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Halo Nuclei in EFT

Outline

• motivation

• halo EFT: basic notions

• αα scattering

• n+ 7Li→ 8Li + γ

• 3He + α→ 7Be + γ

• nd scattering

• Casimir-Polder forces

• Summary and outlook
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NP opportunities
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Effective Field Theories

⇐⇒ ⇐⇒
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EFT: basic ideas
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EFT: basic ideas
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EFT with short-range interactions
k ∼ 1/a ∼ Mlo , 1/R ∼ Mhi

• 2-body: shallow bound state (E2 = ~2/ma2 + · · ·), scaling limit @ LO
RG flow towards a non-trivial fixed point (Birse et al., ...)
|a| → ∞: unitary limit ⇒ no scales (NR-conformal invariance)

• 3-body: correct renormalization requires a 3-body interaction at LO
⇒ its functional dependence exhibits a limit cycle

• new paradigm in understanding the Thomas collapse and the Efimov effect

Thomas: V2 range → 0, E2 fixed Efimov: |a| → ∞, large n

|E3| → ∞ E
(n+1)
3 /E

(n)
3 → e−2π/s0

s0 ≈ 1.00624

? Efimov, Amado and Nobel, Adhikari et al., Minlos and Fadeev, Frederico et
al., Fedorov et al., ...
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EFT and limit cycles: universality

(H.-W. Hammer and R.H., Eur. J. Phys. A 37, 193)
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(T. Krämer et al., Nature 440, 315; S. Knoop et al., Nature Physics 5, 227;

M. Zaccanti et al., Nature Physics 5, 586; N. Gross et al., PRL103, 163202)

- evidence for Efimov states
- universal functions provided by EFT

(E. Braaten and H.-W. Hammer, Phys. Rept. 428, 259)
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pion mass dependence of aNN

(NPLQCD: Beane et al., PRL 97, 012001 (2006))

(see also Detmold et al., PRL 116, 112301 (2016))
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pion mass dependence of aNN

NP around the unitarity limit?
(König et al., PRL118, 202501)

11



pion mass dependence of aNN

NP around the unitarity limit?
(König et al., PRL118, 202501)
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halo/cluster EFT: separation of scales

• excitation of each cluster
√
mcE∗c ∼Mhi (& mπ)

• binding of the valence nucleons (clusters) ∼Mlo �Mhi

• extension of the core—treated in perturbation theory

• power-counting: modified to account for other effects (resonance/Coulomb)

• expansion around the pole: rearrangement of the perturbative series, improved
convergence

• Coulomb interactions

(Hammer, Ji, Phillips, J.Phys.G44, 103002)
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potential models vs EFT

VWS EFT

VWS(r) = −V0

1+exp(r−Rd )

C0

bound state Sch. Eq. for V B0 , SF/ANC Feynman graphs, resum., Z
scatt. states Sch. Eq. for V S,ν0 Feynman graphs (resum.), a, r

EM OE1 = ZC
µ
MC

e r Y1m(r̂) QED
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halo/cluster EFT: k � mπ,
√
mcE∗c ∼ Mhi

Physical quantities: k, 1/a0 ∼Mlo, r0 ∼M−1
hi ,P ∼M−3

hi , . . .

Tl = −
2π

µ

k2l(2l + 1)

k2l+1(cot δl − i)
Pl(cos θ)

k
2l+1

cot δl ≈ −1/al +
rl

2
k

2
+
Pl
4
k

4
+ · · · (Bethe’s ERE)

L = φ
†

i∂0+
~∇2

4µ

φ+σ d
†

i∂0+
~∇2

8µ
−∆

d+g

[
d
†
φφ+(φφ)

†
d

]
+· · · ,

+ += +

∆ ∼Mlo → iD
(0)
d =

iσ

−∆ + iε
∼

1

Mlo

(NN)

∆ ∼M2
lo/µ → iD

(0)
d =

iσ

q0 − q2/8µ−∆ + iε
∼

µ

M2
lo

(αα)
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αα scattering

• input for the “reaction of life”: 3α→ 12C
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(RH, Hammer, van Kolck, NPA 809, 171)
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a0 (103 fm) r0 (fm) P0 (fm3)

LO −1.80 1.083 —

NLO −1.92± 0.09 1.098± 0.005 −1.46± 0.08

Rasche −1.65± 0.17 1.084± 0.011 −1.76± 0.22
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fine-tuning puzzle

