziCiWbuVkRGWGNiXUUVV0KwHHmVtC7qgV8P7i9rjZuijjKcwCmcQwBX0IA7aEIIBDg8wyu8eY/ei/fufSxGS16xcwx/4H3+APtLj+o=</latexit><latexit sha1_base64="fEmY/StlZZJ6LeuVObwQ01SX8jo=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7Irgh6LXjxWcNtCu5Rsmm1Ds0lMskJZ+ie8eFDEq3/Hm//GtN2Dtg4Ehpn3yJuJFWfG+v63V1pb39jcKm9Xdnb39g+qh0ctIzNNaEgkl7oTY0M5EzS0zHLaUZriNOa0HY9vZ377iWrDpHiwE0WjFA8FSxjB1kmdntJSWYn61Zpf9+dAqyQoSA0KNPvVr95AkiylwhKOjekGvrJRjrVlhNNppZcZqjAZ4yHtOipwSk2Uz++dojOnDFAitXvCorn6eyPHqTGTNHaTKbYjs+zNxP+8bmaT6yhnQmWWCrL4KMk4cgln4dGAaUosnziCiWbuVkRGWGNiXUUVV0KwHHmVtC7qgV8P7i9rjZuijjKcwCmcQwBX0IA7aEIIBDg8wyu8eY/ei/fufSxGS16xcwx/4H3+APtLj+o=</latexit><latexit sha1_base64="fEmY/StlZZJ6LeuVObwQ01SX8jo=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7Irgh6LXjxWcNtCu5Rsmm1Ds0lMskJZ+ie8eFDEq3/Hm//GtN2Dtg4Ehpn3yJuJFWfG+v63V1pb39jcKm9Xdnb39g+qh0ctIzNNaEgkl7oTY0M5EzS0zHLaUZriNOa0HY9vZ377iWrDpHiwE0WjFA8FSxjB1kmdntJSWYn61Zpf9+dAqyQoSA0KNPvVr95AkiylwhKOjekGvrJRjrVlhNNppZcZqjAZ4yHtOipwSk2Uz++dojOnDFAitXvCorn6eyPHqTGTNHaTKbYjs+zNxP+8bmaT6yhnQmWWCrL4KMk4cgln4dGAaUosnziCiWbuVkRGWGNiXUUVV0KwHHmVtC7qgV8P7i9rjZuijjKcwCmcQwBX0IA7aEIIBDg8wyu8eY/ei/fufSxGS16xcwx/4H3+APtLj+o=</latexit>

