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Using Majorana Polarization and other 
local order parameters to predict and 

detect exotic phases 



! Local electronic properties of 1D and 2D systems 
− Graphene and Carbon Nanotubes 
− Andreev bound states 
− Impurity and Shiba states  
− Majorana 

! Importance 
− fundamental: strong interactions, fractional charge,  

non-Abelian statistics, topological phases 
− applications: nanoelectronics, high-temperature superconductivity 

! Majorana states:  
− condensed matter version of Majorana fermions (their own antiparticles)  

                                                                                                       neutrinos ? 
− equal combination of electrons and holes 
− non-Abelian statistics, important pathway towards quantum computation 

! Majorana polarization 
− new tool to characterize Majorana states in topological systems  

Sticlet, Bena, Simon PRL 2012, Sedlmayr, Bena PRB 2015
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Introduction



Majorana states 
! Do they exist? How to probe experimentally? 
! Observed signatures (zero-bias peaks) are controversial 
! Can come from non-Majorana states (ABS Pillet, Quay, Morfin, Bena, Levy 

Yeyatti, Nat. Phys. 2010, others Lutchyn & al. Nat. Rev. Mat. 2018)

Mourik, Kouwenhoven & al. Science 2012
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 Fig. 3. Spatially resolved spin-polarized states on a Fe atom
ic chain. (A

) Topographic im
age 

of chain 3 taken at zero external field (V
set =-10 m

V
, Iset =750 pA

). (B
 and D

) Spatial variation of 

the spectra taken along the w
hite dashed line show

n in (A
) w

ith U
P (B

) and D
O

W
N

 (D
) 

polarized tips (V
set =-5 m

V
, Iset =500 pA

, V
m

od =40 µV
). (C

) Individual spectra from
 (B

) (red 

curves) and (D
) (blue curves) at the labeled location.  End state appears at spectrum

 3. 
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   Majorana polarization (MP)  
− fundamentally-different approach: local order parameter  
− unambiguously establish whether a state is Majorana 
− new experimental framework for exotic states
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Ordinary fermions

Write in terms of 
Majorana fermions

Any fermionic Hamiltonian can be recast in terms of Majorana 
operators but very few can support solutions with isolated Majorana 

fermions

Majorana fermions     

=i(c ✝- c)/√2

(c ✝+ c)/√2

2

1=

γ

γ



Hamiltonians with isolated localized Majorana fermions

Majorana fermions   



General wavefunction:   
Ψ ✝ = u c ✝+ v c

P = 0 if u,v=0 (purely fermionic states): c, c ✝
 

|P | is maximal for purely Majorana states (|u|=|v|):  
|P |max=2|uv|max=|u|2+|v|2= density

Majorana polarization 
Majorana states = equal combinations of electrons and holes  

need quantity to capture electron-hole overlap

P = 2 u v

Sticlet, Bena, Simon PRL 2012 
Sedlmayr, Bena, PRB 2015

MP = vector in complex plane:  
(pseudo-spin)

Finding right quantity subtle (naïve guess: P =2uv*) 
MP = expectation of particle-hole operator

Ψ ✝=c ✝+ c 

c 
✝- c 

c ✝+ i c c 
✝- i c 
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Ψ ✝ = u↑ c↑✝+ v↑ c↑ + u↓ c↓✝+ v↓ c↓  Spinful models P = 2 u↑ v↑ + 2 u↓ v↓

Same-spin combinations (opposite to BCS) 

ΨM
✝∝ c↑✝+ c↑      or     c↓✝+ c↓   Zero-energy BCS ∝ c↑✝+ c↓

Spin structure ➙ MP = 0 for any other zero-energy non-Majorana 
states (Andreev bound states, impurity, Shiba, etc.)

Majorana polarization 
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MP for a spatial distribution
" On each site define a 

MP vector Pr 

" Criterion to have a 
Majorana state

3

FIG. 1. The phase diagram of a 1D superconducting nanowire
obtained with topological invariant calculation as a function
of the chemical potential µ and the magnetic field along the
wire B = B

x

(the phase diagram remains the same in the case
of a magnetic field perpendicular to the wire B = B

z

). We
set � = 0.2t,�

x

= 0.5t.

becomes cumbersome to isolate two sets of N continuous
solutions k

i

(with opposite imaginary parts) and plug
them into the counting formula to get the total number
of MBS. Thus we will use the singular points method
only to find the phase-transition lines. In order to find
the number of MBS pairs in a given phase we will rely
on the numerical tight-binding calculations.

III. 1D WIRES AND 2D RIBBONS

A. 1D wire

We start by describing the well-known phase diagram
of a 1D SC wire which we take to be lying along the x-
axis (N

y

= 1 and N
x

� 1). In the presence of a magnetic
field the time-reversal symmetry (TRS) is broken, and
only the particle-hole symmetry (PHS) holds, therefore
the system is in the topological class D described by a Z2

invariant.45 If the applied magnetic field is perpendicu-
lar to the spin-orbit direction, i.e. either B = (0, 0, B

z

)
or B = (B

x

, 0, 0), the SC wire enters a gapful topo-
logical phase as soon as B

x

or B
z

become larger than
p

(µ� 2t
x

)2 +�2. The corresponding phase diagram is
shown in Fig. 1. Further details of the Z2 invariant cal-
culation can be found in the first subsection of Appendix
A.

B. 2D ribbon

In this subsection we study a 2D ribbon with a finite
but large number of sites in the y-direction (N

y

� 1),
and infinite in the x-direction N

x

! 1 (see Fig. 2). We
set �

x

= �
y

= � and t
x

= t
y

= 1. We are interested in the
zero-energy solutions localized at the edges of the ribbon.
In Fig. 3 we plot the band structure of this system for an
in-plane magnetic field B

y

parallel to the y-axis (perpen-
dicular to the ribbon edges), as well as the topological
phase diagram of such a ribbon obtained using the tight-
binding numerical diagonalization and the evaluation of
the MP as described in section II. First of all, we note
that the spectrum is PHS even though the band structure
is not. Second, as we can see from the band structure,
the system may become gapless, i.e. there are region in
the momentum space in which the gap in the spectrum is
closing. However, despite the fact that there is no overall
gap, chiral MBS do form, and they correspond to values
of momenta in which the bulk spectrum remains gapped
(e.g. k

x

a = 0 and k
x

a = ⇡). Such states are localized
and propagate along the edges of the ribbon. We should
note that similar situations in which the closing the gap
can occur for certain regions in the parameter space have
been previously studied, and it has been shown that, de-
spite the absence of an overall gap, the system can still be
topological, and support MBS.47–51 The number of MBS
pairs varies from 0 to 2, depending on the parameters of
the system (see Fig. 3). However, the case of two Majo-
rana fermions propagating at the same boundary is not
stable, and in the absence of protection by TRS, for ex-
ample in the presence of small disorder, such states would
combine to form a conventional fermionic state. Thus the
system is topologically non-trivial only when the number
of MBS pairs is equal to 1. It is also worth mentioning
that the number of sites in the y direction must be large
enough so that the overlap of the wave functions of the
two Majorana states localized on the two opposite edges
of the ribbon is exponentially small, and that these states
cannot hybridize and acquire a finite energy.

FIG. 2. A sketch of a 2D ribbon along x-axis with a magnetic
field B = B

y

perpendicular to its edges. The black sites
denote the edges of the ribbon where the chiral Majorana
modes are localised.

Note that if the magnetic field is applied along the x-
axis the system is also gapless, however, in this case no
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where t is the hopping amplitude, µ denotes the chemical
potential, x,y are unit vectors for the x and y directions
correspondingly, and the lattice spacing is set to unity.

A. Numerical tight-binding techniques and the
Majorana polarization

The eigenstates of the tight-binding Hamiltonian
described above can be obtained using a numeri-
cal diagonalization (here performed using the MatQ
code46). In the Nambu basis, an eigenstate j of the
tight binding Hamiltonian can be written as  j T

r

=
n
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r", u
j

r#, v
j

r#, �vj
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o

, where u and v denote the electron

and hole components respectively. The vector of the lo-
cal Majorana polarization41,43,44 on each site r = (x, y),
for the eigenstate j is given by:
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This quantity allows to discriminate locally pure electron
(hole) states from Majorana-like states. It is easy to see
that for pure electron (v

r" = v
r# = 0) and pure hole

states (u
r" = u

r# = 0) the local Majorana polarization
equals to zero. For our purposes it is more practical to
use the integral of the MP vector over a spatial region R
defined as:
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Note that in Eqs. (2,3) we assume that the wave function
is normalized.

To obtain the topological phase diagram we first find
the lowest energy states of the given system. If these
states have energies close to zero they may be MBS.
We divide our system into two halves (along the shorter
length), and we compute the integral of the MP vector
in each of these halves defined by r 2 R for each ’zero’-
energy state. The states that have C = 1 are MBS, and
those with C = 0 are regular electron or hole states. Note
that we may have only a pair of state with C = 1, or mul-
tiple degenerate zero-energy MBS states with C = 1. In
the results that we present here we sum the MP over all
the lowest energy states. Note however that the states
with even C (even number of MBS pairs) are not topolog-
ically protected, and thus any small disorder introduced
into the system destroys such Majorana states.

B. Singular points of the Hamiltonian

To find a MBS in a system described by a PHS Hamil-
tonian H(k), we seek for localized zero-energy solutions
of the Schrödinger equation: H(k)� = 0. In the most
general case these solutions are of the form eikr that can
be rewritten as eikkrk ·e�zr? , where kk denotes the “good”
quantum number and z is defined below. We analytically
continue k to the complex plane and we consider the so-
lutions of the following equation

detH(k) = 0, (4)

defining the so-called singular points k
i

⌘ kk + iz in the
complex plane at which the determinant of the Hamilto-
nian vanishes. By definition z is given by the imaginary
part of the singular point k

i

. The practical use of these
complex momentum values is the following: by contin-
uously changing the parameters of our Hamiltonian, we
continuously change the corresponding k

i

’s. If we are in
a topological phase, z must be positive (in other words
the solution is localized). As soon as z crosses zero and
becomes negative, the solution becomes delocalized, and
therefore we enter a non-topological phase. Further de-
tails can be found in Refs. [1–3].

We propose the following way of constructing a phase
diagram. The parameter space is given by the chemical
potential µ and the magnetic field B = |B|. Firstly, we
find all the k

i

’s as a function of the parameters in the
Hamiltonian, such that k

i

= k
i

(µ,B), i 2 1, 2N , where
2N is the total number of k

i

solutions. We then sort
them at each point in the parameter space with respect
to their imaginary parts as follows: Im k

i

< Im k
i+1, i 2

1, 2N � 1. Sorting is one way to construct continuous
functions Im k

i

(µ,B) in the parameter space. Although
it is possible to deal with discontinuities analytically,3

in numerical simulations the continuity of Im k
i

’s be-
comes crucial since it is hard to discriminate the ze-
ros of Im k

i

(µ,B) from its discontinuities. Subsequently
we look for the functions k

i

(µ,B) whose imaginary part
crosses zero. This can be done by plotting their imagi-
nary part as a function of the system parameters. Since
Eq. (4) yields pairs of solutions with opposite imaginary
parts, and since these pairs have been sorted according
to their imaginary parts, it is therefore su�cient to plot
the imaginary part of either the smallest positive root
(i = N + 1) or of the largest negative root (i = N). The
set of points (µ0, B0) where Im k

N

(µ0, B0) = 0 (or equiv-
alently Im k

N+1(µ0, B0) = 0) yield thus the phase tran-
sition lines between the topological and non-topological
regions in the phase diagram.

Note that this technique can in principle used also to
count the number of MBS present in a given phase. The
corresponding counting formula is extremely simplified
when ”Exceptional points” are present1,2 for a system
with unbroken chiral symmetry. In such a case, the
Hamiltonian can be brought to a block o↵-diagonal form,
however, when the chiral symmetry is broken, this block-
o↵ diagonal form cannot be achieved in any basis and it
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where t is the hopping amplitude, µ denotes the chemical
potential, x,y are unit vectors for the x and y directions
correspondingly, and the lattice spacing is set to unity.

A. Numerical tight-binding techniques and the
Majorana polarization

The eigenstates of the tight-binding Hamiltonian
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Note that in Eqs. (2,3) we assume that the wave function
is normalized.

To obtain the topological phase diagram we first find
the lowest energy states of the given system. If these
states have energies close to zero they may be MBS.
We divide our system into two halves (along the shorter
length), and we compute the integral of the MP vector
in each of these halves defined by r 2 R for each ’zero’-
energy state. The states that have C = 1 are MBS, and
those with C = 0 are regular electron or hole states. Note
that we may have only a pair of state with C = 1, or mul-
tiple degenerate zero-energy MBS states with C = 1. In
the results that we present here we sum the MP over all
the lowest energy states. Note however that the states
with even C (even number of MBS pairs) are not topolog-
ically protected, and thus any small disorder introduced
into the system destroys such Majorana states.

B. Singular points of the Hamiltonian

To find a MBS in a system described by a PHS Hamil-
tonian H(k), we seek for localized zero-energy solutions
of the Schrödinger equation: H(k)� = 0. In the most
general case these solutions are of the form eikr that can
be rewritten as eikkrk ·e�zr? , where kk denotes the “good”
quantum number and z is defined below. We analytically
continue k to the complex plane and we consider the so-
lutions of the following equation

detH(k) = 0, (4)

defining the so-called singular points k
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⌘ kk + iz in the
complex plane at which the determinant of the Hamilto-
nian vanishes. By definition z is given by the imaginary
part of the singular point k
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. The practical use of these
complex momentum values is the following: by contin-
uously changing the parameters of our Hamiltonian, we
continuously change the corresponding k
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’s. If we are in
a topological phase, z must be positive (in other words
the solution is localized). As soon as z crosses zero and
becomes negative, the solution becomes delocalized, and
therefore we enter a non-topological phase. Further de-
tails can be found in Refs. [1–3].

We propose the following way of constructing a phase
diagram. The parameter space is given by the chemical
potential µ and the magnetic field B = |B|. Firstly, we
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o↵ diagonal form cannot be achieved in any basis and it
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where t is the hopping amplitude, µ denotes the chemical
potential, x,y are unit vectors for the x and y directions
correspondingly, and the lattice spacing is set to unity.

A. Numerical tight-binding techniques and the
Majorana polarization

The eigenstates of the tight-binding Hamiltonian
described above can be obtained using a numeri-
cal diagonalization (here performed using the MatQ
code46). In the Nambu basis, an eigenstate j of the
tight binding Hamiltonian can be written as  j T
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Note that in Eqs. (2,3) we assume that the wave function
is normalized.

To obtain the topological phase diagram we first find
the lowest energy states of the given system. If these
states have energies close to zero they may be MBS.
We divide our system into two halves (along the shorter
length), and we compute the integral of the MP vector
in each of these halves defined by r 2 R for each ’zero’-
energy state. The states that have C = 1 are MBS, and
those with C = 0 are regular electron or hole states. Note
that we may have only a pair of state with C = 1, or mul-
tiple degenerate zero-energy MBS states with C = 1. In
the results that we present here we sum the MP over all
the lowest energy states. Note however that the states
with even C (even number of MBS pairs) are not topolog-
ically protected, and thus any small disorder introduced
into the system destroys such Majorana states.