∆(R)︸︷︷︸
M2
hi
µ

= ∆(κ)︸ ︷︷ ︸
M2
hi
µ

−∆(loops)︸ ︷︷ ︸
M2
hi
µ

(natural)

∆(R)︸︷︷︸
MhiMlo

µ

= ∆(κ)︸ ︷︷ ︸
M2
hi
µ

−∆(loops)︸ ︷︷ ︸
M2
hi
µ

(fine-tuned like NN)

∆(R)︸︷︷︸
M2
lo
µ

= ∆(κ)︸ ︷︷ ︸
M2
hi
µ

−∆(loops)︸ ︷︷ ︸
M2
hi
µ

(fine-tuned to get ER)

∆(R)︸︷︷︸
M3
lo

Mhiµ

= ∆(κ)︸ ︷︷ ︸
M2
hi
µ

−∆(loops)︸ ︷︷ ︸
M2
hi
µ

(fine-tuned to get ΓR)

∼ factor of 1000!!!
(Oberhummer et al., Science 289, 88; RH, Hammer, van Kolck, NPA 809, 171)
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7Li(n, γ)8Li

• p + 7Be→ 8B + γ
x→ 8Be + e+ + νe

⇒ uncertainty on energetic νe flux
⇒ S17(0): low-energy extrapolation
⇒ matter/vacuum oscillations
⇒ direct/inverse hierarchy

• mirror symmetry: 7Li(n, γ)8Li

• non-homogeneous BBN: bridge the A =8 gap
1H(n, γ)2H(n, γ)3H(d, n)4He(t, γ)7Li(n, γ)8Li
7Li(n, γ)8Li(α, n)11B(n, γ)12B(β−)12C . . .
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E1 radiative capture

(a) (b)

(c) (d)

• gauge invariance: cancellation of divergences (Phillips and Hammer)

σE1
capture =

Z
32πM2

kγ
p
αem

(
ZCMN

M

)2

F (p, γB,MC,MN , a
(1)
0 , a

(2)
0 )
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E1 radiative capture

10
-5

10
-4

10
-3

10
-2

10
-1

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

10
5

10
6

σ
 (

b
)

En (eV)

Imhof A ’59

Imhof B ’59

Nagai ’05

Blackmon ’96

Lynn ’91

Imhof A ’59

Imhof B ’59

Nagai ’05

Blackmon ’96

Lynn ’91

Davids-Typel: r1 ≈ −0.30 fm−1

Tombrello: r1 ≈ −0.46 fm−1

Wigner bound: r1 . −1 fm−1

21



E1 radiative capture
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E1 radiative capture

  Best fit (see text)

  Heil et al. (1998)  Wang et al. (2009)

  Nagai et al. (1991)  Huang et al. (2010)

  Nagai et al. (2005)  Rupak and Higa (2011)
  Present work
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(Izsák et al., PRC 88, 065808, 2013)
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3He(α, γ)7Be

• 3He + α→ 7Be + γ
x→ 7Li + e+ + νe

⇒ uncertainty on mid-energy νe
⇒ S34(0): low-energy extrapolation
⇒ matter/vacuum oscillations
⇒ direct/inverse hierarchy

• Lithium abundance in the universe
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3He(α, γ)7Be radiative capture

• 7Be: predominant 3He-α cluster

• B0 (2P3/2) ∼ 1.6 MeV, B1 (2P1/2) ∼ 1.2 MeV
� Sp (∼ 5.5 MeV), E?α (∼ 20 MeV)

= +

−itC(E;p′,p) −iTC(E;p′,p)

= +

25



3He(α, γ)7Be radiative capture

(a1) (a2)

(a3)
(b1) (b2)

(b3)

L
(ζ)
E1
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3He(α, γ)7Be radiative capture
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“Small range”: capture to 500 keV, S-wave scatt to 2.5 MeV

“Large range”: capture to 1000 keV, S-wave scatt to 3.0 MeV
S34 ∼ 0.55 keV b

(RH, G. Rupak, A. Vaghani, EPJA 54, 89)
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3He(α, γ)7Be radiative capture

���� �
������� �
����� ����

�������� �������
�� �������� �������

����

����

����

����

����

����

�
��
(�
��
�
)

� ��� ��� ��� ���� ���� ����
���(���)

Strong correlation between two-body currents and renormalization constant (ANCs)

(RH, G. Rupak, A. Vaghani, EPJA 54, 89)
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Efimov spectrum: how to probe?

