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Context

GW are polarized: 2 orthogonal polarizations /. and h

1 detector
Py (1) + e (1) e/ it
> 2 GW detectors: J O G .
_ 1.0 - 4
h4, hyx reconstruction feasible ? 05 4
E 0.0 |
with e.g. sparsity-based algorithms Cost
(Feng et al., EUSIPCO 2018) -1.0
[ Reconstructed (template)

Assumption: polarizations h; and hy are available

= physical /dynamical properties of the GW source
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Precessing binary systems
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black hole - neutron star binary with misaligned spin
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Precessing binary systems
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GW strain h(t) = hy(t) — thy« (t) = bivariate signal

Nonparametric GW precession characterization
using recent results on time-frequency analysis of bivariate signals
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Modelling GW from precessing systems (1)

(Babak et al., 2016)
observer/inertial |-frame

W (t), M (1)

precessing P-frame

R (1), hi (1)

0/)()0;

2:2 \V/\/\/\/\/\ \H ‘W
o5 V| M

Strain (1077)

1.0

Euler angles «, 3,7 Observer (¢, o)

Spherical harmonics expansion

i (t) = Bl (t) — ih (t) Z h () =2Y2,m (L, ©0)

m=—2
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Modelling GW from precessing systems (1)

(Babak et al., 2016)
observer/inertial |-frame

YT Ol
: precessing P-frame
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‘/WWM | B (2), (1)

key point: P-frame waveform ~ non-precessing-like GW
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Wigner-D functions
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Modelling GW from precessing systems (II)

precession «(t), B(t),y(t) arbitrary no precession a(t) = B(t) =v(t) =0

24 0 2 P t)

i —tmtel| I '41

24 hett) | et

°l —M 2 -
7 -6 5 J:ne o 3 2 -1 0 -7 -6 5 {iAme . -3 2 -1 0
hl(t) = hl(tvavﬂvva LaQDO) hl(t) = hl(ta by 300)

precession dynamics + observer observer only

Julien Flamant julien.flamant@phd.centralelille.fr Non-parametric Characterization of GW Polarizations



Quaternion embedding of bivariate signals
GW strain h(t) = h4(t) — thx(t) = bivariate signal

generalization of the analytic signal to bivariate signals!

Quaternion embedding of a bivariate signal

hu(t) = (original signal h(t))+ (Hilbert transform)j

espan{l,i} espan{j,k}
4D algebra H 2=32=k?>=-1 A ij =k, 1 =—Ji A\
relies on a tailored quaternion Fourier transform (QFT)

One-to-one correspondence

h(t) € C +— hu(t) e H

). Flamant, N. Le Bihan, P. Chainais (2017). Time-frequency analysis of
bivariate signals. Appl. Comp. Harm. Anal.
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Quaternion embedding and interpretation

Euler polar form

hH(t) = a(t)eia(t)e_kX(t)ejﬂo(t)
,hx
usual instantaneous features
x>0 h() a(t) > 0 amplltude
o ¢(t) € [0,27) phase
_l’_

instantaneous polarization
6(t) € [-7, 5] orientation
x(t) €[5, §] ellipticity
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From quaternion embedding to precession

Identification using hy(t)

a(t)
o 8(t)
X(t) = f v Lt)
o(t) 0

polarization modulation <= precession

f mapping is explicit (yet tedious)
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Instantaneous Stokes parameters

X numerical instability of 4, x, ¢ direct estimates

Instantaneous Stokes parameters

Common description of polarization properties in optics

So(t) = la(t) 2

S1(t) = |a(t)|? cos 2x(t) cos 20(t),
So(t) = |a(t)|? cos 2x(t) sin 20(t),
Sa(t) = lat) ? sin 2x(1

Basic quaternion calculus shows that:

b (t)|* = So(t),  hu(t)jhu(t) = iSs(t) + jS1(t) + kSa(t)
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From quaternion embedding to precession
Identification using hy(t) = h(t) + Hh(t)j

a(t)
So(t)
S| 6@
S| =9 ’YL/)
Ss(t)

®0

Si(t) Sa(t) Ss(t)
So(t)” So(t)” So(t)

polarization modulation <= precession

> af(t), B(t),7(t)

g mapping is explicit (yet still tedious)
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From quaternion embedding to precession
Identification using hy(t) = h(t) + Hh(t)j

a(t)
So(t) B(t)
Si(t)| _ t)
S2(t) J PVL’
S3(t) ®o
S1t) 5t Ss) o s,

So (t)7 S()(t) " So (t)
polarization modulation <= precession
g mapping is explicit (yet still tedious)

215

S3 =
064 m

2 (—2 (cos2 (B) + 1) sin (2o — 2¢g) cos (v) — 2sin (28) sin (¢) sin (a — 500))

ag
( (cos (¢) ) sin (2a — 2¢g) cos (B) + 2sin (B) sin (2¢) sin (o — cpo))
—2 (4sin (B) sin (¢) cos (o — o) + 4 cos (B) cos (¢) cos (2a — 2¢0))

X ((cos2 B) + 1) (cos2 (v) + 1) cos (2a — 2¢0) + 3 sin> (B) sin? (¢) + sin (28) sin (2¢) cos (a — gzo)) }
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Precession diagnostic — simulated data

SEOBNRv3 simulation of strongly precessing BH-NS binary

107

precession dynamics
’ polarization modulation

Stokes parameters
estimated using hy(t)
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Precession diagnostic — realistic simulated noise

reconstruction from realistic noisy LIGO-Virgo observations

21

2
) h4, hy reconstructed using
-1 a sparsity promoting
2
2 algorithm
: (LASSO)
1 (Feng et al., 2018)
2

7 6 5 -4 3 2 1 0

time [s]

5 /s . .
1/So A /& &@%f m residual noise
S2/80 i

Stokes parameters estimated
from the ridge of
53/50 a quaternion CWT
(Flamant et al., 2017)

s O Rk O RME O R

12 1.0 0.8 0.6 -0.4 0.2 0.0
time [s]
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Summary

1. precessing compact binary system
2. observation using > 2 detectors e.g. hi, ho

3. reconstruction of (hy,hx) < (hi,hs2) (Feng et al., 2018)

4. emission model using spherical harmonics I-frame ¢ p_frame
5. analysis of the bivariate signal h(t) = h(t) — thy(t)

quaternion embedding hy(t)

)
(a,,0,x) and Stokes parameters

6. Stokes parameters «<— decipher binary precession
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Conclusion

GW strain h(t) = hy(t) — thy«(t) = bivariate signal

Nonparametric GW precession characterization
using recent results on time-frequency analysis of bivariate signals

Features

e instantaneous Stokes parameters as robust observables

e explicit relations with precession parameters (Euler angles)
e no hypothesis on precession dynamics

e can be refined (e.g., higher £ modes)

e deciphering of any effect impacting polarization

next: analysis of a real event
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Time-frequency representations of bivariate signals
generalization for multicomponent/noisy bivariate signals

Example: Quaternion Short-Term Fourier Transform

Extend the STFT to the QFT setting

h(t,v) /h g(u —t) exp(—g2mvu)du
—_———  —

window QFT kernel

|Sh(t,v)|*> — Time-frequency energy density
Sh(t,v)jSh(t,v) — Time-frequency Stokes parameters S1, Sa, S3
inversion

Theorems . o
conservation: energy polarization

Generic framework for TF analysis with the QFT:
spectrograms, scalograms, ...
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Time-frequency analysis of precessing GW
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Time-frequency analysis of precessing GW
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