/
<latexit sha1_base64="fEmY/StlZZJ6LeuVObwQ01SX8jo=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7Irgh6LXjxWcNtCu5Rsmm1Ds0lMskJZ+ie8eFDEq3/Hm//GtN2Dtg4Ehpn3yJuJFWfG+v63V1pb39jcKm9Xdnb39g+qh0ctIzNNaEgkl7oTY0M5EzS0zHLaUZriNOa0HY9vZ377iWrDpHiwE0WjFA8FSxjB1kmdntJSWYn61Zpf9+dAqyQoSA0KNPvVr95AkiylwhKOjekGvrJRjrVlhNNppZcZqjAZ4yHtOipwSk2Uz++dojOnDFAitXvCorn6eyPHqTGTNHaTKbYjs+zNxP+8bmaT6yhnQmWWCrL4KMk4cgln4dGAaUosnziCiWbuVkRGWGNiXUUVV0KwHHmVtC7qgV8P7i9rjZuijjKcwCmcQwBX0IA7aEIIBDg8wyu8eY/ei/fufSxGS16xcwx/4H3+APtLj+o=</latexit><latexit sha1_base64="fEmY/StlZZJ6LeuVObwQ01SX8jo=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7Irgh6LXjxWcNtCu5Rsmm1Ds0lMskJZ+ie8eFDEq3/Hm//GtN2Dtg4Ehpn3yJuJFWfG+v63V1pb39jcKm9Xdnb39g+qh0ctIzNNaEgkl7oTY0M5EzS0zHLaUZriNOa0HY9vZ377iWrDpHiwE0WjFA8FSxjB1kmdntJSWYn61Zpf9+dAqyQoSA0KNPvVr95AkiylwhKOjekGvrJRjrVlhNNppZcZqjAZ4yHtOipwSk2Uz++dojOnDFAitXvCorn6eyPHqTGTNHaTKbYjs+zNxP+8bmaT6yhnQmWWCrL4KMk4cgln4dGAaUosnziCiWbuVkRGWGNiXUUVV0KwHHmVtC7qgV8P7i9rjZuijjKcwCmcQwBX0IA7aEIIBDg8wyu8eY/ei/fufSxGS16xcwx/4H3+APtLj+o=</latexit><latexit sha1_base64="fEmY/StlZZJ6LeuVObwQ01SX8jo=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7Irgh6LXjxWcNtCu5Rsmm1Ds0lMskJZ+ie8eFDEq3/Hm//GtN2Dtg4Ehpn3yJuJFWfG+v63V1pb39jcKm9Xdnb39g+qh0ctIzNNaEgkl7oTY0M5EzS0zHLaUZriNOa0HY9vZ377iWrDpHiwE0WjFA8FSxjB1kmdntJSWYn61Zpf9+dAqyQoSA0KNPvVr95AkiylwhKOjekGvrJRjrVlhNNppZcZqjAZ4yHtOipwSk2Uz++dojOnDFAitXvCorn6eyPHqTGTNHaTKbYjs+zNxP+8bmaT6yhnQmWWCrL4KMk4cgln4dGAaUosnziCiWbuVkRGWGNiXUUVV0KwHHmVtC7qgV8P7i9rjZuijjKcwCmcQwBX0IA7aEIIBDg8wyu8eY/ei/fufSxGS16xcwx/4H3+APtLj+o=</latexit><latexit sha1_base64="fEmY/StlZZJ6LeuVObwQ01SX8jo=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7Irgh6LXjxWcNtCu5Rsmm1Ds0lMskJZ+ie8eFDEq3/Hm//GtN2Dtg4Ehpn3yJuJFWfG+v63V1pb39jcKm9Xdnb39g+qh0ctIzNNaEgkl7oTY0M5EzS0zHLaUZriNOa0HY9vZ377iWrDpHiwE0WjFA8FSxjB1kmdntJSWYn61Zpf9+dAqyQoSA0KNPvVr95AkiylwhKOjekGvrJRjrVlhNNppZcZqjAZ4yHtOipwSk2Uz++dojOnDFAitXvCorn6eyPHqTGTNHaTKbYjs+zNxP+8bmaT6yhnQmWWCrL4KMk4cgln4dGAaUosnziCiWbuVkRGWGNiXUUVV0KwHHmVtC7qgV8P7i9rjZuijjKcwCmcQwBX0IA7aEIIBDg8wyu8eY/ei/fufSxGS16xcwx/4H3+APtLj+o=</latexit>
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�iM tree
n =

X

G2cubic

n(G)ñ(G)
D(G)

YM: Color-Kinematic Duality, makes 
manifest gravitational double copy structure:

Generic D-dimensional YM theories have a 
fascinating structure at tree-level

Atreem =
X

G2cubic

c(G)n(G)
D(G)

Bern, JJMC, Johansson (’08,’10)



GR = YM^2



(`i)L
gn`2+2L

Aloop=
X

G2cubic

Z LY

l=1

dDpl
(2ı)D

1

S(G)
n(G)c(G)
D(G)

Valid multi-loop generalization?
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CONJECTURE:  for all graphs, can impose CK on every edge:

(`i)L+1
(»=2)n`2+2L

Mloop=
X

G2cubic

Z LY

l=1

dDpl
(2ı)D

1

S(G)
n(G)~n(G)
D(G)

Consequence of unitarity: double copy structure holds.