• E(n)/E(n+1) ∼ 515, too large!

• however, excited He trimers observed
(Kunitski et al., Science 348 (2015), 551)

• in nuclear physics: virtual states
(Adhikari, Fonseca, Tomio, PRC26, 77;

Yamashita, Frederico, Tomio, PLB 660, 339)

• our work: Rupak, Vaghani, RH, van Kolck, arXiv: 1806.01999 [nucl-th]
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background: doublet nd scattering

van Oers, Seagrave

• van Oers and Seagrave, PLB 24, 562 (1967)

• Whiting and Fuda, PRC 14, 18 (1976)

• Girard and Fuda, PRC 19, 579 (1969)

• Adhikari and Torreão, PLB 132, 257 (1983)

• Adhikari, Fonseca, Tomio, PRC 26, 77 (1982)

van Oers and Seagrave:

k cot δ − ik =
2π

µT
≈ − R

1 + k2/k2
0

−A+Bk2 − ik
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halo/cluster EFT for nd

• idea: obtain the doublet nd scattering phase shifts from 6πEFT

• fits to determine the halo EFT couplings

• track the virtual state as γd decreases
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halo/cluster EFT for nd

• T -matrix pole structure:

2ik
µT

2π
=

2ik
−1/and+rndk

2/2

1+k2/k2
0

− ik
= −2k

k2 + k2
0

(k − i κ1)(k − i κ2)(k − i κ3)

• S-matrix residues:

iR1 = 2κ1
κ2

1 − k2
0

(κ2 − κ1)(κ3 − κ1)
< 0 ,

iR2 = −2κ2
κ2

2 − k2
0

(κ2 − κ1)(κ3 − κ2)
< 0 ,

iR3 = 2κ3
κ2

2 − k2
0

(κ3 − κ1)(κ3 − κ2)
> 0 .

κ2: redundant pole [Ma, PR 71, 195 (1947)]
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halo/cluster EFT for nd
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Casimir-Polder interaction between two neutral objects

Casimir

Welton & Weisskopf

Schwinger

· · ·
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Casimir-Polder interaction between two neutral objects

Feinberg & Sucher, PRA 2, 2395 (1970), Spruch & Kelsey, PRA 18, 845 (1978)

VCP ;ij(r) = − α0

πr6
Iij(r) ,

Iij(r) =

∫ ∞

0

dω e−2α0ωr
{[
αi(iω)αj(iω) + βi(iω)βj(iω)

]
PE(α0ωr)

+
[
αi(iω)βj(iω) + βi(iω)αj(iω)

]
PM(α0ωr)

}
,

PE(x) = x4 + 2x3 + 5x2 + 6x+ 3 , PM(x) = −(x4 + 2x3 + x2) .

neutron-neutron: (Tarrach, Ericson, NPA294, 417 (1978))

VCP,nn(r →∞) ∼ − 1

4πr7

[
23(α2

n + β2
n)− 14αnβn

]
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Our fits:
(J. F. Babb, RH, M. S. Hussein, EPJA 53, 126 (2017))

αn(0) (10−4fm3) βn(0) (10−4fm3)

Set 1 (fit parameter) 13.9968 4.2612

Set 2 (PDG) 11.6 3.7

Set 3 (Kossert et al., 2003) 12.5 2.7
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neutron-neutron Casimir-Polder interaction
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neutron-neutron Casimir-Polder interaction
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neutron-Wall Casimir-Polder interaction
(Zhou & Spruch, PRA 52, 297 (95).)

VCP,nW (r) = −
α0

4πr3
JnW (r), JnW (r) =

∫ ∞
0

dω e
−2α0ωrαn(iω)Q(α0ωr), Q(x) = 2x

2
+ 2x+ 1

Thin blue curve: static limit of the polarizabilities (V ?CP,nW )
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Wall-neutron-Wall
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Summary

• halo/cluster EFT: systematic way, few-body correlations, EM/W currents

• αα scattering:

– Coulomb turned off ⇒ conformal invariance @LO, Efimov spectrum in 12C

– incredible amount of fine-tuning

– extraction of the ERE parameters with improved errorbars

• 7Li(n, γ)8Li:

– gauge invariance: cancellation of power divergences

– “normalization” is very sensitive to r1 (not well-known from elastic scatt.)

