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�2discussion topics 

3-body  “pure light hadronic” heavy meson decay

dynamics, issues,… 

How to use informations from D meson decay?

How to improve the B amplitude analysis ?

what’s next?

Importance of the FSI in low and high mass

ex: D+ ! K�K+K�

ex: B+ ! K�K+K�
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D and B  three-body  HADRONIC decays are dominated by resonances 

 spectroscopy

�3Motivation

study of CP-Violation (strong phase needed) can lead to new physics 

information of MM interactions no  KK  data available

≠  scales!!! 

can we learn something from D decays?
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Figure 28: Dalitz plot of B± ! K
±
⇡
+
⇡
� (top) and B

± ! K
±
K

+
K

� (bottom).
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D+ ! K�⇡+⇡+ B+ ! K+⇡+⇡�

Focus

 2-body theories “works” up to mD

similar FSI

B phase-space   + FSI possibilities 
charm-penguins, ….

new high data sample from LHCb more to came from LHCb and Belle II

deserve better models 
isobar model

- violates two-body unitarity  ( 2 res in the same channel);  
-  do NOT include rescattering and  coupled-channels;
-  free parameters are not connected with theory !  
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dynamics

�4heavy meson decay

HM W
F
S
I

observed

Dalitz plot
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➤ Dalitz plot:  
Technique to analyse three-body decays 

➤ 2 variables are enough to describe the 
phase-space 

➤ Axes are defined as: 

s12 = m2
12 = (p1 + p2)

2

s23 = m2
23 = (p2 + p3)

2

s31 = m2
31 = (p3 + p1)

2

➤ Event distribution is proportional to 
square of the decay amplitude

b,c
q

W
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ÇÃ

O

que
dec

ai e
m um

par
qua

rk ant
i-qu

ark
bra

nco
. O

diag
ram

a b
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Já o

diag
ram

a d
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ÇÃ

O

que
dec

ai e
m um

par
qua

rk ant
i-qu

ark
bra

nco
. O

diag
ram

a b
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rôn
icos

asso
ciad

os a
o diag

ram
a b, s

upr
imi

do
de

cor,

util
iza-

se a
tran

sfor
maç
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to extract  information from data we need an amplitude MODEL
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é ch
ama

do d
e an

iqui
laçã
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lúon
s en

tre
os q

uar
ks n

ão f
ora

m rep
rese

nta
das

.

No
caso

esp
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o d
esen

had
as.

_
d

_
d

_
d

_
d

_
d

_

d + u
d + u

_

π
0

π+

K
0_

c

s

u D

s

u

c

_
d

_
d

_
u

_
d

_
d

_
d

_
d

_
d

_
d

_
d

_
d

_
d

_
d

π+

π+

π+

c

u

u

s

u

c

_
d

s

c

s

u

d

D

s

u

c

_
d

K

π

0

0

_

D

K
−

a.2

a.3

a.1

Fig
ura

1.5:
Dia

gra
mas d

e Fey
nm

an
per

mitid
os d

e cor,
em

dife
ren

tes
pro

cess
os h

adr
oniz

ado
s

no
esta

do
fina

l.

Par
a des

crev
er o

s pr
oce

ssos
had

rôn
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átic

a, q
ue p

erm
ite

a tr
oca

form
al d

os
par

es de
qua

rks
env

olvi
dos

. Na
ling

uag
em

de
diag

ram
as

de
Fey

nm
an,

a

μ
quark       hadron

Final State Interactions (FSI) 

+=M
F
S
 I

++ ++ ...

weak primary vertex (W)

to extract  information from data we need an amplitude MODEL

QCD factorization approach  
    not precise for 3-body 

not allow all kinds of FSI and 3-body NR
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Final State Interactions (FSI) 

+=M
F
S
 I

++ ++ ...

weak primary vertex (W)

to extract  information from data we need an amplitude MODEL

full unitarity:  Faddeev, Khury-Trieman, triangles  2-body  is crucial 

(2+1)

QCD factorization approach  
    not precise for 3-body 

not allow all kinds of FSI and 3-body NR
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Figure 30: AN

CP
in Dalitz plot bins with equal number of events (sWeighted background

subtracted and acceptance corrected) for B
± ! K

±
⇡
+
⇡
� (top left), B± ! K

±
K

+
K

�

(top right), B± ! ⇡
±
⇡
+
⇡
� (bottom left) and B

± ! ⇡
±
K

+
K

� (bottom right).

is located mainly in the low mass region of m⇡⇡ < 1.5GeV/c2, where a clear interference1017

structure appears in the B
+-B� distribution.1018

10.1.2 B
± ! K

±
K

+
K

�
1019

The projections of the B± ! K
±
K

+
K

� Dalitz plot are shown in Figure 34. We can identify1020

in mK+K� low the narrow vector resonances: �(1020) as the first bump around 1GeV/c21021

and �c0(1P ) in the region around 3.4GeV/c2. The resonances in the mK+K� high projection1022

are covered by the � distribution along this axis. There is also a broad concentration at low1023

mass above 2.0GeV2
/c

4, which could correspond to the f2(1525) resonance. Also visible1024

only in the B
± ! K

±
K

+
K

� Dalitz plot (Figure 28) is the contribution of B± ! J/ K
±

1025

with J/ ! K
+
K

�, around 9.6GeV2
/c

4 in m
2
K+K� low. Table 31 shows the Particle Data1026

Group list of measured branching fractions for B± ! K
±
K

+
K

�.1027

The mass projections reveal a clear signature of CP asymmetry, with a large excess of1028

B
+ events for mK+K� low < 1.6GeV/c2 and m

2
K+K� high between 2.4GeV/c2 and 4.0GeV/c2.1029

Figure 35 is a zoom in the mK+K� low region of high asymmetry, that includes the �(1020).1030
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Study of B+
c decays to the K+K�⇡+

final state and evidence for the decay

B+
c ! �c0⇡

+
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Abstract

A study of B+
c ! K+K�⇡+ decays is performed for the first time using data

corresponding to an integrated luminosity of 3.0 fb�1 collected by the LHCb ex-
periment in pp collisions at centre-of-mass energies of 7 and 8TeV. Evidence for
the decay B+

c ! �c0(! K+K�)⇡+ is reported with a significance of 4.0 stan-

dard deviations, resulting in the measurement of �(B+
c )

�(B+) ⇥ B(B+
c ! �c0⇡+) to be

(9.8+3.4
�3.0(stat)± 0.8(syst))⇥ 10�6. Here B denotes a branching fraction while �(B+

c )
and �(B+) are the production cross-sections for B+

c and B+ mesons. An indication
of bc weak annihilation is found for the region m(K�⇡+) < 1.834GeV/c2, with a
significance of 2.4 standard deviations.

Submitted to Phys. Rev. Lett.

c� CERN on behalf of the LHCb collaboration, license CC-BY-4.0.
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B± ! hhh

 Charge Parity Violation  (CPV): 

two    weak and strong phases

 
|AM!f |2 � |AM̄!f̄ |2 = �4A1A2 sin(�1 � �2) sin(�1 � �2)

AM!f = A1 e
i(�1��1) +A2 e

i(�2��2)

6= 0

6=

factorization techniques 
- describes well two-body Br;
- do not describe Acp data;

BSS model

1 Introduction111

In the last decades, B meson decays have attracted attention due to CP violation phenom-112

ena as well as the sensitivity to new physics in rare B decays. A matter of great interest is113

the study of charmless three-body B
± decays, whose leading diagram contributions proceed114

through a b ! s(d) penguin transition and a b ! u tree transition (see Figures 1 and 2 for115

the diagrams of the four B± ! h
±
h
+
h
� decays analysed in this document). These decays116

o↵er the additional possibility to study the weak phase in interference patterns between117

two-body resonances in the Dalitz plot, and a novel scenario to spot rescattering e↵ects118

that connect di↵erent final states. Most of these channels have branching ratios of the119

order of 10�5 to 10�6, and therefore, large data samples are needed to provide precision120

measurements.121

From the data collected by LHCb in 2010, the branching fractions of B± ! K
±
K

+
K

�
122

and B
± ! pp̄K

± relative to B± ! K
±
⇡
+
⇡
� were measured [1], and are in good agreement123

with the current PDG values. With the 1 fb�1 of data collected in 2011, the LHCb revealed124

evidence of CP violation in the decays B± ! K
±
⇡
+
⇡
� and B

± ! K
±
K

+
K

� [2–5] and125

in the decays B
± ! ⇡

±
K

+
K

� and B
± ! ⇡

±
⇡
+
⇡
� [6–9]. The reported phase space126

Figure 1: Tree and penguin diagrams for B
± ! K

±
⇡
+
⇡
� (top) and B

± ! K
±
K

+
K

�

(bottom) with their dependences on the Wolfenstein � parameter. The fx holds for any
resonance decaying into two kaons in the final state.

4

strong phase
weak phase: CKM

not enough !!!

+

Bander Silverman & Soni PRL 43 (1979) 242

FSI strong phase
Wolfenstein  PRD43 (1991) 151

LHCb PRD90 (2014) 112004
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 low energy MM rescattering, coupled-channels and resonances

how to improve ANA in B decays?

FSI

3-body + NR effects

dispersion relations and ChPT     two-body theoretical models (unitary & analicity)
limited to  ~1 - 2 GeV

how far we really need 2-body amplitude?! all B phase-space ? 
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�6

 low energy MM rescattering, coupled-channels and resonances

how to improve ANA in B decays?

FSI

3-body + NR effects

dispersion relations and ChPT     two-body theoretical models (unitary & analicity)
limited to  ~1 - 2 GeV

how far we really need 2-body amplitude?! all B phase-space ? 

Boito et al 
[Paris,Kracov, SP] 

what do we have in the marked ?  
 (2+1) parametrization with QCDF + scalar and vector meson-meson FF ;

 GLASS, LASS  use directly 2-body phases for 3-body process

3-b FSI high energy: charm penguins Bediaga, Fredrico & PCM

 3- FSI at low energy: with triangle loops   Kubis et. al [Bonn]PCM et. al. 
[Brazil effort] 

or Khuri-Treiman 
limited to very low E

difficult to extract informations 

(2+1)

K-matrix: 2-b pole + polynomial with free parameter modulated by a production; 
Anisovich, Babar, LHCb (2+1)

L. Benoit talk
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�72-body x 3-body  phases
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 I

++ ++ ...+

2+1

different S- wave phase from 

A

A

 different dynamic! 

Can we extract two-body information from 3-body data? Not directly! 

PC Magalhães et.al: PRD84 094001 (2011), PRD92 094005 (2015)

K�⇡+
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D+
s ! ⇡+⇡�⇡+

Phys.Rev. D 79 (2009) 032003

There is no direct connection between phases of the 

3-body decay amplitudes and two-body scattering amplitudes

⇡�⇡+ ! ⇡�⇡+
<latexit sha1_base64="h1soNZu6bGDYSDKND4KMHtOrxxs=">AAACAXicdVDLSgMxFL3js9bXqCtxEyyCIJZpEXysCm5cVnBsoTOWTJppQzOZIckIZShu/BU3LlTc+hfu/BszbcX3gSQn59xLck+QcKa047xZU9Mzs3PzhYXi4tLyyqq9tn6p4lQS6pKYx7IZYEU5E9TVTHPaTCTFUcBpI+if5n7jmkrFYnGhBwn1I9wVLGQEayO17U0vYVf7+baHPB2jz2vbLjnlqpMD/SaV8uh0SjBBvW2/ep2YpBEVmnCsVKviJNrPsNSMcDoseqmiCSZ93KUtQwWOqPKz0QhDtGOUDgpjaZbQaKR+7chwpNQgCkxlhHVP/fRy8S+vlerwyM+YSFJNBRk/FKYcmVnzPFCHSUo0HxiCiWTmr4j0sMREm9SKJoSPSdH/xK2Wj8vO+UGpdjJJowBbsA27UIFDqMEZ1MEFAjdwBw/waN1a99aT9TwunbImPRvwDdbLO8/VlfE=</latexit><latexit sha1_base64="h1soNZu6bGDYSDKND4KMHtOrxxs=">AAACAXicdVDLSgMxFL3js9bXqCtxEyyCIJZpEXysCm5cVnBsoTOWTJppQzOZIckIZShu/BU3LlTc+hfu/BszbcX3gSQn59xLck+QcKa047xZU9Mzs3PzhYXi4tLyyqq9tn6p4lQS6pKYx7IZYEU5E9TVTHPaTCTFUcBpI+if5n7jmkrFYnGhBwn1I9wVLGQEayO17U0vYVf7+baHPB2jz2vbLjnlqpMD/SaV8uh0SjBBvW2/ep2YpBEVmnCsVKviJNrPsNSMcDoseqmiCSZ93KUtQwWOqPKz0QhDtGOUDgpjaZbQaKR+7chwpNQgCkxlhHVP/fRy8S+vlerwyM+YSFJNBRk/FKYcmVnzPFCHSUo0HxiCiWTmr4j0sMREm9SKJoSPSdH/xK2Wj8vO+UGpdjJJowBbsA27UIFDqMEZ1MEFAjdwBw/waN1a99aT9TwunbImPRvwDdbLO8/VlfE=</latexit><latexit sha1_base64="h1soNZu6bGDYSDKND4KMHtOrxxs=">AAACAXicdVDLSgMxFL3js9bXqCtxEyyCIJZpEXysCm5cVnBsoTOWTJppQzOZIckIZShu/BU3LlTc+hfu/BszbcX3gSQn59xLck+QcKa047xZU9Mzs3PzhYXi4tLyyqq9tn6p4lQS6pKYx7IZYEU5E9TVTHPaTCTFUcBpI+if5n7jmkrFYnGhBwn1I9wVLGQEayO17U0vYVf7+baHPB2jz2vbLjnlqpMD/SaV8uh0SjBBvW2/ep2YpBEVmnCsVKviJNrPsNSMcDoseqmiCSZ93KUtQwWOqPKz0QhDtGOUDgpjaZbQaKR+7chwpNQgCkxlhHVP/fRy8S+vlerwyM+YSFJNBRk/FKYcmVnzPFCHSUo0HxiCiWTmr4j0sMREm9SKJoSPSdH/xK2Wj8vO+UGpdjJJowBbsA27UIFDqMEZ1MEFAjdwBw/waN1a99aT9TwunbImPRvwDdbLO8/VlfE=</latexit> (I=J=0)

2-body x 3-body  phases

       3-body data: only spin!               dynamics (weak vertex,  FSI, 3rd particle, …)6=
2-body amplitude: spin and isospin well defined!

