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Heavy quark expansion in charm?

B-physics: HQE is well established approach, 

[HFLAV '18] [Artuso, Borissov, Lenz '16]

D-physics: HQE commonly dismissed, 



T. Rauh (IPPP Durham) Lifetimes of charmed hadrons within the HQE 3

Heavy quark expansion in charm?

B-physics: HQE is well established approach, 

[Artuso, Borissov, Lenz '16]

D-physics: HQE commonly dismissed, 

BUT: HQE is really an expansion in 

    -        dominated by                    final state, momentum release

    - D decays dominated by               final state, momentum release

    - expected expansion parameter is of the order 0.4

Small enough for convergence?

[HFLAV '18]
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Heavy quark expansion in charm?

B-physics: HQE is well established approach, 

[Artuso, Borissov, Lenz '16]

D-physics: HQE commonly dismissed, 

BUT: HQE is really an expansion in 

    -        dominated by                    final state, momentum release

    - D decays dominated by               final state, momentum release

    - expected expansion parameter is of the order 0.4

Small enough for convergence? Shut up and 

calculate!

[HFLAV '18]
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Outline

● Introduction to HQE
● D-meson lifetimes as testing ground
● Hadronic matrix elements from sum rules
● Singly charmed baryons
● Doubly charmed baryons
● Outlook
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The Heavy Quark Expansion (HQE)

Use optical theorem:
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OPE for small x, i.e. large momentum release
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D-meson lifetimes

Large lifetime ratio:

Dominant contribution from spectator effects: 

- Phase-space enhancement of         , 2      2 process instead of 1      3

- Large ratio does not contradict convergence: 

Pauli interference Weak annihilation

Studied in [Lenz, TR '13] including NLO QCD and 1/m  corrections.

Large hadronic uncertainties from missing lattice input!
c

Known at NLO in QCD:

[Beneke, Buchalla, 
Greub, Lenz, Nierste 
'02]

[Ciuchini, Franco, 
Lubicz, Mescia '01]

[Franco, Lubicz, Mescia, 
Tarantino '02]
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Non-perturbative input

Need hadronic matrix elements of the dimension-six operators:

Commonly parametrized through Bag parameters:

Inspired by vacuum saturation approximation (VSA):

This yields:
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Status of lattice for lifetimes

Latest result is from quenched computation for B mesons in 2001 [Becirevic '01]

[Lenz, TR '13]
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Sum rule determination

Three-loop HQET master integrals from 
[Grozin, Lee '08]
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Comparison with lattice & data (B mixing)

- Good agreement 
with lattice with 
competitive 
uncertainties

- Good agreement 
with experimental 
data on B mixing

[Kirk, Lenz, TR, ‘17]

Earlier sum rule study for 
Q1: [Grozin, Klein, Mannel, 
Pivovarov, ‘16]

QCD-HQET matching for Q1 
at NNLO: [Grozin, Mannel, 
Pivovarov, ‘17 - ‘18]
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Comparison with lattice & data (B lifetimes)

- First state-of the art 
result for lifetimes

- Good agreement 
with experimental 
data on B lifetimes

[Kirk, Lenz, TR, ‘17]
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Comparison with lattice (D mixing)

[Kirk, Lenz, TR, ‘17]

- Good agreement with lattice when lattice decay constants are used

- Uncertainties larger than in lattice simulations
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Results for D lifetime matrix elements

HQET Bag parameters determined at low scale:

   - vacuum saturation approximation (VSA) works very well

   - small uncertainties from the sum rule

RG evolution and matching to QCD yields:

[Kirk, Lenz, TR, ‘17]
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Lifetime ratio

- Good agreement between various mass schemes, leading free 
charm decay cancels in ratio

- Good agreement with experimental value

- Good convergence: 

NLO QCD Dimension seven

[Kirk, Lenz, TR, ‘17]
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Lifetime ratio

PS mass scheme      mass scheme

Higher precision needs matrix elements from lattice!!!

Further possible improvements: Dimension seven matrix elements and 
NLO matching coefficients, NNLO QCD-HQET matching. 

Preliminary Preliminary
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Ds lifetime and semileptonic rates

     :  SU(3) breaking effects in the matrix 
elements currently not known from sum rules 
(w.i.p. [King, Lenz, TR]).

Cabibbo allowed spectator effects in 
semileptonic rates, used in [Lenz, TR, '13]      
to constrain combinations of matrix elements
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Single charm baryons

We focus on                   where the two light quarks are in a spin-0 state and 
the matrix elements                                  vanish. The spectator effects are 

Only two independent dimension-six matrix elements due to heavy-quark 
spin symmetry (holds up to 1/mc corrections). Using results from an 
“exploratory study” on the lattice [Di Pierro, Sachrajda, Michael, '97]
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Single charm baryons

We focus on                   where the two light quarks are in a spin-0 state and 
the matrix elements                                  vanish. The spectator effects are 

Only two independent dimension-six matrix elements due to heavy-quark 
spin symmetry (holds up to 1/mc corrections). Using results from an 
“exploratory study” on the lattice [Di Pierro, Sachrajda, Michael, '97]

Experimental values would provide a crucial check!!



