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Many-body physics
Goal: Understand ensembles of interacting quantum particles

Exponential scaling of Hilbert space

Ex: N-spin ½  Þ Record ab-initio: N ~ 42dimH = 2N
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Many-body physics with artificial matter: quantum simulation

R.P. Feynman

Simulating Physics with Computers, Int. J. Theo. Phys. 21 (1982)

i.e. well-controlled quantum systems implementing
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Many-body physics with artificial matter: quantum simulation

R.P. Feynman

Simulating Physics with Computers, Int. J. Theo. Phys. 21 (1982)

i.e. well-controlled quantum systems implementing
many-body Hamiltonians (including “mathematical” ones…)

Larger tunability than “real” systems (geometry, parameters…)
+

New types of probe & methods (e.g. out-of-equilibrium)
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Optimization problems

Comprendre l’informatique quantique – Olivier Ezratty – novembre 2018 - Page 134 / 343 

 

D’une manière générale, de nombreuses classes de problèmes C ont une sous-classe 
C-Complet et C-Difficile. Un problème est C-Difficile s’il existe un type de réduction 
des problèmes de la classe C vers ce problème. Si le problème C-Difficile fait partie 
de la classe C, alors il est dit “C-Complet”. 
Pour en savoir plus, voir notamment Complexity Theory Part I (81 slides) et part II 
(83 slides), qui fait partie d’un cours de Stanford sur les théories de la complexité, 
Calculabilite et Complexite - Quelques resultats que je connais d’Etienne Grandjean 
de l’Université de Caen, 2017 (43 slides) ainsi que cette vidéo d’Olivier Bailleux 
(2017, 20 minutes). Elle est très claire mais vous serez très forts si vous arrivez à 
suivre et à tout assimiler ! L’auteur précise qu’il faut la regarder plusieurs fois en fai-
sant souvent une pause ! 
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Controlled quantum systems = machine to prepare quantum states
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Artificial matter can do more…!
Controlled quantum systems = machine to prepare quantum states

Quantum metrology

�⌫

⌫0
/ 1p

N

�⌫

⌫0
/ 1

N

Entangled
states

Optimization problems

H =
X

i

hini +
X

i<j

Jijninj , ni = 0, 1

<latexit sha1_base64="Blqrsn1XLRlN//nlGZUtV1OpCvw="></latexit><latexit sha1_base64="Blqrsn1XLRlN//nlGZUtV1OpCvw="></latexit><latexit sha1_base64="Blqrsn1XLRlN//nlGZUtV1OpCvw="></latexit><latexit sha1_base64="Blqrsn1XLRlN//nlGZUtV1OpCvw="></latexit>

Mapped onto Ising model

Solution = ground-state

Comprendre l’informatique quantique – Olivier Ezratty – novembre 2018 - Page 134 / 343 

 

D’une manière générale, de nombreuses classes de problèmes C ont une sous-classe 
C-Complet et C-Difficile. Un problème est C-Difficile s’il existe un type de réduction 
des problèmes de la classe C vers ce problème. Si le problème C-Difficile fait partie 
de la classe C, alors il est dit “C-Complet”. 
Pour en savoir plus, voir notamment Complexity Theory Part I (81 slides) et part II 
(83 slides), qui fait partie d’un cours de Stanford sur les théories de la complexité, 
Calculabilite et Complexite - Quelques resultats que je connais d’Etienne Grandjean 
de l’Université de Caen, 2017 (43 slides) ainsi que cette vidéo d’Olivier Bailleux 
(2017, 20 minutes). Elle est très claire mais vous serez très forts si vous arrivez à 
suivre et à tout assimiler ! L’auteur précise qu’il faut la regarder plusieurs fois en fai-
sant souvent une pause ! 

 

coloriage de graphes

nœuds
coloriage avec k couleurs : NP-complet

trouver le nombre minimum de 
couleurs : NP-difficile

segments
coloriage avec k couleurs : P

coloriage optimum : NP-difficile

zones
déterminer si coloriage possible avec 3 

couleurs : NP-complet
coloriage avec 4 couleurs : P

allocation de fréquences radio 
télécoms

allocation de fréquences de fibres 
optiques multimodes

définition de zones de couverture 
d’antennes de réseaux télécoms

allocation de fréquences micro-ondes dans 
des réseaux de qubits supraconducteurs

problème du voyageur de commerce

comment parcourir un graphe en un temps minimum, sans passer deux fois au 
même endroit et qui se termine au point de départ : NP-difficile

O
. Ezratti



Artificial matter can do more…!
Controlled quantum systems = machine to prepare quantum states

Quantum metrology

�⌫

⌫0
/ 1p

N

�⌫

⌫0
/ 1

N

Quantum computer (long-term…)
Du

ra
tio

n

size L

Ln

Exp L

Optimization problems

H =
X

i

hini +
X

i<j

Jijninj , ni = 0, 1

<latexit sha1_base64="Blqrsn1XLRlN//nlGZUtV1OpCvw="></latexit><latexit sha1_base64="Blqrsn1XLRlN//nlGZUtV1OpCvw="></latexit><latexit sha1_base64="Blqrsn1XLRlN//nlGZUtV1OpCvw="></latexit><latexit sha1_base64="Blqrsn1XLRlN//nlGZUtV1OpCvw="></latexit>

Mapped onto Ising model

Solution = ground-state

Comprendre l’informatique quantique – Olivier Ezratty – novembre 2018 - Page 134 / 343 

 

D’une manière générale, de nombreuses classes de problèmes C ont une sous-classe 
C-Complet et C-Difficile. Un problème est C-Difficile s’il existe un type de réduction 
des problèmes de la classe C vers ce problème. Si le problème C-Difficile fait partie 
de la classe C, alors il est dit “C-Complet”. 
Pour en savoir plus, voir notamment Complexity Theory Part I (81 slides) et part II 
(83 slides), qui fait partie d’un cours de Stanford sur les théories de la complexité, 
Calculabilite et Complexite - Quelques resultats que je connais d’Etienne Grandjean 
de l’Université de Caen, 2017 (43 slides) ainsi que cette vidéo d’Olivier Bailleux 
(2017, 20 minutes). Elle est très claire mais vous serez très forts si vous arrivez à 
suivre et à tout assimiler ! L’auteur précise qu’il faut la regarder plusieurs fois en fai-
sant souvent une pause ! 

 

coloriage de graphes

nœuds
coloriage avec k couleurs : NP-complet

trouver le nombre minimum de 
couleurs : NP-difficile

segments
coloriage avec k couleurs : P

coloriage optimum : NP-difficile

zones
déterminer si coloriage possible avec 3 

couleurs : NP-complet
coloriage avec 4 couleurs : P

allocation de fréquences radio 
télécoms

allocation de fréquences de fibres 
optiques multimodes

définition de zones de couverture 
d’antennes de réseaux télécoms

allocation de fréquences micro-ondes dans 
des réseaux de qubits supraconducteurs

problème du voyageur de commerce

comment parcourir un graphe en un temps minimum, sans passer deux fois au 
même endroit et qui se termine au point de départ : NP-difficile

O
. Ezratti

Entangled
states



Quantum state engineering with individual systems

Neutral atoms Trapped ions Photons



Neutral atoms Trapped ions Photons

NV centers Quantum dots Superconducting qubits

Quantum state engineering with individual systems



Neutral atoms Trapped ions Photons

NV centers Quantum dots Superconducting qubits

Ions

Two-level systems to encode a spin:

Addressable + controlled interactions

Quantum state engineering with individual systems
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Our platform: arrays of interacting Rydberg atoms

Lifetime > 100 μs
Transition dipole: d ⇠ n2ea0
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Our platform: arrays of interacting Rydberg atoms

R = 10 µm ) Vint/h ⇠ 1� 10 MHz

Þ timescales < μsec

Þ Large dipole-dipole interactions 

Lifetime > 100 μs
Transition dipole: d ⇠ n2ea0
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Outline

1. Assembled arrays of atoms

2. Magnetism: Ising model with van der Waals interactions

3. Topological matter with resonant dip.-dip. interactions
arXiv:1810.13286
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Schlosser, Nature (2001); Sortais, PRA (2007)

aspheric lens
NA = 0.5

f = 10 mm

w ~ 1 µm
Volume ~ 1 µm3

Dipole trap light
850 nm

1 µm

1 mK

Single atoms in optical tweezers



Dipole trap light
850 nm

Fluorescence 
780nm 

Dichroic mirror

Schlosser, Nature (2001); Sortais, PRA (2007)

Reservoir = cold atoms 87Rb
T ~100 µK

Single atoms in optical tweezers
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Single atoms in optical tweezers

A single Rb atom (20 μK)!

Non deterministic



Spatial Light
Modulator

(liquid crystals)
Reconfigurable

Holographic 2D arrays of tweezers

'(x, y)
0

2π

SLM pattern

���FT[ei'(x,y)]
���
2

Iterative algorithm
[Gerchberg – Saxton (1972)]

Bergamini, JOSA B 21, 1889 (2004) 
Nogrette, PRX 4, 021034 (2014)



Spatial Light
Modulator

(liquid crystals)
Reconfigurable

Holographic 2D arrays of tweezers

'(x, y)
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2π

SLM pattern
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Iterative algorithm
[Gerchberg – Saxton (1972)]

Bergamini, JOSA B 21, 1889 (2004) 
Nogrette, PRX 4, 021034 (2014) 10 μm



Atom-by-atom assembling of 2D arrays

10 μm

Problem: stochastic loading (p ~ 0.5)



Atom-by-atom assembling of 2D arrays

10 μm

Problem: stochastic loading (p ~ 0.5)

Solution: sort atoms in arrays



Atom-by-atom assembling of 2D arrays

10 μm

Problem: stochastic loading (p ~ 0.5)

Solution: sort atoms in arrays

Moving atoms with a tweezers

SLM light
Moving tweezer + SLM
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Gallery of assembled 2D arrays… (single-shot images…)

Barredo, de Léséleuc, et al., Science 354, 1021 (2016)

10 μm

Related works Harvard (1D) Science 354,1024 (2016)
Korea (2D) Nat. Comm. 7, 13317 (2016)
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Gallery of assembled 2D arrays… (single-shot images…)

Hexagonal

graphene

ZnCu3(OH)6Cl2

Kagome: Herbertsmithite

10 μm



Averaged fluorescence

L~ 100 µm

Hyperboloid Möbius strip

Torus Eiffel tower

ConeC84 fullerene-like

It also works in 3d!
Di Leonardo, Optics Express 15, 1913 (2007)

Averaged fluorescence
imaged “slice-by-slice”

Barredo, Nature (2018)
Also: Weiss, Nature (2018); Ahn, Opt. Exp (2016)



Averaged fluorescence

L~ 100 µm

Hyperboloid Möbius strip

Torus Eiffel tower

ConeC84 fullerene-like

Assembled Pyrochlore lattice

Plane 1 Plane 2 Plane 3

Front view Side view

It also works in 3d!
Di Leonardo, Optics Express 15, 1913 (2007)

Averaged fluorescence
imaged “slice-by-slice”

Barredo, Nature (2018)
Also: Weiss, Nature (2018); Ahn, Opt. Exp (2016)



Outline

1. Assembled arrays of atoms

2. Magnetism: Ising model with van der Waals interactions

3. Topological matter with resonant dip.-dip. interactions
arXiv:1810.13286



+ +

A B

|ggi

2-
at

om
 e

ne
rg

y

van der Waals

�E ⇠ C6

R6

�E
|ns, nsi

<latexit sha1_base64="SY/FX2/8sJhpBDkaa3IGo8+jJQ0="></latexit><latexit sha1_base64="SY/FX2/8sJhpBDkaa3IGo8+jJQ0="></latexit><latexit sha1_base64="SY/FX2/8sJhpBDkaa3IGo8+jJQ0="></latexit><latexit sha1_base64="SY/FX2/8sJhpBDkaa3IGo8+jJQ0="></latexit>

From van der Waals interactions to Ising model…

Þ switchable interaction
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Quantum Ising-like model (s=½):

Transverse B Longitudinal B Spin-spin interaction

From van der Waals interactions to Ising model…

C6/a6

⌦
= [0� 20]

<latexit sha1_base64="xLtjMn3RP3BLaoDszwC6cAQIvwc="></latexit><latexit sha1_base64="xLtjMn3RP3BLaoDszwC6cAQIvwc="></latexit><latexit sha1_base64="xLtjMn3RP3BLaoDszwC6cAQIvwc="></latexit><latexit sha1_base64="xLtjMn3RP3BLaoDszwC6cAQIvwc="></latexit>

Experimtt.

|"i
<latexit sha1_base64="2QTsF/icHDLl8OHuMoKisfXh7ZQ="></latexit><latexit sha1_base64="2QTsF/icHDLl8OHuMoKisfXh7ZQ="></latexit><latexit sha1_base64="2QTsF/icHDLl8OHuMoKisfXh7ZQ="></latexit><latexit sha1_base64="2QTsF/icHDLl8OHuMoKisfXh7ZQ="></latexit>

|#i
<latexit sha1_base64="Tl91BEmKiQSffk86GWkZhVyEOU0="></latexit><latexit sha1_base64="Tl91BEmKiQSffk86GWkZhVyEOU0="></latexit><latexit sha1_base64="Tl91BEmKiQSffk86GWkZhVyEOU0="></latexit><latexit sha1_base64="Tl91BEmKiQSffk86GWkZhVyEOU0="></latexit>

�
<latexit sha1_base64="9vSmHBn6wqMeAtjOf+1MQmJoG/w="></latexit><latexit sha1_base64="9vSmHBn6wqMeAtjOf+1MQmJoG/w="></latexit><latexit sha1_base64="9vSmHBn6wqMeAtjOf+1MQmJoG/w="></latexit><latexit sha1_base64="9vSmHBn6wqMeAtjOf+1MQmJoG/w="></latexit>

H =
~⌦
2

X

i

�
i
x + ~�

X

i

�
i
z +

X

i<j

C6

R
6
ij

n̂in̂j

<latexit sha1_base64="gn9srGM+nimNC/vKLMbGp8BElV4="></latexit><latexit sha1_base64="gn9srGM+nimNC/vKLMbGp8BElV4="></latexit><latexit sha1_base64="gn9srGM+nimNC/vKLMbGp8BElV4="></latexit><latexit sha1_base64="gn9srGM+nimNC/vKLMbGp8BElV4="></latexit>

R
<latexit sha1_base64="O/jBCx4552tN7ec8bncGvbo9p8A="></latexit><latexit sha1_base64="O/jBCx4552tN7ec8bncGvbo9p8A="></latexit><latexit sha1_base64="O/jBCx4552tN7ec8bncGvbo9p8A="></latexit><latexit sha1_base64="O/jBCx4552tN7ec8bncGvbo9p8A="></latexit>

C6

R6
<latexit sha1_base64="zyNgjEEE+3h0Bn0WKCICpDgJvow="></latexit><latexit sha1_base64="zyNgjEEE+3h0Bn0WKCICpDgJvow="></latexit><latexit sha1_base64="zyNgjEEE+3h0Bn0WKCICpDgJvow="></latexit><latexit sha1_base64="zyNgjEEE+3h0Bn0WKCICpDgJvow="></latexit>



B

Quench in Ising-like Hamiltonian



B )??