&

different phases!
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�9information from D decays

2-body is a crucial ingredient   
limited from theory to low E

limited scattering data 

no KK scattering data and no theoretical model! just extensions 

parameters have physical meaning: masses and coupling constants

use 3-body data to obtain information from two-body!

 a model for                           that can predict the KK scattering ex: D+ ! K�K+K�

alternative to isobar model in amplitude analysis arXiv: 1805.11764 

of SU(3) mesons. ChPT is fully suited for describing these effective processes. The primary

weak decay is then followed by purely hadronic final state interactions (FSIs), in which the

mesons produced initially rescatter in many different ways, before being detected. The decay

D+ → K−K+K+ is doubly-Cabibbo-suppressed and any model describing it should involve

a combination of these two parts, as suggested by Fig.1.
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FIG. 1: Amplitude T for D+ → K−K+K+: (a) primary weak vertex; (b) weak vertex dressed by

final state interactions, the full line is the D, dashed lines are pseudoscalars.

In this work we allow for the coupling of intermediate states and, within the (2 + 1)

approximation, final state interactions are always associated with loops describing two-

meson propagators. This provides a topological criterion for distinguishing the primary

weak vertex from FSIs, namely that the former is represented by tree diagrams and the

latter by a series with any number of loops. Each of these loops is multiplied by a tree-level

scattering amplitude K and, schematically, this allows the decay amplitude T to be written

as

T = (weak tree) ×
[

1 + (loop×K) + (loop×K)2 + (loop×K)3 + · · ·
]

. (2)

The term within square brackets involves strong interactions only and represents a geometric

series for the FSIs, which can be summed. Denoting this sum by S, one has S = 1/[1 −

(loop×K)], which corresponds to the model prediction for the resonance line shape.
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K
+
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K
+
3

b

a
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W

FIG. 2: Competing topologies for the decay D+ → K−K+K+; the pair P aP b is produced either

after (a) or before (b) the weak interaction.
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8

quarks c and d̄ in the D+ annihilate into a W+, which subsequently hadronizes. The primary

weak decay is followed by final state interactions, involving the scattering amplitude A. This

yields the decay amplitude T given in Fig.4, which includes the weak vertex and indicates

that the relationship with A is not straightforward, supporting statement a.dynamics, in

sect.II.
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T

FIG. 4: Decay amplitude forD+ → K−K+K+; the weak vertex proceeds thought the intermediate

steps D+ → W+ and W+ → K−K+K+ and strong final state interactions are encompassed by

the scattering amplitude A.

This decay amplitude is given by

T = −
[

GF√
2
sin2 θC

]

⟨K−(p1)K
+(p2)K

+(p3)|Aµ| 0 ⟩ ⟨ 0 |Aµ|D+(P )⟩ , (4)

where GF is the Fermi decay constant, θC is the Cabibbo angle, the Aµ are axial currents

and P = p1 + p2 + p3 . Throughout the paper, the label 1 refers to the K−, the label 3 the

spectator K+ and kinematical relations are given in appendix A.

Denoting the D+ decay constant by FD, we write ⟨ 0 |Aµ|D+(P )⟩ = −i
√
2FD Pµ and

find a decay amplitude proportional to the divergence of the remaining axial current, given

by

T = i

[

GF√
2
sin2 θC

] √
2FD [Pµ ⟨Aµ⟩] , (5)

with ⟨Aµ⟩ = ⟨K−(p1)K+(p2)K+(p3)|Aµ| 0 ⟩. This result is important because, if SU(3)

were an exact symmetry, the axial current would be conserved and the amplitude T would

vanish. As the symmetry is broken by the meson masses, one has the partial conservation

of the axial current (PCAC) and T must be proportional to M2
K . In the expressions below,

this becomes a signature of the correct implementation of the symmetry.

The rich dynamics of the decay amplitude T is incorporated in the current ⟨Aµ⟩ and

displayed in Fig.5. Diagrams are evaluated using the techniques described in Refs.[45, 46]. In

10

everything can be described by ChPT Lagrangian

unitary scattering amplitude for ab ! K+K�
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FIG. 5: Dynamical structure of triangle vertices in Fig.4; the wavy line is the W+, dashed lines

are mesons, continuous lines are resonances and the full red blob represent meson-meson scattering

amplitudes, described in Fig.6; all diagrams within square brackets should be symmetrized, by

making 2 ↔ 3.

chiral perturbation theory, the primary couplings of the W+ to the K−K+K+ system always

involve a direct interaction, accompanied by a kaon-pole term, denoted by (A) and (B) in

the figure. Only their joint contribution is compatible with PCAC. Diagrams (1A+1B) are

LO and describe a non-resonant term, a proper three body interaction, which goes beyond

the (2 + 1) approximation, whereas Figs. (2A+2B) allow for the possibility that two of the

mesons rescatter, after being produced in the primary weak vertex. Diagrams (3A+3B) are

NLO and describe the production of bare resonances at the weak vertex, whereas final state

rescattering processes (4A+4B) endow them with widths.

A. two-body unitarization and resonance line shapes

In the description of the two-body subsystem, we consider just S- and P - waves, corre-

sponding to (J = 1, 0, I = 1, 0) spin-isospin channels. The associated resonances are ρ(770),

φ(1020), a0(980), and two SU(3) scalar-isoscalar states, S1 and So, corresponding to a sin-

glet and to a member of an octet, respectively. The physical f0(980), together with a higher

mass f0 state, would be linear combinations of S1 and So. Depending on the channel, the

intermediate two-meson propagators may involve ππ, KK, ηη, and πη intermediate states,

so there is a large number of coupled channels to be considered.
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In the description of the two-body subsystem, we consider just S- and P - waves, corre-

sponding to (J = 1, 0, I = 1, 0) spin-isospin channels. The associated resonances are ρ(770),

φ(1020), a0(980), and two SU(3) scalar-isoscalar states, S1 and So, corresponding to a sin-

glet and to a member of an octet, respectively. The physical f0(980), together with a higher

mass f0 state, would be linear combinations of S1 and So. Depending on the channel, the
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mesons rescatter, after being produced in the primary weak vertex. Diagrams (3A+3B) are

NLO and describe the production of bare resonances at the weak vertex, whereas final state

rescattering processes (4A+4B) endow them with widths.

A. two-body unitarization and resonance line shapes

In the description of the two-body subsystem, we consider just S- and P - waves, corre-

sponding to (J = 1, 0, I = 1, 0) spin-isospin channels. The associated resonances are ρ(770),

φ(1020), a0(980), and two SU(3) scalar-isoscalar states, S1 and So, corresponding to a sin-

glet and to a member of an octet, respectively. The physical f0(980), together with a higher

mass f0 state, would be linear combinations of S1 and So. Depending on the channel, the

intermediate two-meson propagators may involve ππ, KK, ηη, and πη intermediate states,

so there is a large number of coupled channels to be considered.
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FIG. 6: (a) Tree-level two-body interaction kernel K(J,I)
ab→cd - a NLO s-channel resonance, added to

a LO contact term. (b) Structure of the unitarized scattering amplitude.

The basic meson-meson intermediate interactions P aP b → P cP d are described by kernels

K(J,I)
ab|cd and their simple dynamical structure is shown in Fig.6, as LO four point terms, typical

of chiral symmetry, supplemented by NLO resonance exchanges in the s-channel. Just in

the (J = 0, I = 0) channel two resonances, S1 and So, are needed. In these diagrams, all

vertices represent interactions derived from chiral lagrangians[46]. Kernels are then functions

depending on just masses and coupling constants. The mathematical structure of these

functions is displayed in App.F. In the case of the φ-meson, the kernel includes an effective

coupling to the (ρπ+πππ) channel, which accounts for about 15% of its width. This effective

interaction is discussed in App.(C) and yields eq.(F6).

All other resonance terms in the kernels contain bare poles. However, the evaluation of

amplitudes involves the iteration of the basic kernels by means of two-meson propagators,

as in Fig.6(b). The propagators, denoted by Ω̄, are discussed in App.B and, in principle,

they have both real and imaginary components. The former contain divergent contributions

and their regularization brings unknown parameters into the problem. This considerable

nuisance is avoided by working in the K-matrix approximation, whereby just the imaginary

parts of the two-meson propagators are kept. This gives rise to the structure sketched within

the square bracket of eq.(2), where the terms (loop×K) are realized by the functions M (J,I)
ij

given in eqs.(G10-G13). The ressummation of the geometric series, indicated in Fig.6(b),

endows the s-channel resonances with widths. Thus among other structures, intermediate

two-body amplitudes yield denominators D(J,I), which are akin to those of the form DBW =

[s − m2 + imΓ] employed in BW functions. These denominators, that correspond to the

predictions of the model for the resonance line shapes, are given in App.G and reproduced
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scattering amplitude isospin decomposition [J, I = (0, 1), (0, 1)]
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chiral perturbation theory, the primary couplings of the W+ to the K−K+K+ system always

involve a direct interaction, accompanied by a kaon-pole term, denoted by (A) and (B) in

the figure. Only their joint contribution is compatible with PCAC. Diagrams (1A+1B) are

LO and describe a non-resonant term, a proper three body interaction, which goes beyond

the (2 + 1) approximation, whereas Figs. (2A+2B) allow for the possibility that two of the

mesons rescatter, after being produced in the primary weak vertex. Diagrams (3A+3B) are

NLO and describe the production of bare resonances at the weak vertex, whereas final state

rescattering processes (4A+4B) endow them with widths.

A. two-body unitarization and resonance line shapes

In the description of the two-body subsystem, we consider just S- and P - waves, corre-

sponding to (J = 1, 0, I = 1, 0) spin-isospin channels. The associated resonances are ρ(770),

φ(1020), a0(980), and two SU(3) scalar-isoscalar states, S1 and So, corresponding to a sin-

glet and to a member of an octet, respectively. The physical f0(980), together with a higher

mass f0 state, would be linear combinations of S1 and So. Depending on the channel, the

intermediate two-meson propagators may involve ππ, KK, ηη, and πη intermediate states,

so there is a large number of coupled channels to be considered.
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FIG. 6: (a) Tree-level two-body interaction kernel K(J,I)
ab→cd - a NLO s-channel resonance, added to

a LO contact term. (b) Structure of the unitarized scattering amplitude.

The basic meson-meson intermediate interactions P aP b → P cP d are described by kernels

K(J,I)
ab|cd and their simple dynamical structure is shown in Fig.6, as LO four point terms, typical

of chiral symmetry, supplemented by NLO resonance exchanges in the s-channel. Just in

the (J = 0, I = 0) channel two resonances, S1 and So, are needed. In these diagrams, all

vertices represent interactions derived from chiral lagrangians[46]. Kernels are then functions

depending on just masses and coupling constants. The mathematical structure of these

functions is displayed in App.F. In the case of the φ-meson, the kernel includes an effective

coupling to the (ρπ+πππ) channel, which accounts for about 15% of its width. This effective

interaction is discussed in App.(C) and yields eq.(F6).

All other resonance terms in the kernels contain bare poles. However, the evaluation of

amplitudes involves the iteration of the basic kernels by means of two-meson propagators,

as in Fig.6(b). The propagators, denoted by Ω̄, are discussed in App.B and, in principle,

they have both real and imaginary components. The former contain divergent contributions

and their regularization brings unknown parameters into the problem. This considerable

nuisance is avoided by working in the K-matrix approximation, whereby just the imaginary

parts of the two-meson propagators are kept. This gives rise to the structure sketched within

the square bracket of eq.(2), where the terms (loop×K) are realized by the functions M (J,I)
ij

given in eqs.(G10-G13). The ressummation of the geometric series, indicated in Fig.6(b),

endows the s-channel resonances with widths. Thus among other structures, intermediate

two-body amplitudes yield denominators D(J,I), which are akin to those of the form DBW =

[s − m2 + imΓ] employed in BW functions. These denominators, that correspond to the

predictions of the model for the resonance line shapes, are given in App.G and reproduced
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the figure. Only their joint contribution is compatible with PCAC. Diagrams (1A+1B) are

LO and describe a non-resonant term, a proper three body interaction, which goes beyond

the (2 + 1) approximation, whereas Figs. (2A+2B) allow for the possibility that two of the
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NLO and describe the production of bare resonances at the weak vertex, whereas final state
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glet and to a member of an octet, respectively. The physical f0(980), together with a higher

mass f0 state, would be linear combinations of S1 and So. Depending on the channel, the

intermediate two-meson propagators may involve ππ, KK, ηη, and πη intermediate states,

so there is a large number of coupled channels to be considered.
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FIG. 6: (a) Tree-level two-body interaction kernel K(J,I)
ab→cd - a NLO s-channel resonance, added to

a LO contact term. (b) Structure of the unitarized scattering amplitude.

The basic meson-meson intermediate interactions P aP b → P cP d are described by kernels

K(J,I)
ab|cd and their simple dynamical structure is shown in Fig.6, as LO four point terms, typical

of chiral symmetry, supplemented by NLO resonance exchanges in the s-channel. Just in

the (J = 0, I = 0) channel two resonances, S1 and So, are needed. In these diagrams, all

vertices represent interactions derived from chiral lagrangians[46]. Kernels are then functions

depending on just masses and coupling constants. The mathematical structure of these

functions is displayed in App.F. In the case of the φ-meson, the kernel includes an effective

coupling to the (ρπ+πππ) channel, which accounts for about 15% of its width. This effective

interaction is discussed in App.(C) and yields eq.(F6).