Double-copy
Numerator
Algebra

The scattering amplitudes of many  
relativistic theories admit a: 

This points to previously 
hidden structure in many 

theories.

Structure yet to be generally 
understood at the level of 

the action.



�2

0.95 0.96 0.97 0.98 0.99 1.00

ns

0.00

0.05

0.10

0.15

0.20

0.25

r 0
.0

02

N
=

50
N
=

60

ConvexConcave

�

Planck TT+lowP

Planck TT+lowP+BKP

+lensing+ext

↵ = 10

↵ = 25

↵ = 100

�2

0.95 0.96 0.97 0.98 0.99 1.00

ns

0.00

0.05

0.10

0.15

0.20

0.25

r 0
.0

02

N
=

50
N
=

60

ConvexConcave

�

Planck TT+lowP

Planck TT+lowP+BKP

+lensing+ext

↵ = 10

↵ = 102

↵ = 103

Simplest	T-models Simplest	E-models
RK,	Linde,	Roest	2013

Ferrara,	RK,	Linde,	Porrati,	2013,	

Supergravity	Models	with	2	Superfields:	inflaton and	stabilizer	

N	=	60 N	=	60

Many theories are double copy!



Bi-Adjoint Scalar: color

spin-1

⌦
⌦(S)YM (…(S)QCD…): color

color
MANY Theories are Double CopiesKey Point:

BCJ (’08) Bjerrum-Bohr, Damgaard, Vanhove; Steiberger; Feng et al; Mafra, Schlotterer, (’08-’11); Johansson, Ochirov

Bern, de Freitas, Wong (’99); Bern, Dennen, Huang; Du, Feng, Fu; Bjerrum-Bohr, Damgaard, Monteiro, O’Connell

(S)Gr (…(S)Einstein-YM…): ⌦ spin-1spin-1
KLT(’86); BCJ (’08); Chiodaroli, Gunaydin, Johansson, Roiban; Johansson, Ochirov; Johansson, Kälin, Mogull

(S)Born-Infeld: ⌦ even-spin-0spin-1
Cachazo, He, Yuan ’14

Open String:
Broedel, Schlotterer, Stieberger

⌦ spin-1↵0

Closed String:
Broedel, Schlotterer, Stieberger; ⌦spin-1 corrected spin-1↵0
Z-theory:

Broedel, Schlotterer, Stieberger; JJMC, Mafra, Schlotterer
⌦ “color”↵0

NLSM / Chiral Lagrangian: “color” ⌦ even-spin-0
Chen, Du ’13 Cachazo, He, Yuan ’14 Cheung, Shen ’16

⌦Special Galileon: even-spin-0even-spin-0
Cachazo, He, Yuan ’14 Cheung, Shen ’16

(S) Conformal Gravity: ⌦ spin-1
Johansson, Mogull, Teng ’17,’18; Azevedo, Engelund ‘17

(DF )2



color

MANY Theories are Double CopiesKey Point:

spin 0,1/2,1

↵0

Bi-Adjoint Scalar

(S) Gr  
(…(S) Einstein-YM…)(S) Born-Infeld

(S) YM  
(…(S) QCD…)

Open String
Closed String

NLSM

Ingredients:

Z-theory
Special Galileon

For all these theories:

Conf. (S) Gr+…

(DF )2



Physics = Geometry
(the best polytopes are graphs of graphs!)

a geometric guide to color-kinematics 



Cubic graphs contributing to 4-pt Tree



t̂

û

Color-Kinematics
c(g)

n(g)

Convenient language: graphs of graphs



Graphs contributing to a tree-level color-stripped YM 
partial amplitude, generate the 1-skeleton of Stasheff 
polytopes joined only by t̂

t̂ Note: same color-order!
(these polytopes are also called associahedra)

5pt example:

Theory specific input: Partial amplitudes

graph contributions 
must  reproduce 

partial amplitudes.

REQUIREMENT





You might think you need (m-2)! of these color-stripped 
amplitudes to capture everything because this is what is 

required to touch every vertex at least once:

This ensures 
everyone talks 
well with each 

other.