Quench in Ising-like Hamiltonian



Quench in Ising-like Hamiltonian

)??
B )?? laser

r
<latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit><latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit><latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit><latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit>

g
<latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit><latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit><latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit><latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit>



Calculable (N<40) Þ test

Quench in Ising-like Hamiltonian

)??
B )?? laser

r
<latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit><latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit><latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit><latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit>

g
<latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit><latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit><latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit><latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit>

10 µm

20 at.



Calculable (N<40) Þ test

Laser

Quench in Ising-like Hamiltonian

)??
B )?? laser

r
<latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit><latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit><latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit><latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit>

g
<latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit><latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit><latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit><latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit>

10 µm

20 at.



Calculable (N<40) Þ test

Laser

“Magnetization”

Quench in Ising-like Hamiltonian

fr =
hNri
N

)??
B )?? laser

r
<latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit><latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit><latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit><latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit>

g
<latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit><latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit><latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit><latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit>

t (µs)

f R <latexit sha1_base64="vYcJIFH3Dy8VceOBwBhUBaKyQ6k="></latexit><latexit sha1_base64="vYcJIFH3Dy8VceOBwBhUBaKyQ6k="></latexit><latexit sha1_base64="vYcJIFH3Dy8VceOBwBhUBaKyQ6k="></latexit><latexit sha1_base64="vYcJIFH3Dy8VceOBwBhUBaKyQ6k="></latexit>

10 µm

20 at.



Calculable (N<40) Þ test

Laser

“Magnetization”

Quench in Ising-like Hamiltonian

fr =
hNri
N

)??
B )?? laser

r
<latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit><latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit><latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit><latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit>

g
<latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit><latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit><latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit><latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit>

t (µs)

Ab-initio theory

f R <latexit sha1_base64="vYcJIFH3Dy8VceOBwBhUBaKyQ6k="></latexit><latexit sha1_base64="vYcJIFH3Dy8VceOBwBhUBaKyQ6k="></latexit><latexit sha1_base64="vYcJIFH3Dy8VceOBwBhUBaKyQ6k="></latexit><latexit sha1_base64="vYcJIFH3Dy8VceOBwBhUBaKyQ6k="></latexit>

10 µm

20 at.



Calculable (N<40) Þ test

Laser

“Magnetization”

Non-calculable (N>40)

10 µm

49 at.

Quench in Ising-like Hamiltonian

fr =
hNri
N

10 µm

)??
B )?? laser

r
<latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit><latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit><latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit><latexit sha1_base64="G/7k6EIXFdSlESfrbTCY0Hz82OM="></latexit>

g
<latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit><latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit><latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit><latexit sha1_base64="ecQIR8pegRe4ZFsxGTM/wYH2rDA="></latexit>

t (µs)

f R <latexit sha1_base64="vYcJIFH3Dy8VceOBwBhUBaKyQ6k="></latexit><latexit sha1_base64="vYcJIFH3Dy8VceOBwBhUBaKyQ6k="></latexit><latexit sha1_base64="vYcJIFH3Dy8VceOBwBhUBaKyQ6k="></latexit><latexit sha1_base64="vYcJIFH3Dy8VceOBwBhUBaKyQ6k="></latexit>

0–20 mV=cm so as to maximize Prr. For θ ≈ 0 the system
is faithfully described by a spin-1=2 system. For increasing
θ, we identify the range of magnetic fields where Rydberg
blockade is maintained. In addition, we observe a breaking
of the Rydberg blockade for negative B as predicted in

Ref. [26]. A similar analysis for various principal quantum
numbers n indicates that the presence of a Förster reso-
nance at n ¼ 59 is responsible for this sensitivity to weak
electric fields [29,31].
Now that we have identified parameters allowing us to

map our two-atom system onto a spin-1=2 model, we
extend the study to larger systems. We first revisit the
experimental realization of an 8-atom ring, reported in
Ref. [10], where we observed a discrepancy with the spin-
1=2 model. We apply a Rydberg excitation pulse and
observe the ensuing dynamics by measuring the fraction fR
of atoms that are excited to Rydberg states. We also extract
the probability P5þ that more than five atoms are excited,
i.e., that the blockade condition is violated, as, for our
parameters, nearest-neighbor excitation is thwarted. Prior
to this experiment we compensated the stray electric field
better than 5 mV=cm. Figures 6(a)–6(c) show the results
for two values of the magnetic field. For B¼ 6.9 G, we
observe a slow rise of P5þ above the prediction of the spin-
1=2 model. Contrarily, for B¼ 3.5 G, we find a much
better agreement with the spin-1=2 model as expected
from above.
We then probe a square array of 7 × 7 atoms [Figs. 6(d)–

6(f)]. As an exact simulation of the dynamics of the
49-atom system is no longer possible, we use the fact that
two neighboring atoms cannot be excited due to the

(a)

(b)

FIG. 5. Influence of θ, B, E on the mapping onto a spin-1=2
system. Calculated probability of double excitations at long
times (see text) as a function of the magnetic field B and the
angle θ. The interatomic distance is fixed at R¼ 6.5 μm. The
electric field is E¼ 0 in (a) and chosen between 0 and
20 mV=cm such that the probability for two Rydberg excita-
tions is maximized in (b).

(b) (c)

(e) (f)

(a)

(d)

FIG. 6. Dynamics of an ensemble of atoms under Rydberg excitation. (a) 8-atom ring with a nearest neighbor spacing of 6.5 μm. The
shaded ellipse illustrates the range of the anisotropic blockaded regionU > ℏΩ. (b) Evolution of the Rydberg fraction fR with the pulse
area Ωτ for B¼ 6.9 G. The inset shows the probability P5þ to observe configurations with at least 5 excitations. At large times, the
experimental points systematically lie above the results of a simulation of the corresponding spin-1=2 model (solid line). (c) Same
parameters with B¼ 3.5 G. (d) Square lattice of 7 × 7 traps (lattice spacing 6.1 μm). The blockade extends over nearest and next-
nearest neighbors. (e) Evolution of the Rydberg fraction forB¼ 6.9 G. Here the data show a slow increase in fR at long times, while the
spin-1=2 model predicts a saturation. (f) For B¼ 3.5 G, the agreement with the spin-1=2 model becomes very good. All figures: error
bars depict the standard error of the mean and are often smaller than the symbol size.
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of the Rydberg blockade for negative B as predicted in

Ref. [26]. A similar analysis for various principal quantum
numbers n indicates that the presence of a Förster reso-
nance at n ¼ 59 is responsible for this sensitivity to weak
electric fields [29,31].
Now that we have identified parameters allowing us to

map our two-atom system onto a spin-1=2 model, we
extend the study to larger systems. We first revisit the
experimental realization of an 8-atom ring, reported in
Ref. [10], where we observed a discrepancy with the spin-
1=2 model. We apply a Rydberg excitation pulse and
observe the ensuing dynamics by measuring the fraction fR
of atoms that are excited to Rydberg states. We also extract
the probability P5þ that more than five atoms are excited,
i.e., that the blockade condition is violated, as, for our
parameters, nearest-neighbor excitation is thwarted. Prior
to this experiment we compensated the stray electric field
better than 5 mV=cm. Figures 6(a)–6(c) show the results
for two values of the magnetic field. For B¼ 6.9 G, we
observe a slow rise of P5þ above the prediction of the spin-
1=2 model. Contrarily, for B¼ 3.5 G, we find a much
better agreement with the spin-1=2 model as expected
from above.
We then probe a square array of 7 × 7 atoms [Figs. 6(d)–

6(f)]. As an exact simulation of the dynamics of the
49-atom system is no longer possible, we use the fact that
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shaded ellipse illustrates the range of the anisotropic blockaded regionU > ℏΩ. (b) Evolution of the Rydberg fraction fR with the pulse
area Ωτ for B¼ 6.9 G. The inset shows the probability P5þ to observe configurations with at least 5 excitations. At large times, the
experimental points systematically lie above the results of a simulation of the corresponding spin-1=2 model (solid line). (c) Same
parameters with B¼ 3.5 G. (d) Square lattice of 7 × 7 traps (lattice spacing 6.1 μm). The blockade extends over nearest and next-
nearest neighbors. (e) Evolution of the Rydberg fraction forB¼ 6.9 G. Here the data show a slow increase in fR at long times, while the
spin-1=2 model predicts a saturation. (f) For B¼ 3.5 G, the agreement with the spin-1=2 model becomes very good. All figures: error
bars depict the standard error of the mean and are often smaller than the symbol size.
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STRUCTURE FACTOR AND RADIAL DISTRIBUTION. . . 2137

FIG. 4. Radial distribu-
tion function g(g) for 36Ar at
85'K, This curve is the
Fourier transform of the
smoothed and extended S(Q)
shown as a solid line in Fig.
3.
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and is listed in Table II. The deviations of the data
from the smoothed S(Q) a,re indicated on an en-
larged scale in Fig. 5(a); the rms deviation is
computed to be 0.019, which is close to the statis-
tical spread in the data. The iterations may be
continued; but it is seen here that for the present
data, only one iteration is necessary to yield a
smoothed S(Q) which represents the experimental
values of S(Q) exceedingly well over the range of
Q for which they were measured, and which trans-
forms into a g(y) with satisfactory behavior at
small r and for which the spurious residual os-
cillations have a relatively small amplitude.

V. DISCUSSION

In Fig. 6 the fully corrected data points for
S(Q) and the results obtained from molecular-dy-
namics calculations by Verlet are compared. No
adjustments to the data have been made to improve
the fit: all corrections and refinements were com-
pleted before Verlet's results were received.
The agreement of the data and computations is

excellent. Except for a slight difference in the
heights of the first peak, where the molecular dy-
namics results are least accurate and where an
error in the calculations of 0. 05orpossibly 0. 1 is
not unreasonable, there is little if any systematic
difference between the data and the calculations,
as indicated on an enlarged scale in Fig. 5(b). The
rms deviation of the data points from the calcula-
tions is 0.022, only slightly larger than the rms
deviation from the smoothed S(Q), Fig. 5(a).
Verlet's calculation was for 864 classical point

particles in a box, with periodic boundary condi-
tions, interacting pair wise via a Lennard- Jones
potential with parameters chosen to give a best fit

to the thermodynamic data. of Levelt (o =8.405 A,
&/k~= 119.8 'K). To the extent that three-body
interactions and quantum corrections are impor-
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FIG. 5. (a) Deviation of the experimental data from the
smoothed and extended S(Q) discussed in the text. (b)
Deviation of the experimental data from S(Q) for a Len-
nard-Jones fluid obtained by Verlet using molecular dy-
namics. (c) Deviation of the experimental data from S(Q)
for a hard-sphere fluid obtained from the Wertheim-Thiele
solution of the Percus- Yevick equation. Calculated values
of S(Q) corresponding to experimental data points were
obtained from tabulated values by spline interpolation.
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Outline

1. Assembled arrays of atoms

2. Magnetism: Ising model with van der Waals interactions

3. Topological matter with resonant dip.-dip. interactions
arXiv:1810.13286

H.-P. Büchler
S. Weber, N. Lang
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Resonant dipole-dipole interaction between Rydberg atoms
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Resonant dipole-dipole interaction between Rydberg atoms

Mapping on 
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Resonant dipole-dipole interaction between Rydberg atoms

Barredo, PRL 114, 113002 (2015)
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“exchange” of excitation

Resonant dipole-dipole interaction between Rydberg atoms
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Observation of resonant dip.-dip. interaction with 2 atoms

Barredo PRL (2015)
de Léséleuc, PRL (2017)

Prepare using microwaves + addressing beam

R = 30 μm

Frequency: 2C3
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Solitons in Polyaeetylene
W. P. Su, J. R. Schrieffer, and A. J. Heeger
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%e present a theoretical study of soliton formation in long-chain polyenes, including the
energy of formation, length, mass, and activation energy for motion. The results provide
an explanation of the mobile neutral defect observed in undoped (CH)„. Since the soliton
formation energy is less than that needed to create band excitation, solitons play a funda-
mental role in the charge-transfer doping mechanism.
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4t -7T/a
4t 7t/2a- 7T/2a

F1G. l. {a) Trans configuration of (CH)„. a=1.2 L.
(b) x-band structure of perfectly dimerized (CH}„.