All other resonance terms in the kernels contain bare poles. However, the evaluation of

amplitudes involves the iteration of the basic kernels by means of two-meson propagators,

as in Fig.6(b). The propagators, denoted by Ω̄, are discussed in App.B and, in principle,

they have both real and imaginary components. The former contain divergent contributions

and their regularization brings unknown parameters into the problem. This considerable

nuisance is avoided by working in the K-matrix approximation, whereby just the imaginary

parts of the two-meson propagators are kept. This gives rise to the structure sketched within

the square bracket of eq.(2), where the terms (loop×K) are realized by the functions M (J,I)
ij

given in eqs.(G10-G13). The ressummation of the geometric series, indicated in Fig.6(b),

endows the s-channel resonances with widths. Thus among other structures, intermediate

two-body amplitudes yield denominators D(J,I), which are akin to those of the form DBW =

[s − m2 + imΓ] employed in BW functions. These denominators, that correspond to the

predictions of the model for the resonance line shapes, are given in App.G and reproduced
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the (2 + 1) approximation, whereas Figs. (2A+2B) allow for the possibility that two of the

mesons rescatter, after being produced in the primary weak vertex. Diagrams (3A+3B) are

NLO and describe the production of bare resonances at the weak vertex, whereas final state

rescattering processes (4A+4B) endow them with widths.
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φ(1020), a0(980), and two SU(3) scalar-isoscalar states, S1 and So, corresponding to a sin-

glet and to a member of an octet, respectively. The physical f0(980), together with a higher

mass f0 state, would be linear combinations of S1 and So. Depending on the channel, the

intermediate two-meson propagators may involve ππ, KK, ηη, and πη intermediate states,

so there is a large number of coupled channels to be considered.
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FIG. 6: (a) Tree-level two-body interaction kernel K(J,I)
ab→cd - a NLO s-channel resonance, added to

a LO contact term. (b) Structure of the unitarized scattering amplitude.

The basic meson-meson intermediate interactions P aP b → P cP d are described by kernels

K(J,I)
ab|cd and their simple dynamical structure is shown in Fig.6, as LO four point terms, typical

of chiral symmetry, supplemented by NLO resonance exchanges in the s-channel. Just in

the (J = 0, I = 0) channel two resonances, S1 and So, are needed. In these diagrams, all

vertices represent interactions derived from chiral lagrangians[46]. Kernels are then functions

depending on just masses and coupling constants. The mathematical structure of these

functions is displayed in App.F. In the case of the φ-meson, the kernel includes an effective

coupling to the (ρπ+πππ) channel, which accounts for about 15% of its width. This effective

interaction is discussed in App.(C) and yields eq.(F6).

All other resonance terms in the kernels contain bare poles. However, the evaluation of

amplitudes involves the iteration of the basic kernels by means of two-meson propagators,

as in Fig.6(b). The propagators, denoted by Ω̄, are discussed in App.B and, in principle,

they have both real and imaginary components. The former contain divergent contributions

and their regularization brings unknown parameters into the problem. This considerable

nuisance is avoided by working in the K-matrix approximation, whereby just the imaginary

parts of the two-meson propagators are kept. This gives rise to the structure sketched within

the square bracket of eq.(2), where the terms (loop×K) are realized by the functions M (J,I)
ij

given in eqs.(G10-G13). The ressummation of the geometric series, indicated in Fig.6(b),

endows the s-channel resonances with widths. Thus among other structures, intermediate

two-body amplitudes yield denominators D(J,I), which are akin to those of the form DBW =

[s − m2 + imΓ] employed in BW functions. These denominators, that correspond to the

predictions of the model for the resonance line shapes, are given in App.G and reproduced
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FIG. 7: S-wave sector - top left: the continuous black curve (SW) is the modulus of the decay

amplitude T S, eq.(34), in arbitrary units, whereas other curves are moduli of partial contributions;

top right: moduli of the KK̄ scatterig amplitudes A(0,1), red curve, and A(0,0), blue curve; bottom:

the continuous black curve (SW) is the phase of the decay amplitude T S , eq.(34), and other

continuous curves are phases of partial contributions; the dashed curves represent the phases of

the KK̄ scatterig amplitudes A(0,1) (red) and A(0,0) (blue).

to determine just the full decay amplitudes T S and T P , represented by the continuous black

curves in the figures, and would not have access partial contributions in different isospin

channels. Moreover, it is also clear that one cannot guess the form of the KK̄ scattering

amplitudes A(J,I), represented by the red and blue dotted lines, from the decay components
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Figure 30: AN

CP
in Dalitz plot bins with equal number of events (sWeighted background

subtracted and acceptance corrected) for B
± ! K

±
⇡
+
⇡
� (top left), B± ! K

±
K

+
K

�

(top right), B± ! ⇡
±
⇡
+
⇡
� (bottom left) and B

± ! ⇡
±
K

+
K

� (bottom right).

is located mainly in the low mass region of m⇡⇡ < 1.5GeV/c2, where a clear interference1017

structure appears in the B
+-B� distribution.1018

10.1.2 B
± ! K

±
K

+
K

�
1019

The projections of the B± ! K
±
K

+
K

� Dalitz plot are shown in Figure 34. We can identify1020

in mK+K� low the narrow vector resonances: �(1020) as the first bump around 1GeV/c21021

and �c0(1P ) in the region around 3.4GeV/c2. The resonances in the mK+K� high projection1022

are covered by the � distribution along this axis. There is also a broad concentration at low1023

mass above 2.0GeV2
/c

4, which could correspond to the f2(1525) resonance. Also visible1024

only in the B
± ! K

±
K

+
K

� Dalitz plot (Figure 28) is the contribution of B± ! J/ K
±

1025

with J/ ! K
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�, around 9.6GeV2
/c

4 in m
2
K+K� low. Table 31 shows the Particle Data1026

Group list of measured branching fractions for B± ! K
±
K

+
K

�.1027

The mass projections reveal a clear signature of CP asymmetry, with a large excess of1028

B
+ events for mK+K� low < 1.6GeV/c2 and m

2
K+K� high between 2.4GeV/c2 and 4.0GeV/c2.1029

Figure 35 is a zoom in the mK+K� low region of high asymmetry, that includes the �(1020).1030
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Figure 28: Dalitz plot of B± ! K
±
⇡
+
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� (top) and B

± ! K
±
K

+
K

� (bottom).
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mass above 2.0GeV2
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4, which could correspond to the f2(1525) resonance. Also visible1024
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The mass projections reveal a clear signature of CP asymmetry, with a large excess of1028

B
+ events for mK+K� low < 1.6GeV/c2 and m

2
K+K� high between 2.4GeV/c2 and 4.0GeV/c2.1029

Figure 35 is a zoom in the mK+K� low region of high asymmetry, that includes the �(1020).1030
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is located mainly in the low mass region of m⇡⇡ < 1.5GeV/c2, where a clear interference1017

structure appears in the B
+-B� distribution.1018
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±
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in mK+K� low the narrow vector resonances: �(1020) as the first bump around 1GeV/c21021

and �c0(1P ) in the region around 3.4GeV/c2. The resonances in the mK+K� high projection1022

are covered by the � distribution along this axis. There is also a broad concentration at low1023

mass above 2.0GeV2
/c

4, which could correspond to the f2(1525) resonance. Also visible1024

only in the B
± ! K

±
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+
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� Dalitz plot (Figure 28) is the contribution of B± ! J/ K
±
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with J/ ! K
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�, around 9.6GeV2
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4 in m
2
K+K� low. Table 31 shows the Particle Data1026

Group list of measured branching fractions for B± ! K
±
K

+
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The mass projections reveal a clear signature of CP asymmetry, with a large excess of1028

B
+ events for mK+K� low < 1.6GeV/c2 and m

2
K+K� high between 2.4GeV/c2 and 4.0GeV/c2.1029

Figure 35 is a zoom in the mK+K� low region of high asymmetry, that includes the �(1020).1030
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is located mainly in the low mass region of m⇡⇡ < 1.5GeV/c2, where a clear interference1017

structure appears in the B
+-B� distribution.1018
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The projections of the B± ! K
±
K
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in mK+K� low the narrow vector resonances: �(1020) as the first bump around 1GeV/c21021

and �c0(1P ) in the region around 3.4GeV/c2. The resonances in the mK+K� high projection1022

are covered by the � distribution along this axis. There is also a broad concentration at low1023

mass above 2.0GeV2
/c

4, which could correspond to the f2(1525) resonance. Also visible1024

only in the B
± ! K

±
K

+
K

� Dalitz plot (Figure 28) is the contribution of B± ! J/ K
±

1025

with J/ ! K
+
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�, around 9.6GeV2
/c

4 in m
2
K+K� low. Table 31 shows the Particle Data1026

Group list of measured branching fractions for B± ! K
±
K
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The mass projections reveal a clear signature of CP asymmetry, with a large excess of1028

B
+ events for mK+K� low < 1.6GeV/c2 and m

2
K+K� high between 2.4GeV/c2 and 4.0GeV/c2.1029

Figure 35 is a zoom in the mK+K� low region of high asymmetry, that includes the �(1020).1030
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Fig. 2. Left diagram: Penguin for B+ ! K�K+K+. Right diagram: double charm
partonic loop contribution to B+ ! K�K+K+.

We considered the charm penguins contributions as represented in the dia-
gram of Fig. 2. However, is very hard to precise which are the charm mass
propagating inside the loop and how does hadronization a↵ect this picture. To
guide our calculation one follows the structure (recipe) proposed by Mannel
at al. ?? to describe the center region of the Dalitz plot for B+ ! ⇡�⇡+⇡+.
The authors propose a functional form of this form factor to be:

Ap(s) = T (s)(M2
B
� s)f+(s) (1)

where f+(q2) is the B ! K vector form factor, which can assume the single
pole parametrization:

f+(s) =
1

1� s/M⇤2
Bs

(2)

for M⇤
Bs

the mass of a vector meson B⇤
s
. One identify the kernel T as the charm

bubble loop contribution. This amplitude was also calculated by Gerard and
Hu (1991)[?] and gave a simple amplitude, with a real and imaginary part
given by:
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where x = q2/m2. This is exactly the bubble loop function we know very
well, but considering a double charm propagation. The real and imaginary
distribution are shown in the Figure below for the case of m = 1.864 which is
the D0 mass:
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Abstract

A study of B+
c ! K+K�⇡+ decays is performed for the first time using data

corresponding to an integrated luminosity of 3.0 fb�1 collected by the LHCb ex-
periment in pp collisions at centre-of-mass energies of 7 and 8TeV. Evidence for
the decay B+

c ! �c0(! K+K�)⇡+ is reported with a significance of 4.0 stan-

dard deviations, resulting in the measurement of �(B+
c )

�(B+) ⇥ B(B+
c ! �c0⇡+) to be

(9.8+3.4
�3.0(stat)± 0.8(syst))⇥ 10�6. Here B denotes a branching fraction while �(B+

c )
and �(B+) are the production cross-sections for B+

c and B+ mesons. An indication
of bc weak annihilation is found for the region m(K�⇡+) < 1.834GeV/c2, with a
significance of 2.4 standard deviations.
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Figure 28: Dalitz plot of B± ! K
±
⇡
+
⇡
� (top) and B

± ! K
±
K

+
K

� (bottom).
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1 Introduction111

In the last decades, B meson decays have attracted attention due to CP violation phenom-112

ena as well as the sensitivity to new physics in rare B decays. A matter of great interest is113

the study of charmless three-body B
± decays, whose leading diagram contributions proceed114

through a b ! s(d) penguin transition and a b ! u tree transition (see Figures 1 and 2 for115

the diagrams of the four B± ! h
±
h
+
h
� decays analysed in this document). These decays116

o↵er the additional possibility to study the weak phase in interference patterns between117

two-body resonances in the Dalitz plot, and a novel scenario to spot rescattering e↵ects118

that connect di↵erent final states. Most of these channels have branching ratios of the119

order of 10�5 to 10�6, and therefore, large data samples are needed to provide precision120

measurements.121

From the data collected by LHCb in 2010, the branching fractions of B± ! K
±
K

+
K

�
122

and B
± ! pp̄K

± relative to B± ! K
±
⇡
+
⇡
� were measured [1], and are in good agreement123

with the current PDG values. With the 1 fb�1 of data collected in 2011, the LHCb revealed124

evidence of CP violation in the decays B± ! K
±
⇡
+
⇡
� and B

± ! K
±
K

+
K

� [2–5] and125

in the decays B
± ! ⇡

±
K

+
K

� and B
± ! ⇡

±
⇡
+
⇡
� [6–9]. The reported phase space126

Figure 1: Tree and penguin diagrams for B
± ! K

±
⇡
+
⇡
� (top) and B

± ! K
±
K

+
K

�

(bottom) with their dependences on the Wolfenstein � parameter. The fx holds for any
resonance decaying into two kaons in the final state.

4

dominated by penguin

highest statisticB± ! hhh

nonresonant       all phase-space

109k

J/ �c0presence of charm resonances: 
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Fig. 2. Left diagram: Penguin for B+ ! K�K+K+. Right diagram: double charm
partonic loop contribution to B+ ! K�K+K+.