T. Rauh (IPPP Durham) Lifetimes of charmed hadrons within the HQE 25

Matrix elements from sum rules?

Possible, but:

 - One extra loop

 - No dominant factorizable contribution

 - Some arbitrariness in choice of 
interpolating currents

Cannot expect more than 30-40 % 
precision!!

Condensates: [Colangelo, de Fazio ‘96]
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Consistency check for double-charm baryons

Very recent measurement of              [LHCb, '18]:

Estimate of free charm quark decay from experimental lifetimes:

Taking the values of the single-charm baryon sector as naive estimates for 
the size of spectator effects we find
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Matrix elements from sum rules?

Heavy-heavy system is more complicated than heavy light, multiple scales!

If we assume                                              holds for the ground state, i.e. we 
have a non-relativistic heavy di-quark of size              inside the baryon of 
size              . Coulomb gluons between charm quarks are perturbative, but 
must be resummed:

Hierarchy must be questioned, although 
the           state seems to satisfy [TR, '18] 

which suggests that                                  
is not impossible for the ground state 
double charmed mesons.
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Conclusions & outlook

● No indication that the HQE for inclusive decays fails anywhere in the 
charm sector (D mixing requires more work)

● Uncertainties in lifetime ratios dominated by hadronic matrix 
elements

● First matrix elements for D mesons provided by sum rules, lifetimes 
are in good agreement with experiment and show good convergence

● Hadronic matrix elements from lattice important for better precision
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● Pattern of experimental single-charm baryon lifetimes is reproduced, 

hierarchy in semileptonic rates predicted. Getting hadronic matrix 
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Conclusions & outlook

● No indication that the HQE for inclusive decays fails anywhere in the 
charm sector (D mixing requires more work)

● Uncertainties in lifetime ratios dominated by hadronic matrix 
elements

● First matrix elements for D mesons provided by sum rules, lifetimes 
are in good agreement with experiment and show good convergence

● Hadronic matrix elements from lattice important for better precision
● Pattern of experimental single-charm baryon lifetimes is reproduced, 

hierarchy in semileptonic rates predicted. Getting hadronic matrix 
elements is challenging

● New LHCb measurement shows that         is fairly short-lived, but not 
in contradiction with HQE expectation. HQE predicts pattern of 
lifetimes and semileptonic rates. Getting hadronic matrix elements is 
extremely challenging
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Thank you!!
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Backup
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HQET sum rules: decay constant

Sum rules give results which are truly independent from the lattice. Based on:
●   Analyticity of correlation functions
●   Quark-hadron duality

First consider the sum rule for the decay constant. 
Based on the two-point correlator:

Use Cauchy to derive a dispersion relation:

[Shifman, Vainshtein, Zakharov '79]
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HQET sum rules: decay constant
Deform the contour:
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HQET sum rules: decay constant
Deform the contour:

Can be computed 
with an OPE when 
    is far away from 
the physical cut
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HQET sum rules: decay constant
Deform the contour:

Can be computed 
with an OPE when 
    is far away from 
the physical cut

Discontinuity

HQET decay constant
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HQET sum rules: decay constant

Applying a Borel transform and a cutoff on the continuum part we obtain:

[PDG '16]

Sum rules are in 
good agreement 
with lattice, but 
have larger 
uncertainties

[Broadhurst,Grozin '92; Bagan, 
Ball, Braun,Dosch '92; Neubert '92]
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HQET sum rules: Bag parameters

Consider the three-point correlator:

Going through the same steps one obtains the sum rule: [Chetyrkin, Kataev, 
Krasulin, Pivovarov '86]

In practise we compute the correlator and 
then take its double discontinuity
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Three-point correlator

NLO accuracy in the perturbative part requires a three-loop calculation:

Master integrals:  
[Grozin, Lee '08]  

Operator Q1: 
[Grozin, Mannel, 
Klein, Pivovarov '16]

All dimension six 
operators:         
[Kirk, Lenz, TR '17] 

Factorizable contribution, 
reproduces the vacuum 
saturation approximation  
B=1 (VSA)

Non-factorizable 
contribution
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Sum rule for Bag parameters

Formulate sum rule for deviation                                     from the HQET Bag 
parameters

Dispersion relation is not violated by arbitrary analytical weight function        
(Note of caution: Duality breaks down for pathological choices)

With an appropriate choice we obtain an analytic result for the pert contribution:
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Upsilon(1S) mass

[TR '18]
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