B. Singular points of the Hamiltonian

To find a MBS in a system described by a PHS Hamil-
tonian H(k), we seek for localized zero-energy solutions
of the Schrödinger equation: H(k)� = 0. In the most
general case these solutions are of the form eikr that can
be rewritten as eikkrk ·e�zr? , where kk denotes the “good”
quantum number and z is defined below. We analytically
continue k to the complex plane and we consider the so-
lutions of the following equation

detH(k) = 0, (4)

defining the so-called singular points k
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⌘ kk + iz in the
complex plane at which the determinant of the Hamilto-
nian vanishes. By definition z is given by the imaginary
part of the singular point k
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. The practical use of these
complex momentum values is the following: by contin-
uously changing the parameters of our Hamiltonian, we
continuously change the corresponding k
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’s. If we are in
a topological phase, z must be positive (in other words
the solution is localized). As soon as z crosses zero and
becomes negative, the solution becomes delocalized, and
therefore we enter a non-topological phase. Further de-
tails can be found in Refs. [1–3].

We propose the following way of constructing a phase
diagram. The parameter space is given by the chemical
potential µ and the magnetic field B = |B|. Firstly, we
find all the k

i

’s as a function of the parameters in the
Hamiltonian, such that k
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alently Im k

N+1(µ0, B0) = 0) yield thus the phase tran-
sition lines between the topological and non-topological
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FIG. 1. The phase diagram of a 1D superconducting nanowire
obtained with topological invariant calculation as a function
of the chemical potential µ and the magnetic field along the
wire B = B

x

(the phase diagram remains the same in the case
of a magnetic field perpendicular to the wire B = B

z

). We
set � = 0.2t,�

x

= 0.5t.

becomes cumbersome to isolate two sets of N continuous
solutions k

i

(with opposite imaginary parts) and plug
them into the counting formula to get the total number
of MBS. Thus we will use the singular points method
only to find the phase-transition lines. In order to find
the number of MBS pairs in a given phase we will rely
on the numerical tight-binding calculations.

III. 1D WIRES AND 2D RIBBONS

A. 1D wire

We start by describing the well-known phase diagram
of a 1D SC wire which we take to be lying along the x-
axis (N

y

= 1 and N
x

� 1). In the presence of a magnetic
field the time-reversal symmetry (TRS) is broken, and
only the particle-hole symmetry (PHS) holds, therefore
the system is in the topological class D described by a Z2

invariant.45 If the applied magnetic field is perpendicu-
lar to the spin-orbit direction, i.e. either B = (0, 0, B

z

)
or B = (B

x

, 0, 0), the SC wire enters a gapful topo-
logical phase as soon as B

x

or B
z

become larger than
p

(µ� 2t
x

)2 +�2. The corresponding phase diagram is
shown in Fig. 1. Further details of the Z2 invariant cal-
culation can be found in the first subsection of Appendix
A.

B. 2D ribbon

In this subsection we study a 2D ribbon with a finite
but large number of sites in the y-direction (N

y

� 1),
and infinite in the x-direction N

x

! 1 (see Fig. 2). We
set �

x

= �
y

= � and t
x

= t
y

= 1. We are interested in the
zero-energy solutions localized at the edges of the ribbon.
In Fig. 3 we plot the band structure of this system for an
in-plane magnetic field B

y

parallel to the y-axis (perpen-
dicular to the ribbon edges), as well as the topological
phase diagram of such a ribbon obtained using the tight-
binding numerical diagonalization and the evaluation of
the MP as described in section II. First of all, we note
that the spectrum is PHS even though the band structure
is not. Second, as we can see from the band structure,
the system may become gapless, i.e. there are region in
the momentum space in which the gap in the spectrum is
closing. However, despite the fact that there is no overall
gap, chiral MBS do form, and they correspond to values
of momenta in which the bulk spectrum remains gapped
(e.g. k

x

a = 0 and k
x

a = ⇡). Such states are localized
and propagate along the edges of the ribbon. We should
note that similar situations in which the closing the gap
can occur for certain regions in the parameter space have
been previously studied, and it has been shown that, de-
spite the absence of an overall gap, the system can still be
topological, and support MBS.47–51 The number of MBS
pairs varies from 0 to 2, depending on the parameters of
the system (see Fig. 3). However, the case of two Majo-
rana fermions propagating at the same boundary is not
stable, and in the absence of protection by TRS, for ex-
ample in the presence of small disorder, such states would
combine to form a conventional fermionic state. Thus the
system is topologically non-trivial only when the number
of MBS pairs is equal to 1. It is also worth mentioning
that the number of sites in the y direction must be large
enough so that the overlap of the wave functions of the
two Majorana states localized on the two opposite edges
of the ribbon is exponentially small, and that these states
cannot hybridize and acquire a finite energy.

FIG. 2. A sketch of a 2D ribbon along x-axis with a magnetic
field B = B

y

perpendicular to its edges. The black sites
denote the edges of the ribbon where the chiral Majorana
modes are localised.

Note that if the magnetic field is applied along the x-
axis the system is also gapless, however, in this case no
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stable, and in the absence of protection by TRS, for ex-
ample in the presence of small disorder, such states would
combine to form a conventional fermionic state. Thus the
system is topologically non-trivial only when the number
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FIG. 4. (Color online) MP for the lowest energy states for
open system of 51⇥201 with � = 0.3t and ↵ = 0.5t. We plot
(a) a MBS µ = 3.5t and B = 2.2t (corresponding to a red
phase in Fig. 3(c)), (b) a 1D edge state µ = 3.5t and B = 2.3t
(blue phase in Fig. 3(c)), (c) a 2D edge state µ = 3.5t and
B = t (yellow phase in Fig. 3(c)), and (d) a bulk state µ = 0.5t
and B = 5t (blue phase in Fig. 3(c)).

take µ = 3.5t and B = t. We note that the corresponding
lowest energy state is also an edge state, extending over
the entire contour of the system. Moreover, while the
state is not ‘ferromagnetic’, a small uniform variation is
observed from site to site, making the total integral over
R finite, but not equal to 1. Finally in Fig. 4(d) we show
a state with C = 0 for µ = 0.5t and B = 5t, which corre-
sponds to the blue region outside the region delimited by
the bulk 2D topological lines, this actually correspond to
a bulk state for which the value of the MP is small even
locally.

It appears that the existence of the ‘yellow’ phase is
due to the shape of the system, i.e to the fact that the
length and the width become comparable. If the length is
increased the yellow phase is diminishing and the phase
diagram converges towards the phase diagram calculated
analytically in the previous section. This observation has
been made also for the Kitaev model.48 However, we want
to stress that in real experimental systems the existence
of the intermediate phase with C < 1 is possible, and it
would correspond to the formation of low-energy subgap
states which have locally a full Majorana character, but
that are non-Majoranas, due to their global lack of sym-
metry. It would be interesting to explore the connection
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FIG. 5. (Color online) MP for lowest energy state for open
system of 101 ⇥ 101 with � = 0.3t and ↵ = 0.5t. (a) µ = 4t
and B = t, and (b) µ = 2t and B = 3t, both in the 2D
topologically non-trivial phase.

between these states and the ’chiral’ Majorana states de-
scribed in Refs. 19 and 50. Another interesting question
would be if such quasi-Majorana states have any topo-
logical characteristics, such as non-Abelian statistics, or
atypical braiding properties, and if such states can be
useful for example for quantum computation in a simi-
lar manner as the Majorana states. Note that a state
with a C = 1 is a Majorana, and certainly has non-
Abelian statistics. It is not at all clear that the statistics
of the quasi-Majorana states would be Abelian. These
are peculiar states in-between fermionic and Majorana-
like, and there exist to this point no work to investigate
their statistics. Moreover there seems to be a fundamen-
tal di↵erence between the properly fermionic states which
have a uniform local zero MP. The quasi-Majoranas have
their weight divided into a few di↵erent regions, roughly
disconnected from each other, each with C di↵erent from
zero. Manipulating such a state in one part of the system
is not the same as manipulating the fermionic state, and
the e↵ect of such manipulation is also a very interesting
question. Such questions are however well beyond the
scope of the present work.

An extreme situation is depicted in Fig. 5(a,b), in
which we plot the MP for two quasi-Majorana states for
a square system. Fig. 5(a) depicts the MP for a set of
parameters inside the 2D bulk topological phase (as de-
scribed in Fig. 1(b)), while Fig. 5(b) describes a set of pa-
rameters inside the 1D topological phase (as described in
Fig. 1(a)), that would become a Majorana end state if one
direction of the system was su�ciently increased. Inter-
estingly enough these two states have di↵erent MP char-
acteristics, the ‘1D’ one being localized roughly at the
corners, while the ‘2D’ one along the contour of the sys-
tem, allowing one to distinguish between the two. Note
that for a fully square system the corner MP vectors are
oriented at roughly 90 degrees angle with respect with
each other, giving rise to an integral of C =

p
2/2 ⇡ 0.7,

which corresponds well to the ‘yellow’ in Fig. 3(b).

MP vector: Magnitude = electron-hole overlap 
                 Direction - (e,h) phase
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FIG. 1. The phase diagram of a 1D superconducting nanowire
obtained with topological invariant calculation as a function
of the chemical potential µ and the magnetic field along the
wire B = B

x

(the phase diagram remains the same in the case
of a magnetic field perpendicular to the wire B = B

z

). We
set � = 0.2t,�

x

= 0.5t.

becomes cumbersome to isolate two sets of N continuous
solutions k

i

(with opposite imaginary parts) and plug
them into the counting formula to get the total number
of MBS. Thus we will use the singular points method
only to find the phase-transition lines. In order to find
the number of MBS pairs in a given phase we will rely
on the numerical tight-binding calculations.

III. 1D WIRES AND 2D RIBBONS

A. 1D wire

We start by describing the well-known phase diagram
of a 1D SC wire which we take to be lying along the x-
axis (N

y

= 1 and N
x

� 1). In the presence of a magnetic
field the time-reversal symmetry (TRS) is broken, and
only the particle-hole symmetry (PHS) holds, therefore
the system is in the topological class D described by a Z2

invariant.45 If the applied magnetic field is perpendicu-
lar to the spin-orbit direction, i.e. either B = (0, 0, B

z

)
or B = (B

x

, 0, 0), the SC wire enters a gapful topo-
logical phase as soon as B

x

or B
z

become larger than
p

(µ� 2t
x

)2 +�2. The corresponding phase diagram is
shown in Fig. 1. Further details of the Z2 invariant cal-
culation can be found in the first subsection of Appendix
A.

B. 2D ribbon

In this subsection we study a 2D ribbon with a finite
but large number of sites in the y-direction (N

y

� 1),
and infinite in the x-direction N

x

! 1 (see Fig. 2). We
set �

x

= �
y

= � and t
x

= t
y

= 1. We are interested in the
zero-energy solutions localized at the edges of the ribbon.
In Fig. 3 we plot the band structure of this system for an
in-plane magnetic field B

y

parallel to the y-axis (perpen-
dicular to the ribbon edges), as well as the topological
phase diagram of such a ribbon obtained using the tight-
binding numerical diagonalization and the evaluation of
the MP as described in section II. First of all, we note
that the spectrum is PHS even though the band structure
is not. Second, as we can see from the band structure,
the system may become gapless, i.e. there are region in
the momentum space in which the gap in the spectrum is
closing. However, despite the fact that there is no overall
gap, chiral MBS do form, and they correspond to values
of momenta in which the bulk spectrum remains gapped
(e.g. k

x

a = 0 and k
x

a = ⇡). Such states are localized
and propagate along the edges of the ribbon. We should
note that similar situations in which the closing the gap
can occur for certain regions in the parameter space have
been previously studied, and it has been shown that, de-
spite the absence of an overall gap, the system can still be
topological, and support MBS.47–51 The number of MBS
pairs varies from 0 to 2, depending on the parameters of
the system (see Fig. 3). However, the case of two Majo-
rana fermions propagating at the same boundary is not
stable, and in the absence of protection by TRS, for ex-
ample in the presence of small disorder, such states would
combine to form a conventional fermionic state. Thus the
system is topologically non-trivial only when the number
of MBS pairs is equal to 1. It is also worth mentioning
that the number of sites in the y direction must be large
enough so that the overlap of the wave functions of the
two Majorana states localized on the two opposite edges
of the ribbon is exponentially small, and that these states
cannot hybridize and acquire a finite energy.

FIG. 2. A sketch of a 2D ribbon along x-axis with a magnetic
field B = B

y

perpendicular to its edges. The black sites
denote the edges of the ribbon where the chiral Majorana
modes are localised.

Note that if the magnetic field is applied along the x-
axis the system is also gapless, however, in this case no
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them into the counting formula to get the total number
of MBS. Thus we will use the singular points method
only to find the phase-transition lines. In order to find
the number of MBS pairs in a given phase we will rely
on the numerical tight-binding calculations.
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of momenta in which the bulk spectrum remains gapped
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a = ⇡). Such states are localized
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spite the absence of an overall gap, the system can still be
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pairs varies from 0 to 2, depending on the parameters of
the system (see Fig. 3). However, the case of two Majo-
rana fermions propagating at the same boundary is not
stable, and in the absence of protection by TRS, for ex-
ample in the presence of small disorder, such states would
combine to form a conventional fermionic state. Thus the
system is topologically non-trivial only when the number
of MBS pairs is equal to 1. It is also worth mentioning
that the number of sites in the y direction must be large
enough so that the overlap of the wave functions of the
two Majorana states localized on the two opposite edges
of the ribbon is exponentially small, and that these states
cannot hybridize and acquire a finite energy.
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the MP as described in section II. First of all, we note
that the spectrum is PHS even though the band structure
is not. Second, as we can see from the band structure,
the system may become gapless, i.e. there are region in
the momentum space in which the gap in the spectrum is
closing. However, despite the fact that there is no overall
gap, chiral MBS do form, and they correspond to values
of momenta in which the bulk spectrum remains gapped
(e.g. k

x

a = 0 and k
x

a = ⇡). Such states are localized
and propagate along the edges of the ribbon. We should
note that similar situations in which the closing the gap
can occur for certain regions in the parameter space have
been previously studied, and it has been shown that, de-
spite the absence of an overall gap, the system can still be
topological, and support MBS.47–51 The number of MBS
pairs varies from 0 to 2, depending on the parameters of
the system (see Fig. 3). However, the case of two Majo-
rana fermions propagating at the same boundary is not
stable, and in the absence of protection by TRS, for ex-
ample in the presence of small disorder, such states would
combine to form a conventional fermionic state. Thus the
system is topologically non-trivial only when the number
of MBS pairs is equal to 1. It is also worth mentioning
that the number of sites in the y direction must be large
enough so that the overlap of the wave functions of the
two Majorana states localized on the two opposite edges
of the ribbon is exponentially small, and that these states
cannot hybridize and acquire a finite energy.

FIG. 2. A sketch of a 2D ribbon along x-axis with a magnetic
field B = B

y

perpendicular to its edges. The black sites
denote the edges of the ribbon where the chiral Majorana
modes are localised.