In fact, such a choice is the KK-basis, proven sufficient by 
Del Duca, Dixon, and Maltoni

You might think you need (m-2)! of these color-stripped 
amplitudes to capture everything because this is what is 

required to touch every vertex at least once:



 But notice, because of color-kinematics, only (m-2)! 
nodes are needed to specify both the color factors and 

numerator factors of everyone



This reduces the set of necessary ordered partial 
amplitudes (associahedra) to (m-3)! : “BCJ” relations

 But notice, because of color-kinematics, only (m-2)! 
nodes are needed to specify both the color factors and 

numerator factors of everyone



(these polytopes are called permutahedra)

 At every multiplicity the masters can be chosen to form 
the 1-skeleton of a polytope related by     on every internal 
edge of the relevant scattering graphs

û

123
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x y z

45

û

û

û û

û

û



(generalized gauge freedom)

Can linearly solve for the (m-2)! numerators of the masters 
in terms of the (m-3)! “BCJ” independent color-ordered 
amplitudes.  In fact you get (m-3)! numerators in terms of the 
ordered partial amplitudes and (m-3)(m-3)! free functions.



Can linearly solve for the (m-2)! numerators of the masters 
in terms of the (m-3)! “BCJ” independent color-ordered 
amplitudes.  In fact you get (m-3)! numerators in terms of the 
ordered partial amplitudes and (m-3)(m-3)! free functions.

But what about beating down the factorial?

123

213

231

321

312

132

x y z

45

û

û û

û

û

Color-kinematics and 
automorphic invariance 
reduce everything to 1 
function at tree-level at all 
multiplicity:  
the half-ladder dressing



x z

ba

Color-kinematics and 
automorphic invariance 
reduce everything to 1 
function at tree-level at all 
multiplicity:  
the half-ladder dressing

Recall our automorphic invariant Jacobi satisfying dressing for 
NLSM: ns /
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This is not the only dressing.   Can instead solve:

We find that:
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Color-kinematics and 
automorphic invariance 
reduce everything to 1 
function at tree-level at all 
multiplicity:  
the half-ladder dressing

ns /
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1 function at each m (m-2)! functions at each m



Building blocks at 6-points:

color-ordered amplitude

associahedron

set of masters

permutahedron

JJMC



105 
cubic graphs at 6 pt  

JJMC



x y z

56

w
masters fixed by 6

set of masters full amplitude

JJMC



1. Gauge invariant building blocks that speak to 
the theory:  color-ordered amplitudes, 
associahedra 

2. CK means only need to specify the boundary 
data: the master graphs, given by the relevant 
permutahedron 

3. Can solve for the full amplitude efficiently in 
terms of the (n-3)! independent associohedra

TREE-LEVEL SUMMARY

physics <—> geometry

= f( )
(linear)



Can do this on loop-level cuts.  Can generalize to the off-shell 
integrand either by introducing ansatze or with a massive over-
redundancy of graphs (the pre-Integrand).

Natural question, given a generic (non color-dual) 
representation for a gauge amplitude,  and all you 
want is the related gravity amplitudes.

Is there a simple path forward?

JJMC



The idea is natural: take all non-vanishing kinematic-Jacobi 
combinations (the triangles), double-copy them with each 
other, use this information to define off-shell contact graphs 
in the double-copy theory.

=
X

⇥

{{{9, 14, 4}, {1, 1, 1}}, {{9, 10, 7}, {1,�1, 1}}}, {{{10, 9, 7}, {1,�1,�1}}, {{10, 8, 6}, {1, 1, 1}}},
{{{11, 1, 6}, {1, 1, 1}}, {{11, 15, 14}, {1, 1, 1}}}, {{{12, 2, 7}, {1, 1, 1}}, {{12, 15, 13}, {1,�1, 1}}},