We considered the charm penguins contributions as represented in the dia-
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where x = q2/m2. This is exactly the bubble loop function we know very
well, but considering a double charm propagation. The real and imaginary
distribution are shown in the Figure below for the case of m = 1.864 which is
the D0 mass:
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1 Introduction111

In the last decades, B meson decays have attracted attention due to CP violation phenom-112

ena as well as the sensitivity to new physics in rare B decays. A matter of great interest is113

the study of charmless three-body B
± decays, whose leading diagram contributions proceed114

through a b ! s(d) penguin transition and a b ! u tree transition (see Figures 1 and 2 for115

the diagrams of the four B± ! h
±
h
+
h
� decays analysed in this document). These decays116

o↵er the additional possibility to study the weak phase in interference patterns between117

two-body resonances in the Dalitz plot, and a novel scenario to spot rescattering e↵ects118

that connect di↵erent final states. Most of these channels have branching ratios of the119

order of 10�5 to 10�6, and therefore, large data samples are needed to provide precision120

measurements.121

From the data collected by LHCb in 2010, the branching fractions of B± ! K
±
K

+
K

�
122

and B
± ! pp̄K

± relative to B± ! K
±
⇡
+
⇡
� were measured [1], and are in good agreement123

with the current PDG values. With the 1 fb�1 of data collected in 2011, the LHCb revealed124

evidence of CP violation in the decays B± ! K
±
⇡
+
⇡
� and B

± ! K
±
K

+
K

� [2–5] and125

in the decays B
± ! ⇡

±
K

+
K

� and B
± ! ⇡

±
⇡
+
⇡
� [6–9]. The reported phase space126

Figure 1: Tree and penguin diagrams for B
± ! K

±
⇡
+
⇡
� (top) and B

± ! K
±
K

+
K

�

(bottom) with their dependences on the Wolfenstein � parameter. The fx holds for any
resonance decaying into two kaons in the final state.
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Fig. 2. Left diagram: Penguin for B+ ! K�K+K+. Right diagram: double charm
partonic loop contribution to B+ ! K�K+K+.

We considered the charm penguins contributions as represented in the dia-
gram of Fig. 2. However, is very hard to precise which are the charm mass
propagating inside the loop and how does hadronization a↵ect this picture. To
guide our calculation one follows the structure (recipe) proposed by Mannel
at al. ?? to describe the center region of the Dalitz plot for B+ ! ⇡�⇡+⇡+.
The authors propose a functional form of this form factor to be:

Ap(s) = T (s)(M2
B
� s)f+(s) (1)

where f+(q2) is the B ! K vector form factor, which can assume the single
pole parametrization:

f+(s) =
1

1� s/M⇤2
Bs

(2)

for M⇤
Bs

the mass of a vector meson B⇤
s
. One identify the kernel T as the charm

bubble loop contribution. This amplitude was also calculated by Gerard and
Hu (1991)[?] and gave a simple amplitude, with a real and imaginary part
given by:

Re⇧(x)=�1

6

8
<

:
5

3
+

4

x
�

✓
1 +

2

x

◆2

4
s

1� 4

x
ln

0

@
1 +

q
1� 4/x

1�
q
1� 4/x

1

A⇥

1� 4

x

�

+ 2

s
4

x
� 1 arcot

2

4
s
4

x
� 1

3

5⇥

4

x
� 1

�3

5

9
=

;

Im⇧(x)=�⇡

6

✓
1 +

2

x

◆ s

1� 4

x
⇥


1� 4

x

�
. (3)

where x = q2/m2. This is exactly the bubble loop function we know very
well, but considering a double charm propagation. The real and imaginary
distribution are shown in the Figure below for the case of m = 1.864 which is
the D0 mass:
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We considered the charm penguins contributions as represented in the dia-
gram of Fig. 2. However, is very hard to precise which are the charm mass
propagating inside the loop and how does hadronization a↵ect this picture. To
guide our calculation one follows the structure (recipe) proposed by Mannel
at al. ?? to describe the center region of the Dalitz plot for B+ ! ⇡�⇡+⇡+.
The authors propose a functional form of this form factor to be:

Ap(s) = T (s)(M2
B
� s)f+(s) (1)

where f+(q2) is the B ! K vector form factor, which can assume the single
pole parametrization:

f+(s) =
1

1� s/M⇤2
Bs

(2)

for M⇤
Bs

the mass of a vector meson B⇤
s
. One identify the kernel T as the charm

bubble loop contribution. This amplitude was also calculated by Gerard and
Hu (1991)[?] and gave a simple amplitude, with a real and imaginary part
given by:
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where x = q2/m2. This is exactly the bubble loop function we know very
well, but considering a double charm propagation. The real and imaginary
distribution are shown in the Figure below for the case of m = 1.864 which is
the D0 mass:
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f+(s) =
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for M⇤
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the mass of a vector meson B⇤
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. One identify the kernel T as the charm

bubble loop contribution. This amplitude was also calculated by Gerard and
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where x = q2/m2. This is exactly the bubble loop function we know very
well, but considering a double charm propagation. The real and imaginary
distribution are shown in the Figure below for the case of m = 1.864 which is
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where x = q2/m2. This is exactly the bubble loop function we know very
well, but considering a double charm propagation. The real and imaginary
distribution are shown in the Figure below for the case of m = 1.864 which is
the D0 mass:
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used an e↵ective description in terms os hadronic degrees of freedom which
simplify those interactions to the triangle loop given in the right panel of fig.4.

Inspecting the diagram in fig. ??, one note that besides the weak vertex and
the triangle loop we need the rescattering amplitude DD ! KK. The first
two can be described based on previous calculations and for the latter we
proposed a phenomenological amplitude based on S- matrix unitarity.

For the hadronic triangle loop one use the same approach presented in ref.
[?,?], where the weak vertex is inside the constant parameter C, the transition
matrix B+ ! D0W+ is described by a form factor and the amplitude became:
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(5)
Inspecting only the triangle loop contribution, in the right panel of fig.4, one
can see that they have a similar behave as the bobble loop. The di↵erence
remain on the energy open channel and in the absorptive part that is non zero
bellow the threshold.
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remain on the energy open channel and in the absorptive part that is non zero
bellow the threshold.
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7

average  of charm mass

Aparton =

Z mcmax

mcmin

⇧(s)
1

2⇡ �2
e

(m�mc0)2

2�2

rich cc̄ environment.

_
u

_
s

_
c

B
+

K
 +

K
 −

_
u K

 +

c

b

u

s

s

_
u

_
c

_ 
u + s

_

su +

s

c

b

Fig. 2. Left diagram: Penguin for B+ ! K�K+K+. Right diagram: double charm
partonic loop contribution to B+ ! K�K+K+.

We considered the charm penguins contributions as represented in the dia-
gram of Fig. 2. However, is very hard to precise which are the charm mass
propagating inside the loop and how does hadronization a↵ect this picture. To
guide our calculation one follows the structure (recipe) proposed by Mannel
at al. ?? to describe the center region of the Dalitz plot for B+ ! ⇡�⇡+⇡+.
The authors propose a functional form of this form factor to be:
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where x = q2/m2. This is exactly the bubble loop function we know very
well, but considering a double charm propagation. The real and imaginary
distribution are shown in the Figure below for the case of m = 1.864 which is
the D0 mass:
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vector form factor
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from Mannel et al Kernel of  interaction

T (s) ⌘ Aparton

B ! 3⇡

S. Kränkl et al. / Nuclear Physics B 899 (2015) 247–264 251

Fig. 2. Factorization formula in the center (region I).

Fig. 3. Sample contributions to the hard kernels T I
i and T II

i in the factorization formula for the central region. The 
leading αs contributions are given by diagrams such as (a) and (b), while (c) and (d) are next-to-leading in αs . See the 
text for details.

3. The central region of the Dalitz plot

Our starting point is the heavy-quark limit, where we assume that mb/
√

3 ≫ "QCD. In the 
central region of the Dalitz plot (region I) we have all invariant masses of the order mb/

√
3 and 

hence we expect the factorization formula

⟨π+π − π+|Oi |B+⟩sij ∼ 1/3 = T I
i ⊗ FB→π ⊗ $π ⊗ $π + T II

i ⊗ $B ⊗ $π ⊗ $π ⊗ $π ,

(3.1)

where Oi is a four quark operator in the effective weak Hamiltonian. This factorization formula 
is illustrated in Fig. 2. The hard kernels can be computed perturbatively in QCD. Some typical 
diagrammatic contributions are shown in Fig. 3. We will consider here only the leading αs correc-
tions, and neglect next-to-leading α2

s contributions such as (c) and (d) in Fig. 3. While the study 
of α2

s corrections is beyond the scope of this analysis, we expect these to be about ∼ 10% relative 
to the leading color-allowed amplitude, similar to the case of B → ππ (see e.g. Ref. [55]). The 
diagram (b), where the gluon is ejected from the spectator, requires the spectator quark in the 
B meson to have a large virtuality of order mb, which is either suppressed in the heavy-quark 
limit or requires an additional hard interaction. All in all, we do not include the second term in 
Eq. (3.1) in our analysis, nor radiative corrections to T I

i . To this order, the convolutions of the 
hard kernel T I

i with the B → π form factor and the pion light-cone distribution can be computed 
without encountering end-point singularities. While this would be a trivial statement in the case 
of two-body decays, we stress that here the kernels T I

i (u, v) already depend on the momentum 
fraction of the quarks at the leading order, making the convolutions non-trivial.

The differential decay rate d2%/(ds++ ds+− ) computed in this way shows some interesting 
features. First of all, moving from the central point s++ = s+− = 1/3 (region I) toward the edge 
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hadronic loop three-body FSI - introduce new complex structures 

arXiv:1512.09284

PCM & I Bediaga

_
K0

π+

π+

π 0

Ds*
(2)

(1)  

(3)

K−

W

T

FIG. 3: Leading vector current contribution, dressed by form factors and ππ interactions (in the

small green blob).

by A0 the amplitude for the process D+ → K0π0π+ without FSIs and by TKπ that for

π0K̄0 → π+K−, the amplitude A1 of Fig.3 can be schematically written as

A1 = −i

∫

d4ℓ

(2π)4
T S
Kπ ∆π ∆K A0 , (1)

where ℓ is the loop variable, ∆π and ∆K are pion and kaon propagators and A0 is the tree

level amplitude, given by

A0 = −
1√
2
[GF cos2 θC ] ⟨ π+ π0|Vµ|0 ⟩ ⟨ K̄0|V µ|D+ ⟩ , (2)

derived in App.B, eq(B17). The matrix element ⟨ K̄0|V µ|D+ ⟩ describes the D → WK̄

vertex, eq.(B13), including D∗

s intermediate states [25], and corresponds to form factors

parametrized in terms of vector and scalar nearest poles, eq.(B14). The factor ⟨ π+ π0|Vµ|0 ⟩

is associated with the process W → ππ, shown in Fig.4, and includes the ρ with a dynamical

width, eq(B10). The bare resonance is treated by employing the formalism developed in

Ref.[21] and its width is constructed using the P -wave elastic ππ amplitude.

The W → ππ form factor is time-like and its inclusion into the vector series of Fig.2 can,

in principle, give rise to final state interactions depending on both ππ and Kπ amplitudes.

With the purpose of keeping complications to a minimum, we consider just ππ interactions

that occur before the first Kπ scattering.

The evaluation of Fig.3 requires the Kπ amplitude in the interval 0.401GeV2 ≤ s ≤

2.993GeV2. As LASS data[1] begins only at s = 0.681GeV2, one covers the low-energy

region by means of theoretical amplitudes, based on unitarized chiral symmetry[21]. Our

intermediate S-wave Kπ amplitude, denoted by T S
Kπ, is thoroughly discussed in App.C.

5

B+ ! ⇡+⇡�⇡+ D+ ! ⇡+K�⇡+

 PRD 92  094005 (2015) [arXiv:1504.06346]
PCM et al

 PRD 84 094001 (2011 ) [arXiv:1105.5120]

PCM & M Robilotta

scattering amplitudeD0D̄0 ! K+K�

phenomenological:

weak transition   B+ ! W+D̄0 form factor to regulateC0 ⇥

form factor for W+ ! D0K+

~1%          1000 x Br [B ! DD⇤
s ] Br [B ! KKK]

S- matrix unitarity + Regge theory
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final remarks �20

wide amplitude  spread in the center of the Dalitz plane 

1 1.5 2 2.5 3 3.5 4 4.5
m(KK)  GeV  

-8

-6

-4

-2

0

2

4

6

8

am
pl

itu
de

 

Re
Im
Mod

NR population observed!

B ! KKK

_
u

_
c

_ 
u + s

_

su +

s

c

b

(partonic)

 (hadronic)
(p  ) 3

B
+

(p  ) 1

K
+ (p  ) 2

0
D

D 0

D
*0

Κ
 +

Κ
 −

s

superposition of triangles
amplitude: two narrow peaks in between a zero (threshold) 

phase: change sign in a region close where data shows a CP 
asymmetry change in sign!

 FSI mechanism to produce CP asymmetry at high mass 

 interference between: triangles & partonic & other NR sources & resonances

should be tested in data ANA!

can shift the position of the CP asymmetry sign change  

charm penguins
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NR 2 and  3-body effects;

final remarks �21

FSI 

How to do that? …

superposition of resonant and non-resonant at low and high energy

 good analytic and unitary 2-body coupled-channels; 

…

to improve ANA and learn from data we need:

with LASS/GLASS and Matriz K we don’t learn much…

B-decays must include the diff QCD regime dynamics; 
NR charm penguins!!  

 at least a way to parametrize this different from 2-body without adding phases

 different weak vertices topologies for same FS how to add them? 
need to know about short distance! 
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Fig. 4. Left diagrams: double charm partonic loop producing K+K� (upper panel)
and double charm hadronic loop producing K+K� (lower panel). Right panel: tri-
angle diagram for hadronic loop for B+ ! K�K+K+ with vector form factor.

used an e↵ective description in terms os hadronic degrees of freedom which
simplify those interactions to the triangle loop given in the right panel of fig.4.

Inspecting the diagram in fig. ??, one note that besides the weak vertex and
the triangle loop we need the rescattering amplitude DD ! KK. The first
two can be described based on previous calculations and for the latter we
proposed a phenomenological amplitude based on S- matrix unitarity.

For the hadronic triangle loop one use the same approach presented in ref.
[?,?], where the weak vertex is inside the constant parameter C, the transition
matrix B+ ! D0W+ is described by a form factor and the amplitude became:

Ah

P
= i CO

Z d4`

(2⇡)4
[TDD!KK(s23)]

(�D0 + 2�
D̄0 � 2 s23 + 3M2

⇡
+M2

B
� l2)

�D0 �
D̄0 �D⇤ [l2 �mB⇤ ]

.