Note that if the magnetic field is applied along the x-
axis the system is also gapless, however, in this case no

4

Majorana modes form, for any region in the parameter
space, and the system is fully trivial.

FIG. 3. Band structure of a 2D ribbon with a magnetic field
B = B

y

perpendicular to the edges for µ = 4t, B
y

= 0.3t
(upper panel) and µ = 0t, B

y

= 0.3t (middle panel). Note
that the system may host either one or two pairs of chiral
Majorana modes. The corresponding topological phase dia-
gram (lower panel) depicts the number of Majorana modes
(as evaluated from the total MP) as a function of µ and B.
In all the examples we set � = 0.2t,�

x

= �

y

= 0.5t.

IV. QUASI-1D WIRES

In what follows we focus on quasi-1D systems, i.e. sys-
tems made-up of N

y

> 1 coupled wires each with a finite
but large number of sites N

x

� 1 and N
x

� N
y

. We con-
sider an in-plane magnetic field B

x

parallel to the long
edge of the system (see Fig. 4). Note that for a magnetic
field parallel to the y-axis, no Majorana states can form,

since the magnetic field would in this case be parallel to
the direction of the spin-orbit coupling in the wires. A
similar system was considered in Ref. [44], but only for
magnetic fields perpendicular to the plane of the system.

FIG. 4. A sketch of a quasi-1D wire with a magnetic field B =
B

x

along the x-axis. The black sites denote the short edges
of the system where the Majorana modes would be localized.
The quasi-1D system can be thought of as a set of 1D wires
coupled in y-direction.

As described in Section II, we will use two main tools to
obtain the phase diagram for these systems. The first is
to numerically diagonalize the tight-binding Hamiltonian
and employ the integrated MP by plotting its value as a
function of the chemical potential and the magnetic field.
The second is to assume that the momentum k

x

along x is
a ”good” quantum number, and exploit the SP technique.
In Fig. 5 we show numerically that the results of the first
two methods are fully consistent. Each phase transition
boundary defined as a change in the number of MBS pairs
obtained via the MP technique corresponds to a line of
zeroes in the SP plot. The only apparent exception is the
special case of the white lines in the N

y

= 4 close to µ = t
and µ = 2.2t and B = 0.5t. They seem to correspond
to the special case of a zero-size non-topological line-like
region between two topological regions with one pair of
MBS. Such situations, i.e. topological regions divided by
a line of non-topological points, can arise, and are well
captured here by the SP method. The numerical method
is a bit less precise in this case, and the non-topological
lines acquire a finite width, mostly because of the finite
length of the considered systems (in the infinite-length
limit the width of these regions should go to zero).
Note that the integrated MP allows not only to show

the phase transition boundaries, but also to give access to
the number of emerging MBS. Since the chiral symmetry
(a combination of the PHS and the TRS) is absent due
to the magnetic field which breaks the TRS, we cannot
easily use the counting formula introduced in Ref. [3] to
obtain the number of Majorana modes using this method.
The counting formula is in principle also applicable in the
absence of the chiral symmetry, but the broken TRS case
is very cumbersome and much harder to implement nu-
merically. Therefore, we use here the SP technique only
to obtain the phase transition lines; the actual number
of the MBS pairs and the topological character of a given
phase space region are obtained numerically via the cal-
culation of the total MP. We should point out that some
segments of the phase transition lines in the right col-
umn of Fig. 5 are almost non-visible. This is not due
to the failure of the method, but to the numerical grid:
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where t is the hopping amplitude, µ denotes the chemical
potential, x,y are unit vectors for the x and y directions
correspondingly, and the lattice spacing is set to unity.

A. Numerical tight-binding techniques and the
Majorana polarization

The eigenstates of the tight-binding Hamiltonian
described above can be obtained using a numeri-
cal diagonalization (here performed using the MatQ
code46). In the Nambu basis, an eigenstate j of the
tight binding Hamiltonian can be written as  j T

r

=
n

uj

r", u
j

r#, v
j

r#, �vj
r"

o

, where u and v denote the electron

and hole components respectively. The vector of the lo-
cal Majorana polarization41,43,44 on each site r = (x, y),
for the eigenstate j is given by:
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This quantity allows to discriminate locally pure electron
(hole) states from Majorana-like states. It is easy to see
that for pure electron (v

r" = v
r# = 0) and pure hole

states (u
r" = u

r# = 0) the local Majorana polarization
equals to zero. For our purposes it is more practical to
use the integral of the MP vector over a spatial region R
defined as:
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Note that in Eqs. (2,3) we assume that the wave function
is normalized.

To obtain the topological phase diagram we first find
the lowest energy states of the given system. If these
states have energies close to zero they may be MBS.
We divide our system into two halves (along the shorter
length), and we compute the integral of the MP vector
in each of these halves defined by r 2 R for each ’zero’-
energy state. The states that have C = 1 are MBS, and
those with C = 0 are regular electron or hole states. Note
that we may have only a pair of state with C = 1, or mul-
tiple degenerate zero-energy MBS states with C = 1. In
the results that we present here we sum the MP over all
the lowest energy states. Note however that the states
with even C (even number of MBS pairs) are not topolog-
ically protected, and thus any small disorder introduced
into the system destroys such Majorana states.

B. Singular points of the Hamiltonian

To find a MBS in a system described by a PHS Hamil-
tonian H(k), we seek for localized zero-energy solutions
of the Schrödinger equation: H(k)� = 0. In the most
general case these solutions are of the form eikr that can
be rewritten as eikkrk ·e�zr? , where kk denotes the “good”
quantum number and z is defined below. We analytically
continue k to the complex plane and we consider the so-
lutions of the following equation

detH(k) = 0, (4)

defining the so-called singular points k
i

⌘ kk + iz in the
complex plane at which the determinant of the Hamilto-
nian vanishes. By definition z is given by the imaginary
part of the singular point k

i

. The practical use of these
complex momentum values is the following: by contin-
uously changing the parameters of our Hamiltonian, we
continuously change the corresponding k

i

’s. If we are in
a topological phase, z must be positive (in other words
the solution is localized). As soon as z crosses zero and
becomes negative, the solution becomes delocalized, and
therefore we enter a non-topological phase. Further de-
tails can be found in Refs. [1–3].

We propose the following way of constructing a phase
diagram. The parameter space is given by the chemical
potential µ and the magnetic field B = |B|. Firstly, we
find all the k

i

’s as a function of the parameters in the
Hamiltonian, such that k

i

= k
i

(µ,B), i 2 1, 2N , where
2N is the total number of k

i

solutions. We then sort
them at each point in the parameter space with respect
to their imaginary parts as follows: Im k

i

< Im k
i+1, i 2

1, 2N � 1. Sorting is one way to construct continuous
functions Im k

i

(µ,B) in the parameter space. Although
it is possible to deal with discontinuities analytically,3

in numerical simulations the continuity of Im k
i

’s be-
comes crucial since it is hard to discriminate the ze-
ros of Im k

i

(µ,B) from its discontinuities. Subsequently
we look for the functions k

i

(µ,B) whose imaginary part
crosses zero. This can be done by plotting their imagi-
nary part as a function of the system parameters. Since
Eq. (4) yields pairs of solutions with opposite imaginary
parts, and since these pairs have been sorted according
to their imaginary parts, it is therefore su�cient to plot
the imaginary part of either the smallest positive root
(i = N + 1) or of the largest negative root (i = N). The
set of points (µ0, B0) where Im k

N

(µ0, B0) = 0 (or equiv-
alently Im k

N+1(µ0, B0) = 0) yield thus the phase tran-
sition lines between the topological and non-topological
regions in the phase diagram.

Note that this technique can in principle used also to
count the number of MBS present in a given phase. The
corresponding counting formula is extremely simplified
when ”Exceptional points” are present1,2 for a system
with unbroken chiral symmetry. In such a case, the
Hamiltonian can be brought to a block o↵-diagonal form,
however, when the chiral symmetry is broken, this block-
o↵ diagonal form cannot be achieved in any basis and it

4

Majorana modes form, for any region in the parameter
space, and the system is fully trivial.

FIG. 3. Band structure of a 2D ribbon with a magnetic field
B = B

y

perpendicular to the edges for µ = 4t, B
y

= 0.3t
(upper panel) and µ = 0t, B

y

= 0.3t (middle panel). Note
that the system may host either one or two pairs of chiral
Majorana modes. The corresponding topological phase dia-
gram (lower panel) depicts the number of Majorana modes
(as evaluated from the total MP) as a function of µ and B.
In all the examples we set � = 0.2t,�

x

= �

y

= 0.5t.

IV. QUASI-1D WIRES

In what follows we focus on quasi-1D systems, i.e. sys-
tems made-up of N

y

> 1 coupled wires each with a finite
but large number of sites N

x

� 1 and N
x

� N
y

. We con-
sider an in-plane magnetic field B

x

parallel to the long
edge of the system (see Fig. 4). Note that for a magnetic
field parallel to the y-axis, no Majorana states can form,

since the magnetic field would in this case be parallel to
the direction of the spin-orbit coupling in the wires. A
similar system was considered in Ref. [44], but only for
magnetic fields perpendicular to the plane of the system.

FIG. 4. A sketch of a quasi-1D wire with a magnetic field B =
B

x

along the x-axis. The black sites denote the short edges
of the system where the Majorana modes would be localized.
The quasi-1D system can be thought of as a set of 1D wires
coupled in y-direction.

As described in Section II, we will use two main tools to
obtain the phase diagram for these systems. The first is
to numerically diagonalize the tight-binding Hamiltonian
and employ the integrated MP by plotting its value as a
function of the chemical potential and the magnetic field.
The second is to assume that the momentum k

x

along x is
a ”good” quantum number, and exploit the SP technique.
In Fig. 5 we show numerically that the results of the first
two methods are fully consistent. Each phase transition
boundary defined as a change in the number of MBS pairs
obtained via the MP technique corresponds to a line of
zeroes in the SP plot. The only apparent exception is the
special case of the white lines in the N

y

= 4 close to µ = t
and µ = 2.2t and B = 0.5t. They seem to correspond
to the special case of a zero-size non-topological line-like
region between two topological regions with one pair of
MBS. Such situations, i.e. topological regions divided by
a line of non-topological points, can arise, and are well
captured here by the SP method. The numerical method
is a bit less precise in this case, and the non-topological
lines acquire a finite width, mostly because of the finite
length of the considered systems (in the infinite-length
limit the width of these regions should go to zero).
Note that the integrated MP allows not only to show

the phase transition boundaries, but also to give access to
the number of emerging MBS. Since the chiral symmetry
(a combination of the PHS and the TRS) is absent due
to the magnetic field which breaks the TRS, we cannot
easily use the counting formula introduced in Ref. [3] to
obtain the number of Majorana modes using this method.
The counting formula is in principle also applicable in the
absence of the chiral symmetry, but the broken TRS case
is very cumbersome and much harder to implement nu-
merically. Therefore, we use here the SP technique only
to obtain the phase transition lines; the actual number
of the MBS pairs and the topological character of a given
phase space region are obtained numerically via the cal-
culation of the total MP. We should point out that some
segments of the phase transition lines in the right col-
umn of Fig. 5 are almost non-visible. This is not due
to the failure of the method, but to the numerical grid:
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the only considered SOC is Rashba. The symmetrical situation, with only the Dres-
selhaus component of the SOC present, is analyzed in the Supplementary Material
(SM). We can see that the zero-energy Majorana wavefunctions are extended over
a small number of edge sites, while exhibiting strongly damped spatial oscillations.
The transverse electronic spin polarization is opposite at the two ends of the wire;
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Figure 2.1: The spin polarization along the z and x directions, and the Majorana polar-
ization PM

x

, as a function of energy and position, � = 0.3, Vz = 0.4, ↵ = 0.2, � = 0 and
µ = 0.

when only the Rashba term is present only the x-component of the transverse spin is
non-zero. The z-spin polarization is the same at the two ends of the wire. While Eq.
(2.6) predicts that the z-polarization vanishes for µ

1

= 0, this is not the case in the
numerical calculation. This can be understood by the presence of an e↵ective µ due to
the neglected kinetic term, which to leading order, contributes to hp2i ⇡ O((��Vz)2),
which creates a negative e↵ective potential as in the numerical results. Moreover, this
e↵ective chemical potential is responsible for the spatial (quickly damped) oscilla-
tions of the spin polarization observed numerically. Allthough these oscillations are
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MP is a good order parameter for the topological transition
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FIG. 1: The spin polarization along the z and x directions,
and the Majorana polarization PMx , as a function of energy
and position, ∆ = 0.3, Vz = 0.4, α = 0.2, β = 0 and µ = 0.

exhibit a spatial precession in Majorana space; we have
verified numerically that this is indeed the case.

We examine if Majorana polarization is a good or-
der parameter to characterize the topological transition.
This is done by varying one of the parameters (∆, Vz , µ)
to drive the system in a trivial phase. In Fig. (2), we vary
Vz , and indeed we see that the system becomes trivially
gapped (no Majorana bound states) for Vz ≤ ∆. The
inset describes the dependence of the half-wire integral
of the Majorana polarization for one of the lowest-energy
states as a function of Vz (an integral of 0.5 is equivalent
to a “full” Majorana state). The Majorana polarization
decreases smoothly to zero below the critical value of Vz.
The same phenomenon can be observed in the second
panel, where we plot the spatial distribution of the Ma-
jorana polarization as a function of Vz. We have noted
that the transition becomes sharper when increasing the
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FIG. 2: First panel: lowest-energy eigenvalues and the
half-wire integral of the Majorana polarization (inset) as a
function of Vz. Second panel: Majorana polarization of the

lowest-energy state as a function of position and Vz.
Parameters: ∆ = 0.3, µ = 0, β = 0, and α = 0.2

size of the system. The same qualitative features are
obtained when ∆ and µ are varied across the topological
transition (the dependence on µ is presented in SM). This
shows that the Majorana polarization (and density) is a
good local order parameter for the topological transition
at V 2

z = ∆2 + µ2. This suggests that the Majorana po-
larization can be used to investigate disordered wires22,
and indeed, as shown in SM, in the presence of disorder it
exhibits interesting features such as a weak polarization
of the low energy bulk states23. Moreover, the spin and
Majorana polarization exhibit similar spatial structure,
even in the presence of disorder.