{{{13, 3, 8}, {1, 1, 1}}, {{13, 12, 15}, {1, 1,�1}}}, {{{14, 4, 9}, {1, 1, 1}}, {{14, 11, 15}, {1, 1, 1}}},
{{{15, 12, 13}, {1,�1,�1}}, {{15, 14, 11}, {1, 1, 1}}} (14)

The list contains the number of the graph and the sign with which the color factor enters the
Jacobi relation. For example, for the graph 15, defined by the pair of propagators {s2,3, s1,4},
the two color Jacobi relations are

c15 � c12 � c13 = 0 c15 + c14 + c11 = 0 . (15)

Of the 30 functions k(1)
i,1 and k(1)

i,2 , 6 are determined by the requirement that the YM amplitude
is invariant; thus, there are superficially 24 generalized gauge parameters.

C5
YM =

X

i1,i2

n̂i1i2ci1i2

d(1)i1 d(2)i2

⌘
X

i

n̂ici

d(1)i,1 d
(1)
i,2

. (16)

In terms of the functions k(1)
i,1 and k(1)

i,2 , the supergravity cut is

C5
SG =

X

i

nin0
i

d(1)i,1 d
(1)
i,2

�
X

i

(d(1)i,1 k
(1)
i,1 + d(1)i,2 k

(1)
i,2 )(d

(1)
i,1 k

0(1)
i,1 + d(1)i,2 k

0(1)
i,2 )

d(1)i,1 d
(1)
i,2

. (17)

The same triplets of graphs and signs above define the violations of the kinematic Jacobi
relations. We will denote them by Ji,1 and Ji,2 if the Jacobi relation involves the first or second
propagator of graph i, respectively.

Ji,1 = si11ni11 + si12ni12si13ni13 Ji,2 = si11ni21 + si22ni22 + si23ni23 (18)

The numerator ni11 corresponds to the first entry of the first triplet for graph i in the list (14),
etc; si11 is the sign corresponding to that entry. Simmilary, ni21 corresponds to the first entry
of the second triplet for graph i in the list (14), etc; si21 is the sign corresponding to that entry.

Only 5 of the 30 J-s thus defined are independent.
5 of the 26 free k(1)

i,1 and k(1)
i,2 functions are determined in terms of J-s; the rest simply

dropout of the expression of the supergravity cut. The relations between momentum invariants
is important.

There are many equivalent ways to package the resulting cut. The most symmetric and
apparently parametrization-independent form is

C5
SG =

X

i

nin0
i

d(1)i,1 d
(1)
i,2

� 1

6

X

i

Ji,1J 0
i,2 + Ji,2J 0

i,1

d(1)i,1 d
(1)
i,2

. (19)

3

= �

with Bern, Chen, Johansson, Roiban (2017)



Playful construction



Scattering Amplitudesthe game of

free states free states[S�matrix]
(no interactions) (no interactions)

(all the interactions!)

[S�matrix]
IN OUT

QFT, NR-QM, String Theory,  
Classical Physics…



Scattering Amplitudesthe game of

free states free states[S�matrix]
(no interactions) (no interactions)

(all the interactions!)

[S�matrix]
IN OUT

Symmetries, 
Scaling, 

Geometry

QFT, NR-QM, String Theory,  
Classical Physics…



Playful Construction Using Double-Copy as a Principle 

1)  Take theories that manifest Double-Copy, strip one “factor” 
replace with something else that obeys the same algebra.

2)  Start with generic ansatze, constrain engineering weight, 
impose algebra.

U = V ⌦W



Open String:
Broedel, Schlotterer, Stieberger ⌦ spin-1↵0

OS(P (1, . . . , n)) = ZP ⌦A
Doubly-ordered Z-functions: obey monodromy relations on P

Chan-Paton Stripped open string 

But obey field theory (n-3)! relations on its field theory KLT with 
Yang-Mills A.

ZP (q1, q2, . . . , qn) ⌘ ↵0n�3
Z

�1zP (1)zP (2)...zP (n)1

dz1 dz2 · · · dzn
vol(SL(2,R))

Qn
i<j |zij |↵

0sij

zq1q2zq2q3 . . . zqn�1qnzqnq1
.