(5)
Inspecting only the triangle loop contribution, in the right panel of fig.4, one
can see that they have a similar behave as the bobble loop. The di↵erence
remain on the energy open channel and in the absorptive part that is non zero
bellow the threshold.
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Fig. 5. Hadronic triangle loop contribution.
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not well understand on literature

 important  as FSI in B two-body decays 

Donoghue et al., PRL 77(1996)2178;  
Suzuki,Wolfenstein, PRD 60 (1999)074019; 
 Falk et al. PRD 57,4290(1998); 
Blok, Gronau, Rosner, PRL 78, 3999 (1997).  

�28scattering amplitudeD0D̄0 ! K+K�

phenomenological amplitude

unitarity of the S-matrix

inspired in the damping factor of the S matrix i.e. ⇡⇡ ! KK

S-matrix LL-HH

1 The amplitude

We can parametrize the S-matrix writing the modulus as

M =

(

cos θ sin θ
− sin θ cos θ

)

(1)

what guarantees unitarity and the phase as

P =

(

eiα 0
0 eiβ

)

(2)

The S-matrix is obtained by

S = P ·M · P =

(

cos θ e2iα sin θ ei(α+β)

− sin θ ei(α+β) cos θ e2iβ

)

(3)

Writing cos θ = η we have that cos θ = η =
√
1− sin2 θ, so sin θ =

√
1− η2, and we can

write a more familiar form of the parametrization

S =

(

η e2iα
√
1− η2 ei(α+β)

−
√
1− η2 ei(α+β) η e2iβ

)

(4)

where η is interpreted as an inelasticity parameter.
Now let us define the following for the S-matrix modulus

η = sin θ = Si = N
√

s/sth − 1/(s/sth)
α (5)

and for the phases

e2iα = Sp = 1− 2ik1
c

1−k1/k0
+ ik1

(6)

and

e2iβ = Sd = 1− 2ik
1
a + ik

(7)

where k =
√

s−sth
4 , k1 =

√

s−sth1
4 and k0 =

√

s0−sth
4 .

Now the matrix for the modulus becomes

1

M =

⎛

⎝

√

1− S2
i Si

−Si

√

1− S2
i

⎞

⎠ (8)

and

P =

(
√

Sp 0

0
√
Sd

)

(9)

and we get for the S-matrix

S = P ·M · P =

⎛

⎝

√

1− S2
i Sp Si

√

Sp Sd

−Si

√

Sp Sd

√

1− S2
i Sd

⎞

⎠ (10)

This allows us to write the t-matrix using Sβ,α = δβ,α+ itβ,α, where tβ,α =
√
1− η2ei(α+β),

or for the case of (10)

td,i = −iSi

√

Sp Sd (11)

2

M =

⎛

⎝

√

1− S2
i Si

−Si

√

1− S2
i

⎞

⎠ (8)

and

P =

(
√

Sp 0

0
√
Sd

)

(9)

and we get for the S-matrix

S = P ·M · P =

⎛

⎝

√

1− S2
i Sp Si

√

Sp Sd

−Si

√

Sp Sd

√

1− S2
i Sd

⎞

⎠ (10)

This allows us to write the t-matrix using Sβ,α = δβ,α+ itβ,α, where tβ,α =
√
1− η2ei(α+β),

or for the case of (10)

td,i = −iSi

√

Sp Sd (11)

2

⌘ = N
p

s/sth � 1/(s/sth)
2.5

e2i↵ = 1� 2ik1
c

1�k1/k0
+ ik1

e2i� = 1� 2ik
1
a + ik

S-matrix LL-HH

1 The amplitude

We can parametrize the S-matrix writing the modulus as

M =

(

cos θ sin θ
− sin θ cos θ

)

(1)

what guarantees unitarity and the phase as

P =

(

eiα 0
0 eiβ

)

(2)

The S-matrix is obtained by

S = P ·M · P =

(

cos θ e2iα sin θ ei(α+β)

− sin θ ei(α+β) cos θ e2iβ

)

(3)

Writing cos θ = η we have that cos θ = η =
√
1− sin2 θ, so sin θ =

√
1− η2, and we can

write a more familiar form of the parametrization

S =

(

η e2iα
√
1− η2 ei(α+β)

−
√
1− η2 ei(α+β) η e2iβ

)

(4)

where η is interpreted as an inelasticity parameter.
Now let us define the following for the S-matrix modulus

η = sin θ = Si = N
√

s/sth − 1/(s/sth)
α (5)

and for the phases

e2iα = Sp = 1− 2ik1
c

1−k1/k0
+ ik1

(6)

and

e2iβ = Sd = 1− 2ik
1
a + ik

(7)

where k =
√

s−sth
4 , k1 =

√

s−sth1
4 and k0 =

√

s0−sth
4 .

Now the matrix for the modulus becomes

1

,   DD:KK:

Antunes, Bediaga, Frederico, PCM
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extensions 

unitarization

isobar

SU(2) SU(3)

ChPT

energy

KK⇡⇡ DR

theory  - �30

of SU(3) mesons. ChPT is fully suited for describing these effective processes. The primary

weak decay is then followed by purely hadronic final state interactions (FSIs), in which the

mesons produced initially rescatter in many different ways, before being detected. The decay

D+ → K−K+K+ is doubly-Cabibbo-suppressed and any model describing it should involve

a combination of these two parts, as suggested by Fig.1.

K

K

K

+

+

−

3

2

1

K

K

K

+

+

−

3

2

1

K

K

K

+

+

−

3

2

1

(a)

= + b

a

(b)

WWT

FIG. 1: Amplitude T for D+ → K−K+K+: (a) primary weak vertex; (b) weak vertex dressed by

final state interactions, the full line is the D, dashed lines are pseudoscalars.

In this work we allow for the coupling of intermediate states and, within the (2 + 1)

approximation, final state interactions are always associated with loops describing two-

meson propagators. This provides a topological criterion for distinguishing the primary

weak vertex from FSIs, namely that the former is represented by tree diagrams and the

latter by a series with any number of loops. Each of these loops is multiplied by a tree-level

scattering amplitude K and, schematically, this allows the decay amplitude T to be written

as

T = (weak tree) ×
[

1 + (loop×K) + (loop×K)2 + (loop×K)3 + · · ·
]

. (2)

The term within square brackets involves strong interactions only and represents a geometric

series for the FSIs, which can be summed. Denoting this sum by S, one has S = 1/[1 −

(loop×K)], which corresponds to the model prediction for the resonance line shape.

= +
K

+
3

b

a

K
+
3

b

a

K
+
3

b

a

(a) (b)

W

FIG. 2: Competing topologies for the decay D+ → K−K+K+; the pair P aP b is produced either

after (a) or before (b) the weak interaction.
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D+ ! K�K+K+

AJI
ab
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non-perturbative 

ab = ⇡⇡, KK, ⌘⇡, ⇢⇡, ⌘⌘
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: unitary coupled-channel amplitude  for AJI
ab
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 solid theory to describe MM interactions at low energy

NLO:  include resonances as a field
 Ecker, Gasser, Pich and De Rafael

[Nucl. Phys. B321(1989)]  

21 CAPÍTULO 2. AMPLITUDE DE ESPALHAMENTO Kπ

acoplam aos pseudoescalares, no contexto de SU(3). A vantagem desta abordagem, em

comparação com cálculos de O(q4) em ChPT[58], é que ela permite estender o alcance da

teoria a energias mais altas.

O termo da lagrangiana[22] que descreve a interação entre ressonâncias escalares e

mésons pseudoescalares é dado por:

L(2)
S =

2 c̃d
F 2

R0 ∂µφi ∂
µφi −

4 c̃m
F 2

B R0 (σ0 δij + σ8 d8ij) φi φj (2.5)

+
2 cd√
2F 2

dijk Rk ∂µφi ∂
µφi −

4Bcm√
2F 2

[

σ0 dijk + σ8

(

2

3
δik δj8 + di8s djsk

)]

φi φjRk ;

em que c̃d, c̃m e cd, cm são as constantes de acoplamento estre os mésons pseudoescalares e

as ressonâncias escalares R0, singleto, e Rk, membro do octeto, que precisam ser fixadas.

Essa lagrangiana também foi usada para o sistemaKπ na referência [14], na qual os valores

para cd e cm foram estimados, impondo a saturação das constantes de baixa energia pelas

ressonâncias. Os autores obtiveram os valores:

|cd| = 30± 10MeV ; |cm| = 43± 14MeV ; (2.6)

muito próximos dos obtidos em [22], |cd| = 32 MeV e |cm| = 42 MeV, extráıdos do

decaimento a0 → η π. Os valores de c̃d e c̃m foram definidos, como em [22], impondo o

v́ınculo dado pelo limite de grande Nc: |c̃d| = |cd|/
√
3 e |c̃m| = |cm|/

√
3.

A lagrangiana da interação de ressonâncias vetoriais e mésons pesudoescalares,

também proposta em [22], é dada por:

L(2)
V =

iGV√
2
⟨Vµνu

µuν⟩ ; (2.7)

⟨Vµνu
µuν⟩ =

1

F 2
V µν
a ∂µφi ∂νφj (ifaij + daij); (2.8)

em que V µν
a é um elemento do octeto vetorial. No caso das ressonâncias com estranheza,

a = 6, 7, temos:

⟨Vµνu
µuν⟩ =

√
2

F 2

[(

∂µπ
− ∂νK

+ −
1√
2
∂µπ

0 ∂νK
0

)

K̄∗µν

+

(

∂µK
− ∂νπ

+ −
1√
2
∂µK̄

0 ∂νπ
0

)

K∗µν
]

+ ... (2.9)

sendo GV uma constante de acoplamento universal que, no limite de grande Nc, pode ser

aproximada para GV = fπ/
√
2 = 65.3 MeV[66]. Nesse trabalho usamos GV = fKπ/

√
2 =
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L(2)
V =

iGV√
2
⟨Vµνu

µuν⟩ ; (2.7)

⟨Vµνu
µuν⟩ =

1

F 2
V µν
a ∂µφi ∂νφj (ifaij + daij); (2.8)

em que V µν
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a é um elemento do octeto vetorial. No caso das ressonâncias com estranheza,

a = 6, 7, temos:

⟨Vµνu
µuν⟩ =

√
2

F 2

[(

∂µπ
− ∂νK

+ −
1√
2
∂µπ

0 ∂νK
0

)

K̄∗µν

+

(

∂µK
− ∂νπ

+ −
1√
2
∂µK̄

0 ∂νπ
0

)

K∗µν
]

+ ... (2.9)

sendo GV uma constante de acoplamento universal que, no limite de grande Nc, pode ser

aproximada para GV = fπ/
√
2 = 65.3 MeV[66]. Nesse trabalho usamos GV = fKπ/

√
2 =
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LO:

2.1. AMPLITUDE EM ÁRVORE 20

Termo de contado

O termo de contato é descrito pela lagrangiana efetiva quiral proposta por Gasser e

Leutwyler [21]:

L(2)
M = 3F 2B σ0

+
1

2
∂µφi ∂

µφi −B (σ0 δij + σ8 d8ij) φi φj

−
1

6F 2
fijs fkls φi ∂µφj φk ∂

µφl +
B

24F 2

[

σ0

(

4

3
δij δkl+2 dijs dkls

)

+ σ8

(

4

3
δij dkl8+

4

3
dij8 δkl+2 dijm dkln d8mn

)]

φi φj φk φl , (2.2)

em que F é a constante de decaimento dos mésons no vácuo, φi são os bósons de

Goldstone de SU(3) e dijk e fijs são, respectivamente, as constantes de estrutura simétrica

e antissimétrica de SU(3). Todas as relações e estruturas que envolvem o grupo de

Lie SU(3) estão detalhadas no apêndice B.1. A primeira linha dessa lagrangiana está

associada à quebra espontânea de simetria quiral e é o termo responsável por conferir

massas aos pseudoescalares; a segunda corresponde à propagação livre e, as demais, a

auto interações, responsáveis pelo termo de contato Kπ → Kπ.

A amplitude de contato derivada da lagrangiana 2.2 é:

iTC = i 2 [Aabcd (u− t)−Aacbd (s− u)− Aadbc (s− t)]

+i 8 [Babcd +Bacbd +Badbc] ;

Aijkl = −
1

6F 2
fijs fkls , (2.3)

Bijkl =
B

24F 2

[

σ0

(

4

3
δij δkl + 2 dijs dkls

)

+ σ8

(

4

3
δij dkl8 +

4

3
dij8 δkl + 2 dijm dkln d8mn

)]

. (2.4)

Ressonâncias

As contribuições dos diagramas S e V , na fig.2.1, são dadas por trocas de ressonâncias

escalares ou vetoriais nos canais s, t e u. Todas as interações relevantes podem ser descritas

pela lagrangiana proposta em [22], na qual as ressonâncias também são campos que se
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Figure 1: Annihilation diagram for D+
! K�K+K+ via �, a0 and f0 resonances (right); tree

diagram for D+
! f0/a0K+ (left).

model. Although it is not known how to calculate the left diagram, a full description
would require both diagrams. In the case that this model does not give good and reliable
results, this argument should be revisited.

In the specific topology of the annihilation diagram, the steps D+
! W+ and W+

!

K�K+K+ can be factorized. As consequence, the decay amplitude may be written as

A = h (KKK)+|Aµ|0 ih 0|Aµ
|D+

i

where Aµ is the axial weak current. The second term in the right-hand side corresponds
to the weak vertex and depends on the quark content of the initial meson D+. The first
term of the decay amplitude, h (KKK)+|Aµ|0 i, is the coupling between the W boson and
the light mesons. In this thesis we present a model for this matrix element. We refer to
this as the Multi-Meson model (MMM).

This model provides an alternative to the Isobar Model in order to parametrize the
decay amplitude. In contrast to the pure phenomenological aspect of the Isobar model, the
MMM is based on Chiral Perturbation Theory with Resonances (ChPTR) and provides
improvements to some di�culties of the Isobar.

This thesis is organized as follows. In Section 2 the theoretical background required to
understand the heavy-meson decays and the ChPTR is presented. This includes a brief
overview of the Standard Model, chiral symmetries, Chiral Perturbation Theory (ChPT)
up to leading order (LO) [1]. The next-to-leading order in ChPT will be included by
Resonances coupling to the LO [2]. These two theories will be used in the construction of
the Multi-Meson model.