Conclusion–To summarize, we have found that the Ma-
jorana end states are oppositely spin-polarized in the
transverse spin-plane, and the direction of polarization
depends on the relative weight of the Rashba and Dressel-
haus SOC in the wire. Moreover, we have proposed a new
wave-function-based measure of the Majorana character
of a system, which we denote Majorana polarization. We
have seen that this quantity is related to the electronic
spin polarization and we have proposed to test the Majo-
rana character of a 1D system using spin-polarized STM
measurements. While the density of states measurements
can only give information about the existence of a lo-
calized state at a given energy, without telling anything
about its Majorana character, such a spin-polarized mea-
surement can make the difference between a Majorana

the only considered SOC is Rashba. The symmetrical situation, with only the Dres-
selhaus component of the SOC present, is analyzed in the Supplementary Material
(SM). We can see that the zero-energy Majorana wavefunctions are extended over
a small number of edge sites, while exhibiting strongly damped spatial oscillations.
The transverse electronic spin polarization is opposite at the two ends of the wire;
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ization PM
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µ = 0.

when only the Rashba term is present only the x-component of the transverse spin is
non-zero. The z-spin polarization is the same at the two ends of the wire. While Eq.
(2.6) predicts that the z-polarization vanishes for µ

1

= 0, this is not the case in the
numerical calculation. This can be understood by the presence of an e↵ective µ due to
the neglected kinetic term, which to leading order, contributes to hp2i ⇡ O((��Vz)2),
which creates a negative e↵ective potential as in the numerical results. Moreover, this
e↵ective chemical potential is responsible for the spatial (quickly damped) oscilla-
tions of the spin polarization observed numerically. Allthough these oscillations are
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when only the Rashba term is present only the x-component of the transverse spin is
non-zero. The z-spin polarization is the same at the two ends of the wire. While Eq.
(2.6) predicts that the z-polarization vanishes for µ
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= 0, this is not the case in the
numerical calculation. This can be understood by the presence of an e↵ective µ due to
the neglected kinetic term, which to leading order, contributes to hp2i ⇡ O((��Vz)2),
which creates a negative e↵ective potential as in the numerical results. Moreover, this
e↵ective chemical potential is responsible for the spatial (quickly damped) oscilla-
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the magnitude of the integral of the Majorana polariza-
tion vector over the spatial region R.

C =

��P
~r2Rh | C r̂| i��P
~r2Rh |r̂| i . (10)

r̂ is the projection onto site ~r, and the local MP is simply
the expectation value of the local particle-hole transfor-
mation:

h | C r̂| i = �2
X

�

�u
~r�

v
~r�

. (11)

We split our system in half such that R is half of the sys-
tem (divided usually along the longer length). The Ma-
jorana polarization also allows us to distinguish between
zero energy states which are Majorana bound states and
those which are not as C = 1 is both a necessary and
su�cient condition for a state being a Majorana state.
By numerically solving the tight-binding Hamiltonian,
Eq. (1), and plotting C as a function of the parameters we
can accurately recover the appropriate topological phase
diagram. The topological phases are characterized by
C = 1, while the non-topological ones by C = 0. This
is demonstrated in Fig. 3 for a few systems of di↵erent
sizes.

The MP thus allows an accurate characterization of the
topological phase even in cases where a direct calculation
of the topological index is not feasible. Moreover it does
not require very large system sizes to be highly accurate,
as for example a map of the lowest energy state would. In
addition, as we will shortly demonstrate, the MP gives
local information about the formation and behavior of
the Majorana bound states which can not be gained form
a consideration of the system’s bulk properties. Thus we
should note that, while if a Majorana state exists the
system is surely topological, the reverse is not necessary
true, as a bulk topological system may have no Majorana
solutions in certain finite-size configurations.

For a system in which the length is much larger than
the width N

y

⌧ N
x

such as the one depicted in Fig. 3(a)
we would expect to recover the phase diagram calculated
analytically in the previous section, and this is indeed the
case, the topological regions predicted by the MP crite-
rion (red in Fig. 3(a)) correspond exactly to the topolog-
ical regions (light red) in Fig. 2(b). For a wider system
such as the one depicted in Fig. 3(c) we can see that the
phase diagram calculated analytically (Fig. 2(d)) is re-
covered very well at large values of B, however, at small
values of B, the value of C is neither 0, nor 1, but it shows
an intermediate value (depicted in yellow). For fully
square systems (Fig. 3(b)) the entire topological phase
is characterized now by C ⇡ 0.7. We should note that all
the states corresponding to the regions with C < 1 have
non-zero but very small energies, thus making it harder
to interpret them as Majoranas or not based solely on
the energy criterion.

To understand these states we focus on the local struc-
ture of the MP defined in Eq. (11) as a vector in the com-
plex plane. A Majorana state must have an integral of
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FIG. 3. (Color online) The phase diagram as a function of
B and µ for open systems of (a) 3 ⇥ 201, (b) 101 ⇥ 101, and
(c) 51 ⇥ 201. This has been calculated using the PH expec-
tation value of the lowest energy state summed over half of
the system C (see main text). In all the examples � = 0.4t
and ↵ = 0.5t. The analytical topological phase boundaries for
quasi 1D (solid lines) and 2D (dashed lines) are also plotted.

the MP of 1 over a spatial region R, thus it must exhibit
an uniform phase inside this region, equivalently the MP
local vectors need to be aligned inside R (‘ferromagnetic’
MP structure). In Figs. 4-5 we plot the MP for a variety
of di↵erent low energy states. In Fig. 4 we plot the MP
vector for a 51⇥ 201 system with � = 0.3t and ↵ = 0.5t.
Fig. 4(a) corresponds to the red (topological) phase in
Fig. 3(c) (C = 1), with µ = 3.5t and B = 2.2t. We should
expect to have two MBS confined at the two narrow ends
of the ribbon, and we note that this is indeed the case,
we can see the formation of two ‘ferromagnetic’ states
localized at the two ends of the wire, with opposite MP.
Fig. 4(b) corresponds to a non-topological (blue phase
in Fig. 3(c)) phase, with C = 0. We take µ = 3.5t and
B = 2.3t, and the corresponding state, while being lo-
calized on the edges, is indeed non-Majorana, which can
be seen from the local fluctuations of the direction of the
MP vector from site to site, which makes its integral over
half of the wire zero. In Fig. 4(c) we focus on the more
puzzling C < 1 phase, denoted in yellow in Fig. 3(c). We

4

Majorana modes form, for any region in the parameter
space, and the system is fully trivial.

FIG. 3. Band structure of a 2D ribbon with a magnetic field
B = B

y

perpendicular to the edges for µ = 4t, B
y

= 0.3t
(upper panel) and µ = 0t, B

y

= 0.3t (middle panel). Note
that the system may host either one or two pairs of chiral
Majorana modes. The corresponding topological phase dia-
gram (lower panel) depicts the number of Majorana modes
(as evaluated from the total MP) as a function of µ and B.
In all the examples we set � = 0.2t,�

x

= �

y

= 0.5t.

IV. QUASI-1D WIRES

In what follows we focus on quasi-1D systems, i.e. sys-
tems made-up of N

y

> 1 coupled wires each with a finite
but large number of sites N

x

� 1 and N
x

� N
y

. We con-
sider an in-plane magnetic field B

x

parallel to the long
edge of the system (see Fig. 4). Note that for a magnetic
field parallel to the y-axis, no Majorana states can form,

since the magnetic field would in this case be parallel to
the direction of the spin-orbit coupling in the wires. A
similar system was considered in Ref. [44], but only for
magnetic fields perpendicular to the plane of the system.

FIG. 4. A sketch of a quasi-1D wire with a magnetic field B =
B

x

along the x-axis. The black sites denote the short edges
of the system where the Majorana modes would be localized.
The quasi-1D system can be thought of as a set of 1D wires
coupled in y-direction.

As described in Section II, we will use two main tools to
obtain the phase diagram for these systems. The first is
to numerically diagonalize the tight-binding Hamiltonian
and employ the integrated MP by plotting its value as a
function of the chemical potential and the magnetic field.
The second is to assume that the momentum k

x

along x is
a ”good” quantum number, and exploit the SP technique.
In Fig. 5 we show numerically that the results of the first
two methods are fully consistent. Each phase transition
boundary defined as a change in the number of MBS pairs
obtained via the MP technique corresponds to a line of
zeroes in the SP plot. The only apparent exception is the
special case of the white lines in the N

y

= 4 close to µ = t
and µ = 2.2t and B = 0.5t. They seem to correspond
to the special case of a zero-size non-topological line-like
region between two topological regions with one pair of
MBS. Such situations, i.e. topological regions divided by
a line of non-topological points, can arise, and are well
captured here by the SP method. The numerical method
is a bit less precise in this case, and the non-topological
lines acquire a finite width, mostly because of the finite
length of the considered systems (in the infinite-length
limit the width of these regions should go to zero).
Note that the integrated MP allows not only to show

the phase transition boundaries, but also to give access to
the number of emerging MBS. Since the chiral symmetry
(a combination of the PHS and the TRS) is absent due
to the magnetic field which breaks the TRS, we cannot
easily use the counting formula introduced in Ref. [3] to
obtain the number of Majorana modes using this method.
The counting formula is in principle also applicable in the
absence of the chiral symmetry, but the broken TRS case
is very cumbersome and much harder to implement nu-
merically. Therefore, we use here the SP technique only
to obtain the phase transition lines; the actual number
of the MBS pairs and the topological character of a given
phase space region are obtained numerically via the cal-
culation of the total MP. We should point out that some
segments of the phase transition lines in the right col-
umn of Fig. 5 are almost non-visible. This is not due
to the failure of the method, but to the numerical grid:
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the magnitude of the integral of the Majorana polariza-
tion vector over the spatial region R.
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r̂ is the projection onto site ~r, and the local MP is simply
the expectation value of the local particle-hole transfor-
mation:
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We split our system in half such that R is half of the sys-
tem (divided usually along the longer length). The Ma-
jorana polarization also allows us to distinguish between
zero energy states which are Majorana bound states and
those which are not as C = 1 is both a necessary and
su�cient condition for a state being a Majorana state.
By numerically solving the tight-binding Hamiltonian,
Eq. (1), and plotting C as a function of the parameters we
can accurately recover the appropriate topological phase
diagram. The topological phases are characterized by
C = 1, while the non-topological ones by C = 0. This
is demonstrated in Fig. 3 for a few systems of di↵erent
sizes.

The MP thus allows an accurate characterization of the
topological phase even in cases where a direct calculation
of the topological index is not feasible. Moreover it does
not require very large system sizes to be highly accurate,
as for example a map of the lowest energy state would. In
addition, as we will shortly demonstrate, the MP gives
local information about the formation and behavior of
the Majorana bound states which can not be gained form
a consideration of the system’s bulk properties. Thus we
should note that, while if a Majorana state exists the
system is surely topological, the reverse is not necessary
true, as a bulk topological system may have no Majorana
solutions in certain finite-size configurations.

For a system in which the length is much larger than
the width N

y

⌧ N
x

such as the one depicted in Fig. 3(a)
we would expect to recover the phase diagram calculated
analytically in the previous section, and this is indeed the
case, the topological regions predicted by the MP crite-
rion (red in Fig. 3(a)) correspond exactly to the topolog-
ical regions (light red) in Fig. 2(b). For a wider system
such as the one depicted in Fig. 3(c) we can see that the
phase diagram calculated analytically (Fig. 2(d)) is re-
covered very well at large values of B, however, at small
values of B, the value of C is neither 0, nor 1, but it shows
an intermediate value (depicted in yellow). For fully
square systems (Fig. 3(b)) the entire topological phase
is characterized now by C ⇡ 0.7. We should note that all
the states corresponding to the regions with C < 1 have
non-zero but very small energies, thus making it harder
to interpret them as Majoranas or not based solely on
the energy criterion.

To understand these states we focus on the local struc-
ture of the MP defined in Eq. (11) as a vector in the com-
plex plane. A Majorana state must have an integral of
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FIG. 3. (Color online) The phase diagram as a function of
B and µ for open systems of (a) 3 ⇥ 201, (b) 101 ⇥ 101, and
(c) 51 ⇥ 201. This has been calculated using the PH expec-
tation value of the lowest energy state summed over half of
the system C (see main text). In all the examples � = 0.4t
and ↵ = 0.5t. The analytical topological phase boundaries for
quasi 1D (solid lines) and 2D (dashed lines) are also plotted.

the MP of 1 over a spatial region R, thus it must exhibit
an uniform phase inside this region, equivalently the MP
local vectors need to be aligned inside R (‘ferromagnetic’
MP structure). In Figs. 4-5 we plot the MP for a variety
of di↵erent low energy states. In Fig. 4 we plot the MP
vector for a 51⇥ 201 system with � = 0.3t and ↵ = 0.5t.
Fig. 4(a) corresponds to the red (topological) phase in
Fig. 3(c) (C = 1), with µ = 3.5t and B = 2.2t. We should
expect to have two MBS confined at the two narrow ends
of the ribbon, and we note that this is indeed the case,
we can see the formation of two ‘ferromagnetic’ states
localized at the two ends of the wire, with opposite MP.
Fig. 4(b) corresponds to a non-topological (blue phase
in Fig. 3(c)) phase, with C = 0. We take µ = 3.5t and
B = 2.3t, and the corresponding state, while being lo-
calized on the edges, is indeed non-Majorana, which can
be seen from the local fluctuations of the direction of the
MP vector from site to site, which makes its integral over
half of the wire zero. In Fig. 4(c) we focus on the more
puzzling C < 1 phase, denoted in yellow in Fig. 3(c). We
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Majorana modes form, for any region in the parameter
space, and the system is fully trivial.

FIG. 3. Band structure of a 2D ribbon with a magnetic field
B = B

y

perpendicular to the edges for µ = 4t, B
y

= 0.3t
(upper panel) and µ = 0t, B

y

= 0.3t (middle panel). Note
that the system may host either one or two pairs of chiral
Majorana modes. The corresponding topological phase dia-
gram (lower panel) depicts the number of Majorana modes
(as evaluated from the total MP) as a function of µ and B.
In all the examples we set � = 0.2t,�

x

= �

y

= 0.5t.

IV. QUASI-1D WIRES

In what follows we focus on quasi-1D systems, i.e. sys-
tems made-up of N

y

> 1 coupled wires each with a finite
but large number of sites N

x

� 1 and N
x

� N
y

. We con-
sider an in-plane magnetic field B

x

parallel to the long
edge of the system (see Fig. 4). Note that for a magnetic
field parallel to the y-axis, no Majorana states can form,

since the magnetic field would in this case be parallel to
the direction of the spin-orbit coupling in the wires. A
similar system was considered in Ref. [44], but only for
magnetic fields perpendicular to the plane of the system.

FIG. 4. A sketch of a quasi-1D wire with a magnetic field B =
B

x

along the x-axis. The black sites denote the short edges
of the system where the Majorana modes would be localized.
The quasi-1D system can be thought of as a set of 1D wires
coupled in y-direction.