Polyacetylene, (CH)„is the simplest linear
conjugated polymer. The thermodynamically
stable trans configuration is sketched in Fig. 1(a)
illustrating the a bonding (sp' hybrids) and the v
bonding (p, ) in the x-y plane. This dimerized
pattern (A) of alternating "single" and "double"
bonds forms one of two degenerate structures;
the other structure (B) is given by interchanging
the "single" and "double" bonds. As a conse-
quence of these degenerate ground states one ex-
pects excitations to exist in the form of a topo-
logical soliton, or moving domain wall, separat-
ing A and 8 domains.
Early calculations' 3 indicate that a (charge)

neutral soliton in a long-chain polyene would have
a single unpaired spin localized in the wall. In
that work, ' the wall width was assumed to be of
order one bond length, leading to a large activa-
tion energy for motion and localization of the
wall. Electron spin resonance studies" of (CH)„
have revealed a narrow line (g= 2.002 63) result-
ing from a dilute concentration of neutral defects
(of order a few hundred ppm in the trans isomer).
The narrow width (~= 1.650e at room tempera-
ture) and Lorentzian line shape are indicative of
motional narrowing and imply that the resonance
results from a highly mobile unpaired electron
species, even down to 10'K. Goldberg et al. '
suggested that this spin resonance line might
arise from bond-alternation domain walls quenched
into the undoped polymer during the egs-trans
isomerization.
Recent interest in this semiconducting polymer

has been stimulated by the successful demonstra-
tion of doping with associated control of electri-
cal properties over a wide range. ' " Analysis
of the anomalously small Curie-law contribution
to the magnetic susceptibility, "the details of the
infrared absorption, "and the magnitude and
temperature dependence of the thermopower" in
lightly doped samples led to the suggestion that
doping may proceed through formation of charged
domain walls.
To gain a detailed understanding of solitons in

(CH)„we have studied a model in which the v
electrons are treated in a tight-binding approxi-
mation" and the v electrons are assumed to
move adiabatically with the nuclei. We present
in this paper initial results on the energy of
formation, length, mass, and activation energy
of the neutral and ionized domain walls. The re-
sults are discussed briefly in the context of ex-
perimental observations.
Let u„be a configuration coordinate for dis-

placement of the nth CH group along the molecu-
lar symmetry axis (z), ,where u„= 0 for the un-
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• Introduced to explain conductivity in polymers

• Goal: build an artificial SSH system to explore role     
• Symmetries
• Interactions
• …

• Now, considered as simplest example of topological model
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Model: tight-binding
dimerization: J > J 0
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Single-particle SSH spectrum (finite chain): edge states



Asboth, arXiv:1509.02295
Cooper, arXiv:1803.00249

Model: tight-binding
dimerization: J > J 0

<latexit sha1_base64="jVzourZC1iLHZxaK8IiZIg39VMo="></latexit><latexit sha1_base64="jVzourZC1iLHZxaK8IiZIg39VMo="></latexit><latexit sha1_base64="jVzourZC1iLHZxaK8IiZIg39VMo="></latexit><latexit sha1_base64="jVzourZC1iLHZxaK8IiZIg39VMo="></latexit>

J 00 = 0
<latexit sha1_base64="fufWpBq7o8fSmkAQf4aHbOnb0vs="></latexit><latexit sha1_base64="fufWpBq7o8fSmkAQf4aHbOnb0vs="></latexit><latexit sha1_base64="fufWpBq7o8fSmkAQf4aHbOnb0vs="></latexit><latexit sha1_base64="fufWpBq7o8fSmkAQf4aHbOnb0vs="></latexit>

J
<latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit>

J 0
<latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit><latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit><latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit><latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit>

A
<latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit><latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit><latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit><latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit>

B
<latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrkohgl0VBXLZgH1CLJOm0Dp0mYTIRStEfcKvfJv6B/oV3ximoRXRCkjPn3nNm7r1hKnimPO+14CwsLi2vFFfX1jc2t7ZLO7utLMllxJpRIhLZCYOMCR6zpuJKsE4qWTAOBWuHo3Mdb98xmfEkvlKTlPXGwTDmAx4FiqjG2U2p7FU8s9x54FtQhl31pPSCa/SRIEKOMRhiKMICATJ6uv DhISWuhylxkhA3cYZ7rJE2pyxGGQGxI/oOade1bEx77ZkZdUSnCHolKV0ckiahPElYn+aaeG6cNfub99R46rtN6B9arzGxCrfE/qWbZf5Xp2tRGKBqauBUU2oYXV1kXXLTFX1z90tVihxS4jTuU1wSjoxy1mfXaDJTu+5tYOJvJlOzeh/Z3Bzv+pY0YP/nOOdB67jiexW/cVKuVe2oi9jHAY5onqeo4RJ1NI33I57w7Fw4wsmc/DPVKVjNHr4t5+ED58uPPQ==</latexit><latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrkohgl0VBXLZgH1CLJOm0Dp0mYTIRStEfcKvfJv6B/oV3ximoRXRCkjPn3nNm7r1hKnimPO+14CwsLi2vFFfX1jc2t7ZLO7utLMllxJpRIhLZCYOMCR6zpuJKsE4qWTAOBWuHo3Mdb98xmfEkvlKTlPXGwTDmAx4FiqjG2U2p7FU8s9x54FtQhl31pPSCa/SRIEKOMRhiKMICATJ6uv DhISWuhylxkhA3cYZ7rJE2pyxGGQGxI/oOade1bEx77ZkZdUSnCHolKV0ckiahPElYn+aaeG6cNfub99R46rtN6B9arzGxCrfE/qWbZf5Xp2tRGKBqauBUU2oYXV1kXXLTFX1z90tVihxS4jTuU1wSjoxy1mfXaDJTu+5tYOJvJlOzeh/Z3Bzv+pY0YP/nOOdB67jiexW/cVKuVe2oi9jHAY5onqeo4RJ1NI33I57w7Fw4wsmc/DPVKVjNHr4t5+ED58uPPQ==</latexit><latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrkohgl0VBXLZgH1CLJOm0Dp0mYTIRStEfcKvfJv6B/oV3ximoRXRCkjPn3nNm7r1hKnimPO+14CwsLi2vFFfX1jc2t7ZLO7utLMllxJpRIhLZCYOMCR6zpuJKsE4qWTAOBWuHo3Mdb98xmfEkvlKTlPXGwTDmAx4FiqjG2U2p7FU8s9x54FtQhl31pPSCa/SRIEKOMRhiKMICATJ6uv DhISWuhylxkhA3cYZ7rJE2pyxGGQGxI/oOade1bEx77ZkZdUSnCHolKV0ckiahPElYn+aaeG6cNfub99R46rtN6B9arzGxCrfE/qWbZf5Xp2tRGKBqauBUU2oYXV1kXXLTFX1z90tVihxS4jTuU1wSjoxy1mfXaDJTu+5tYOJvJlOzeh/Z3Bzv+pY0YP/nOOdB67jiexW/cVKuVe2oi9jHAY5onqeo4RJ1NI33I57w7Fw4wsmc/DPVKVjNHr4t5+ED58uPPQ==</latexit><latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrkohgl0VBXLZgH1CLJOm0Dp0mYTIRStEfcKvfJv6B/oV3ximoRXRCkjPn3nNm7r1hKnimPO+14CwsLi2vFFfX1jc2t7ZLO7utLMllxJpRIhLZCYOMCR6zpuJKsE4qWTAOBWuHo3Mdb98xmfEkvlKTlPXGwTDmAx4FiqjG2U2p7FU8s9x54FtQhl31pPSCa/SRIEKOMRhiKMICATJ6uv DhISWuhylxkhA3cYZ7rJE2pyxGGQGxI/oOade1bEx77ZkZdUSnCHolKV0ckiahPElYn+aaeG6cNfub99R46rtN6B9arzGxCrfE/qWbZf5Xp2tRGKBqauBUU2oYXV1kXXLTFX1z90tVihxS4jTuU1wSjoxy1mfXaDJTu+5tYOJvJlOzeh/Z3Bzv+pY0YP/nOOdB67jiexW/cVKuVe2oi9jHAY5onqeo4RJ1NI33I57w7Fw4wsmc/DPVKVjNHr4t5+ED58uPPQ==</latexit>

: chiral symmetry Þ symmetric single particle spectrum

Single-particle SSH spectrum (finite chain): edge states



A
<latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit><latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit><latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit><latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit>

B
<latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0="></latexit><latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0="></latexit><latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0="></latexit><latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0="></latexit>

Asboth, arXiv:1509.02295
Cooper, arXiv:1803.00249

J
<latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrkohglwVBxFUL9gG1SJJO69BpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnF1bX1jc2u7tLPbypJcRqwZJSKRnTDImOAxayquBOukkgXjULB2ODrT8fYdkxlP4is1SVlvHAxjPuBRoIhqXN6Uyl7FM8udB74FZdhVT0ovuEYfCSLkGIMhhiIsECCjpw sfHlLiepgSJwlxE2e4xxppc8pilBEQO6LvkHZdy8a0156ZUUd0iqBXktLFIWkSypOE9WmuiefGWbO/eU+Np77bhP6h9RoTq3BL7F+6WeZ/dboWhQGqpgZONaWG0dVF1iU3XdE3d79UpcghJU7jPsUl4cgoZ312jSYzteveBib+ZjI1q/eRzc3xrm9JA/Z/jnMetI4rvlfxGyflWtWOuoh9HOCI5nmKGi5QR9N4P+IJz865I5zMyT9TnYLV7OHbch4+APrLj0U=</latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrkohglwVBxFUL9gG1SJJO69BpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnF1bX1jc2u7tLPbypJcRqwZJSKRnTDImOAxayquBOukkgXjULB2ODrT8fYdkxlP4is1SVlvHAxjPuBRoIhqXN6Uyl7FM8udB74FZdhVT0ovuEYfCSLkGIMhhiIsECCjpw sfHlLiepgSJwlxE2e4xxppc8pilBEQO6LvkHZdy8a0156ZUUd0iqBXktLFIWkSypOE9WmuiefGWbO/eU+Np77bhP6h9RoTq3BL7F+6WeZ/dboWhQGqpgZONaWG0dVF1iU3XdE3d79UpcghJU7jPsUl4cgoZ312jSYzteveBib+ZjI1q/eRzc3xrm9JA/Z/jnMetI4rvlfxGyflWtWOuoh9HOCI5nmKGi5QR9N4P+IJz865I5zMyT9TnYLV7OHbch4+APrLj0U=</latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrkohglwVBxFUL9gG1SJJO69BpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnF1bX1jc2u7tLPbypJcRqwZJSKRnTDImOAxayquBOukkgXjULB2ODrT8fYdkxlP4is1SVlvHAxjPuBRoIhqXN6Uyl7FM8udB74FZdhVT0ovuEYfCSLkGIMhhiIsECCjpw sfHlLiepgSJwlxE2e4xxppc8pilBEQO6LvkHZdy8a0156ZUUd0iqBXktLFIWkSypOE9WmuiefGWbO/eU+Np77bhP6h9RoTq3BL7F+6WeZ/dboWhQGqpgZONaWG0dVF1iU3XdE3d79UpcghJU7jPsUl4cgoZ312jSYzteveBib+ZjI1q/eRzc3xrm9JA/Z/jnMetI4rvlfxGyflWtWOuoh9HOCI5nmKGi5QR9N4P+IJz865I5zMyT9TnYLV7OHbch4+APrLj0U=</latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrkohglwVBxFUL9gG1SJJO69BpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnF1bX1jc2u7tLPbypJcRqwZJSKRnTDImOAxayquBOukkgXjULB2ODrT8fYdkxlP4is1SVlvHAxjPuBRoIhqXN6Uyl7FM8udB74FZdhVT0ovuEYfCSLkGIMhhiIsECCjpw sfHlLiepgSJwlxE2e4xxppc8pilBEQO6LvkHZdy8a0156ZUUd0iqBXktLFIWkSypOE9WmuiefGWbO/eU+Np77bhP6h9RoTq3BL7F+6WeZ/dboWhQGqpgZONaWG0dVF1iU3XdE3d79UpcghJU7jPsUl4cgoZ312jSYzteveBib+ZjI1q/eRzc3xrm9JA/Z/jnMetI4rvlfxGyflWtWOuoh9HOCI5nmKGi5QR9N4P+IJz865I5zMyT9TnYLV7OHbch4+APrLj0U=</latexit> J 0

<latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit><latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit><latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit><latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit>