Example of playful construction



Take seriously Z-functions as encoding 
predictions for some (effective) field theory.

Replace sYM in OS with a color-stripped bi-adjoint Scalar

JJMC,  Mafra, Schlotterer

Dressing with Chan-Paton factors renders something that can 
has the possibility of being interpreted as doubly-colored field-
theory scattering amplitudes: we call it Z theory. 

Z(P (1, . . . , n)) = ZP ⌦ C

Z (⌧(1, 2, . . . , n)) ⌘
X

P2Sn�1

Tr(t1tP (2) · · · tP (n))Z1,P (⌧(1, 2, . . . , n))

Color-Ordered tree-level Z-amplitude:



Z (⌧(1, 2, . . . , n)) ⌘
X

P2Sn�1

Tr(t1tP (2) · · · tP (n))Z1,P (⌧(1, 2, . . . , n))

Now look at:

Color-Ordered tree-level Z-amplitude

Z ⌦ C

“Low energy limit” -> bi-adjoint scalar:
X

g

c̃(g)c(g)

D(g)

Higher order in       :
X

g

z(g)c(g)

D(g)
↵0

both CP-weights and kinematics conspire in z(g) to obey 
algebraic identities.

JJMC,  Mafra, Schlotterer



Z ⌦ C

“Low energy limit” -> bi-adjoint scalar:
X

g

c̃(g)c(g)

D(g)

Higher order in       :
X

g

z(g)c(g)

D(g)↵0

Get building block of open string predictions only when z 
numerators depend on kinematics AND Chan-Paton factors. 

Their algebra depends on both playing well together

k4

k3k2

k1

�

k4

k2 k3

k1

+

k4k1

k3k2
Jacobi

JJMC,  Mafra, Schlotterer



Z (⌧(1, 2, . . . , n)) ⌘
X

P2Sn�1

Tr(t1tP (2) · · · tP (n))Z1,P (⌧(1, 2, . . . , n))

Play with CP factors.  Abelian CP generators  means no-longer  
a bi-colored scalar. 

Color-Ordered tree-level Z-amplitude

Z⇥ ⌦ C =
X

g

z⇥(g)c(g)

D(g)



Z (⌧(1, 2, . . . , n)) ⌘
X

P2Sn�1

Tr(t1tP (2) · · · tP (n))Z1,P (⌧(1, 2, . . . , n))

Play with CP factors.  Abelian CP generators  means no-longer  
a bi-colored scalar. 

Color-Ordered tree-level Z-amplitude

Z⇥ ⌦ C =
X

g

z⇥(g)c(g)

D(g)

Low energy limit: lim
↵0!0

Z⇥ ⌦ C ! NLSM

LNLSM =
1

2
Tr

⇢
@µ'

1

1� '2
@µ'

1

1� '2

�
JJMC,  Mafra, Schlotterer



Z (⌧(1, 2, . . . , n)) ⌘
X

P2Sn�1

Tr(t1tP (2) · · · tP (n))Z1,P (⌧(1, 2, . . . , n))

Color-Ordered tree-level Z-amplitude

Abelian Z: lim
↵0!0

Z⇥ ⌦ C ! NLSM

LNLSM =
1

2
Tr

⇢
@µ'

1

1� '2
@µ'

1

1� '2

�

(Cayley Parameterization) 
Completely different story for the same prediction. 
Chen, Du ’13 showed obeyed (n-3)! relns.  Cheung,Shen ’16 
found an action that directly gives the color-dual kinematic 
story.
LNLSM = Zaµ⇤Xa

µ +
1

2
Y a⇤Y a � fabc

✓
ZaµZb⌫Xc

µ⌫ + Zaµ(Y b
$
@µY

c)

◆

JJMC,  Mafra, Schlotterer



Z (⌧(1, 2, . . . , n)) ⌘
X

P2Sn�1

Tr(t1tP (2) · · · tP (n))Z1,P (⌧(1, 2, . . . , n))