– potential models: not so reliable extrapolations at low energies, uncontrolled
theoretical uncertainties

– excellent agreement with most recent MSU data (CD)
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• 3Li(α, γ)7Be:

– lack of scattering data low energies (< 2 MeV)

– lack of improved PWA (TRIUMF proposal)

– reasonable agreement, but capture data sparse

• nd scattering:

– two-dimer theory ⇒ reproduces van Oers-Seagrave parametrization

– keeps track of the zero in T and the virtual state

– Efimov nature of the virtual state in a model-independent way

• Casimir-Polder interaction:

– dipole polarizabilities - fit to RB-χEFT of Lensky et al. up to the onset of ∆
⇒ improvement over the arctan param.

– n-Wall and Wall-n-Wall - UCN, confinement in bottles, nanowires, etc.

• Perspectives: n-d, p-7Be, 3α, Borromean halos, heavier nuclei, ...
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the n-7Li system

⇒ Bound states:

• 2+ (−2.03 MeV): 1√
2
[5P2 + 3P2] (p3/2)

• 1+ (−1.05 MeV): 1√
2
[5P2 − 3P2] (p1/2)

⇒ Scattering states:

• 5S2: a
(2)
0 = −3.63± 0.05 fm

• 3S1: a
(1)
0 = 0.87± 0.07 fm

• 3P3: ER = 0.222 MeV, ΓR = 0.031 MeV

⇒ Radiative capture:

• 5S2,
5S2 → 2+ (E1, 89.4%)

• 5S2,
5S2 → 1+ (E1, 10.6%)

• 5P3 → 2+ (M1)
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the n-7Li system

⇒ Bound states:

• 2+ (−2.03 MeV): 1√
2
[5P2 + 3P2] (p3/2)
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halo/cluster EFT for n-7Li (scatt. states)

Lkin = N†

[
i∂0+

~∇2

2MN

]
N+C†

[
i∂0+

~∇2

2MC

]
C ,

Lint,s = φ
(s)†
i

[
i∂0+

~∇2

8µ︸ ︷︷ ︸
∼C2

− ∆︸︷︷︸
∼C0

]
φ

(s)
i +g0

[
φ

(s)†
i NT P̃

(s)
i C+H.c.

]
+· · · ,

+ += +

∆ ∼ M2
hi

µ
→ iD(0)

s =
i

−∆ + iε
∼ µ

M2
hi

(3S1)

∆ ∼ M2
hi

µ

Mlo

Mhi
→ iD(0)

s =
i

−∆ + iε
∼ µ

MhiMlo
(5S2)
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halo/cluster EFT for n-7Li (bound state)
p-wave: Bertulani, Hammer, van Kolck; Bedaque, Hammer, van Kolck

• two operators at LO!

Lint,p = φ
(p)†
ij

[
i∂0+

~∇2

8µ
−∆

]
φ

(p)
ij +g1

[
φ

(p)†
ij NT P̃

(p)
ij C+H.c.

]
+· · · ,

+ += +

∆ ∼M2
lo/µ → iD(0)

p =
i

q0 − q2/8µ−∆ + iε
∼ µ

M2
lo

(3P2,
5P2)

Dp =
i

q0−q2/8µ−∆−6g2
1L

⇒ Z−1 ≡ ∂

∂q0

[
D−1
p

]
pole

=
−2π

3(γB+r1)

pole: q = 0; q0 = −γ2
B/2µ

46



halo/cluster EFT for nd

L = N†

[
i∂0+

~∇2

2MN

]
N

+

2∑

i=1

φ†i

[
∆i + ci

(
i∂0+

~∇2

6M

)]
φi+

√
4π

M

[
φ†iN

TPN+H.c.
]
+· · · ,

c1 � c2 ⇒ k2
0 =

2µ

c2
(∆1 + ∆2) (1 + · · ·) ∼ Ω2

κ1 = −
√

2µ∆2

c2

[
1− 1

2∆2

√
2µ∆2

c2
+ · · ·

]
∼ ℵ
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HB-χEFT: Hildebrandt et al., EPJA 20, 290 (2004)
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HB-χEFT: Hildebrandt et al., EPJA 20, 290 (2004)
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HB-χEFT: Hildebrandt et al., EPJA 20, 290 (2004)
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neutron-Wall Casimir-Polder interaction
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• UC neutrons: vn ∼ 3-25 m/s

• Fermi pseudo-potential: VF = ρa (2π~2/MN) [Ni ≈ 252 neV, Al ≈ 54 neV]

51