As described in Section II, we will use two main tools to
obtain the phase diagram for these systems. The first is
to numerically diagonalize the tight-binding Hamiltonian
and employ the integrated MP by plotting its value as a
function of the chemical potential and the magnetic field.
The second is to assume that the momentum k

x

along x is
a ”good” quantum number, and exploit the SP technique.
In Fig. 5 we show numerically that the results of the first
two methods are fully consistent. Each phase transition
boundary defined as a change in the number of MBS pairs
obtained via the MP technique corresponds to a line of
zeroes in the SP plot. The only apparent exception is the
special case of the white lines in the N

y

= 4 close to µ = t
and µ = 2.2t and B = 0.5t. They seem to correspond
to the special case of a zero-size non-topological line-like
region between two topological regions with one pair of
MBS. Such situations, i.e. topological regions divided by
a line of non-topological points, can arise, and are well
captured here by the SP method. The numerical method
is a bit less precise in this case, and the non-topological
lines acquire a finite width, mostly because of the finite
length of the considered systems (in the infinite-length
limit the width of these regions should go to zero).
Note that the integrated MP allows not only to show

the phase transition boundaries, but also to give access to
the number of emerging MBS. Since the chiral symmetry
(a combination of the PHS and the TRS) is absent due
to the magnetic field which breaks the TRS, we cannot
easily use the counting formula introduced in Ref. [3] to
obtain the number of Majorana modes using this method.
The counting formula is in principle also applicable in the
absence of the chiral symmetry, but the broken TRS case
is very cumbersome and much harder to implement nu-
merically. Therefore, we use here the SP technique only
to obtain the phase transition lines; the actual number
of the MBS pairs and the topological character of a given
phase space region are obtained numerically via the cal-
culation of the total MP. We should point out that some
segments of the phase transition lines in the right col-
umn of Fig. 5 are almost non-visible. This is not due
to the failure of the method, but to the numerical grid:
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Quasi-1D: Zeeman field perpendicular to the plane
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FIG. 4. (Color online) MP for the lowest energy states for
open system of 51⇥201 with � = 0.3t and ↵ = 0.5t. We plot
(a) a MBS µ = 3.5t and B = 2.2t (corresponding to a red
phase in Fig. 3(c)), (b) a 1D edge state µ = 3.5t and B = 2.3t
(blue phase in Fig. 3(c)), (c) a 2D edge state µ = 3.5t and
B = t (yellow phase in Fig. 3(c)), and (d) a bulk state µ = 0.5t
and B = 5t (blue phase in Fig. 3(c)).

take µ = 3.5t and B = t. We note that the corresponding
lowest energy state is also an edge state, extending over
the entire contour of the system. Moreover, while the
state is not ‘ferromagnetic’, a small uniform variation is
observed from site to site, making the total integral over
R finite, but not equal to 1. Finally in Fig. 4(d) we show
a state with C = 0 for µ = 0.5t and B = 5t, which corre-
sponds to the blue region outside the region delimited by
the bulk 2D topological lines, this actually correspond to
a bulk state for which the value of the MP is small even
locally.

It appears that the existence of the ‘yellow’ phase is
due to the shape of the system, i.e to the fact that the
length and the width become comparable. If the length is
increased the yellow phase is diminishing and the phase
diagram converges towards the phase diagram calculated
analytically in the previous section. This observation has
been made also for the Kitaev model.48 However, we want
to stress that in real experimental systems the existence
of the intermediate phase with C < 1 is possible, and it
would correspond to the formation of low-energy subgap
states which have locally a full Majorana character, but
that are non-Majoranas, due to their global lack of sym-
metry. It would be interesting to explore the connection
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FIG. 5. (Color online) MP for lowest energy state for open
system of 101 ⇥ 101 with � = 0.3t and ↵ = 0.5t. (a) µ = 4t
and B = t, and (b) µ = 2t and B = 3t, both in the 2D
topologically non-trivial phase.

between these states and the ’chiral’ Majorana states de-
scribed in Refs. 19 and 50. Another interesting question
would be if such quasi-Majorana states have any topo-
logical characteristics, such as non-Abelian statistics, or
atypical braiding properties, and if such states can be
useful for example for quantum computation in a simi-
lar manner as the Majorana states. Note that a state
with a C = 1 is a Majorana, and certainly has non-
Abelian statistics. It is not at all clear that the statistics
of the quasi-Majorana states would be Abelian. These
are peculiar states in-between fermionic and Majorana-
like, and there exist to this point no work to investigate
their statistics. Moreover there seems to be a fundamen-
tal di↵erence between the properly fermionic states which
have a uniform local zero MP. The quasi-Majoranas have
their weight divided into a few di↵erent regions, roughly
disconnected from each other, each with C di↵erent from
zero. Manipulating such a state in one part of the system
is not the same as manipulating the fermionic state, and
the e↵ect of such manipulation is also a very interesting
question. Such questions are however well beyond the
scope of the present work.

An extreme situation is depicted in Fig. 5(a,b), in
which we plot the MP for two quasi-Majorana states for
a square system. Fig. 5(a) depicts the MP for a set of
parameters inside the 2D bulk topological phase (as de-
scribed in Fig. 1(b)), while Fig. 5(b) describes a set of pa-
rameters inside the 1D topological phase (as described in
Fig. 1(a)), that would become a Majorana end state if one
direction of the system was su�ciently increased. Inter-
estingly enough these two states have di↵erent MP char-
acteristics, the ‘1D’ one being localized roughly at the
corners, while the ‘2D’ one along the contour of the sys-
tem, allowing one to distinguish between the two. Note
that for a fully square system the corner MP vectors are
oriented at roughly 90 degrees angle with respect with
each other, giving rise to an integral of C =

p
2/2 ⇡ 0.7,

which corresponds well to the ‘yellow’ in Fig. 3(b).

 |   Pj|/     j=1

Quasi-1D: Zeeman field perpendicular to the plane
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the magnitude of the integral of the Majorana polariza-
tion vector over the spatial region R.

C =
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r̂ is the projection onto site ~r, and the local MP is simply
the expectation value of the local particle-hole transfor-
mation:

h | C r̂| i = �2
X
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. (11)

We split our system in half such that R is half of the sys-
tem (divided usually along the longer length). The Ma-
jorana polarization also allows us to distinguish between
zero energy states which are Majorana bound states and
those which are not as C = 1 is both a necessary and
su�cient condition for a state being a Majorana state.
By numerically solving the tight-binding Hamiltonian,
Eq. (1), and plotting C as a function of the parameters we
can accurately recover the appropriate topological phase
diagram. The topological phases are characterized by
C = 1, while the non-topological ones by C = 0. This
is demonstrated in Fig. 3 for a few systems of di↵erent
sizes.

The MP thus allows an accurate characterization of the
topological phase even in cases where a direct calculation
of the topological index is not feasible. Moreover it does
not require very large system sizes to be highly accurate,
as for example a map of the lowest energy state would. In
addition, as we will shortly demonstrate, the MP gives
local information about the formation and behavior of
the Majorana bound states which can not be gained form
a consideration of the system’s bulk properties. Thus we
should note that, while if a Majorana state exists the
system is surely topological, the reverse is not necessary
true, as a bulk topological system may have no Majorana
solutions in certain finite-size configurations.

For a system in which the length is much larger than
the width N

y

⌧ N
x

such as the one depicted in Fig. 3(a)
we would expect to recover the phase diagram calculated
analytically in the previous section, and this is indeed the
case, the topological regions predicted by the MP crite-
rion (red in Fig. 3(a)) correspond exactly to the topolog-
ical regions (light red) in Fig. 2(b). For a wider system
such as the one depicted in Fig. 3(c) we can see that the
phase diagram calculated analytically (Fig. 2(d)) is re-
covered very well at large values of B, however, at small
values of B, the value of C is neither 0, nor 1, but it shows
an intermediate value (depicted in yellow). For fully
square systems (Fig. 3(b)) the entire topological phase
is characterized now by C ⇡ 0.7. We should note that all
the states corresponding to the regions with C < 1 have
non-zero but very small energies, thus making it harder
to interpret them as Majoranas or not based solely on
the energy criterion.

To understand these states we focus on the local struc-
ture of the MP defined in Eq. (11) as a vector in the com-
plex plane. A Majorana state must have an integral of
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FIG. 3. (Color online) The phase diagram as a function of
B and µ for open systems of (a) 3 ⇥ 201, (b) 101 ⇥ 101, and
(c) 51 ⇥ 201. This has been calculated using the PH expec-
tation value of the lowest energy state summed over half of
the system C (see main text). In all the examples � = 0.4t
and ↵ = 0.5t. The analytical topological phase boundaries for
quasi 1D (solid lines) and 2D (dashed lines) are also plotted.

the MP of 1 over a spatial region R, thus it must exhibit
an uniform phase inside this region, equivalently the MP
local vectors need to be aligned inside R (‘ferromagnetic’
MP structure). In Figs. 4-5 we plot the MP for a variety
of di↵erent low energy states. In Fig. 4 we plot the MP
vector for a 51⇥ 201 system with � = 0.3t and ↵ = 0.5t.
Fig. 4(a) corresponds to the red (topological) phase in
Fig. 3(c) (C = 1), with µ = 3.5t and B = 2.2t. We should
expect to have two MBS confined at the two narrow ends
of the ribbon, and we note that this is indeed the case,
we can see the formation of two ‘ferromagnetic’ states
localized at the two ends of the wire, with opposite MP.
Fig. 4(b) corresponds to a non-topological (blue phase
in Fig. 3(c)) phase, with C = 0. We take µ = 3.5t and
B = 2.3t, and the corresponding state, while being lo-
calized on the edges, is indeed non-Majorana, which can
be seen from the local fluctuations of the direction of the
MP vector from site to site, which makes its integral over
half of the wire zero. In Fig. 4(c) we focus on the more
puzzling C < 1 phase, denoted in yellow in Fig. 3(c). We
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the expectation value of the local particle-hole transfor-
mation:
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We split our system in half such that R is half of the sys-
tem (divided usually along the longer length). The Ma-
jorana polarization also allows us to distinguish between
zero energy states which are Majorana bound states and
those which are not as C = 1 is both a necessary and
su�cient condition for a state being a Majorana state.
By numerically solving the tight-binding Hamiltonian,
Eq. (1), and plotting C as a function of the parameters we
can accurately recover the appropriate topological phase
diagram. The topological phases are characterized by
C = 1, while the non-topological ones by C = 0. This
is demonstrated in Fig. 3 for a few systems of di↵erent
sizes.

The MP thus allows an accurate characterization of the
topological phase even in cases where a direct calculation
of the topological index is not feasible. Moreover it does
not require very large system sizes to be highly accurate,
as for example a map of the lowest energy state would. In
addition, as we will shortly demonstrate, the MP gives
local information about the formation and behavior of
the Majorana bound states which can not be gained form
a consideration of the system’s bulk properties. Thus we
should note that, while if a Majorana state exists the
system is surely topological, the reverse is not necessary
true, as a bulk topological system may have no Majorana
solutions in certain finite-size configurations.

For a system in which the length is much larger than
the width N
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⌧ N
x

such as the one depicted in Fig. 3(a)
we would expect to recover the phase diagram calculated
analytically in the previous section, and this is indeed the
case, the topological regions predicted by the MP crite-
rion (red in Fig. 3(a)) correspond exactly to the topolog-
ical regions (light red) in Fig. 2(b). For a wider system
such as the one depicted in Fig. 3(c) we can see that the
phase diagram calculated analytically (Fig. 2(d)) is re-
covered very well at large values of B, however, at small
values of B, the value of C is neither 0, nor 1, but it shows
an intermediate value (depicted in yellow). For fully
square systems (Fig. 3(b)) the entire topological phase
is characterized now by C ⇡ 0.7. We should note that all
the states corresponding to the regions with C < 1 have
non-zero but very small energies, thus making it harder
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ture of the MP defined in Eq. (11) as a vector in the com-
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FIG. 3. (Color online) The phase diagram as a function of
B and µ for open systems of (a) 3 ⇥ 201, (b) 101 ⇥ 101, and
(c) 51 ⇥ 201. This has been calculated using the PH expec-
tation value of the lowest energy state summed over half of
the system C (see main text). In all the examples � = 0.4t
and ↵ = 0.5t. The analytical topological phase boundaries for
quasi 1D (solid lines) and 2D (dashed lines) are also plotted.
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local vectors need to be aligned inside R (‘ferromagnetic’
MP structure). In Figs. 4-5 we plot the MP for a variety
of di↵erent low energy states. In Fig. 4 we plot the MP
vector for a 51⇥ 201 system with � = 0.3t and ↵ = 0.5t.
Fig. 4(a) corresponds to the red (topological) phase in
Fig. 3(c) (C = 1), with µ = 3.5t and B = 2.2t. We should
expect to have two MBS confined at the two narrow ends
of the ribbon, and we note that this is indeed the case,
we can see the formation of two ‘ferromagnetic’ states
localized at the two ends of the wire, with opposite MP.
Fig. 4(b) corresponds to a non-topological (blue phase
in Fig. 3(c)) phase, with C = 0. We take µ = 3.5t and
B = 2.3t, and the corresponding state, while being lo-
calized on the edges, is indeed non-Majorana, which can
be seen from the local fluctuations of the direction of the
MP vector from site to site, which makes its integral over
half of the wire zero. In Fig. 4(c) we focus on the more
puzzling C < 1 phase, denoted in yellow in Fig. 3(c). We
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FIG. 4. (Color online) MP for the lowest energy states for
open system of 51⇥201 with � = 0.3t and ↵ = 0.5t. We plot
(a) a MBS µ = 3.5t and B = 2.2t (corresponding to a red
phase in Fig. 3(c)), (b) a 1D edge state µ = 3.5t and B = 2.3t
(blue phase in Fig. 3(c)), (c) a 2D edge state µ = 3.5t and
B = t (yellow phase in Fig. 3(c)), and (d) a bulk state µ = 0.5t
and B = 5t (blue phase in Fig. 3(c)).

take µ = 3.5t and B = t. We note that the corresponding
lowest energy state is also an edge state, extending over
the entire contour of the system. Moreover, while the
state is not ‘ferromagnetic’, a small uniform variation is
observed from site to site, making the total integral over
R finite, but not equal to 1. Finally in Fig. 4(d) we show
a state with C = 0 for µ = 0.5t and B = 5t, which corre-
sponds to the blue region outside the region delimited by
the bulk 2D topological lines, this actually correspond to
a bulk state for which the value of the MP is small even
locally.

It appears that the existence of the ‘yellow’ phase is
due to the shape of the system, i.e to the fact that the
length and the width become comparable. If the length is
increased the yellow phase is diminishing and the phase
diagram converges towards the phase diagram calculated
analytically in the previous section. This observation has
been made also for the Kitaev model.48 However, we want
to stress that in real experimental systems the existence
of the intermediate phase with C < 1 is possible, and it
would correspond to the formation of low-energy subgap
states which have locally a full Majorana character, but
that are non-Majoranas, due to their global lack of sym-
metry. It would be interesting to explore the connection
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FIG. 5. (Color online) MP for lowest energy state for open
system of 101 ⇥ 101 with � = 0.3t and ↵ = 0.5t. (a) µ = 4t
and B = t, and (b) µ = 2t and B = 3t, both in the 2D
topologically non-trivial phase.

between these states and the ’chiral’ Majorana states de-
scribed in Refs. 19 and 50. Another interesting question
would be if such quasi-Majorana states have any topo-
logical characteristics, such as non-Abelian statistics, or
atypical braiding properties, and if such states can be
useful for example for quantum computation in a simi-
lar manner as the Majorana states. Note that a state
with a C = 1 is a Majorana, and certainly has non-
Abelian statistics. It is not at all clear that the statistics
of the quasi-Majorana states would be Abelian. These
are peculiar states in-between fermionic and Majorana-
like, and there exist to this point no work to investigate
their statistics. Moreover there seems to be a fundamen-
tal di↵erence between the properly fermionic states which
have a uniform local zero MP. The quasi-Majoranas have
their weight divided into a few di↵erent regions, roughly
disconnected from each other, each with C di↵erent from
zero. Manipulating such a state in one part of the system
is not the same as manipulating the fermionic state, and
the e↵ect of such manipulation is also a very interesting
question. Such questions are however well beyond the
scope of the present work.