E
<latexit sha1_base64="oqRFjohqN4QamqPCoBUsUIhYwoI="></latexit><latexit sha1_base64="oqRFjohqN4QamqPCoBUsUIhYwoI="></latexit><latexit sha1_base64="oqRFjohqN4QamqPCoBUsUIhYwoI="></latexit><latexit sha1_base64="oqRFjohqN4QamqPCoBUsUIhYwoI="></latexit>

J
<latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit>

�J
<latexit sha1_base64="iDKv4okxrkqBVvHFepEvHmAjCe4=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwY0mkoMuCC8VVFdsKtUgyndaheZFMCqWIP+BWf038A/0L74xTUIvohCRnzr3nzNx7/SQQmXSc14I1N7+wuFRcLq2srq1vlDe3Wlmcp4w3WRzE6bXvZTwQEW9KIQN+naTcC/2At/3hiYq3RzzNRBxdyXHCu6E3iERfME8SdXlwfluuOFVHL3sWuAZUYFYjLr/gBj3EYMgRgiOCJBzAQ0 ZPBy4cJMR1MSEuJSR0nOMeJdLmlMUpwyN2SN8B7TqGjWivPDOtZnRKQG9KSht7pIkpLyWsTrN1PNfOiv3Ne6I91d3G9PeNV0isxB2xf+mmmf/VqVok+jjWNQiqKdGMqo4Zl1x3Rd3c/lKVJIeEOIV7FE8JM62c9tnWmkzXrnrr6fibzlSs2jOTm+Nd3ZIG7P4c5yxoHVZdp+pe1Cr1mhl1ETvYxT7N8wh1nKGBJnn38YgnPFunVmhJa/SZahWMZhvflvXwAYpzj3g=</latexit><latexit sha1_base64="iDKv4okxrkqBVvHFepEvHmAjCe4=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwY0mkoMuCC8VVFdsKtUgyndaheZFMCqWIP+BWf038A/0L74xTUIvohCRnzr3nzNx7/SQQmXSc14I1N7+wuFRcLq2srq1vlDe3Wlmcp4w3WRzE6bXvZTwQEW9KIQN+naTcC/2At/3hiYq3RzzNRBxdyXHCu6E3iERfME8SdXlwfluuOFVHL3sWuAZUYFYjLr/gBj3EYMgRgiOCJBzAQ0 ZPBy4cJMR1MSEuJSR0nOMeJdLmlMUpwyN2SN8B7TqGjWivPDOtZnRKQG9KSht7pIkpLyWsTrN1PNfOiv3Ne6I91d3G9PeNV0isxB2xf+mmmf/VqVok+jjWNQiqKdGMqo4Zl1x3Rd3c/lKVJIeEOIV7FE8JM62c9tnWmkzXrnrr6fibzlSs2jOTm+Nd3ZIG7P4c5yxoHVZdp+pe1Cr1mhl1ETvYxT7N8wh1nKGBJnn38YgnPFunVmhJa/SZahWMZhvflvXwAYpzj3g=</latexit><latexit sha1_base64="iDKv4okxrkqBVvHFepEvHmAjCe4=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwY0mkoMuCC8VVFdsKtUgyndaheZFMCqWIP+BWf038A/0L74xTUIvohCRnzr3nzNx7/SQQmXSc14I1N7+wuFRcLq2srq1vlDe3Wlmcp4w3WRzE6bXvZTwQEW9KIQN+naTcC/2At/3hiYq3RzzNRBxdyXHCu6E3iERfME8SdXlwfluuOFVHL3sWuAZUYFYjLr/gBj3EYMgRgiOCJBzAQ0 ZPBy4cJMR1MSEuJSR0nOMeJdLmlMUpwyN2SN8B7TqGjWivPDOtZnRKQG9KSht7pIkpLyWsTrN1PNfOiv3Ne6I91d3G9PeNV0isxB2xf+mmmf/VqVok+jjWNQiqKdGMqo4Zl1x3Rd3c/lKVJIeEOIV7FE8JM62c9tnWmkzXrnrr6fibzlSs2jOTm+Nd3ZIG7P4c5yxoHVZdp+pe1Cr1mhl1ETvYxT7N8wh1nKGBJnn38YgnPFunVmhJa/SZahWMZhvflvXwAYpzj3g=</latexit><latexit sha1_base64="iDKv4okxrkqBVvHFepEvHmAjCe4=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwY0mkoMuCC8VVFdsKtUgyndaheZFMCqWIP+BWf038A/0L74xTUIvohCRnzr3nzNx7/SQQmXSc14I1N7+wuFRcLq2srq1vlDe3Wlmcp4w3WRzE6bXvZTwQEW9KIQN+naTcC/2At/3hiYq3RzzNRBxdyXHCu6E3iERfME8SdXlwfluuOFVHL3sWuAZUYFYjLr/gBj3EYMgRgiOCJBzAQ0 ZPBy4cJMR1MSEuJSR0nOMeJdLmlMUpwyN2SN8B7TqGjWivPDOtZnRKQG9KSht7pIkpLyWsTrN1PNfOiv3Ne6I91d3G9PeNV0isxB2xf+mmmf/VqVok+jjWNQiqKdGMqo4Zl1x3Rd3c/lKVJIeEOIV7FE8JM62c9tnWmkzXrnrr6fibzlSs2jOTm+Nd3ZIG7P4c5yxoHVZdp+pe1Cr1mhl1ETvYxT7N8wh1nKGBJnn38YgnPFunVmhJa/SZahWMZhvflvXwAYpzj3g=</latexit>

0
<latexit sha1_base64="2QXb2d2yHN8PblIAzZlLVzZDSP8="></latexit><latexit sha1_base64="2QXb2d2yHN8PblIAzZlLVzZDSP8="></latexit><latexit sha1_base64="2QXb2d2yHN8PblIAzZlLVzZDSP8="></latexit><latexit sha1_base64="2QXb2d2yHN8PblIAzZlLVzZDSP8="></latexit>

2J 0
<latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit><latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit><latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit><latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit>

Single-particle SSH spectrum (finite chain): edge states



Asboth, arXiv:1509.02295
Cooper, arXiv:1803.00249

“Bulk”“Bulk” edge

A
<latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit><latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit><latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit><latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit>

B
<latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0="></latexit><latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0="></latexit><latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0="></latexit><latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0="></latexit>

edge

2J 0
<latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit><latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit><latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit><latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit>

E
<latexit sha1_base64="oqRFjohqN4QamqPCoBUsUIhYwoI="></latexit><latexit sha1_base64="oqRFjohqN4QamqPCoBUsUIhYwoI="></latexit><latexit sha1_base64="oqRFjohqN4QamqPCoBUsUIhYwoI="></latexit><latexit sha1_base64="oqRFjohqN4QamqPCoBUsUIhYwoI="></latexit>

J
<latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit>

�J
<latexit sha1_base64="iDKv4okxrkqBVvHFepEvHmAjCe4="></latexit><latexit sha1_base64="iDKv4okxrkqBVvHFepEvHmAjCe4="></latexit><latexit sha1_base64="iDKv4okxrkqBVvHFepEvHmAjCe4="></latexit><latexit sha1_base64="iDKv4okxrkqBVvHFepEvHmAjCe4="></latexit>

0
<latexit sha1_base64="2QXb2d2yHN8PblIAzZlLVzZDSP8="></latexit><latexit sha1_base64="2QXb2d2yHN8PblIAzZlLVzZDSP8="></latexit><latexit sha1_base64="2QXb2d2yHN8PblIAzZlLVzZDSP8="></latexit><latexit sha1_base64="2QXb2d2yHN8PblIAzZlLVzZDSP8="></latexit>

2J 0
<latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit><latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit><latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit><latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit>

|Ri
<latexit sha1_base64="cOBqvdAhgM2GbRuTSxhLYm2PZ0M="></latexit><latexit sha1_base64="cOBqvdAhgM2GbRuTSxhLYm2PZ0M="></latexit><latexit sha1_base64="cOBqvdAhgM2GbRuTSxhLYm2PZ0M="></latexit><latexit sha1_base64="cOBqvdAhgM2GbRuTSxhLYm2PZ0M="></latexit>

|Li
<latexit sha1_base64="5bMRWWE0ECojQvz7k/noip+3m4c="></latexit><latexit sha1_base64="5bMRWWE0ECojQvz7k/noip+3m4c="></latexit><latexit sha1_base64="5bMRWWE0ECojQvz7k/noip+3m4c="></latexit><latexit sha1_base64="5bMRWWE0ECojQvz7k/noip+3m4c="></latexit>

A
<latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit><latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit><latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit><latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit>

B
<latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0="></latexit><latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0="></latexit><latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0="></latexit><latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0="></latexit>

J
<latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrkohglwVBxFUL9gG1SJJO69BpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnF1bX1jc2u7tLPbypJcRqwZJSKRnTDImOAxayquBOukkgXjULB2ODrT8fYdkxlP4is1SVlvHAxjPuBRoIhqXN6Uyl7FM8udB74FZdhVT0ovuEYfCSLkGIMhhiIsECCjpw sfHlLiepgSJwlxE2e4xxppc8pilBEQO6LvkHZdy8a0156ZUUd0iqBXktLFIWkSypOE9WmuiefGWbO/eU+Np77bhP6h9RoTq3BL7F+6WeZ/dboWhQGqpgZONaWG0dVF1iU3XdE3d79UpcghJU7jPsUl4cgoZ312jSYzteveBib+ZjI1q/eRzc3xrm9JA/Z/jnMetI4rvlfxGyflWtWOuoh9HOCI5nmKGi5QR9N4P+IJz865I5zMyT9TnYLV7OHbch4+APrLj0U=</latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrkohglwVBxFUL9gG1SJJO69BpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnF1bX1jc2u7tLPbypJcRqwZJSKRnTDImOAxayquBOukkgXjULB2ODrT8fYdkxlP4is1SVlvHAxjPuBRoIhqXN6Uyl7FM8udB74FZdhVT0ovuEYfCSLkGIMhhiIsECCjpw sfHlLiepgSJwlxE2e4xxppc8pilBEQO6LvkHZdy8a0156ZUUd0iqBXktLFIWkSypOE9WmuiefGWbO/eU+Np77bhP6h9RoTq3BL7F+6WeZ/dboWhQGqpgZONaWG0dVF1iU3XdE3d79UpcghJU7jPsUl4cgoZ312jSYzteveBib+ZjI1q/eRzc3xrm9JA/Z/jnMetI4rvlfxGyflWtWOuoh9HOCI5nmKGi5QR9N4P+IJz865I5zMyT9TnYLV7OHbch4+APrLj0U=</latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrkohglwVBxFUL9gG1SJJO69BpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnF1bX1jc2u7tLPbypJcRqwZJSKRnTDImOAxayquBOukkgXjULB2ODrT8fYdkxlP4is1SVlvHAxjPuBRoIhqXN6Uyl7FM8udB74FZdhVT0ovuEYfCSLkGIMhhiIsECCjpw sfHlLiepgSJwlxE2e4xxppc8pilBEQO6LvkHZdy8a0156ZUUd0iqBXktLFIWkSypOE9WmuiefGWbO/eU+Np77bhP6h9RoTq3BL7F+6WeZ/dboWhQGqpgZONaWG0dVF1iU3XdE3d79UpcghJU7jPsUl4cgoZ312jSYzteveBib+ZjI1q/eRzc3xrm9JA/Z/jnMetI4rvlfxGyflWtWOuoh9HOCI5nmKGi5QR9N4P+IJz865I5zMyT9TnYLV7OHbch4+APrLj0U=</latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrkohglwVBxFUL9gG1SJJO69BpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnF1bX1jc2u7tLPbypJcRqwZJSKRnTDImOAxayquBOukkgXjULB2ODrT8fYdkxlP4is1SVlvHAxjPuBRoIhqXN6Uyl7FM8udB74FZdhVT0ovuEYfCSLkGIMhhiIsECCjpw sfHlLiepgSJwlxE2e4xxppc8pilBEQO6LvkHZdy8a0156ZUUd0iqBXktLFIWkSypOE9WmuiefGWbO/eU+Np77bhP6h9RoTq3BL7F+6WeZ/dboWhQGqpgZONaWG0dVF1iU3XdE3d79UpcghJU7jPsUl4cgoZ312jSYzteveBib+ZjI1q/eRzc3xrm9JA/Z/jnMetI4rvlfxGyflWtWOuoh9HOCI5nmKGi5QR9N4P+IJz865I5zMyT9TnYLV7OHbch4+APrLj0U=</latexit> J 0

<latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit><latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit><latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit><latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit>

J
<latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit>

J 0
<latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit><latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit><latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit><latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit>

E
<latexit sha1_base64="oqRFjohqN4QamqPCoBUsUIhYwoI="></latexit><latexit sha1_base64="oqRFjohqN4QamqPCoBUsUIhYwoI="></latexit><latexit sha1_base64="oqRFjohqN4QamqPCoBUsUIhYwoI="></latexit><latexit sha1_base64="oqRFjohqN4QamqPCoBUsUIhYwoI="></latexit>