The formalism for amplitude analysis will be explained in Section 4. This includes the
description of the kinematics of a three-body decay and of the Dalitz plot. We describe the
so called Isobar Model and its main di�culties. The fitting procedure and the limitations
of the Isobar are also discussed.

The data used in this thesis correspond to approximately 2.0fb�1 of pp collisions at
p
s = 8 TeV collected by LHCb in 2012. The LHCb experiment is described in Section 3

The selection of the D+
! K�K+K+ sample, the background estimation and modelling,

and the determination of the e�ciency variation across the phase space are described in
Section 5. Results of fits to the data using the Isobar model are presented in Section 6.

Lastly, the Multi-meson model for the decay amplitude is proposed as an alternative to
the Isobar model. Details of the calculation and results are given in Section 7. Since this
is an ongoing work, it is presented the result of one fit and some studies of the importance
of individual components of the MMM.
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weak topologies 
Chau [Phys. Rep. 95,1(1983)]

tree level

�32

color allowed 

need a rescattering! 

both are doubly Cabibbo-suppressed

c d u s u s u s

annihilation

h 0 |Aµ|D+(P )i=�iGF sin2 ✓C FD Pµ
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separate the different energy scales: 

know how to calculate everything

T = h(KKK)+|T |D+i = h(KKK)+|Aµ|0i| {z }
h0|Aµ|D+i.
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ChPT

 hypotheses that annihilation is dominant  

of SU(3) mesons. ChPT is fully suited for describing these effective processes. The primary

weak decay is then followed by purely hadronic final state interactions (FSIs), in which the

mesons produced initially rescatter in many different ways, before being detected. The decay

D+ → K−K+K+ is doubly-Cabibbo-suppressed and any model describing it should involve

a combination of these two parts, as suggested by Fig.1.
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FIG. 1: Amplitude T for D+ → K−K+K+: (a) primary weak vertex; (b) weak vertex dressed by

final state interactions, the full line is the D, dashed lines are pseudoscalars.

In this work we allow for the coupling of intermediate states and, within the (2 + 1)

approximation, final state interactions are always associated with loops describing two-

meson propagators. This provides a topological criterion for distinguishing the primary

weak vertex from FSIs, namely that the former is represented by tree diagrams and the

latter by a series with any number of loops. Each of these loops is multiplied by a tree-level

scattering amplitude K and, schematically, this allows the decay amplitude T to be written

as

T = (weak tree) ×
[

1 + (loop×K) + (loop×K)2 + (loop×K)3 + · · ·
]

. (2)

The term within square brackets involves strong interactions only and represents a geometric

series for the FSIs, which can be summed. Denoting this sum by S, one has S = 1/[1 −

(loop×K)], which corresponds to the model prediction for the resonance line shape.
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W

FIG. 2: Competing topologies for the decay D+ → K−K+K+; the pair P aP b is produced either

after (a) or before (b) the weak interaction.
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quarks c and d̄ in the D+ annihilate into a W+, which subsequently hadronizes. The primary

weak decay is followed by final state interactions, involving the scattering amplitude A. This

yields the decay amplitude T given in Fig.4, which includes the weak vertex and indicates

that the relationship with A is not straightforward, supporting statement a.dynamics, in

sect.II.

= +
K

K

K

+

+

−

3

2

1

K

K

K

+

+

−

3

2

1

b

a

K

K

K

+

+

−

3

2

1

(a) (b)

T

FIG. 4: Decay amplitude forD+ → K−K+K+; the weak vertex proceeds thought the intermediate

steps D+ → W+ and W+ → K−K+K+ and strong final state interactions are encompassed by

the scattering amplitude A.

This decay amplitude is given by

T = −
[

GF√
2
sin2 θC

]

⟨K−(p1)K
+(p2)K

+(p3)|Aµ| 0 ⟩ ⟨ 0 |Aµ|D+(P )⟩ , (4)

where GF is the Fermi decay constant, θC is the Cabibbo angle, the Aµ are axial currents

and P = p1 + p2 + p3 . Throughout the paper, the label 1 refers to the K−, the label 3 the

spectator K+ and kinematical relations are given in appendix A.

Denoting the D+ decay constant by FD, we write ⟨ 0 |Aµ|D+(P )⟩ = −i
√
2FD Pµ and

find a decay amplitude proportional to the divergence of the remaining axial current, given

by

T = i

[

GF√
2
sin2 θC

] √
2FD [Pµ ⟨Aµ⟩] , (5)

with ⟨Aµ⟩ = ⟨K−(p1)K+(p2)K+(p3)|Aµ| 0 ⟩. This result is important because, if SU(3)

were an exact symmetry, the axial current would be conserved and the amplitude T would

vanish. As the symmetry is broken by the meson masses, one has the partial conservation

of the axial current (PCAC) and T must be proportional to M2
K . In the expressions below,

this becomes a signature of the correct implementation of the symmetry.

The rich dynamics of the decay amplitude T is incorporated in the current ⟨Aµ⟩ and

displayed in Fig.5. Diagrams are evaluated using the techniques described in Refs.[45, 46]. In

10
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unitarize amplitude by Bethe-Salpeter eq. [Oller and Oset PRD 60 (1999)]
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FIG. 6: (a) Tree-level two-body interaction kernel K(J,I)
ab→cd - a NLO s-channel resonance, added to

a LO contact term. (b) Structure of the unitarized scattering amplitude.

The basic meson-meson intermediate interactions P aP b → P cP d are described by kernels

K(J,I)
ab|cd and their simple dynamical structure is shown in Fig.6, as LO four point terms, typical

of chiral symmetry, supplemented by NLO resonance exchanges in the s-channel. Just in

the (J = 0, I = 0) channel two resonances, S1 and So, are needed. In these diagrams, all

vertices represent interactions derived from chiral lagrangians[46]. Kernels are then functions

depending on just masses and coupling constants. The mathematical structure of these

functions is displayed in App.F. In the case of the φ-meson, the kernel includes an effective

coupling to the (ρπ+πππ) channel, which accounts for about 15% of its width. This effective

interaction is discussed in App.(C) and yields eq.(F6).

All other resonance terms in the kernels contain bare poles. However, the evaluation of

amplitudes involves the iteration of the basic kernels by means of two-meson propagators,

as in Fig.6(b). The propagators, denoted by Ω̄, are discussed in App.B and, in principle,

they have both real and imaginary components. The former contain divergent contributions

and their regularization brings unknown parameters into the problem. This considerable

nuisance is avoided by working in the K-matrix approximation, whereby just the imaginary

parts of the two-meson propagators are kept. This gives rise to the structure sketched within

the square bracket of eq.(2), where the terms (loop×K) are realized by the functions M (J,I)
ij

given in eqs.(G10-G13). The ressummation of the geometric series, indicated in Fig.6(b),

endows the s-channel resonances with widths. Thus among other structures, intermediate

two-body amplitudes yield denominators D(J,I), which are akin to those of the form DBW =

[s − m2 + imΓ] employed in BW functions. These denominators, that correspond to the

predictions of the model for the resonance line shapes, are given in App.G and reproduced
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non-resonant �34

real polynomial

allowed by ChPTR. They are denoted by S1 and So and correspond, respectively, to a

singlet and to a member of an octet of SU(3), with the same quantum numbers. The

physical f0(980) and f0(1370) could then be linear combinations of S1 and So.

When the four spin-isospin channels are considered, the two-meson propagators can in-

volve ππ, KK, ηη and πη intermediate systems. This means that we may have a large

number of coupled channels and this makes the calculation cumbersome. The importance

of the coupled channels depends on the family of diagrams one is dealing with. As diagrams

(3A+3B) involve a bare pole, the contribution of coupled channels in diagrams (4A+4B) is

defintely important, since it gives rise to the various branching ratios and energy dependences

in the decay modes of the various resonances. In this work, we ignore NNLO corrections and

deal with a minimal Multi-Meson-Model (mMMM), based on diagrams (1A+1B), (2A+2B),

and (3A+3B+4A+4B).

3
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+

(4B)(3A)

+
(2A) (2B)

(5A)

+ +

(5B)

+

FIG. 2: Dynamical structure of the blue blob in fig.1; the wavy line is the W+, dashed lines are

mesons, continuous lines are resonances and the red blob is the meson-meson scattering amplitude,

described in fig.3; all diagrams within square brackets should be symmetrized, by making 2 ↔ 3.

The decay amplitude for the process D+ → K−K+ K+, given by eq.(3), has the general

structure

T = TNR +
[
T (1,1) + T (1,0) + T (0,1) + T (0,0) + (2 ↔ 3)

]
, (5)

5

Chiral symmetry

comparing with isobar (constant)

= + + + ...

= + +

(1) (2) (3)

FIG. 3: Top: tree-level structure for the two-body interaction kernel Kab→cd: process (1) represents

a NLO s-channel resonance, process (2), a LO contact term and processes (3), NLO t- and u-channel

resonances; diagrams were ordered so as to stress contact with the isobar model, which relies just

on process (1). Bottom: unitarized sacattering amplitude.

where TNR is the non-resonant contribution from diagrams (1A+1B) and the T (J,I) are the

resonant contributions from diagrams (3A+3B+4A+4B), in the various spin and isospin

channels. Their explicit forms are displayed below, in terms of the kinematical variables

P = p1 + p2 + p3 and m2
ij = (pi−pj)2. Owing to the use of chiral symmetry, all amplitudes

are proportional to M2
K , included in the common factor

C =

{[
GF√
2
sin2 θC

]
2FD

F

M2
K

M2
D −M2

K

}
, (6)

where F is the SU(3) pseudoscalar decay constant. Explicit evaluation yields

TNR = C
{[
(m2

12 −M2
K) + (m2

13 −M2
K)

]}
, (7)

T (1,1) = −C

{
1

Dρ(m2
12)

[
G2

V

4F 2
m2

12 −
1

8
(m2

12 −m2
ρ)

]
+

1

8

}
(m2

13 −m2
23) , (8)

Dρ(m
2
12) = (m2

12 −m2
ρ) + imρΓρ(m

2
12) , (9)

mρΓρ(m
2
12) =

1

12πm12

{
G2

V

F 4
m2

12

[
2Q3

ππ +Q3
KK

]

−(m2
12 −m2

ρ)
[
P (1,1)
(ππ|ππ)Q

3
ππ + P (1,1)

(KK|KK) Q
3
KK

]}
, (10)

T (1,0) = −C

{
1

Dφ(m2
12)

[
3G2

V sin2θ

4F 2
m2

12 −
3

8
Dπρ

φ (m2
12)

]
+

3

8

}
(m2

13 −m2
23) , (11)

6

3-body effect predicted
 by Chiral symmetry

no possible free parameter

project into 
S- and P- wave

which is different from ChPT. The former correspond to effective parameters describing the

physics within the energy ranges defined by Dalitz plots and should not be expected to have

the same values as the latter.

V. A TOY EXAMPLE: DECAY × SCATTERING AMPLITUDES

The Triple-M is aimed at predicting scattering amplitudes by using parameters ob-

tained from fits to decay data. Even in the want of such parameters at present, we ex-

plore the features of the lagrangian by using those suited to problems at low-energies,

which are: [mρ, mφ, ma0, mSo] = [0.776, 1.019, 0.960, 0.980]GeV[51], F = 0.093GeV,

[GV , cd, cm, c̃d, c̃m] = [0.067, 0.032, 0.042, 0.018, 0.025]GeV[46], whereas the partial width

Γφ→KK̄ ∼ 3.54MeV[51] yields sin θ = 0.605. In the large NC limit, mS1 = mSo[46] but,

in order to perform the toy calculations, we choose mS1 = 1.370GeV[51]. The discussion

presented in the sequence makes it clear that there is no simple relation between the decay

amplitude T and the scattering amplitudes A(J,I).