An extreme situation is depicted in Fig. 5(a,b), in
which we plot the MP for two quasi-Majorana states for
a square system. Fig. 5(a) depicts the MP for a set of
parameters inside the 2D bulk topological phase (as de-
scribed in Fig. 1(b)), while Fig. 5(b) describes a set of pa-
rameters inside the 1D topological phase (as described in
Fig. 1(a)), that would become a Majorana end state if one
direction of the system was su�ciently increased. Inter-
estingly enough these two states have di↵erent MP char-
acteristics, the ‘1D’ one being localized roughly at the
corners, while the ‘2D’ one along the contour of the sys-
tem, allowing one to distinguish between the two. Note
that for a fully square system the corner MP vectors are
oriented at roughly 90 degrees angle with respect with
each other, giving rise to an integral of C =

p
2/2 ⇡ 0.7,

which corresponds well to the ‘yellow’ in Fig. 3(b).
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and B = 5t (blue phase in Fig. 3(c)).

take µ = 3.5t and B = t. We note that the corresponding
lowest energy state is also an edge state, extending over
the entire contour of the system. Moreover, while the
state is not ‘ferromagnetic’, a small uniform variation is
observed from site to site, making the total integral over
R finite, but not equal to 1. Finally in Fig. 4(d) we show
a state with C = 0 for µ = 0.5t and B = 5t, which corre-
sponds to the blue region outside the region delimited by
the bulk 2D topological lines, this actually correspond to
a bulk state for which the value of the MP is small even
locally.

It appears that the existence of the ‘yellow’ phase is
due to the shape of the system, i.e to the fact that the
length and the width become comparable. If the length is
increased the yellow phase is diminishing and the phase
diagram converges towards the phase diagram calculated
analytically in the previous section. This observation has
been made also for the Kitaev model.48 However, we want
to stress that in real experimental systems the existence
of the intermediate phase with C < 1 is possible, and it
would correspond to the formation of low-energy subgap
states which have locally a full Majorana character, but
that are non-Majoranas, due to their global lack of sym-
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scribed in Refs. 19 and 50. Another interesting question
would be if such quasi-Majorana states have any topo-
logical characteristics, such as non-Abelian statistics, or
atypical braiding properties, and if such states can be
useful for example for quantum computation in a simi-
lar manner as the Majorana states. Note that a state
with a C = 1 is a Majorana, and certainly has non-
Abelian statistics. It is not at all clear that the statistics
of the quasi-Majorana states would be Abelian. These
are peculiar states in-between fermionic and Majorana-
like, and there exist to this point no work to investigate
their statistics. Moreover there seems to be a fundamen-
tal di↵erence between the properly fermionic states which
have a uniform local zero MP. The quasi-Majoranas have
their weight divided into a few di↵erent regions, roughly
disconnected from each other, each with C di↵erent from
zero. Manipulating such a state in one part of the system
is not the same as manipulating the fermionic state, and
the e↵ect of such manipulation is also a very interesting
question. Such questions are however well beyond the
scope of the present work.

An extreme situation is depicted in Fig. 5(a,b), in
which we plot the MP for two quasi-Majorana states for
a square system. Fig. 5(a) depicts the MP for a set of
parameters inside the 2D bulk topological phase (as de-
scribed in Fig. 1(b)), while Fig. 5(b) describes a set of pa-
rameters inside the 1D topological phase (as described in
Fig. 1(a)), that would become a Majorana end state if one
direction of the system was su�ciently increased. Inter-
estingly enough these two states have di↵erent MP char-
acteristics, the ‘1D’ one being localized roughly at the
corners, while the ‘2D’ one along the contour of the sys-
tem, allowing one to distinguish between the two. Note
that for a fully square system the corner MP vectors are
oriented at roughly 90 degrees angle with respect with
each other, giving rise to an integral of C =
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which corresponds well to the ‘yellow’ in Fig. 3(b).
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(a) a MBS µ = 3.5t and B = 2.2t (corresponding to a red
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(blue phase in Fig. 3(c)), (c) a 2D edge state µ = 3.5t and
B = t (yellow phase in Fig. 3(c)), and (d) a bulk state µ = 0.5t
and B = 5t (blue phase in Fig. 3(c)).

take µ = 3.5t and B = t. We note that the corresponding
lowest energy state is also an edge state, extending over
the entire contour of the system. Moreover, while the
state is not ‘ferromagnetic’, a small uniform variation is
observed from site to site, making the total integral over
R finite, but not equal to 1. Finally in Fig. 4(d) we show
a state with C = 0 for µ = 0.5t and B = 5t, which corre-
sponds to the blue region outside the region delimited by
the bulk 2D topological lines, this actually correspond to
a bulk state for which the value of the MP is small even
locally.

It appears that the existence of the ‘yellow’ phase is
due to the shape of the system, i.e to the fact that the
length and the width become comparable. If the length is
increased the yellow phase is diminishing and the phase
diagram converges towards the phase diagram calculated
analytically in the previous section. This observation has
been made also for the Kitaev model.48 However, we want
to stress that in real experimental systems the existence
of the intermediate phase with C < 1 is possible, and it
would correspond to the formation of low-energy subgap
states which have locally a full Majorana character, but
that are non-Majoranas, due to their global lack of sym-
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between these states and the ’chiral’ Majorana states de-
scribed in Refs. 19 and 50. Another interesting question
would be if such quasi-Majorana states have any topo-
logical characteristics, such as non-Abelian statistics, or
atypical braiding properties, and if such states can be
useful for example for quantum computation in a simi-
lar manner as the Majorana states. Note that a state
with a C = 1 is a Majorana, and certainly has non-
Abelian statistics. It is not at all clear that the statistics
of the quasi-Majorana states would be Abelian. These
are peculiar states in-between fermionic and Majorana-
like, and there exist to this point no work to investigate
their statistics. Moreover there seems to be a fundamen-
tal di↵erence between the properly fermionic states which
have a uniform local zero MP. The quasi-Majoranas have
their weight divided into a few di↵erent regions, roughly
disconnected from each other, each with C di↵erent from
zero. Manipulating such a state in one part of the system
is not the same as manipulating the fermionic state, and
the e↵ect of such manipulation is also a very interesting
question. Such questions are however well beyond the
scope of the present work.

An extreme situation is depicted in Fig. 5(a,b), in
which we plot the MP for two quasi-Majorana states for
a square system. Fig. 5(a) depicts the MP for a set of
parameters inside the 2D bulk topological phase (as de-
scribed in Fig. 1(b)), while Fig. 5(b) describes a set of pa-
rameters inside the 1D topological phase (as described in
Fig. 1(a)), that would become a Majorana end state if one
direction of the system was su�ciently increased. Inter-
estingly enough these two states have di↵erent MP char-
acteristics, the ‘1D’ one being localized roughly at the
corners, while the ‘2D’ one along the contour of the sys-
tem, allowing one to distinguish between the two. Note
that for a fully square system the corner MP vectors are
oriented at roughly 90 degrees angle with respect with
each other, giving rise to an integral of C =
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which corresponds well to the ‘yellow’ in Fig. 3(b).
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II. THE GENERALIZED MAJORANA
POLARIZATION

Naturally all finite energy eigenstates of the Hamilto-
nians under consideration satisfy h | C | i = 0 and Ma-
jorana states satisfy |h�| C |�i| = 1, where C is the PH
operator. Additionally in a region R where such a Ma-
jorana state is localized it must satisfy

C =

���
P

j2Rh | C
j

| i
���

P
j2Rh |r̂

j

| i = 1 , (1)

where r̂
j

is the projection onto site j and C
j

⌘ C r̂
j

. For a
system with two Majoranas localized each on a di↵erent
edge of the system, R can simply be taken to be half the
system.

One can therefore use the PH operator as a way of
theoretically visualising MBS; this operator thus plays
the role of a universal MP generalizing the picture in-
troduced in Ref. 1 which was valid only for a subset of
Hamiltonians (the ‘chiral orthogonal’ class, or BDI in the
usual classification scheme18). The relationship between
the old definition and the current one is presented in Sec-
tion V.

Note that, while presenting some similarities, the gen-
eral MP is di↵erent from the chiral Majorana character
introduced in 20; they happen to take a similar form only
for the particular case of the BDI systems, see App. B
for more information. As the expectation values for an
anti-unitary operator are not invariant under a change
of global phase, it is fundamentally impossible to use the
MP operator to compare di↵erent states, as we can do us-
ing the chiral Majorana character introduced in Ref. 20.

III. KITAEV CHAINS, LADDERS, AND
ARRAYS

The PH operator for a spinless Kitaev model is C =
ei⇣ ⌧xK̂, where K̂ is the complex-conjugation operator,
and ⇣ is an arbitrary phase. We use ~⌧ to denote the
Pauli matrices in the PH subspace. A Majorana state
� is an eigenstate of C with an eigenvalue of modulus
1. If we write a general eigenfunction as  T

j

= (u
j

, v
j

),
then h | C

j

| i = 2u
j

v
j

, and we can use this to analyze
the behavior of a given state and its Majorana character.
Note that in order to have a Majorana state localized in
a region R , the wave function must satisfy the condition
u
j

= v
j

ei�j , with �
j

= � a uniform phase inside R. This
phase is arbitrary and can be chosen conveniently.

In the past, the topological character of a variety of
quasi-1D and 2D systems has been studied.21–31 Here we
focus on a spinless 2D square lattice with nearest neigh-
bour hopping t and p+ ip superconductivity of strength

FIG. 1. (Color online) Topological phase diagram as a func-
tion of � and µ for Kitaev chains with (a) 3, (b) 11, (c) 40,
and (d) 41 wires. Light red is the topologically non-trivial
phase and white is the topologically trivial phase. The black
lines give the points where the bulk gap closes.
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where  †
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= {c†
j

, c
j

} with c
(†)
j

annihilating (creating) a

spinless particle at site j. Here ~� is the nearest neighbor
vector. We set t = 1 and ~ = 1 throughout.
We want to study the formation and destruction of the

MBS in open quasi-1D and 2D systems described by this
model. The quasi-1D systems have open boundary con-
ditions (BC) imposed in the y direction. We know that
a purely 1D Kitaev chain is topologically non-trivial for
|µ| < |2t| and � 6= 0.2 Similarly, a 2D p+ip Kitaev array
is topologically non-trivial for |µ| < |4t| and � 6= 0. For
systems of di↵erent numbers of wires we first calculate
analytically the bulk topological phase diagrams using a
topological invariant.17,32–36 The detailss of this calcula-
tion are presented in Appendix A. We should stress that
this is the first exact calculation of the phase diagram
for the quasi-1D Kitaev chains. The resulting phase dia-
grams are shown in Fig. 1. Note the di↵erence between
the systems with even and odd number of chains. Note
also the formation of striped ellipsoidal regions close to
� = 0 in which the system can go between a topological
and non-topological phase for smaller and smaller steps
in the variation of the parameters when increasing the
number of wires.
We now compare these analytical phase diagrams with

whether the p-wave is present or absent in the system. In other words, analysing the intensity
of those rings we may estimate both the value of triplet ordering parameter and the spin-orbit
coupling constant.

3. Impurity

3.1 Introducing into Hamiltonian

We introduce into our system a single localized classical scalar impurity and magnetic impurity
with spin S = S (sin ✓ cos�, sin ✓ sin�, cos ✓) described by the following Hamiltonian:

H
imp

= �(r) (⌧
z

⌦ U�0 + ⌧0 ⌦ JS�) = V

imp

· �(r),
where U and J are scalar and magnetic strengths respectively, that are considered to be small
enough to use the perturbation theory and, therefore, T-matrix formalism [6]. Let x and y axes
lay in the plane and z axis be perpendicular to the plane. For a magnetic impurity with spin
directed along z-axis one must take ✓,� = 0 and along x-axis – ✓ = ⇡/2,� = 0. Thus, the full
Hamiltonian of the system in the most general case is H = H0 +H

imp

. Numerical solution of the
tight-binding model is given in subsections 3.3-3.4, whereas analytical solution of this model in
continuum limit is given in section 4.

3.2 T-matrix

3.2.1 Definition

To solve the models above we use T-matrix approximation described in [6]. Since the impurity
is localized T-matrix can be found the following way:

T (E) =



1� V

imp

Z

G0(E,p)
dp

(2⇡)2

��1

V

imp

Integration over momenta can be performed either numerically or using the analytical coordinate
dependence of unperturbed Green’s function given below

G0(E, r = 0) =

Z

G0(E,p)
dp

(2⇡)2

3.2.2 Usage

• Poles of the T-matrix are giving us the energies of subgap states

• LDOS with di↵erent spin polarizations is expressed in terms of T-matrix and unperturbed
Green’s function in coordinate space:

�G(E, r) = G0(E,�r)T (E)G0(E, r)
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Majorana modes form, for any region in the parameter
space, and the system is fully trivial.
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FIG. 3. Band structure of a 2D ribbon with a magnetic field
B = B

y

perpendicular to the edges for µ = 4t, B
y

= 0.3t
(upper panel) and µ = 0t, B

y

= 0.3t (middle panel). Note
that the system may host either one or two pairs of chiral
Majorana modes. The corresponding topological phase dia-
gram (lower panel) depicts the number of Majorana modes
(as evaluated from the total MP) as a function of µ and B.
In all the examples we set � = 0.2t,�
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= 0.5t.

IV. QUASI-1D WIRES

In what follows we focus on quasi-1D systems, i.e. sys-
tems made-up of N

y

> 1 coupled wires each with a finite
but large number of sites N

x

� 1 and N
x

� N
y

. We con-
sider an in-plane magnetic field B

x

parallel to the long
edge of the system (see Fig. 4). Note that for a magnetic
field parallel to the y-axis, no Majorana states can form,

since the magnetic field would in this case be parallel to
the direction of the spin-orbit coupling in the wires. A
similar system was considered in Ref. [44], but only for
magnetic fields perpendicular to the plane of the system.

FIG. 4. A sketch of a quasi-1D wire with a magnetic field B =
B

x

along the x-axis. The black sites denote the short edges
of the system where the Majorana modes would be localized.
The quasi-1D system can be thought of as a set of 1D wires
coupled in y-direction.