J
<latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit>

�J
<latexit sha1_base64="iDKv4okxrkqBVvHFepEvHmAjCe4=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwY0mkoMuCC8VVFdsKtUgyndaheZFMCqWIP+BWf038A/0L74xTUIvohCRnzr3nzNx7/SQQmXSc14I1N7+wuFRcLq2srq1vlDe3Wlmcp4w3WRzE6bXvZTwQEW9KIQN+naTcC/2At/3hiYq3RzzNRBxdyXHCu6E3iERfME8SdXlwfluuOFVHL3sWuAZUYFYjLr/gBj3EYMgRgiOCJBzAQ0 ZPBy4cJMR1MSEuJSR0nOMeJdLmlMUpwyN2SN8B7TqGjWivPDOtZnRKQG9KSht7pIkpLyWsTrN1PNfOiv3Ne6I91d3G9PeNV0isxB2xf+mmmf/VqVok+jjWNQiqKdGMqo4Zl1x3Rd3c/lKVJIeEOIV7FE8JM62c9tnWmkzXrnrr6fibzlSs2jOTm+Nd3ZIG7P4c5yxoHVZdp+pe1Cr1mhl1ETvYxT7N8wh1nKGBJnn38YgnPFunVmhJa/SZahWMZhvflvXwAYpzj3g=</latexit><latexit sha1_base64="iDKv4okxrkqBVvHFepEvHmAjCe4=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwY0mkoMuCC8VVFdsKtUgyndaheZFMCqWIP+BWf038A/0L74xTUIvohCRnzr3nzNx7/SQQmXSc14I1N7+wuFRcLq2srq1vlDe3Wlmcp4w3WRzE6bXvZTwQEW9KIQN+naTcC/2At/3hiYq3RzzNRBxdyXHCu6E3iERfME8SdXlwfluuOFVHL3sWuAZUYFYjLr/gBj3EYMgRgiOCJBzAQ0 ZPBy4cJMR1MSEuJSR0nOMeJdLmlMUpwyN2SN8B7TqGjWivPDOtZnRKQG9KSht7pIkpLyWsTrN1PNfOiv3Ne6I91d3G9PeNV0isxB2xf+mmmf/VqVok+jjWNQiqKdGMqo4Zl1x3Rd3c/lKVJIeEOIV7FE8JM62c9tnWmkzXrnrr6fibzlSs2jOTm+Nd3ZIG7P4c5yxoHVZdp+pe1Cr1mhl1ETvYxT7N8wh1nKGBJnn38YgnPFunVmhJa/SZahWMZhvflvXwAYpzj3g=</latexit><latexit sha1_base64="iDKv4okxrkqBVvHFepEvHmAjCe4=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwY0mkoMuCC8VVFdsKtUgyndaheZFMCqWIP+BWf038A/0L74xTUIvohCRnzr3nzNx7/SQQmXSc14I1N7+wuFRcLq2srq1vlDe3Wlmcp4w3WRzE6bXvZTwQEW9KIQN+naTcC/2At/3hiYq3RzzNRBxdyXHCu6E3iERfME8SdXlwfluuOFVHL3sWuAZUYFYjLr/gBj3EYMgRgiOCJBzAQ0 ZPBy4cJMR1MSEuJSR0nOMeJdLmlMUpwyN2SN8B7TqGjWivPDOtZnRKQG9KSht7pIkpLyWsTrN1PNfOiv3Ne6I91d3G9PeNV0isxB2xf+mmmf/VqVok+jjWNQiqKdGMqo4Zl1x3Rd3c/lKVJIeEOIV7FE8JM62c9tnWmkzXrnrr6fibzlSs2jOTm+Nd3ZIG7P4c5yxoHVZdp+pe1Cr1mhl1ETvYxT7N8wh1nKGBJnn38YgnPFunVmhJa/SZahWMZhvflvXwAYpzj3g=</latexit><latexit sha1_base64="iDKv4okxrkqBVvHFepEvHmAjCe4=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwY0mkoMuCC8VVFdsKtUgyndaheZFMCqWIP+BWf038A/0L74xTUIvohCRnzr3nzNx7/SQQmXSc14I1N7+wuFRcLq2srq1vlDe3Wlmcp4w3WRzE6bXvZTwQEW9KIQN+naTcC/2At/3hiYq3RzzNRBxdyXHCu6E3iERfME8SdXlwfluuOFVHL3sWuAZUYFYjLr/gBj3EYMgRgiOCJBzAQ0 ZPBy4cJMR1MSEuJSR0nOMeJdLmlMUpwyN2SN8B7TqGjWivPDOtZnRKQG9KSht7pIkpLyWsTrN1PNfOiv3Ne6I91d3G9PeNV0isxB2xf+mmmf/VqVok+jjWNQiqKdGMqo4Zl1x3Rd3c/lKVJIeEOIV7FE8JM62c9tnWmkzXrnrr6fibzlSs2jOTm+Nd3ZIG7P4c5yxoHVZdp+pe1Cr1mhl1ETvYxT7N8wh1nKGBJnn38YgnPFunVmhJa/SZahWMZhvflvXwAYpzj3g=</latexit>

0
<latexit sha1_base64="2QXb2d2yHN8PblIAzZlLVzZDSP8="></latexit><latexit sha1_base64="2QXb2d2yHN8PblIAzZlLVzZDSP8="></latexit><latexit sha1_base64="2QXb2d2yHN8PblIAzZlLVzZDSP8="></latexit><latexit sha1_base64="2QXb2d2yHN8PblIAzZlLVzZDSP8="></latexit>

2J 0
<latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit><latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit><latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit><latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit>

Single-particle SSH spectrum (finite chain): edge states
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“Bulk”“Bulk” edge

A
<latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit><latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit><latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit><latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit>

B
<latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0="></latexit><latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0="></latexit><latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0="></latexit><latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0="></latexit>

edge

2J 0
<latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit><latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit><latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit><latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit>

E
<latexit sha1_base64="oqRFjohqN4QamqPCoBUsUIhYwoI="></latexit><latexit sha1_base64="oqRFjohqN4QamqPCoBUsUIhYwoI="></latexit><latexit sha1_base64="oqRFjohqN4QamqPCoBUsUIhYwoI="></latexit><latexit sha1_base64="oqRFjohqN4QamqPCoBUsUIhYwoI="></latexit>

J
<latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit>

�J
<latexit sha1_base64="iDKv4okxrkqBVvHFepEvHmAjCe4="></latexit><latexit sha1_base64="iDKv4okxrkqBVvHFepEvHmAjCe4="></latexit><latexit sha1_base64="iDKv4okxrkqBVvHFepEvHmAjCe4="></latexit><latexit sha1_base64="iDKv4okxrkqBVvHFepEvHmAjCe4="></latexit>

0
<latexit sha1_base64="2QXb2d2yHN8PblIAzZlLVzZDSP8="></latexit><latexit sha1_base64="2QXb2d2yHN8PblIAzZlLVzZDSP8="></latexit><latexit sha1_base64="2QXb2d2yHN8PblIAzZlLVzZDSP8="></latexit><latexit sha1_base64="2QXb2d2yHN8PblIAzZlLVzZDSP8="></latexit>

2J 0
<latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit><latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit><latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit><latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit>

|Ri
<latexit sha1_base64="cOBqvdAhgM2GbRuTSxhLYm2PZ0M="></latexit><latexit sha1_base64="cOBqvdAhgM2GbRuTSxhLYm2PZ0M="></latexit><latexit sha1_base64="cOBqvdAhgM2GbRuTSxhLYm2PZ0M="></latexit><latexit sha1_base64="cOBqvdAhgM2GbRuTSxhLYm2PZ0M="></latexit>

|Li
<latexit sha1_base64="5bMRWWE0ECojQvz7k/noip+3m4c="></latexit><latexit sha1_base64="5bMRWWE0ECojQvz7k/noip+3m4c="></latexit><latexit sha1_base64="5bMRWWE0ECojQvz7k/noip+3m4c="></latexit><latexit sha1_base64="5bMRWWE0ECojQvz7k/noip+3m4c="></latexit>

A
<latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit><latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit><latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit><latexit sha1_base64="rKPr67dqfEQpOETK/zCeoTxXZ78="></latexit>

B
<latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0="></latexit><latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0="></latexit><latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0="></latexit><latexit sha1_base64="n7+1FKuOB8q/9tT8XjRmYWEjmm0="></latexit>

J
<latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrkohglwVBxFUL9gG1SJJO69BpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnF1bX1jc2u7tLPbypJcRqwZJSKRnTDImOAxayquBOukkgXjULB2ODrT8fYdkxlP4is1SVlvHAxjPuBRoIhqXN6Uyl7FM8udB74FZdhVT0ovuEYfCSLkGIMhhiIsECCjpw sfHlLiepgSJwlxE2e4xxppc8pilBEQO6LvkHZdy8a0156ZUUd0iqBXktLFIWkSypOE9WmuiefGWbO/eU+Np77bhP6h9RoTq3BL7F+6WeZ/dboWhQGqpgZONaWG0dVF1iU3XdE3d79UpcghJU7jPsUl4cgoZ312jSYzteveBib+ZjI1q/eRzc3xrm9JA/Z/jnMetI4rvlfxGyflWtWOuoh9HOCI5nmKGi5QR9N4P+IJz865I5zMyT9TnYLV7OHbch4+APrLj0U=</latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrkohglwVBxFUL9gG1SJJO69BpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnF1bX1jc2u7tLPbypJcRqwZJSKRnTDImOAxayquBOukkgXjULB2ODrT8fYdkxlP4is1SVlvHAxjPuBRoIhqXN6Uyl7FM8udB74FZdhVT0ovuEYfCSLkGIMhhiIsECCjpw sfHlLiepgSJwlxE2e4xxppc8pilBEQO6LvkHZdy8a0156ZUUd0iqBXktLFIWkSypOE9WmuiefGWbO/eU+Np77bhP6h9RoTq3BL7F+6WeZ/dboWhQGqpgZONaWG0dVF1iU3XdE3d79UpcghJU7jPsUl4cgoZ312jSYzteveBib+ZjI1q/eRzc3xrm9JA/Z/jnMetI4rvlfxGyflWtWOuoh9HOCI5nmKGi5QR9N4P+IJz865I5zMyT9TnYLV7OHbch4+APrLj0U=</latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrkohglwVBxFUL9gG1SJJO69BpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnF1bX1jc2u7tLPbypJcRqwZJSKRnTDImOAxayquBOukkgXjULB2ODrT8fYdkxlP4is1SVlvHAxjPuBRoIhqXN6Uyl7FM8udB74FZdhVT0ovuEYfCSLkGIMhhiIsECCjpw sfHlLiepgSJwlxE2e4xxppc8pilBEQO6LvkHZdy8a0156ZUUd0iqBXktLFIWkSypOE9WmuiefGWbO/eU+Np77bhP6h9RoTq3BL7F+6WeZ/dboWhQGqpgZONaWG0dVF1iU3XdE3d79UpcghJU7jPsUl4cgoZ312jSYzteveBib+ZjI1q/eRzc3xrm9JA/Z/jnMetI4rvlfxGyflWtWOuoh9HOCI5nmKGi5QR9N4P+IJz865I5zMyT9TnYLV7OHbch4+APrLj0U=</latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrkohglwVBxFUL9gG1SJJO69BpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnF1bX1jc2u7tLPbypJcRqwZJSKRnTDImOAxayquBOukkgXjULB2ODrT8fYdkxlP4is1SVlvHAxjPuBRoIhqXN6Uyl7FM8udB74FZdhVT0ovuEYfCSLkGIMhhiIsECCjpw sfHlLiepgSJwlxE2e4xxppc8pilBEQO6LvkHZdy8a0156ZUUd0iqBXktLFIWkSypOE9WmuiefGWbO/eU+Np77bhP6h9RoTq3BL7F+6WeZ/dboWhQGqpgZONaWG0dVF1iU3XdE3d79UpcghJU7jPsUl4cgoZ312jSYzteveBib+ZjI1q/eRzc3xrm9JA/Z/jnMetI4rvlfxGyflWtWOuoh9HOCI5nmKGi5QR9N4P+IJz865I5zMyT9TnYLV7OHbch4+APrLj0U=</latexit> J 0

<latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit><latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit><latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit><latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit>

J
<latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit>

J 0
<latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit><latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit><latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit><latexit sha1_base64="L7IhaXwwR5+wtzs82bysw9vt+IQ="></latexit>

E
<latexit sha1_base64="oqRFjohqN4QamqPCoBUsUIhYwoI="></latexit><latexit sha1_base64="oqRFjohqN4QamqPCoBUsUIhYwoI="></latexit><latexit sha1_base64="oqRFjohqN4QamqPCoBUsUIhYwoI="></latexit><latexit sha1_base64="oqRFjohqN4QamqPCoBUsUIhYwoI="></latexit>