The non-resonant contribution to the decay amplitude, eq.(23), corresponds to a genuine

three-body interaction predicted by chiral symmetry. Nevertheless, in order to assess its

relative importance, it is convenient to project it into the S- and P -waves suited to the

other terms. Therefore, we rewrite it as

TNR =

[

C

4
(M2 −M2

K +m2
12) +

C

4
(m2

13 −m2
23) + (2 ↔ 3)

]

, (32)

so that the amplitude (21) can then be expressed as

T =
[

T S + T P + (2 ↔ 3)
]

, (33)

T S =

[

C

4
(M2

D −M2
K +m2

12) + T (0,1) + T (0,0)

]

, (34)

T P =

[

C

4
(m2

13 −m2
23) + T (1,1) + T (1,0)

]

. (35)

In the sequence, we discuss some aspects of this relationship, using the low-energy pa-

rameters of ref.[46], as if they could explain decay data. In Figs.7 and 8, we show the moduli

and phases of the S- and P -wave decay amplitudes T S, eq.(34) and T P , eq.(35), together

with the moduli and phases of the corresponding KK̄ scattering amplitudes A(J,I). These

figures illustrate the usefulness of the lagrangian approach. Without it, one would be able
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tree

• ⟨U3 (K
+) |T (0,1)

(0) |D ⟩ =
{
Γ(0,1)
(0)π8 ⟨U

π8
3 |+ Γ(0,1)

(0)KK ⟨UKK
3 |

}
(328)

Γ(0,1)
(0)π8 = C

{
−
[√

2 [X]√
3F 2

]
[cdQ·p+ − cm Q2]

m2
12 −m2

a0

[
cd
(
m2

12 −M2
π −M2

8

)
+ 2 cm M2

π

]

−
√
3√
2

[
1

3
Q2 −Q·p+

]
+ P (0,1)

(Γ|π8)

}
(329)

P (0,1)
(Γ|π8) =

{[√
6G2

V

F 2 m2
V

] [
m4

12

3
− 5

12
m2

12 (M
2+M2

K+M2
π +M2

8 )

+
1

12
(M2−M2

K)
2 +

1

3
(M2+M2

K) (M
2
π+M2

8 ) +
1

12
(M2

π−M2
8 )

2

− 1

4m2
12

(m2
23−m2

13)(M
2−M2

K)(M
2
π−M2

8 ) +
1

12m2
12

(M2−M2
K)

2(M2
π+M2

8 )

+
1

12m2
12

(M2+M2
K)(M

2
π−M2

8 )
2 +

1

12m4
12

(M2−M2
K)

2(M2
π−M2

8 )
2

]}(4V )

−
{[

1√
6F 2m2

S

]{
c2d

[
− 2

3
m4

12 +
1

3
m2

12(M
2+M2

π+M2
K+M2

8 )

+
1

3
(M2−M2

K)
2 − 2

3
(M2+M2

K)(M
2
π+M2

8 ) +
1

3
(M2

π−M2
8 )

2 +
1

3m2
12

(M2+M2
K)(M

2
π−M2

8 )
2

+
1

3m2
12

(M2−M2
K)

2(M2
π+M2

8 ) +
1

3m4
12

(M2−M2
K)

2(M2
π−M2

8 )
2

+
m2

13−m2
23

m2
12

(M2−M2
K)(M

2
π−M2

8 )

]

+ cd cm

[
m2

12

(
1+

M2

M2
K

)
+ (M2−M2

K)

(
1−M2

M2
K

)]
(−M2

π + 3M2
K)

− cd cm

[
(m2

13−m2
23)

(
1− M2

M2
K

)
+ (M2

π−M2
8 )

(
1 +

M2

M2
K

)]
(2M2

π−2M2
K)

− 2 c2m (M2
π+M2

K) (−3M2
π + 5M2

K)
M2

M2
K

}}(4So)

(330)

50

to avoid double counting!

c

c

c

a0 example

⌘⇡, KK[J, I = 0, 1]

and, therefore,

⟨K−K+| = (i/2) ⟨V KK
3 + V KK

8 |− (1/2) ⟨UKK
3 + SKK |. (D14)

Appendix E: tree decay sub-amplitudes

In the evaluation of intermediate state contributions shown in diagrams of Fig.5, we need

tree level contribution for the process D → a bK+, denoted by T (J,I)
(0) , for spin J and isospin

I. In the results displayed below, the first terms correspond to resonances in diagrams

(3A+3B), whereas those within square brackets, labeled by c, represent contact interactions

in the top vertices of diagrams 2A and 2B. Using the constant C defined in eq.(22), we have

[J, I = 1, 1] → ⟨V ab
3 K+| T (1,1)

(0) |D⟩ =
i

2
(m2

13 −m2
23) Γ

(1,1)
(0) a b , (E1)

Γ(1,1)
(0) ππ = C

{[√
2G2

V

F 2

]

m2
12

m2
12 −m2

ρ

+

[

−
1√
2

]

c

}

, (E2)

Γ(1,1)
(0)KK = C

{[

G2
V

F 2

]

m2
12

m2
12 −m2

ρ

+

[

−
1

2

]

c

}

(E3)

[J, I = 1, 0] → ⟨V KK
8 K+| T (1,0)

(0) |D⟩ =
i

2
(m2

13 −m2
23) Γ

(1,0)
(0)KK , (E4)

Γ(1,0)
(0)KK = C

{

[

3G2
V

F 2
sin2θ

]

m2
12

Dπρ
φ (m2

12)
+

[

−
3

2

]

c

}

, (E5)

Here, the function Dπρ
φ is a partially dressed φ propagator, discussed in App.C, eq.(C18),

associated with the partial width of the decay φ → (ρπ + πππ).

[J, I = 0, 1] → ⟨Uab
3 K+| T (0,1)

(0) |D⟩ = Γ(0,1)
(0) a b , (E6)

Γ(0,1)
(0) π8 = C

{[

2
√
2√

3F 2

]

[−cd P ·p3 + cm M2
D]

m2
12 −m2

a0

[

cd
(

m2
12 −M2

π −M2
8

)

+ 2 cmM2
π

]

+

[

−
√
3√
2

[

M2
D/3− P ·p3

]

]

c

}

, (E7)

Γ(0,1)
(0)KK = C

{[

2

F 2

]

[−cd P ·p3 + cmM2
D]

m2
12 −m2

a0

[

cd
(

m2
12 − 2M2

K

)

+ 2 cmM2
K

]
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+
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12 −m2

S1

[

c̃d
(

m2
12 − 2M2

π

)

+ 2 c̃mM2
π

]

−
[

2√
3F 2

]

[−cd P ·p3 + cmM2
D]

m2
12 −m2

So

[

cd
(

m2
12 − 2M2

π

)

+ 2 cmM2
π

]

+
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−
√
3

2

[
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D − P ·p3

]

]

c

}

, (E10)
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F 2

]

[−c̃d P ·p3 + c̃mM2
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K
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+ 2 c̃mM2
K
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+
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2
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[−cd P ·p3 + cmM2
D]

m2
12 −m2
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K
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]
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−
3

2
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c

}

, (E11)
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8

F 2

]
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S1
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c̃d
(

m2
12 − 2M2

8

)

+ 2 c̃mM2
8

]

+

[

2

3F 2
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D]

m2
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(
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8
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(

−10M2
π + 16M2

K

)

/3
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+

[

−
1

2

[

5M2
D/3− 3P ·p3

]

]

c

}

. (E12)

with

P ·p3 =
1

2

[

M2
D +M2

K −m2
12

]

. (E13)

Appendix F: scattering kernels

The intermediate scattering amplitudes depend on interaction kernels in the four channels

considered, associated with J, I = 1, 0. The kernel matrix elements for the reaction c d → a b

are written as ⟨cd | KJ,I | ab⟩, in terms of the states defined in App.D, and displayed below.

All kernels are written as sums of NLO resonance contributions and chiral polynomials,

28

and, therefore,

⟨K−K+| = (i/2) ⟨V KK
3 + V KK

8 |− (1/2) ⟨UKK
3 + SKK |. (D14)

Appendix E: tree decay sub-amplitudes

In the evaluation of intermediate state contributions shown in diagrams of Fig.5, we need

tree level contribution for the process D → a bK+, denoted by T (J,I)
(0) , for spin J and isospin

I. In the results displayed below, the first terms correspond to resonances in diagrams

(3A+3B), whereas those within square brackets, labeled by c, represent contact interactions

in the top vertices of diagrams 2A and 2B. Using the constant C defined in eq.(22), we have

[J, I = 1, 1] → ⟨V ab
3 K+| T (1,1)

(0) |D⟩ =
i

2
(m2

13 −m2
23) Γ

(1,1)
(0) a b , (E1)

Γ(1,1)
(0) ππ = C

{[√
2G2

V

F 2

]

m2
12

m2
12 −m2

ρ

+

[

−
1√
2

]

c

}

, (E2)

Γ(1,1)
(0)KK = C

{[

G2
V

F 2

]

m2
12

m2
12 −m2

ρ

+

[

−
1

2

]

c

}

(E3)

[J, I = 1, 0] → ⟨V KK
8 K+| T (1,0)

(0) |D⟩ =
i

2
(m2

13 −m2
23) Γ

(1,0)
(0)KK , (E4)

Γ(1,0)
(0)KK = C

{

[

3G2
V

F 2
sin2θ

]

m2
12

Dπρ
φ (m2

12)
+

[

−
3

2

]

c

}

, (E5)

Here, the function Dπρ
φ is a partially dressed φ propagator, discussed in App.C, eq.(C18),

associated with the partial width of the decay φ → (ρπ + πππ).

[J, I = 0, 1] → ⟨Uab
3 K+| T (0,1)

(0) |D⟩ = Γ(0,1)
(0) a b , (E6)

Γ(0,1)
(0) π8 = C

{[

2
√
2√

3F 2

]

[−cd P ·p3 + cm M2
D]

m2
12 −m2

a0

[

cd
(

m2
12 −M2

π −M2
8

)

+ 2 cmM2
π

]

+

[

−
√
3√
2

[

M2
D/3− P ·p3

]

]

c

}

, (E7)

Γ(0,1)
(0)KK = C

{[

2

F 2

]

[−cd P ·p3 + cmM2
D]

m2
12 −m2

a0

[

cd
(

m2
12 − 2M2

K

)

+ 2 cmM2
K

]
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D. production amplitude J = 0, I = 1

The tree level amplitude is given by eqs.(??). The one-loop contribution is obtained with

the help of the result[T−32|12/11]

∫
d4ℓ

(2π)4
1

[p2c−M2
x ] [p

2
d−M2

y ]
= −i Ω̄S

xy (390)

and reads[T−32|12/4]

⟨U3 (K
+) |T (0,1)

(1) |D ⟩ =
{
Γ(0,1)
(1)π8 ⟨U

π8
3 |+ Γ(0,1)

(1)KK ⟨UKK
3 |

}
(391)

Γ(0,1)
(1)π8 = −K(0,1)

π8|π8
[
Ω̄S

π8

]
Γ(0,1)
(0)π8 −K(0,1)

π8|KK

[
1

2
Ω̄S

KK

]
Γ(0,1)
(0)KK (392)
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Ω̄S

π8

]
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Ω̄S

KK

]
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These results can be expressed in a matrix form, as[T−32|12/11]
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(0)KK

]
= M (0,1) Γ(0,1)

(0) (394)

with
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Ω̄S

π8
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(1/2) Ω̄S
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Eq.(394) can be generalized to

Γ(0,1)
(n+1) = M (0,1) Γ(0,1)

(n) =
[
M (0,1)

]n+1
Γ(0,1)
(0) (399)

and the full expansion in the number of loops is given by
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(0) +
[
M (0,1)

]1
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]
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This yields

S(0,1) =
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1 +M (0,1) S(0,1)

]
→

[
1−M (0,1)

]
S(0,1) = 1 (401)
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resonance channels �36

allowed by ChPTR. They are denoted by S1 and So and correspond, respectively, to a

singlet and to a member of an octet of SU(3), with the same quantum numbers. The

physical f0(980) and f0(1370) could then be linear combinations of S1 and So.

When the four spin-isospin channels are considered, the two-meson propagators can in-

volve ππ, KK, ηη and πη intermediate systems. This means that we may have a large

number of coupled channels and this makes the calculation cumbersome. The importance

of the coupled channels depends on the family of diagrams one is dealing with. As diagrams

(3A+3B) involve a bare pole, the contribution of coupled channels in diagrams (4A+4B) is

defintely important, since it gives rise to the various branching ratios and energy dependences

in the decay modes of the various resonances. In this work, we ignore NNLO corrections and

deal with a minimal Multi-Meson-Model (mMMM), based on diagrams (1A+1B), (2A+2B),

and (3A+3B+4A+4B).
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FIG. 2: Dynamical structure of the blue blob in fig.1; the wavy line is the W+, dashed lines are

mesons, continuous lines are resonances and the red blob is the meson-meson scattering amplitude,

described in fig.3; all diagrams within square brackets should be symmetrized, by making 2 ↔ 3.

The decay amplitude for the process D+ → K−K+ K+, given by eq.(3), has the general

structure

T = TNR +
[
T (1,1) + T (1,0) + T (0,1) + T (0,0) + (2 ↔ 3)

]
, (5)

5

full FSI!
and

S(0,1) =
[
1−M (0,1)

]−1

=
1

(1−M11) (1−M22)−M12 M21

[
(1−M22) M12

M21 (1−M11)

]
(402)

Calling Γ̄(0,1) = S(0,1) G(0,1)
(0) , one has

Γ̄(0,1)
π8 =

(m2
12 −m2

a0)

Da0(m
2
12)

[
(1−M22)Γ

(0,1)
(0)π8 +M12 Γ

(0,1)
(0)KK

]
(403)

Γ̄(0,1)
KK =

(m2
12 −m2

a0)

Da0(m
2
12)

[
M21 Γ

(0,1)
(0)π8 + (1−M11)Γ

(0,1)
(0)KK

]
(404)

Da0 = (m2
12 −m2

a0) [(1−M11) (1−M22)−M12 M21] (405)

The full amplitude is then given by[T−32|12/6]

⟨U3(K
+
3 )|T (0,1) |D ⟩ =

{
Γ̄(0,1)
π8 ⟨Uπ8

3 |+ Γ̄(0,1)
KK ⟨UKK

3 |
}

(406)

Using eq.(114), one has

⟨K−
1 K

+
2 (K

+
3 )|T (0,1) |D ⟩ = − 1

2
Γ̄(0,1)
KK (407)

In order to avoid double counting, one subtracts both the contribution already included in the

non-resonant term and and the crossed channel resonant tree term. One then finds[T−32|12/11]

⟨K−
1 K

+
2 (K

+
3 )|T (0,1) |D ⟩ = − 1

2

[
Γ̄(0,1)
KK − Γ(0,1)

c|KK − P (0,1)
(Γ|KK)

]
(408)
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(n) =
[
M (0,1)

]n+1
Γ(0,1)
(0) (399)

and the full expansion in the number of loops is given by

S(0,1) Γ(0,1)
(0) = Γ(0,1)

(0) +
[
M (0,1)

]1
Γ(0,1)
(0) +

[
M (0,1)

]2
Γ(0,1)
(0) + · · ·

=
[
1 +M (0,1) S(0,1)

]
Γ(0,1)
(0) (400)

This yields

S(0,1) =
[
1 +M (0,1) S(0,1)

]
→

[
1−M (0,1)

]
S(0,1) = 1 (401)
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and

S(0,1) =
[
1−M (0,1)

]−1

=
1

(1−M11) (1−M22)−M12 M21

[
(1−M22) M12

M21 (1−M11)

]
(402)

Calling Γ̄(0,1) = S(0,1) G(0,1)
(0) , one has

Γ̄(0,1)
π8 =

(m2
12 −m2

a0)

Da0(m
2
12)

[
(1−M22)Γ

(0,1)
(0)π8 +M12 Γ

(0,1)
(0)KK

]
(403)

Γ̄(0,1)
KK =

(m2
12 −m2

a0)

Da0(m
2
12)

[
M21 Γ

(0,1)
(0)π8 + (1−M11)Γ

(0,1)
(0)KK

]
(404)

Da0 = (m2
12 −m2

a0) [(1−M11) (1−M22)−M12 M21] (405)

The full amplitude is then given by[T−32|12/6]

⟨U3(K
+
3 )|T (0,1) |D ⟩ =

{
Γ̄(0,1)
π8 ⟨Uπ8

3 |+ Γ̄(0,1)
KK ⟨UKK

3 |
}

(406)

Using eq.(114), one has

⟨K−
1 K

+
2 (K

+
3 )|T (0,1) |D ⟩ = − 1

2
Γ̄(0,1)
KK (407)

In order to avoid double counting, one subtracts both the contribution already included in the

non-resonant term and and the crossed channel resonant tree term. One then finds[T−32|12/11]

⟨K−
1 K

+
2 (K

+
3 )|T (0,1) |D ⟩ = − 1

2

[
Γ̄(0,1)
KK − Γ(0,1)

c|KK − P (0,1)
(Γ|KK)

]
(408)
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quarks c and d̄ in the D+ annihilate into a W+, which subsequently hadronizes. The primary

weak decay is followed by final state interactions, involving the scattering amplitude A. This

yields the decay amplitude T given in Fig.4, which includes the weak vertex and indicates

that the relationship with A is not straightforward, supporting statement a.dynamics, in

sect.II.
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FIG. 4: Decay amplitude forD+ → K−K+K+; the weak vertex proceeds thought the intermediate

steps D+ → W+ and W+ → K−K+K+ and strong final state interactions are encompassed by

the scattering amplitude A.