As described in Section II, we will use two main tools to
obtain the phase diagram for these systems. The first is
to numerically diagonalize the tight-binding Hamiltonian
and employ the integrated MP by plotting its value as a
function of the chemical potential and the magnetic field.
The second is to assume that the momentum k

x

along x is
a ”good” quantum number, and exploit the SP technique.
In Fig. 5 we show numerically that the results of the first
two methods are fully consistent. Each phase transition
boundary defined as a change in the number of MBS pairs
obtained via the MP technique corresponds to a line of
zeroes in the SP plot. The only apparent exception is the
special case of the white lines in the N

y

= 4 close to µ = t
and µ = 2.2t and B = 0.5t. They seem to correspond
to the special case of a zero-size non-topological line-like
region between two topological regions with one pair of
MBS. Such situations, i.e. topological regions divided by
a line of non-topological points, can arise, and are well
captured here by the SP method. The numerical method
is a bit less precise in this case, and the non-topological
lines acquire a finite width, mostly because of the finite
length of the considered systems (in the infinite-length
limit the width of these regions should go to zero).
Note that the integrated MP allows not only to show

the phase transition boundaries, but also to give access to
the number of emerging MBS. Since the chiral symmetry
(a combination of the PHS and the TRS) is absent due
to the magnetic field which breaks the TRS, we cannot
easily use the counting formula introduced in Ref. [3] to
obtain the number of Majorana modes using this method.
The counting formula is in principle also applicable in the
absence of the chiral symmetry, but the broken TRS case
is very cumbersome and much harder to implement nu-
merically. Therefore, we use here the SP technique only
to obtain the phase transition lines; the actual number
of the MBS pairs and the topological character of a given
phase space region are obtained numerically via the cal-
culation of the total MP. We should point out that some
segments of the phase transition lines in the right col-
umn of Fig. 5 are almost non-visible. This is not due
to the failure of the method, but to the numerical grid:



System with length comparable to width
6

the magnitude of the integral of the Majorana polariza-
tion vector over the spatial region R.

C =

��P
~r2Rh | C r̂| i��P
~r2Rh |r̂| i . (10)

r̂ is the projection onto site ~r, and the local MP is simply
the expectation value of the local particle-hole transfor-
mation:

h | C r̂| i = �2
X

�

�u
~r�

v
~r�

. (11)

We split our system in half such that R is half of the sys-
tem (divided usually along the longer length). The Ma-
jorana polarization also allows us to distinguish between
zero energy states which are Majorana bound states and
those which are not as C = 1 is both a necessary and
su�cient condition for a state being a Majorana state.
By numerically solving the tight-binding Hamiltonian,
Eq. (1), and plotting C as a function of the parameters we
can accurately recover the appropriate topological phase
diagram. The topological phases are characterized by
C = 1, while the non-topological ones by C = 0. This
is demonstrated in Fig. 3 for a few systems of di↵erent
sizes.

The MP thus allows an accurate characterization of the
topological phase even in cases where a direct calculation
of the topological index is not feasible. Moreover it does
not require very large system sizes to be highly accurate,
as for example a map of the lowest energy state would. In
addition, as we will shortly demonstrate, the MP gives
local information about the formation and behavior of
the Majorana bound states which can not be gained form
a consideration of the system’s bulk properties. Thus we
should note that, while if a Majorana state exists the
system is surely topological, the reverse is not necessary
true, as a bulk topological system may have no Majorana
solutions in certain finite-size configurations.

For a system in which the length is much larger than
the width N

y

⌧ N
x

such as the one depicted in Fig. 3(a)
we would expect to recover the phase diagram calculated
analytically in the previous section, and this is indeed the
case, the topological regions predicted by the MP crite-
rion (red in Fig. 3(a)) correspond exactly to the topolog-
ical regions (light red) in Fig. 2(b). For a wider system
such as the one depicted in Fig. 3(c) we can see that the
phase diagram calculated analytically (Fig. 2(d)) is re-
covered very well at large values of B, however, at small
values of B, the value of C is neither 0, nor 1, but it shows
an intermediate value (depicted in yellow). For fully
square systems (Fig. 3(b)) the entire topological phase
is characterized now by C ⇡ 0.7. We should note that all
the states corresponding to the regions with C < 1 have
non-zero but very small energies, thus making it harder
to interpret them as Majoranas or not based solely on
the energy criterion.

To understand these states we focus on the local struc-
ture of the MP defined in Eq. (11) as a vector in the com-
plex plane. A Majorana state must have an integral of
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FIG. 3. (Color online) The phase diagram as a function of
B and µ for open systems of (a) 3 ⇥ 201, (b) 101 ⇥ 101, and
(c) 51 ⇥ 201. This has been calculated using the PH expec-
tation value of the lowest energy state summed over half of
the system C (see main text). In all the examples � = 0.4t
and ↵ = 0.5t. The analytical topological phase boundaries for
quasi 1D (solid lines) and 2D (dashed lines) are also plotted.

the MP of 1 over a spatial region R, thus it must exhibit
an uniform phase inside this region, equivalently the MP
local vectors need to be aligned inside R (‘ferromagnetic’
MP structure). In Figs. 4-5 we plot the MP for a variety
of di↵erent low energy states. In Fig. 4 we plot the MP
vector for a 51⇥ 201 system with � = 0.3t and ↵ = 0.5t.
Fig. 4(a) corresponds to the red (topological) phase in
Fig. 3(c) (C = 1), with µ = 3.5t and B = 2.2t. We should
expect to have two MBS confined at the two narrow ends
of the ribbon, and we note that this is indeed the case,
we can see the formation of two ‘ferromagnetic’ states
localized at the two ends of the wire, with opposite MP.
Fig. 4(b) corresponds to a non-topological (blue phase
in Fig. 3(c)) phase, with C = 0. We take µ = 3.5t and
B = 2.3t, and the corresponding state, while being lo-
calized on the edges, is indeed non-Majorana, which can
be seen from the local fluctuations of the direction of the
MP vector from site to site, which makes its integral over
half of the wire zero. In Fig. 4(c) we focus on the more
puzzling C < 1 phase, denoted in yellow in Fig. 3(c). We
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to numerically diagonalize the tight-binding Hamiltonian
and employ the integrated MP by plotting its value as a
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along x is
a ”good” quantum number, and exploit the SP technique.
In Fig. 5 we show numerically that the results of the first
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boundary defined as a change in the number of MBS pairs
obtained via the MP technique corresponds to a line of
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y
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(a combination of the PHS and the TRS) is absent due
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obtain the number of Majorana modes using this method.
The counting formula is in principle also applicable in the
absence of the chiral symmetry, but the broken TRS case
is very cumbersome and much harder to implement nu-
merically. Therefore, we use here the SP technique only
to obtain the phase transition lines; the actual number
of the MBS pairs and the topological character of a given
phase space region are obtained numerically via the cal-
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segments of the phase transition lines in the right col-
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not require very large system sizes to be highly accurate,
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local information about the formation and behavior of
the Majorana bound states which can not be gained form
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solutions in certain finite-size configurations.
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such as the one depicted in Fig. 3(a)
we would expect to recover the phase diagram calculated
analytically in the previous section, and this is indeed the
case, the topological regions predicted by the MP crite-
rion (red in Fig. 3(a)) correspond exactly to the topolog-
ical regions (light red) in Fig. 2(b). For a wider system
such as the one depicted in Fig. 3(c) we can see that the
phase diagram calculated analytically (Fig. 2(d)) is re-
covered very well at large values of B, however, at small
values of B, the value of C is neither 0, nor 1, but it shows
an intermediate value (depicted in yellow). For fully
square systems (Fig. 3(b)) the entire topological phase
is characterized now by C ⇡ 0.7. We should note that all
the states corresponding to the regions with C < 1 have
non-zero but very small energies, thus making it harder
to interpret them as Majoranas or not based solely on
the energy criterion.

To understand these states we focus on the local struc-
ture of the MP defined in Eq. (11) as a vector in the com-
plex plane. A Majorana state must have an integral of
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FIG. 3. (Color online) The phase diagram as a function of
B and µ for open systems of (a) 3 ⇥ 201, (b) 101 ⇥ 101, and
(c) 51 ⇥ 201. This has been calculated using the PH expec-
tation value of the lowest energy state summed over half of
the system C (see main text). In all the examples � = 0.4t
and ↵ = 0.5t. The analytical topological phase boundaries for
quasi 1D (solid lines) and 2D (dashed lines) are also plotted.

the MP of 1 over a spatial region R, thus it must exhibit
an uniform phase inside this region, equivalently the MP
local vectors need to be aligned inside R (‘ferromagnetic’
MP structure). In Figs. 4-5 we plot the MP for a variety
of di↵erent low energy states. In Fig. 4 we plot the MP
vector for a 51⇥ 201 system with � = 0.3t and ↵ = 0.5t.
Fig. 4(a) corresponds to the red (topological) phase in
Fig. 3(c) (C = 1), with µ = 3.5t and B = 2.2t. We should
expect to have two MBS confined at the two narrow ends
of the ribbon, and we note that this is indeed the case,
we can see the formation of two ‘ferromagnetic’ states
localized at the two ends of the wire, with opposite MP.
Fig. 4(b) corresponds to a non-topological (blue phase
in Fig. 3(c)) phase, with C = 0. We take µ = 3.5t and
B = 2.3t, and the corresponding state, while being lo-
calized on the edges, is indeed non-Majorana, which can
be seen from the local fluctuations of the direction of the
MP vector from site to site, which makes its integral over
half of the wire zero. In Fig. 4(c) we focus on the more
puzzling C < 1 phase, denoted in yellow in Fig. 3(c). We
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FIG. 4. (Color online) MP for the lowest energy states for
open system of 51⇥201 with � = 0.3t and ↵ = 0.5t. We plot
(a) a MBS µ = 3.5t and B = 2.2t (corresponding to a red
phase in Fig. 3(c)), (b) a 1D edge state µ = 3.5t and B = 2.3t
(blue phase in Fig. 3(c)), (c) a 2D edge state µ = 3.5t and
B = t (yellow phase in Fig. 3(c)), and (d) a bulk state µ = 0.5t
and B = 5t (blue phase in Fig. 3(c)).

take µ = 3.5t and B = t. We note that the corresponding
lowest energy state is also an edge state, extending over
the entire contour of the system. Moreover, while the
state is not ‘ferromagnetic’, a small uniform variation is
observed from site to site, making the total integral over
R finite, but not equal to 1. Finally in Fig. 4(d) we show
a state with C = 0 for µ = 0.5t and B = 5t, which corre-
sponds to the blue region outside the region delimited by
the bulk 2D topological lines, this actually correspond to
a bulk state for which the value of the MP is small even
locally.

It appears that the existence of the ‘yellow’ phase is
due to the shape of the system, i.e to the fact that the
length and the width become comparable. If the length is
increased the yellow phase is diminishing and the phase
diagram converges towards the phase diagram calculated
analytically in the previous section. This observation has
been made also for the Kitaev model.48 However, we want
to stress that in real experimental systems the existence
of the intermediate phase with C < 1 is possible, and it
would correspond to the formation of low-energy subgap
states which have locally a full Majorana character, but
that are non-Majoranas, due to their global lack of sym-
metry. It would be interesting to explore the connection

HaL

1
50

1 51 101
1

51

101

x

y

HbL

1
50

1 51 101
1

51

101

x

y

FIG. 5. (Color online) MP for lowest energy state for open
system of 101 ⇥ 101 with � = 0.3t and ↵ = 0.5t. (a) µ = 4t
and B = t, and (b) µ = 2t and B = 3t, both in the 2D
topologically non-trivial phase.

between these states and the ’chiral’ Majorana states de-
scribed in Refs. 19 and 50. Another interesting question
would be if such quasi-Majorana states have any topo-
logical characteristics, such as non-Abelian statistics, or
atypical braiding properties, and if such states can be
useful for example for quantum computation in a simi-
lar manner as the Majorana states. Note that a state
with a C = 1 is a Majorana, and certainly has non-
Abelian statistics. It is not at all clear that the statistics
of the quasi-Majorana states would be Abelian. These
are peculiar states in-between fermionic and Majorana-
like, and there exist to this point no work to investigate
their statistics. Moreover there seems to be a fundamen-
tal di↵erence between the properly fermionic states which
have a uniform local zero MP. The quasi-Majoranas have
their weight divided into a few di↵erent regions, roughly
disconnected from each other, each with C di↵erent from
zero. Manipulating such a state in one part of the system
is not the same as manipulating the fermionic state, and
the e↵ect of such manipulation is also a very interesting
question. Such questions are however well beyond the
scope of the present work.

An extreme situation is depicted in Fig. 5(a,b), in
which we plot the MP for two quasi-Majorana states for
a square system. Fig. 5(a) depicts the MP for a set of
parameters inside the 2D bulk topological phase (as de-
scribed in Fig. 1(b)), while Fig. 5(b) describes a set of pa-
rameters inside the 1D topological phase (as described in
Fig. 1(a)), that would become a Majorana end state if one
direction of the system was su�ciently increased. Inter-
estingly enough these two states have di↵erent MP char-
acteristics, the ‘1D’ one being localized roughly at the
corners, while the ‘2D’ one along the contour of the sys-
tem, allowing one to distinguish between the two. Note
that for a fully square system the corner MP vectors are
oriented at roughly 90 degrees angle with respect with
each other, giving rise to an integral of C =

p
2/2 ⇡ 0.7,

which corresponds well to the ‘yellow’ in Fig. 3(b).
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open system of 51⇥201 with � = 0.3t and ↵ = 0.5t. We plot
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and B = 5t (blue phase in Fig. 3(c)).
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states which have locally a full Majorana character, but
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between these states and the ’chiral’ Majorana states de-
scribed in Refs. 19 and 50. Another interesting question
would be if such quasi-Majorana states have any topo-
logical characteristics, such as non-Abelian statistics, or
atypical braiding properties, and if such states can be
useful for example for quantum computation in a simi-
lar manner as the Majorana states. Note that a state
with a C = 1 is a Majorana, and certainly has non-
Abelian statistics. It is not at all clear that the statistics
of the quasi-Majorana states would be Abelian. These
are peculiar states in-between fermionic and Majorana-
like, and there exist to this point no work to investigate
their statistics. Moreover there seems to be a fundamen-
tal di↵erence between the properly fermionic states which
have a uniform local zero MP. The quasi-Majoranas have
their weight divided into a few di↵erent regions, roughly
disconnected from each other, each with C di↵erent from
zero. Manipulating such a state in one part of the system
is not the same as manipulating the fermionic state, and
the e↵ect of such manipulation is also a very interesting
question. Such questions are however well beyond the
scope of the present work.

An extreme situation is depicted in Fig. 5(a,b), in
which we plot the MP for two quasi-Majorana states for
a square system. Fig. 5(a) depicts the MP for a set of
parameters inside the 2D bulk topological phase (as de-
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Future directions

I: How to measure Majorana polarization

II: Applications of Majorana polarization

IV: New topological local order parameters

III: Exchange statistics of quasi-Majorana states
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− impossible directly:  
Majoranas cannot tunnel in and out 

− indirect methods 

! Tunnel current to STM tip:  
local density of states = |u↑|2 + |u↓|2 

! Spin-polarized STM:  
|u↑|2 - |u↓|2, Re[u↑u↓], Im[u↑u↓] 

Need also v↑ , v↓ !!!