Color-Ordered tree-level Z-amplitude

Abelian Z: lim
↵0!0

Z⇥ ⌦ C ! NLSM

LNLSM =
1

2
Tr

⇢
@µ'

1

1� '2
@µ'

1

1� '2

�

(Cayley Parameterization) 
Completely different story for the same prediction. 
Chen, Du ’13 showed obeyed (n-3)! relns.  Cheung,Shen ’16 
found an action that directly gives the color-dual kinematic 
story.
LNLSM = Zaµ⇤Xa

µ +
1

2
Y a⇤Y a � fabc

✓
ZaµZb⌫Xc

µ⌫ + Zaµ(Y b
$
@µY

c)

◆

Somehow abelianization is encoding a story related to SSB

JJMC,  Mafra, Schlotterer
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Simplest	T-models Simplest	E-models
RK,	Linde,	Roest	2013

Ferrara,	RK,	Linde,	Porrati,	2013,	

Supergravity	Models	with	2	Superfields:	inflaton and	stabilizer	

N	=	60 N	=	60

Z (⌧(1, 2, . . . , n)) ⌘
X

P2Sn�1

Tr(t1tP (2) · · · tP (n))Z1,P (⌧(1, 2, . . . , n))

Color-Ordered tree-level Z-amplitude

Abelian Z: lim
↵0!0

Z⇥ ⌦ C ! NLSM
JJMC,  Mafra, Schlotterer

Abelian Open 
Superstring:

Recall He, Liu, Wu ’16; Cachazo, Cha, Mizera ’16 found:

For maximal sYM, 16 linearly realized, 16 nonlinearly realized,
Bergshoeff, Coomans,  Kallosh, Shahbazi Van Proeyen ’13

Let’s look at another copy, back to the superstring:



Order by order in higher derivatives can play all these 
constructive games and more using ansatze with the correct 

ingredients. 

Open question as to what theories can be understood as 
nontrivial double copies and what their dual-stories are. 

Clearly lots of fun games yet to be played — very much an 
open field. 

U = V ⌦W

The amplitudes can still be interesting even if “crazy” 
from some perspectives. 

These are stories whose actions may be complicated but 
whose predictions may be maximally compact. 



Classical Solutions



Do classical solutions double-copy?

Monteiro, O’Connell, and White began a program 
amassing evidence that the answer could be yes, at 
least for a certain class of solutions.

Monteiro, O’Connell, White ‘14
 Luna, Monteiro, O’Connell, White ‘15

 Luna, Monteiro, Nicholson, O’Connell, White ‘16

(See also work of Saotome & Akhourycombinations of Anastasiou, Borsten, Duff, Hughes, Nagy)

 Luna, Monteiro, Nicholson, Ochirov, O’Connell, Westerberg, White ’16

for general perturbative solutions:  Goldberger, Ridgeway ’16

scattering on sandwich plane-waves: 
Adamo, Casali, Mason, Nekovar ’17 

Goldberger, Prabhu, Thompson ‘17



3-pt Scattering Amplitude
n(g)n(g)

d(g)

gµ⌫ � ⌘µ⌫ = kµk⌫�

Classical Solutions

Double Copy

Double Copy

c(g)n(g)

d(g)

Aa
mu = cak⌫�

(in a special class called Kerr-Schild)

Monteiro, O’Connell, and White



Schwarzschild

gµ⌫ � ⌘µ⌫ =
2GM

r
kµk⌫

kµ = {1, r̂}

The double copy of 

Aµ =
2GM

r
kµ

abelianized point charge
Monteiro, O’Connell, and White



Natural question:
What process double copies to Hawking radiation?

JJMC, Torroba (to appear)
Schwinger pair production

Suggestive answer:

= ⌦

Monteiro, O’Connell, and White



+ Constrained solutions => can exploit for technical 
simplicity in prediction 

+ Unifying web of relationships between theories

Classical gravity is a Double Copy?

Remind you of some of the double-copy positives:

Open question: how far can 
this go?
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