J
<latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit>

�J
<latexit sha1_base64="iDKv4okxrkqBVvHFepEvHmAjCe4=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwY0mkoMuCC8VVFdsKtUgyndaheZFMCqWIP+BWf038A/0L74xTUIvohCRnzr3nzNx7/SQQmXSc14I1N7+wuFRcLq2srq1vlDe3Wlmcp4w3WRzE6bXvZTwQEW9KIQN+naTcC/2At/3hiYq3RzzNRBxdyXHCu6E3iERfME8SdXlwfluuOFVHL3sWuAZUYFYjLr/gBj3EYMgRgiOCJBzAQ0 ZPBy4cJMR1MSEuJSR0nOMeJdLmlMUpwyN2SN8B7TqGjWivPDOtZnRKQG9KSht7pIkpLyWsTrN1PNfOiv3Ne6I91d3G9PeNV0isxB2xf+mmmf/VqVok+jjWNQiqKdGMqo4Zl1x3Rd3c/lKVJIeEOIV7FE8JM62c9tnWmkzXrnrr6fibzlSs2jOTm+Nd3ZIG7P4c5yxoHVZdp+pe1Cr1mhl1ETvYxT7N8wh1nKGBJnn38YgnPFunVmhJa/SZahWMZhvflvXwAYpzj3g=</latexit><latexit sha1_base64="iDKv4okxrkqBVvHFepEvHmAjCe4=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwY0mkoMuCC8VVFdsKtUgyndaheZFMCqWIP+BWf038A/0L74xTUIvohCRnzr3nzNx7/SQQmXSc14I1N7+wuFRcLq2srq1vlDe3Wlmcp4w3WRzE6bXvZTwQEW9KIQN+naTcC/2At/3hiYq3RzzNRBxdyXHCu6E3iERfME8SdXlwfluuOFVHL3sWuAZUYFYjLr/gBj3EYMgRgiOCJBzAQ0 ZPBy4cJMR1MSEuJSR0nOMeJdLmlMUpwyN2SN8B7TqGjWivPDOtZnRKQG9KSht7pIkpLyWsTrN1PNfOiv3Ne6I91d3G9PeNV0isxB2xf+mmmf/VqVok+jjWNQiqKdGMqo4Zl1x3Rd3c/lKVJIeEOIV7FE8JM62c9tnWmkzXrnrr6fibzlSs2jOTm+Nd3ZIG7P4c5yxoHVZdp+pe1Cr1mhl1ETvYxT7N8wh1nKGBJnn38YgnPFunVmhJa/SZahWMZhvflvXwAYpzj3g=</latexit><latexit sha1_base64="iDKv4okxrkqBVvHFepEvHmAjCe4=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwY0mkoMuCC8VVFdsKtUgyndaheZFMCqWIP+BWf038A/0L74xTUIvohCRnzr3nzNx7/SQQmXSc14I1N7+wuFRcLq2srq1vlDe3Wlmcp4w3WRzE6bXvZTwQEW9KIQN+naTcC/2At/3hiYq3RzzNRBxdyXHCu6E3iERfME8SdXlwfluuOFVHL3sWuAZUYFYjLr/gBj3EYMgRgiOCJBzAQ0 ZPBy4cJMR1MSEuJSR0nOMeJdLmlMUpwyN2SN8B7TqGjWivPDOtZnRKQG9KSht7pIkpLyWsTrN1PNfOiv3Ne6I91d3G9PeNV0isxB2xf+mmmf/VqVok+jjWNQiqKdGMqo4Zl1x3Rd3c/lKVJIeEOIV7FE8JM62c9tnWmkzXrnrr6fibzlSs2jOTm+Nd3ZIG7P4c5yxoHVZdp+pe1Cr1mhl1ETvYxT7N8wh1nKGBJnn38YgnPFunVmhJa/SZahWMZhvflvXwAYpzj3g=</latexit><latexit sha1_base64="iDKv4okxrkqBVvHFepEvHmAjCe4=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwY0mkoMuCC8VVFdsKtUgyndaheZFMCqWIP+BWf038A/0L74xTUIvohCRnzr3nzNx7/SQQmXSc14I1N7+wuFRcLq2srq1vlDe3Wlmcp4w3WRzE6bXvZTwQEW9KIQN+naTcC/2At/3hiYq3RzzNRBxdyXHCu6E3iERfME8SdXlwfluuOFVHL3sWuAZUYFYjLr/gBj3EYMgRgiOCJBzAQ0 ZPBy4cJMR1MSEuJSR0nOMeJdLmlMUpwyN2SN8B7TqGjWivPDOtZnRKQG9KSht7pIkpLyWsTrN1PNfOiv3Ne6I91d3G9PeNV0isxB2xf+mmmf/VqVok+jjWNQiqKdGMqo4Zl1x3Rd3c/lKVJIeEOIV7FE8JM62c9tnWmkzXrnrr6fibzlSs2jOTm+Nd3ZIG7P4c5yxoHVZdp+pe1Cr1mhl1ETvYxT7N8wh1nKGBJnn38YgnPFunVmhJa/SZahWMZhvflvXwAYpzj3g=</latexit>

0
<latexit sha1_base64="2QXb2d2yHN8PblIAzZlLVzZDSP8="></latexit><latexit sha1_base64="2QXb2d2yHN8PblIAzZlLVzZDSP8="></latexit><latexit sha1_base64="2QXb2d2yHN8PblIAzZlLVzZDSP8="></latexit><latexit sha1_base64="2QXb2d2yHN8PblIAzZlLVzZDSP8="></latexit>

2J 0
<latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit><latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit><latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit><latexit sha1_base64="a1/LaHgeLjtD5lehKRniLRRmhA0="></latexit>

Normal Topological

Single-particle SSH spectrum (finite chain): edge states



Implementation of SSH spin chain with Rydberg atoms

Couplings : resonant dipole-dipole interactionJij
<latexit sha1_base64="01dZ+TVIDpGPzIeiM4MOcEvckKQ="></latexit><latexit sha1_base64="01dZ+TVIDpGPzIeiM4MOcEvckKQ="></latexit><latexit sha1_base64="01dZ+TVIDpGPzIeiM4MOcEvckKQ="></latexit><latexit sha1_base64="01dZ+TVIDpGPzIeiM4MOcEvckKQ="></latexit>

C3(✓ij)

R3
ij

<latexit sha1_base64="BQ36OlBbezxiIHf/Ea89j0IG+Yw="></latexit><latexit sha1_base64="BQ36OlBbezxiIHf/Ea89j0IG+Yw="></latexit><latexit sha1_base64="BQ36OlBbezxiIHf/Ea89j0IG+Yw="></latexit><latexit sha1_base64="BQ36OlBbezxiIHf/Ea89j0IG+Yw="></latexit>

J
<latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit>

A B
A B



“Normal”

Quantization axis

Implementation of SSH spin chain with Rydberg atoms

B
<latexit sha1_base64="mYtMDgK7tTSBC4xGMroPtXBFRoA="></latexit><latexit sha1_base64="mYtMDgK7tTSBC4xGMroPtXBFRoA="></latexit><latexit sha1_base64="mYtMDgK7tTSBC4xGMroPtXBFRoA="></latexit><latexit sha1_base64="mYtMDgK7tTSBC4xGMroPtXBFRoA="></latexit>

12µm
<latexit sha1_base64="WejHFXmAafuNCBP0TZmZVdXyamU="></latexit><latexit sha1_base64="WejHFXmAafuNCBP0TZmZVdXyamU="></latexit><latexit sha1_base64="WejHFXmAafuNCBP0TZmZVdXyamU="></latexit><latexit sha1_base64="WejHFXmAafuNCBP0TZmZVdXyamU="></latexit>

8µm
<latexit sha1_base64="6EJ40LRCM7xRPzCyP8qHedKPLB4="></latexit><latexit sha1_base64="6EJ40LRCM7xRPzCyP8qHedKPLB4="></latexit><latexit sha1_base64="6EJ40LRCM7xRPzCyP8qHedKPLB4="></latexit><latexit sha1_base64="6EJ40LRCM7xRPzCyP8qHedKPLB4="></latexit>

Couplings : resonant dipole-dipole interactionJij
<latexit sha1_base64="01dZ+TVIDpGPzIeiM4MOcEvckKQ="></latexit><latexit sha1_base64="01dZ+TVIDpGPzIeiM4MOcEvckKQ="></latexit><latexit sha1_base64="01dZ+TVIDpGPzIeiM4MOcEvckKQ="></latexit><latexit sha1_base64="01dZ+TVIDpGPzIeiM4MOcEvckKQ="></latexit>

C3(✓ij)

R3
ij

<latexit sha1_base64="BQ36OlBbezxiIHf/Ea89j0IG+Yw="></latexit><latexit sha1_base64="BQ36OlBbezxiIHf/Ea89j0IG+Yw="></latexit><latexit sha1_base64="BQ36OlBbezxiIHf/Ea89j0IG+Yw="></latexit><latexit sha1_base64="BQ36OlBbezxiIHf/Ea89j0IG+Yw="></latexit>

Chain at magic angle Þ chiral symmetry (no A-A or B-B hopping)

J
<latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit>

J 0
<latexit sha1_base64="J0v/RTfIbiklo4K75PeIgQMEvzY="></latexit><latexit sha1_base64="J0v/RTfIbiklo4K75PeIgQMEvzY="></latexit><latexit sha1_base64="J0v/RTfIbiklo4K75PeIgQMEvzY="></latexit><latexit sha1_base64="J0v/RTfIbiklo4K75PeIgQMEvzY="></latexit>

J
<latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit>

A B
A B



“Topological”

Couplings : resonant dipole-dipole interaction

B
<latexit sha1_base64="mYtMDgK7tTSBC4xGMroPtXBFRoA="></latexit><latexit sha1_base64="mYtMDgK7tTSBC4xGMroPtXBFRoA="></latexit><latexit sha1_base64="mYtMDgK7tTSBC4xGMroPtXBFRoA="></latexit><latexit sha1_base64="mYtMDgK7tTSBC4xGMroPtXBFRoA="></latexit>

8µm
<latexit sha1_base64="6EJ40LRCM7xRPzCyP8qHedKPLB4="></latexit><latexit sha1_base64="6EJ40LRCM7xRPzCyP8qHedKPLB4="></latexit><latexit sha1_base64="6EJ40LRCM7xRPzCyP8qHedKPLB4="></latexit><latexit sha1_base64="6EJ40LRCM7xRPzCyP8qHedKPLB4="></latexit>

12µm
<latexit sha1_base64="WejHFXmAafuNCBP0TZmZVdXyamU="></latexit><latexit sha1_base64="WejHFXmAafuNCBP0TZmZVdXyamU="></latexit><latexit sha1_base64="WejHFXmAafuNCBP0TZmZVdXyamU="></latexit><latexit sha1_base64="WejHFXmAafuNCBP0TZmZVdXyamU="></latexit>

Jij
<latexit sha1_base64="01dZ+TVIDpGPzIeiM4MOcEvckKQ="></latexit><latexit sha1_base64="01dZ+TVIDpGPzIeiM4MOcEvckKQ="></latexit><latexit sha1_base64="01dZ+TVIDpGPzIeiM4MOcEvckKQ="></latexit><latexit sha1_base64="01dZ+TVIDpGPzIeiM4MOcEvckKQ="></latexit>

C3(✓ij)

R3
ij

<latexit sha1_base64="BQ36OlBbezxiIHf/Ea89j0IG+Yw="></latexit><latexit sha1_base64="BQ36OlBbezxiIHf/Ea89j0IG+Yw="></latexit><latexit sha1_base64="BQ36OlBbezxiIHf/Ea89j0IG+Yw="></latexit><latexit sha1_base64="BQ36OlBbezxiIHf/Ea89j0IG+Yw="></latexit>

Implementation of SSH spin chain with Rydberg atoms

Chain at magic angle Þ chiral symmetry (no A-A or B-B hopping)

Quantization axis

J
<latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit>

J 0
<latexit sha1_base64="J0v/RTfIbiklo4K75PeIgQMEvzY="></latexit><latexit sha1_base64="J0v/RTfIbiklo4K75PeIgQMEvzY="></latexit><latexit sha1_base64="J0v/RTfIbiklo4K75PeIgQMEvzY="></latexit><latexit sha1_base64="J0v/RTfIbiklo4K75PeIgQMEvzY="></latexit>

J
<latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit><latexit sha1_base64="5RIivomUfFvkXmN+2yvNGK8OPpo="></latexit>

A B
A B



Probing the single-particle SSH spectrum

⌦µw
<latexit sha1_base64="qD9qlqK0vkaPnFlRdwGGTkx3b4w="></latexit><latexit sha1_base64="qD9qlqK0vkaPnFlRdwGGTkx3b4w="></latexit><latexit sha1_base64="qD9qlqK0vkaPnFlRdwGGTkx3b4w="></latexit><latexit sha1_base64="qD9qlqK0vkaPnFlRdwGGTkx3b4w="></latexit>
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Probing the single-particle SSH spectrum

J
<latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit>

J 0
<latexit sha1_base64="J0v/RTfIbiklo4K75PeIgQMEvzY="></latexit><latexit sha1_base64="J0v/RTfIbiklo4K75PeIgQMEvzY="></latexit><latexit sha1_base64="J0v/RTfIbiklo4K75PeIgQMEvzY="></latexit><latexit sha1_base64="J0v/RTfIbiklo4K75PeIgQMEvzY="></latexit>

⌦µw
<latexit sha1_base64="qD9qlqK0vkaPnFlRdwGGTkx3b4w="></latexit><latexit sha1_base64="qD9qlqK0vkaPnFlRdwGGTkx3b4w="></latexit><latexit sha1_base64="qD9qlqK0vkaPnFlRdwGGTkx3b4w="></latexit><latexit sha1_base64="qD9qlqK0vkaPnFlRdwGGTkx3b4w="></latexit>

