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Context
GW are polarized: 2 orthogonal polarizations h+ and h×

1 detector

α+h+(t) + α×h×(t)

≥ 2 GW detectors:

h+, h× reconstruction feasible

with e.g. sparsity-based algorithms
(Feng et al., EUSIPCO 2018)

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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Assumption: polarizations h+ and h× are available

=⇒ physical/dynamical properties of the GW source
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Precessing binary systems
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Precessing binary systems
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GW strain h(t) = h+(t)− ih×(t) ≡ bivariate signal

Nonparametric GW precession characterization
using recent results on time-frequency analysis of bivariate signals
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Modelling GW from precessing systems (I)

(Babak et al., 2016)

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5

ðm1 þm2Þ1=5
¼ c3

G

!
5

96
π−8=3f−11=3 _f

"
3=5

;

where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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Modelling GW from precessing systems (I)

(Babak et al., 2016)

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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Modelling GW from precessing systems (II)

precession α(t), β(t), γ(t) arbitrary
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Quaternion embedding of bivariate signals
GW strain h(t) = h+(t)− ih×(t) ≡ bivariate signal

generalization of the analytic signal to bivariate signals1

Quaternion embedding of a bivariate signal

hH(t) = (original signal h(t))︸ ︷︷ ︸
∈span{1,i}

+ (Hilbert transform)j︸ ︷︷ ︸
∈span{j,k}

4D algebra H i2 = j2 = k2 = −1 B ij = k, ij = −ji B

relies on a tailored quaternion Fourier transform (QFT)

One-to-one correspondence

h(t) ∈ C←→ hH(t) ∈ H

1J. Flamant, N. Le Bihan, P. Chainais (2017). Time–frequency analysis of
bivariate signals. Appl. Comp. Harm. Anal.
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Quaternion embedding and interpretation

Euler polar form

hH(t) = a(t)eiθ(t)e−kχ(t)ejϕ(t)

h+

−h×

h(t)

χ

θ

φ

•

a cos
χ

a
sin |χ|

⟲ χ > 0

⟳ χ < 0

usual instantaneous features
a(t) ≥ 0 amplitude
ϕ(t) ∈ [0, 2π) phase

+

instantaneous polarization
θ(t) ∈ [−π

2 ,
π
2 ] orientation

χ(t) ∈ [−π
4 ,

π
4 ] ellipticity
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From quaternion embedding to precession

Identification using hH(t)


a(t)
θ(t)
χ(t)
ϕ(t)

 = f




α(t)
β(t)
γ(t)
ι
ϕ0




θ(t), χ(t)⇐⇒ α(t), β(t), γ(t)

polarization modulation⇐⇒ precession

f mapping is explicit (yet tedious)
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Instantaneous Stokes parameters

7 numerical instability of θ, χ, ϕ direct estimates

Instantaneous Stokes parameters
Common description of polarization properties in optics

S0(t) = |a(t)|2

S1(t) = |a(t)|2 cos 2χ(t) cos 2θ(t),
S2(t) = |a(t)|2 cos 2χ(t) sin 2θ(t),
S3(t) = |a(t)|2 sin 2χ(t).

Basic quaternion calculus shows that:

|hH(t)|2 = S0(t), hH(t)jhH(t) = iS3(t) + jS1(t) + kS2(t)
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From quaternion embedding to precession
Identification using hH(t) = h(t) +Hh(t)j

S0(t)
S1(t)
S2(t)
S3(t)

 = g




α(t)
β(t)
γ(t)
ι
ϕ0




S1(t)
S0(t) ,

S2(t)
S0(t) ,

S3(t)
S0(t) ⇐⇒ α(t), β(t), γ(t)

polarization modulation⇐⇒ precession
g mapping is explicit (yet still tedious)

S3 = a
2
0

1
64

5
π

{
2
(
−2
(

cos2 (β) + 1
)

sin (2α− 2ϕ0) cos (ι)− 2 sin (2β) sin (ι) sin (α− ϕ0)
)

×
(

2
(

cos2 (ι) + 1
)

sin (2α− 2ϕ0) cos (β) + 2 sin (β) sin (2ι) sin (α− ϕ0)
)

−2 (4 sin (β) sin (ι) cos (α− ϕ0) + 4 cos (β) cos (ι) cos (2α− 2ϕ0))

×
((

cos2 (β) + 1
)(

cos2 (ι) + 1
)

cos (2α− 2ϕ0) + 3 sin2 (β) sin2 (ι) + sin (2β) sin (2ι) cos (α− ϕ0)
)}
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From quaternion embedding to precession
Identification using hH(t) = h(t) +Hh(t)j
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Precession diagnostic – simulated data
SEOBNRv3 simulation of strongly precessing BH-NS binary
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Precession diagnostic – realistic simulated noise
reconstruction from realistic noisy LIGO-Virgo observations
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Summary

1. precessing compact binary system

2. observation using ≥ 2 detectors e.g. h1, h2

3. reconstruction of (h+, h×)← (h1, h2) (Feng et al., 2018)

4. emission model using spherical harmonics I-frame α,β,γ←→ P-frame

5. analysis of the bivariate signal h(t) = h+(t)− ih×(t)

quaternion embedding hH(t)
⇓

(a, ϕ, θ, χ) and Stokes parameters

6. Stokes parameters ←→ decipher binary precession
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Conclusion

GW strain h(t) = h+(t)− ih×(t) ≡ bivariate signal

Nonparametric GW precession characterization
using recent results on time-frequency analysis of bivariate signals

Features
• instantaneous Stokes parameters as robust observables
• explicit relations with precession parameters (Euler angles)
• no hypothesis on precession dynamics
• can be refined (e.g., higher ` modes)
• deciphering of any effect impacting polarization

next: analysis of a real event
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Time-frequency representations of bivariate signals
generalization for multicomponent/noisy bivariate signals

Example: Quaternion Short-Term Fourier Transform
Extend the STFT to the QFT setting

Sh(t, ν) =
∫
h(u) g(u− t)︸ ︷︷ ︸

window

exp(−j2πνu)︸ ︷︷ ︸
QFT kernel

du

|Sh(t, ν)|2 → Time-frequency energy density
Sh(t, ν)jSh(t, ν)→ Time-frequency Stokes parameters S1, S2, S3

Theorems
{
inversion
conservation: energy polarization

Generic framework for TF analysis with the QFT:
spectrograms, scalograms, ...
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Time-frequency analysis of precessing GW
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