This decay amplitude is given by

T = −
[

GF√
2
sin2 θC

]

⟨K−(p1)K
+(p2)K

+(p3)|Aµ| 0 ⟩ ⟨ 0 |Aµ|D+(P )⟩ , (4)

where GF is the Fermi decay constant, θC is the Cabibbo angle, the Aµ are axial currents

and P = p1 + p2 + p3 . Throughout the paper, the label 1 refers to the K−, the label 3 the

spectator K+ and kinematical relations are given in appendix A.

Denoting the D+ decay constant by FD, we write ⟨ 0 |Aµ|D+(P )⟩ = −i
√
2FD Pµ and

find a decay amplitude proportional to the divergence of the remaining axial current, given

by

T = i

[

GF√
2
sin2 θC

] √
2FD [Pµ ⟨Aµ⟩] , (5)

with ⟨Aµ⟩ = ⟨K−(p1)K+(p2)K+(p3)|Aµ| 0 ⟩. This result is important because, if SU(3)

were an exact symmetry, the axial current would be conserved and the amplitude T would

vanish. As the symmetry is broken by the meson masses, one has the partial conservation

of the axial current (PCAC) and T must be proportional to M2
K . In the expressions below,

this becomes a signature of the correct implementation of the symmetry.

The rich dynamics of the decay amplitude T is incorporated in the current ⟨Aµ⟩ and

displayed in Fig.5. Diagrams are evaluated using the techniques described in Refs.[45, 46]. In

10

A

D+ ! K�K+K+

which is different from ChPT. The former correspond to effective parameters describing the

physics within the energy ranges defined by Dalitz plots and should not be expected to have

the same values as the latter.

V. A TOY EXAMPLE: DECAY × SCATTERING AMPLITUDES

The Triple-M is aimed at predicting scattering amplitudes by using parameters ob-

tained from fits to decay data. Even in the want of such parameters at present, we ex-

plore the features of the lagrangian by using those suited to problems at low-energies,

which are: [mρ, mφ, ma0, mSo] = [0.776, 1.019, 0.960, 0.980]GeV[51], F = 0.093GeV,

[GV , cd, cm, c̃d, c̃m] = [0.067, 0.032, 0.042, 0.018, 0.025]GeV[46], whereas the partial width

Γφ→KK̄ ∼ 3.54MeV[51] yields sin θ = 0.605. In the large NC limit, mS1 = mSo[46] but,

in order to perform the toy calculations, we choose mS1 = 1.370GeV[51]. The discussion

presented in the sequence makes it clear that there is no simple relation between the decay

amplitude T and the scattering amplitudes A(J,I).

The non-resonant contribution to the decay amplitude, eq.(23), corresponds to a genuine

three-body interaction predicted by chiral symmetry. Nevertheless, in order to assess its

relative importance, it is convenient to project it into the S- and P -waves suited to the

other terms. Therefore, we rewrite it as

TNR =

[

C

4
(M2 −M2

K +m2
12) +

C

4
(m2

13 −m2
23) + (2 ↔ 3)

]

, (32)

so that the amplitude (21) can then be expressed as

T =
[

T S + T P + (2 ↔ 3)
]

, (33)

T S =

[

C

4
(M2

D −M2
K +m2

12) + T (0,1) + T (0,0)

]

, (34)

T P =

[

C

4
(m2

13 −m2
23) + T (1,1) + T (1,0)

]

. (35)

In the sequence, we discuss some aspects of this relationship, using the low-energy pa-

rameters of ref.[46], as if they could explain decay data. In Figs.7 and 8, we show the moduli

and phases of the S- and P -wave decay amplitudes T S, eq.(34) and T P , eq.(35), together

with the moduli and phases of the corresponding KK̄ scattering amplitudes A(J,I). These

figures illustrate the usefulness of the lagrangian approach. Without it, one would be able
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 prediction by Triple-MAIJ

extend ChPT to non perturbative region parameter have different meaning 
mS1 = mSo

mS1 = 1.370GeV

parameter for Toy studies : 

masses from PDG (GeV)

m⇢ = 0.776, m� = 1.019,

ma0 = 0.960, mSo = 0.980

low energy couplings (GeV)

[cd, cm] = [0.032, 0.042]

[c̃d, c̃m] = [0.018, 0.025]

vectors

scalar octet
scalar singlet

[F,GV ] = [0.093, 0.067]

��!KK̄ ⇠ 3.54MeV

sin ✓ = 0.605 (�� !) mixing

additional PDG

all (13) could be free in a fit to data
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FIG. 7: S-wave sector - top left: the continuous black curve (SW) is the modulus of the decay

amplitude T S, eq.(34), in arbitrary units, whereas other curves are moduli of partial contributions;

top right: moduli of the KK̄ scatterig amplitudes A(0,1), red curve, and A(0,0), blue curve; bottom:

the continuous black curve (SW) is the phase of the decay amplitude T S , eq.(34), and other

continuous curves are phases of partial contributions; the dashed curves represent the phases of

the KK̄ scatterig amplitudes A(0,1) (red) and A(0,0) (blue).

to determine just the full decay amplitudes T S and T P , represented by the continuous black

curves in the figures, and would not have access partial contributions in different isospin

channels. Moreover, it is also clear that one cannot guess the form of the KK̄ scattering

amplitudes A(J,I), represented by the red and blue dotted lines, from the decay components
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not possible to extract A(J,I) from data  
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FIG. 9: Phase shifts δ and inelasticity parameter η for KK̄ scattering - top: S-waves; bottom:

P -waves; blue and red curves correspond respectively to isospin I=0 and I=1.

in showing the importance of the coupled channel structure, which is responsible for the in-

elasticities displayed. In the case of the I=1 P -wave, this related with the φ → πππ channel,

as discussed in App.C. In all cases, the bound η ≤ 1 is satisfied.

The Multi-Meson-Model we consider here yields scattering amplitudes involving dynam-

ical features such: i) a chiral contact interaction in the two-body kernel, indicated in Fig.6;

ii) the use of two resonances in the (J = 0, I = 0) channel, preserving unitarity; iii) inclusion

of coupled channels. In App.J we discuss their piecemeal relevance, in the case of A(0,0).

VI. SALAMANCA SUMMARY

this section is fake

Isobar models, successful as they are in providing fits for heavy meson decays, rely on

20

importance of coupled-channels

two resonances in the (J = 0, I = 0) channel, preserving unitarity 

phase inelasticity
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scatteringKK̄

FIG. 8: P -wave sector - top left: the continuous black curve (SW) is the modulus of the decay

amplitude TP , eq.(35), in arbitrary units, whereas other curves are moduli of partial contributions;

top right: muduli of the KK̄ scatterig amplitudes A(1,1), red curve, and A(1,0), blue curve; bottom:

the continuous black curve (SW) is the phase of the decay amplitude T S , eq.(34), and other

continuous curves are phases of partial contributions; the dashed curves represent the phases of

the KK̄ scatterig amplitudes A(1,1) (red) and A(1,0) (blue).

T S and T P .

In Fig.9 we present the phase shifts and inelasticity parameters associated with the scat-

tering amplitudes A(J,I). It important to stress that these figures correspond just to an

exercise, since they are based on low-energy parameters. Nevertheless, they are instructive
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� phases are      6= for s > 1.5

and NR contributions are tiny in TM  ⇢
small in KK 
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FIG. 9: Phase shifts δ and inelasticity parameter η for KK̄ scattering - top: S-waves; bottom:

P -waves; blue and red curves correspond respectively to isospin I=0 and I=1.
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phase inelasticity

is the dominant channel �

 inelasticity� ! ⇢⇡ 15% of  the life-time

⇢ ! ⇡⇡  constant inelasticity 
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quarks c and d̄ in the D+ annihilate into a W+, which subsequently hadronizes. The primary

weak decay is followed by final state interactions, involving the scattering amplitude A. This

yields the decay amplitude T given in Fig.4, which includes the weak vertex and indicates

that the relationship with A is not straightforward, supporting statement a.dynamics, in

sect.II.

= +
K

K

K

+

+

−

3

2

1

K

K

K

+

+

−

3

2

1

b

a

K

K

K

+

+

−

3

2

1

(a) (b)

T

FIG. 4: Decay amplitude forD+ → K−K+K+; the weak vertex proceeds thought the intermediate

steps D+ → W+ and W+ → K−K+K+ and strong final state interactions are encompassed by

the scattering amplitude A.

This decay amplitude is given by

T = −
[

GF√
2
sin2 θC

]

⟨K−(p1)K
+(p2)K

+(p3)|Aµ| 0 ⟩ ⟨ 0 |Aµ|D+(P )⟩ , (4)

where GF is the Fermi decay constant, θC is the Cabibbo angle, the Aµ are axial currents

and P = p1 + p2 + p3 . Throughout the paper, the label 1 refers to the K−, the label 3 the

spectator K+ and kinematical relations are given in appendix A.

Denoting the D+ decay constant by FD, we write ⟨ 0 |Aµ|D+(P )⟩ = −i
√
2FD Pµ and

find a decay amplitude proportional to the divergence of the remaining axial current, given

by

T = i

[

GF√
2
sin2 θC

] √
2FD [Pµ ⟨Aµ⟩] , (5)

with ⟨Aµ⟩ = ⟨K−(p1)K+(p2)K+(p3)|Aµ| 0 ⟩. This result is important because, if SU(3)

were an exact symmetry, the axial current would be conserved and the amplitude T would

vanish. As the symmetry is broken by the meson masses, one has the partial conservation

of the axial current (PCAC) and T must be proportional to M2
K . In the expressions below,

this becomes a signature of the correct implementation of the symmetry.

The rich dynamics of the decay amplitude T is incorporated in the current ⟨Aµ⟩ and

displayed in Fig.5. Diagrams are evaluated using the techniques described in Refs.[45, 46]. In
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parameters have physical meaning  from ChPT
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FIG. 7: S-wave sector - top left: the continuous black curve (SW) is the modulus of the decay

amplitude T S, eq.(34), in arbitrary units, whereas other curves are moduli of partial contributions;

top right: moduli of the KK̄ scatterig amplitudes A(0,1), red curve, and A(0,0), blue curve; bottom:

the continuous black curve (SW) is the phase of the decay amplitude T S , eq.(34), and other

continuous curves are phases of partial contributions; the dashed curves represent the phases of

the KK̄ scatterig amplitudes A(0,1) (red) and A(0,0) (blue).

to determine just the full decay amplitudes T S and T P , represented by the continuous black

curves in the figures, and would not have access partial contributions in different isospin

channels. Moreover, it is also clear that one cannot guess the form of the KK̄ scattering

amplitudes A(J,I), represented by the red and blue dotted lines, from the decay components
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Toy studies

although    is possible to extract 2-body
phase from 3-body data with TM
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weak decay is followed by final state interactions, involving the scattering amplitude A. This

yields the decay amplitude T given in Fig.4, which includes the weak vertex and indicates

that the relationship with A is not straightforward, supporting statement a.dynamics, in

sect.II.
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the scattering amplitude A.

This decay amplitude is given by

T = −
[

GF√
2
sin2 θC

]

⟨K−(p1)K
+(p2)K

+(p3)|Aµ| 0 ⟩ ⟨ 0 |Aµ|D+(P )⟩ , (4)

where GF is the Fermi decay constant, θC is the Cabibbo angle, the Aµ are axial currents

and P = p1 + p2 + p3 . Throughout the paper, the label 1 refers to the K−, the label 3 the

spectator K+ and kinematical relations are given in appendix A.

Denoting the D+ decay constant by FD, we write ⟨ 0 |Aµ|D+(P )⟩ = −i
√
2FD Pµ and

find a decay amplitude proportional to the divergence of the remaining axial current, given

by

T = i

[

GF√
2
sin2 θC

] √
2FD [Pµ ⟨Aµ⟩] , (5)

with ⟨Aµ⟩ = ⟨K−(p1)K+(p2)K+(p3)|Aµ| 0 ⟩. This result is important because, if SU(3)

were an exact symmetry, the axial current would be conserved and the amplitude T would

vanish. As the symmetry is broken by the meson masses, one has the partial conservation

of the axial current (PCAC) and T must be proportional to M2
K . In the expressions below,

this becomes a signature of the correct implementation of the symmetry.

The rich dynamics of the decay amplitude T is incorporated in the current ⟨Aµ⟩ and

displayed in Fig.5. Diagrams are evaluated using the techniques described in Refs.[45, 46]. In
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