1 excitation |"i
<latexit sha1_base64="ogal7g5Fnq6z9xO76LXf6FKzEM0="></latexit><latexit sha1_base64="ogal7g5Fnq6z9xO76LXf6FKzEM0="></latexit><latexit sha1_base64="ogal7g5Fnq6z9xO76LXf6FKzEM0="></latexit><latexit sha1_base64="ogal7g5Fnq6z9xO76LXf6FKzEM0="></latexit>
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Probing the single-particle SSH spectrum

J
<latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit><latexit sha1_base64="QGdiDLhiUCh0ECRClFJfMlqvX8E="></latexit>

J 0
<latexit sha1_base64="J0v/RTfIbiklo4K75PeIgQMEvzY="></latexit><latexit sha1_base64="J0v/RTfIbiklo4K75PeIgQMEvzY="></latexit><latexit sha1_base64="J0v/RTfIbiklo4K75PeIgQMEvzY="></latexit><latexit sha1_base64="J0v/RTfIbiklo4K75PeIgQMEvzY="></latexit>

⌦µw
<latexit sha1_base64="qD9qlqK0vkaPnFlRdwGGTkx3b4w="></latexit><latexit sha1_base64="qD9qlqK0vkaPnFlRdwGGTkx3b4w="></latexit><latexit sha1_base64="qD9qlqK0vkaPnFlRdwGGTkx3b4w="></latexit><latexit sha1_base64="qD9qlqK0vkaPnFlRdwGGTkx3b4w="></latexit>

1 excitation |"i
<latexit sha1_base64="ogal7g5Fnq6z9xO76LXf6FKzEM0="></latexit><latexit sha1_base64="ogal7g5Fnq6z9xO76LXf6FKzEM0="></latexit><latexit sha1_base64="ogal7g5Fnq6z9xO76LXf6FKzEM0="></latexit><latexit sha1_base64="ogal7g5Fnq6z9xO76LXf6FKzEM0="></latexit>



Breaking the chiral symmetry (single-particle)



J 00
<latexit sha1_base64="tbNedhcqQqv1wkOOmltgFX1HbPM="></latexit><latexit sha1_base64="tbNedhcqQqv1wkOOmltgFX1HbPM="></latexit><latexit sha1_base64="tbNedhcqQqv1wkOOmltgFX1HbPM="></latexit><latexit sha1_base64="tbNedhcqQqv1wkOOmltgFX1HbPM="></latexit>

Breaking the chiral symmetry (single-particle)



Left Right

J 00
<latexit sha1_base64="tbNedhcqQqv1wkOOmltgFX1HbPM="></latexit><latexit sha1_base64="tbNedhcqQqv1wkOOmltgFX1HbPM="></latexit><latexit sha1_base64="tbNedhcqQqv1wkOOmltgFX1HbPM="></latexit><latexit sha1_base64="tbNedhcqQqv1wkOOmltgFX1HbPM="></latexit>

Breaking the chiral symmetry (single-particle)

Broken chiral symmetry 
Þ lifts degeneracy



Left Right

J 00
<latexit sha1_base64="tbNedhcqQqv1wkOOmltgFX1HbPM="></latexit><latexit sha1_base64="tbNedhcqQqv1wkOOmltgFX1HbPM="></latexit><latexit sha1_base64="tbNedhcqQqv1wkOOmltgFX1HbPM="></latexit><latexit sha1_base64="tbNedhcqQqv1wkOOmltgFX1HbPM="></latexit>

Breaking the chiral symmetry (single-particle)

Broken chiral symmetry 
Þ lifts degeneracy

Chiral symmetry✓



Ultracold atoms in superlattices Bragg diffraction of matter waves

Mechanical oscillators
Photonic devices

Examples of artificial SSH chains (non-interacting regime)

4

tem can be theoretically predicted by considering the
linear complex band structure associated with the non-
Hermitian Hamiltonian of Eq. (4), which is given by:

ϵ(k) = ±κ1
√

1 + ν2 + 2νcos(k)− η2, (6)

where η = g/κ1 represents a normalized gain/loss. This
equation reveals three distinct phases, presented in Figs.
4 (a)-(c). If the SSH system is pumped or operated in
the range of 0 < η < ν − 1 (denoted as phase I), only
the edge state is expected to lase. In this domain, un-
der steady-state conditions, the structure is single-moded
and the intensity profile across the array varies exponen-
tially with the site number (inset of Fig. 4 (a)). As
the gain in the topological system increases, i.e. when
ν−1 < η < ν+1, the SSH structure enters phase II, where
some of the bulk modes start to acquire complex eigen-
values (after entering the PT -symmetry broken phase),
resulting in a multimode operation (inset of Fig. 4 (b)).
Note that in phase II the intensity profile across the ar-
ray is asymmetrically one-sided, biased towards the edge
mode. Finally, for even higher values of gain/loss con-
trast, i.e. η > ν + 1, the array crosses another threshold
and moves into phase III, as also corroborated by ana-
lyzing Eqs. (3). At this point, all of the bulk modes of
the active lattice break their PT -symmetry, and as such,
they start to lase - all competing for the gain. Unlike
what happens in the first two phases, after crossing into
phase III, the edge state is now obscured by bulk modes.
This in turn results into a more uniform intensity profile,
as shown in the inset of Fig. 4 (c). In other words, in this
range, the pumped sublattice is uniformly lasing, while
its lossy counterpart remains dark. This can be explained
by the fact that the carrier-induced detuning between ad-
jacent resonators, which is by nature a nonlinear effect,
significantly suppresses the coupling between neighboring
units. The theoretically expected spectra corresponding
to these three phases can be found in the Supplementary.
Our simulations also suggest that the boundary between
phase I and II can be nonlinearly modified because of the
linewidth enhancement factor αH , something that is also
revealed in our experiments. This is analyzed in greater
detail in the Supplementary.
Interestingly, the onset of these three phases is also

manifested in the complex Berry phase associated with
this SSH laser array [30]. Figure 4 (d) shows the Berry
phase associated with the upper band Φ+ as a function
of the normalized gain η when ν = 2. This figure reveals
that the geometric phase undergoes phase transitions at
exactly the same boundaries (ν ± 1), as also previously
suggested by Eq. (6).
To verify these predictions we conducted a series of

experiments with a 16 microring resonator SSH array,
each having a radius of 5µm. To enforce single-transverse
mode operation at 1.59µm, the width of the resonators
was set to 500nm. In order to reduce the lasing threshold,
the microrings were surrounded by a low-index dielectric,
entailing a higher confinement. As previously indicated,
each ring was individually interrogated (intensity-wise
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FIG. 4. Complex band structure of the PT-symmetric SSH
model, where (a), (b) and (c) correspond to the three phases
I, II and III, respectively. The insets show the simulated
intensity distributions corresponding to these three distinct
regimes. Panel (d) presents the complex Berry phase Φ+ as
a function of the normalized gain coefficient η.

FIG. 5. The left panels depict the measured intensity dis-
tributions in the 16-element SSH array at every site. The
middle panels show raw data from the extraction ports, while
the right panels the corresponding power spectra. Each of
the successive rows (a), (b), and (c) are progressively associ-
ated with phase I, II, and III observations. The inset in (a)
provides the exponential intensity distribution of the lasing
edge-state in a log-linear scale.

and spectrally) through an extraction bus waveguide, fea-
turing a pair of grating out-couplers (Fig. 1 (c)). To
introduce PT -symmetry, the microresonators were alter-
nately pumped at 1.06µm by using a titanium amplitude
mask. Figure 5 shows the measured ring intensity and
spectra using an InGaAs camera. In particular, (a), (b),
and (c) present the data corresponding to phase I, II,
and III. At a pump intensity of I = 26kW/cm2 only the
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Invented by Alessandro Volta and Félix Savary in the early
19th century, circuits consisting of resistor, inductor and ca-
pacitor (RLC) components are omnipresent in modern technol-
ogy. The behavior of an RLC circuit is governed by its circuit
Laplacian, which is analogous to the Hamiltonian describing
the energetics of a physical system. We show that topological
semimetal band structures can be realized as admittance bands
in a periodic RLC circuit, where we employ the grounding to
adjust the spectral position of the bands similar to the chem-
ical potential in a material. Topological boundary resonances
(TBRs) appear in the impedance read-out of a topolectrical cir-
cuit, providing a robust signal for the presence of topological ad-
mittance bands. For experimental illustration, we build the Su-
Schrieffer-Heeger circuit, where our impedance measurement
detects a TBR related to the midgap state. Due to the versatil-
ity of electronic circuits, our topological semimetal construction
can be generalized to band structures with arbitrary lattice sym-
metry. Topolectrical circuits establish a bridge between electri-
cal engineering and topological states of matter, where the ac-
cessibility, scalability, and operability of electronics synergizes
with the intricate boundary properties of topological phases.

Topological semimetals1 constitute the latest development of
an evolution dating back more than thirty years, when topolog-
ical phases began to cast their shadows before as midgap states
in polyacetylene2 and the quantized edge modes of integer quan-
tum Hall systems3 were discovered. Driven by the flourishing field
of topological insulators4,5, the viewpoint of topology has recently
branched out to various classes of physical systems, ranging from
electrons in solids to photonic networks in metamaterials, ultra-cold
atoms in optical lattices, microwave resonators, electrical circuits,
and phonons in mechanical setups (see e.g. Refs. 6–11). Note
that such topological states of matter do not necessarily rely on any
quantum mechanical framework. In mathematical terms, it is not
the quantum, i.e. non-commutative, nature of the Hilbert space, but
rather the non-trivial connectivity of phase space under cyclic evo-
lution of parameters12 that indicates a topological phase.

The fingerprint of a topological insulator motif, independent of
the physical setting in which it is realized, is given by a single edge
mode response protected by topology, along with an unresponsive
bulk. While there are various promising approaches to realize them
within classical arrays, topological device design is often limited
due to insufficient edge mode density. As opposed to fermionic sys-
tems where the chemical potential is a useful parameter to access
any particular range of the band structure at low energies, bosonic
or classical degrees of freedom for a topological band structure also
pose the problem how to systematically address the spectral regime
of interest, such as the band gap domain of a topological insula-
tor. Furthermore, in an era where classical experimental setups for
topological phases still need to improve in terms of uniformity of
array elements, it is often challenging to resolve single edge mode
responses to identify the onset of a topological insulator phase.

We propose the topological semimetal paradigm in classical
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FIG. 1. Definition of the principal building blocks for the grounded
circuit Laplacian J = D�C+W (Eq. 2) of an illustrative RLC cir-
cuit with nodes {a, b, c}. W and D are diagonal matrices containing
the total conductances from each node towards the ground and to-
wards the rest of the circuit, respectively. C is the adjacency matrix
of the circuit graph, with edges weighted by their conductances.

RLC circuits, which predicts highly pronounced resonances in a
generic impedance read-out whenever there are topological bound-
ary modes that scale extensively, such as the Fermi arcs of topo-
logical semimetals13. Due to their extensive degeneracy, such topo-
logical boundary resonances (TBRs) remain robust even in the face
of significant nonuniformity of circuit elements, promising high-
precision identification in a realistic measurement. We outline a de-
tailed design of such topolectrical circuits, including a Weyl circuit
network exhibiting TBRs of Fermi arc type, where the AC driving
frequency combined with the grounding design takes over the role
of the chemical potential in a fermionic system. As an initial proof-
of-principle experimental study, we report impedance and voltage
profile measurements of the Su-Schrieffer-Heeger circuit chain. As
a theoretical byproduct in this work, we further introduce the mathe-
matical framework for characterizing topological properties of elec-
trical circuit graphs in general. While our semimetal paradigm can
be applied to any classical array setup such as mechanical systems
or optical cavities, the topolectrical circuits we introduce combine
all desired conceptual and experimental preferences to realize topo-
logical semimetal analogs in a classical model, without demanding
specialized equipment.

Any electrical circuit network can be represented by a graph
whose nodes and edges correspond to the circuit junctions and con-
necting wires/elements. The circuit behavior is fundamentally de-
scribed by Kirchhoff’s law

Ia =
X

i

Cai(Va � Vi) + waVa, (1)

where Ia and Va are the input current and electrical potential at each
node a. By current conservation, Ia equals the total current flowing
out of node a towards all other nodes i linked by nonzero conduc-
tance Cai, plus the current flowing into the ground through a route
with impedance w

�1
a . The impedance and conductances are real for
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Imaging cold atoms at the topological interface. We have next
loaded atoms into the topological edge state. For this, using
the Bragg pulses atoms are transferred to an initial state
fiðzÞ ¼ 1ffiffi

2
p faðzÞ ei2kz þ e % ije % i2kz

" #
with j¼p/2. The atomic

wavepacket is centred at z¼ 0, after which the lattice beams are
activated. As the Bragg pulse increases the kinetic energy by more
than two orders of magnitude, while the interaction energy
remains largely unaffected, it turns out (see Methods) that
interactions can be ignored for the subsequent time evolution.