STM tip

I. How to measure MP

Tunnel  
current

SC

Ψ ✝ = u↑ c↑✝+ v↑ c↑ + u↓ c↓✝+ v↓ c↓  

Measuring the MP - need  P = 2 u↑ v↑ + 2 u↓ v↓
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I. How to measure MP

Andreev reflection ➙ u , v  
   - normal / ferromagnetic tip  
   - superconducting tip, eventually p-wave 
   - calculate conductance and noise  
   - vary Andreev / normal tunnelling 
   - modify superconducting phase difference, 
ferromagnetic angle 

Ferromagnetic STM 
or superconducting STM 

Andreev  
reflection

Discussions and collaboration with experimentalists:  
H. Beidenkopf, N. Avraham (Weizmann), F. Massee (LPS Orsay), L. Simon (Mulhouse),  
T. Cren, D. Roditchev (Paris)

SC

Measuring the MP - need  P = 2 u↑ v↑ + 2 u↓ v↓

18



Tight-binding model, MatQ code 
Experiments  H. Bouchiat (Orsay)

II. Applications of the MP

of a long, perfectly connected ballistic channel. This is a key result
of our paper. Eleven harmonics are visible in the Fourier
transform of the signal at 100 mK. Figure 2b displays how the 1/n
amplitude of the nth harmonic, In, expected for a perfect
sawtooth, is exponentially damped by a small factor:
In¼ I0/n exp(" an), with a¼ 0.19 at 100 mK and 0.25 at 1.2 K.
Since the nth harmonics can be interpreted as the contribution to
the supercurrent of the nth order Andreev reflection, the damping
can be understood as due to an imperfect transmission
encountered n times, as well as due to temperature T
(refs 11–13), yielding the phenomenological expression
In¼ I0/nt2n exp(" nT/ETh). Here t is the modulus of the total
transmission in the normal state. Other effects, such as high

frequency noise, may also contribute to this decay. The damping
coefficient at 100 mK yields a quasi perfect transmission tZ0.9,
and we deduce the Thouless energy ETh¼ 4 K from the damping
coefficient at 1.2 K.

Signatures of a second supercurrent-carrying path. Predicted by
our tight-binding modelling of the wire (Fig. 1c), a second path
can be identified upon closer inspection of the CPR: a wiggle with
a smaller period is superimposed to the main sawtooth signal.
The full critical current modulation is reproduced by adding to
the main sawtooth the contribution of a second sawtooth with a
four times smaller amplitude and a 10% smaller period than the
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Figure 2 | Sawtooth-shaped CPR of the S/Bi/S junction. (a) Critical current of the asymmetric SQUID, at 130 mK (blue) and 1 K (red), revealing the
bismuth junction’s CPR and combination of two sawtooth-shaped currents

P
(" 1)n/n {sin(nj) exp("0.19n)þ0.25 sin(1.1$ nj) exp("0.45n)} (black).

Here j¼ 2pBzSin/F0, with F0¼ h/2e and Sin is the area delimited by the SQUID loop and the inner edge of the wire. (b) Sketch of the asymmetric SQUID
made of the tungsten nanoconstriction in parallel with the Bi nanowire, with its two edge states running along the top outer edge and inner bottom edge.
(c) Fourier transform of the measured curves at 130 mK and 1 K. We have included the 1/n dependence expected for the harmonics of the pure sawtooth
(dashed blue line) as well as the phenomenological fits to the decay of these harmonics. We also show the 1/n2 dependence of a diffusive junction (dashed
black line). (d) Satellite peak on the CPR’s Fourier transform due to the second conduction path at the outer edge of the wire (delimiting an area Sout),
next to the main peak (corresponding to the area Sin). (e) Theoretical zero-temperature CPRs of superconductor/normal metal/superconductor junctions
from tight-binding simulations on a square lattice40 in different regimes: green, short junction with one N site, the CPR is close to the ideal relation
Is¼ 2epD/h sin(j/2) sign(p–j); blue, sawtooth CPR of a long single-channel ballistic junction, calculated for length L¼ 1.2$ xs. Black: CPR of a
multichannel diffusive wire

P
(" 1)n/(2nþ 1)(2n" 1) sin(nj)32. Red, sinusoidal CPR Is¼ epD/h sinj of a multichannel SIS junction with normal state

resistance h/2e2. All curves are normalized to the maximum value of the CPR. (f) Sketch of the reference asymmetric SQUID, made of a similar tungsten
constriction in parallel with a superconducting aluminium/oxide/aluminium SIS tunnel junction. (g) Critical current of the reference asymmetric SQUID,
yielding, as expected, a sinusoidal CPR (dashed line is a sinusoidal fit to the data). The small effect of the circuit inductance has been corrected for. This
correction is negligible for the Bi-SQUID because of its smaller dimensions.
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" Topological candidates: 
− bismuth  
− doped graphene 
− transition metal dichalcogenides

" Interacting systems: 
− derive MP within a Green’s function formalism 
− test the stability of Majoranas
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Figure1:a)TheformationofMajoranastateswithoppositeMPatthetwoendsofaone-
dimensionaltopologicalwire[2,14,15].TheabsolutevalueoftheMPisequaltothedensity.
b)Exampleofaquasi-Majoranastateforafinite-sizetwo-dimensionalsystemwithRashbaand
ZeemancouplingsintheproximityofaSC[16].

understandthisquantityweconsideragivenreal-spacewavefunctioneigenstate(vr,ur)ofa
spinlessHamiltonian,withrbeingtheposition,vrtheamplitudeoftheelectroncomponentof
thewavefunction,andurtheamplitudeoftheholecomponent.Thiswavefunctionischaracter-
izedbyaspatialdensity|vr|2+|ur|2,normalizedsuchthat

P
r(|vr|2+|ur|2)=1,withthesum P

rperformedovertheentiresystem.WedefinetheMPvectoras[1,2]:

~P(r)⌘{P
x

(r),P
y

(r)}⌘{�2Re[urvr],�2Im[urvr]}

Thisquantitymeasuresthelocalelectron-holeoverlap:itiszeroforfullyelectronicorhole
states(ur=0orvr=0respectively),andismaximalforaMajoranastate|ur|=|vr|(max-
imalelectron-holeoverlap).Besidestheabsolutevalue,|~P(r)|,whosemaximumisequalto
thedensity,|~P(r)|

max

=2|urvr|max

=|vr|2+|ur|2,thedirectionoftheMPvectorcontains
extrainformationabouttherelativephasebetweentheelectronandholecomponentsofthe
wavefunction.

AnillustrationofthepoweroftheMPisitsapplicationtoone-dimensionaltopological
wires1:theMPislocallymaximal(andhenceequaltothedensity),butitsphaseiszeroinone
halfofthewireandisequalto⇡intheotherhalf(seeFig.1a).Thisindicatestheformationof
twoMajoranastateswithoppositepolarizationsatthetwoendsofthewire.

TheMPthusallowsustowritedownageneralcriteriontoidentifyaMajoranastate:

|
X

r

~P(r|=
X

r

(|vr|2+|ur|2),

wherethesumisperformedoverhalfthesystem.Thiscanbesatisfiedonlyiftheabsolute
valuesoftheMPvectorsaremaximalatallpoints,andifthesummed-overMPvectorsare
aligned(seeFig.1a).

AtpresenttheMPispurelyatheoreticalquantity,thatcannotbemeasuredexperimentally
byanyknowntool.Thefirstgoalofmyprojectistofindwaystodetectthisquantityinan
experiment.

InthepastfewyearswehavemadethefirststepstousetheMPtorevealtheformationof
Majoranastatesinone-dimensionalwireswithRashbaandZeemancouplingsintheproximity
ofasuperconductor,inNSjunctionsmadefromsuchwires,infinite-sizestripsandinsystems
describedbytheKitaevmodel[1,16–18].MysecondgoalistousetheMajoranapolarization
toexplorelessconventionalmaterials,suchasbismuth,transitionmetaldichalcogenidesand
graphenedopedwithad-atoms,andalsototesttheformationofMajoranastatesinsystems

1
See[2,15]and[7–14]forpossibleexperimentalrealizations.

2

Bena Part B2 LocalMP

Figure 1: a) The formation of Majorana states with opposite MP at the two ends of a one-
dimensional topological wire [2, 14, 15]. The absolute value of the MP is equal to the density.
b) Example of a quasi-Majorana state for a finite-size two-dimensional system with Rashba and
Zeeman couplings in the proximity of a SC [16].

understand this quantity we consider a given real-space wavefunction eigenstate (vr, ur) of a
spinless Hamiltonian, with r being the position, vr the amplitude of the electron component of
the wavefunction, and ur the amplitude of the hole component. This wavefunction is character-
ized by a spatial density |vr|2 + |ur|2, normalized such that

P
r(|vr|2 + |ur|2) = 1, with the sumP

r performed over the entire system. We define the MP vector as [1, 2]:

~P (r) ⌘ {P
x

(r), P
y

(r)} ⌘ {� 2Re[urvr],�2Im[urvr]}

This quantity measures the local electron-hole overlap: it is zero for fully electronic or hole
states (ur = 0 or vr = 0 respectively), and is maximal for a Majorana state |ur| = |vr| (max-
imal electron-hole overlap). Besides the absolute value, |~P (r)|, whose maximum is equal to
the density, |~P (r)|

max

= 2|urvr|max

= |vr|2 + |ur|2, the direction of the MP vector contains
extra information about the relative phase between the electron and hole components of the
wavefunction.

An illustration of the power of the MP is its application to one-dimensional topological
wires1: the MP is locally maximal (and hence equal to the density), but its phase is zero in one
half of the wire and is equal to ⇡ in the other half (see Fig. 1a). This indicates the formation of
two Majorana states with opposite polarizations at the two ends of the wire.

The MP thus allows us to write down a general criterion to identify a Majorana state:

|
X

r

~P (r| =
X

r

(|vr|2 + |ur|2),

where the sum is performed over half the system. This can be satisfied only if the absolute
values of the MP vectors are maximal at all points, and if the summed-over MP vectors are
aligned (see Fig. 1a).

At present the MP is purely a theoretical quantity, that cannot be measured experimentally
by any known tool. The first goal of my project is to find ways to detect this quantity in an
experiment.

In the past few years we have made the first steps to use the MP to reveal the formation of
Majorana states in one-dimensional wires with Rashba and Zeeman couplings in the proximity
of a superconductor, in NS junctions made from such wires, in finite-size strips and in systems
described by the Kitaev model [1, 16–18]. My second goal is to use the Majorana polarization
to explore less conventional materials, such as bismuth, transition metal dichalcogenides and
graphene doped with ad-atoms, and also to test the formation of Majorana states in systems

1
See [2, 15] and [7–14] for possible experimental realizations.
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       Quasi-Majorana states: 
− finite-size effects -  very important for 

experiments 
− locally but not globally Majorana, quasi-null 

energy 
     Abelian or non-Abelian exchange statistics ? 

− quantum computing ? 
− calculate wave function resulting from braiding 
− T-junction:  

− change chemical potential adiabatically 
− move quasi-Majorana states around each other

Bena et al, PRB 2016
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FIG. 4. (Color online) MP for the lowest energy states for
open system of 51⇥201 with � = 0.3t and ↵ = 0.5t. We plot
(a) a MBS µ = 3.5t and B = 2.2t (corresponding to a red
phase in Fig. 3(c)), (b) a 1D edge state µ = 3.5t and B = 2.3t
(blue phase in Fig. 3(c)), (c) a 2D edge state µ = 3.5t and
B = t (yellow phase in Fig. 3(c)), and (d) a bulk state µ = 0.5t
and B = 5t (blue phase in Fig. 3(c)).

take µ = 3.5t and B = t. We note that the corresponding
lowest energy state is also an edge state, extending over
the entire contour of the system. Moreover, while the
state is not ‘ferromagnetic’, a small uniform variation is
observed from site to site, making the total integral over
R finite, but not equal to 1. Finally in Fig. 4(d) we show
a state with C = 0 for µ = 0.5t and B = 5t, which corre-
sponds to the blue region outside the region delimited by
the bulk 2D topological lines, this actually correspond to
a bulk state for which the value of the MP is small even
locally.

It appears that the existence of the ‘yellow’ phase is
due to the shape of the system, i.e to the fact that the
length and the width become comparable. If the length is
increased the yellow phase is diminishing and the phase
diagram converges towards the phase diagram calculated
analytically in the previous section. This observation has
been made also for the Kitaev model.48 However, we want
to stress that in real experimental systems the existence
of the intermediate phase with C < 1 is possible, and it
would correspond to the formation of low-energy subgap
states which have locally a full Majorana character, but
that are non-Majoranas, due to their global lack of sym-
metry. It would be interesting to explore the connection
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FIG. 5. (Color online) MP for lowest energy state for open
system of 101 ⇥ 101 with � = 0.3t and ↵ = 0.5t. (a) µ = 4t
and B = t, and (b) µ = 2t and B = 3t, both in the 2D
topologically non-trivial phase.

between these states and the ’chiral’ Majorana states de-
scribed in Refs. 19 and 50. Another interesting question
would be if such quasi-Majorana states have any topo-
logical characteristics, such as non-Abelian statistics, or
atypical braiding properties, and if such states can be
useful for example for quantum computation in a simi-
lar manner as the Majorana states. Note that a state
with a C = 1 is a Majorana, and certainly has non-
Abelian statistics. It is not at all clear that the statistics
of the quasi-Majorana states would be Abelian. These
are peculiar states in-between fermionic and Majorana-
like, and there exist to this point no work to investigate
their statistics. Moreover there seems to be a fundamen-
tal di↵erence between the properly fermionic states which
have a uniform local zero MP. The quasi-Majoranas have
their weight divided into a few di↵erent regions, roughly
disconnected from each other, each with C di↵erent from
zero. Manipulating such a state in one part of the system
is not the same as manipulating the fermionic state, and
the e↵ect of such manipulation is also a very interesting
question. Such questions are however well beyond the
scope of the present work.

An extreme situation is depicted in Fig. 5(a,b), in
which we plot the MP for two quasi-Majorana states for
a square system. Fig. 5(a) depicts the MP for a set of
parameters inside the 2D bulk topological phase (as de-
scribed in Fig. 1(b)), while Fig. 5(b) describes a set of pa-
rameters inside the 1D topological phase (as described in
Fig. 1(a)), that would become a Majorana end state if one
direction of the system was su�ciently increased. Inter-
estingly enough these two states have di↵erent MP char-
acteristics, the ‘1D’ one being localized roughly at the
corners, while the ‘2D’ one along the contour of the sys-
tem, allowing one to distinguish between the two. Note
that for a fully square system the corner MP vectors are
oriented at roughly 90 degrees angle with respect with
each other, giving rise to an integral of C =

p
2/2 ⇡ 0.7,

which corresponds well to the ‘yellow’ in Fig. 3(b).

III. Exchange statistics of  
quasi-Majorana states



" Aim: construct local order parameters ➙ new local probes of exotic 
bound states 
− analogous to local density of states 
− zero for trivial states, non-zero for topological/exotic states: 

phase transitions 
" Twisted graphene bilayers: superconducting for specific twist angle  

➙ flat band                                                         Cao & al. Nature 2018

IV. New local order parameters 

21



Twisted graphene bilayers: what kind of superconductivity ? 
" d + i d and other singlet / triplet topological superconductivity proposed 

Xu & al PRL2018, Fidrysiak & al PRB2018, Roy & al arXiv:2018 
" SC phases support topological edges states 
" local order parameters ➙ induced SC pair symmetry 

− for edge states - MP: PMP = 2 u↑ v↑ + 2 u↓ v↓ 
− for Andreev bound states - ABS density:   
PABS = 2 u↑ v↓ + 2 u↓ v↑ ?  
(opposite-spin electron-hole overlap) 

− calculate spatial distribution of MP and ABS density 
− construct method to measure

IV. New local order parameters 
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