Figure 4a (top) shows a series of atomic absorption images
recorded after a variable holding time in the lattice along with a
simulation (bottom). We observe that the atomic cloud remains
trapped at the expected position of the atomic edge state. On the
other hand, for a relative phase of j¼ % p/2 no such trapping in
the edge state is observed (Fig. 4b, top). This is in agreement with
expectations, as when the initially prepared atomic wavepacket is p

out of phase there is no overlap with the topological edge state.
Instead, the wavepacket is split up into two spatially diverging
paths. For larger times, the onset of an oscillation is visible, which
during the experimentally accessible interaction times near 2 ms is
only partially resolved. A fit yields a period of T¼ 3.16(32)ms, see
Methods. Such an oscillatory motion is also seen in the simulations
(Fig. 4b, bottom). From theory we expect that for j¼p/2 the
loading efficiency into the topological state is 95%, while for
j¼ % p/2 the wavepacket is mainly described by a coherent
superposition of the two eigenstates of the first doublet with n¼ 1,
which beat with an oscillation period of T¼p/o0. Our
experimental oscillation data allow us to determine the size of
the splitting o0/2pto 158(16) Hz, which is in good agreement with
the expected value of 163 Hz, and gives a direct measurement for
the size of the gap between the topologically protected edge state
and the two energetically closest other system eigenstates. The
observed lifetime near 2 ms is attributed to photon scattering from
the Raman beams, an effect also assigned to be dominantly
responsible for an observed residual expansion of the edge state
visible in Fig. 4a (top). A further contribution to the observed
residual expansion is a remaining mismatch of the initially
prepared atomic wavepacket with the topological edge state,
causing an admixture of eigenstates with larger values of n and
correspondingly increased mode volume. This effect was
accounted for in the model simulations shown in Fig. 4 (bottom),
see Methods.

Phase dependency and loading efficiency. Figure 5a shows a
series of absorption images recorded after a fixed time tint¼ 1.7
ms for different values of the relative phase between momentum
components of the initially prepared atomic wavepacket. Near a
relative phase of j¼p/2 we again observe a compact atomic
cloud, while for j¼ % p/2 the cloud is split up into two
components. A smooth variation between these extremes is
visible for intermediate phase values. The corresponding variation
of the total root mean squared (r.m.s.) width of the atomic cloud
along the z axis versus the phase j is shown in Fig. 5b.

We have next modified the overlap of the initial state and the
topological state by preparing clouds with smaller initial size and
correspondingly larger momentum spread by using different final
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Figure 3 | Spatial variation of band ordering. Relative atomic population
transferred into the upper (green circles) and lower (blue squares) band on

loading from an initial state fiðzÞ ¼ 1ffiffi
2
p faðz % z0Þ ei2kz þ e % i2kz

" #
with an

atomic cloud centred at position z0. The band populations were determined
by accelerating the lattice away from the crossing to a relative wavevector
of 0.5:k so that a mapping onto the free atomic eigenstates occurs, and
then applying time-of-flight imaging24. Each point corresponds to the
average of three corresponding data sets, and the shown error bars are the
s.d. of the mean.
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Figure 4 | Temporal evolution of atomic clouds. Series of absorption images (top) for a relative phase of the initially prepared atomic wavepacket of
(a) j¼p/2 and (b) j¼ % p/2 for different holding times in the lattice. The temporal step size between images is 0.1 ms, and the measured optical column
density is encoded in colour code. For j¼p/2 we observe a trapping of atoms in the topological edge state, while for j¼ % p/2 the cloud splits up. Each image
is the average over four realizations. The bottom plots are numerical simulations taking into account the experimental resolution of 4.8mm (see Methods).
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vibrometer (LDV). Using this tabletop setup, we validate
the in situ topological band transition in the system by
detecting the emergence of an experimentally measured
boundary mode. We further demonstrate the existence of a
topologically protected mode at the interface of two
topologically distinct granular chains. Last, we theoreti-
cally calculate the frequency of the topologically protected
mode using symmetries in its shape and show that it has an
excellent agreement with numerics and experiments.
Experiment and numerical setup.—The experimental

setup consists of a chain of short cylinders placed inside
3D-printed enclosures stacked vertically (Fig. 1). Each
enclosure along with its cylinder can be independently
rotated about its central axis to change the stacking angles
of the particles.Wemaintainperiodically varying two contact
angles α0 and α, such that the system resembles a dimer
configuration. To demonstrate the topological transition, we
fix α0 to 20° and vary only α from 5° to 40°. The chain is
composed of 27 cylinders, and all cylinders are made of
fused quartz (Young’s modulus Y ¼ 72 GPa, Poisson’s ratio
μ ¼ 0.17, and density ρ ¼ 2187 kg=m3) with identical
diameter and a length of 18 mm. A piezoactuator excites
the bottom of the chain to send a frequency sweep signal
from 3 to 30 kHz. A freeweight (25N) is placed on the top of
the chain to provide initial static compression to restrict the
system dynamics to the linear regime. We track the velocity
of each cylinder using an LDV mounted on a guide rail.
Note that we have judicially designed the enclosure to
facilitate the passage of the laser beam emanating from
the LDV in various angles (top inset in Fig. 1).
We use a discrete element method to model the system

dynamics [31]. We represent the cylinders by lumped
masses and the contacts by springs following the Hertz
contact law. The force between the ith and (iþ 1)th

cylinders can be written as Fi¼ βðαiÞ½δiþ ui− uiþ1&3=2,
where βðαiÞ is the stiffness coefficient for the contact angle
of αi; δi is the initial static compression due to the free
weight; ui and uiþ1 denote the dynamic displacements of
the ith and (iþ 1)th cylinders in the longitudinal direction,
respectively (see Supplemental Material for details [32]).
If jui− uiþ1j ≪ δi, as is the case here, we can linearize the
contact law. Hence, the contact between the ith and (iþ 1)
th cylinders can be assigned to a linear stiffness coefficient,
KðαiÞ ¼ 3

2 βðαiÞδ
1=2
i . This means that a dimer configuration

with alternating α0 and α angles can be represented by a
lumped mass model with linear stiffness coefficients Kðα0Þ
and KðαÞ, varying along the chain (bottom inset in Fig. 1).
For an infinitely long dimer chain, it is straightforward to

establish a linear dispersion relation and calculate the edges of
Bloch bands [34]. For a finite lattice, however, we expect to
observe boundary effects. To this end,weperform the relevant
eigenvalue analysis. For an N particle chain, we use
u ¼ ½u1; u2; u3;…; uN & ¼ U expðjωtÞ, where U and ω
represent amplitude of displacement vector and angular
frequency, respectively, t is the time, and j is an imaginary
unit. Thus, by neglecting dissipation in the system, we obtain
ΛU ¼ ω2mU, wherem is the particle mass and Λ is aN × N
tridiagonal matrix consisting of stiffness coefficients Kðα0Þ
and KðαÞ. This finite system also accounts for the boundary
condition of the finite system. Specifically, we fix the
boundaries by choosing stiffness values Ka ¼ 2.78 × 107

N/m and Kw ¼ 1.62 × 107 N/m at the beginning (actuator
side) and the end of the chain, respectively, to match the
experimental data [32]. Using this finite setup, we evaluate
eigenfrequencies and eigenmodes of the system in compari-
son with analytical and experimental data.
Results and discussions: Topological band transition in

infinite lattices.—We first investigate the topological char-
acteristics of the infinite dimer lattices. Figure 2 shows three
dimer configurations that represent a topological band
transition within our system. Theoretically obtained Bloch
dispersion curves are plotted below, showing acoustic
(lower) and optical (upper) branches [32]. A frequency band
gap spans from ð1=2πÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Kðα0Þ=m

p
to ð1=2πÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2KðαÞ=m

p
,

and the upper band edge of the optical band is at
ð1=2πÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½Kðα0Þ þ KðαÞ&=m

p
. We notice that if α increases,

the frequency band gap first closes at α ¼ α0 and then opens
again. In this process, Bloch eigenmodes on the edges of
the band gap are also flipped [see the change between [1, 1]
and ½1;−1& in Figs. 2(a) and 2(c)]. This indicates a typical
topological band transition in our system as a function of the
angle α. The system shifts between distinct dimer configu-
rations that cannot be transformed to each other without
closing the band gap. The mathematical quantification of
this notion can be made by calculating the so-called Zak
phase for each band; see Supplemental Material [32] for
detailed calculations.
One notices that the Zak phase of a band directly relates

to the symmetry types of Bloch eigenmodes at its lower

FIG. 1. Schematic of the experimental setup. The top inset
illustrates a cut section of the 3D-printed enclosure. The bottom
inset shows the contact angles in the dimer chain and the
representative spring-mass system.
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tem can be theoretically predicted by considering the
linear complex band structure associated with the non-
Hermitian Hamiltonian of Eq. (4), which is given by:

ϵ(k) = ±κ1
√

1 + ν2 + 2νcos(k)− η2, (6)

where η = g/κ1 represents a normalized gain/loss. This
equation reveals three distinct phases, presented in Figs.
4 (a)-(c). If the SSH system is pumped or operated in
the range of 0 < η < ν − 1 (denoted as phase I), only
the edge state is expected to lase. In this domain, un-
der steady-state conditions, the structure is single-moded
and the intensity profile across the array varies exponen-
tially with the site number (inset of Fig. 4 (a)). As
the gain in the topological system increases, i.e. when
ν−1 < η < ν+1, the SSH structure enters phase II, where
some of the bulk modes start to acquire complex eigen-
values (after entering the PT -symmetry broken phase),
resulting in a multimode operation (inset of Fig. 4 (b)).
Note that in phase II the intensity profile across the ar-
ray is asymmetrically one-sided, biased towards the edge
mode. Finally, for even higher values of gain/loss con-
trast, i.e. η > ν + 1, the array crosses another threshold
and moves into phase III, as also corroborated by ana-
lyzing Eqs. (3). At this point, all of the bulk modes of
the active lattice break their PT -symmetry, and as such,
they start to lase - all competing for the gain. Unlike
what happens in the first two phases, after crossing into
phase III, the edge state is now obscured by bulk modes.
This in turn results into a more uniform intensity profile,
as shown in the inset of Fig. 4 (c). In other words, in this
range, the pumped sublattice is uniformly lasing, while
its lossy counterpart remains dark. This can be explained
by the fact that the carrier-induced detuning between ad-
jacent resonators, which is by nature a nonlinear effect,
significantly suppresses the coupling between neighboring
units. The theoretically expected spectra corresponding
to these three phases can be found in the Supplementary.
Our simulations also suggest that the boundary between
phase I and II can be nonlinearly modified because of the
linewidth enhancement factor αH , something that is also
revealed in our experiments. This is analyzed in greater
detail in the Supplementary.
Interestingly, the onset of these three phases is also

manifested in the complex Berry phase associated with
this SSH laser array [30]. Figure 4 (d) shows the Berry
phase associated with the upper band Φ+ as a function
of the normalized gain η when ν = 2. This figure reveals
that the geometric phase undergoes phase transitions at
exactly the same boundaries (ν ± 1), as also previously
suggested by Eq. (6).
To verify these predictions we conducted a series of

experiments with a 16 microring resonator SSH array,
each having a radius of 5µm. To enforce single-transverse
mode operation at 1.59µm, the width of the resonators
was set to 500nm. In order to reduce the lasing threshold,
the microrings were surrounded by a low-index dielectric,
entailing a higher confinement. As previously indicated,
each ring was individually interrogated (intensity-wise
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FIG. 4. Complex band structure of the PT-symmetric SSH
model, where (a), (b) and (c) correspond to the three phases
I, II and III, respectively. The insets show the simulated
intensity distributions corresponding to these three distinct
regimes. Panel (d) presents the complex Berry phase Φ+ as
a function of the normalized gain coefficient η.

FIG. 5. The left panels depict the measured intensity dis-
tributions in the 16-element SSH array at every site. The
middle panels show raw data from the extraction ports, while
the right panels the corresponding power spectra. Each of
the successive rows (a), (b), and (c) are progressively associ-
ated with phase I, II, and III observations. The inset in (a)
provides the exponential intensity distribution of the lasing
edge-state in a log-linear scale.

and spectrally) through an extraction bus waveguide, fea-
turing a pair of grating out-couplers (Fig. 1 (c)). To
introduce PT -symmetry, the microresonators were alter-
nately pumped at 1.06µm by using a titanium amplitude
mask. Figure 5 shows the measured ring intensity and
spectra using an InGaAs camera. In particular, (a), (b),
and (c) present the data corresponding to phase I, II,
and III. At a pump intensity of I = 26kW/cm2 only the
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Invented by Alessandro Volta and Félix Savary in the early
19th century, circuits consisting of resistor, inductor and ca-
pacitor (RLC) components are omnipresent in modern technol-
ogy. The behavior of an RLC circuit is governed by its circuit
Laplacian, which is analogous to the Hamiltonian describing
the energetics of a physical system. We show that topological
semimetal band structures can be realized as admittance bands
in a periodic RLC circuit, where we employ the grounding to
adjust the spectral position of the bands similar to the chem-
ical potential in a material. Topological boundary resonances
(TBRs) appear in the impedance read-out of a topolectrical cir-
cuit, providing a robust signal for the presence of topological ad-
mittance bands. For experimental illustration, we build the Su-
Schrieffer-Heeger circuit, where our impedance measurement
detects a TBR related to the midgap state. Due to the versatil-
ity of electronic circuits, our topological semimetal construction
can be generalized to band structures with arbitrary lattice sym-
metry. Topolectrical circuits establish a bridge between electri-
cal engineering and topological states of matter, where the ac-
cessibility, scalability, and operability of electronics synergizes
with the intricate boundary properties of topological phases.

Topological semimetals1 constitute the latest development of
an evolution dating back more than thirty years, when topolog-
ical phases began to cast their shadows before as midgap states
in polyacetylene2 and the quantized edge modes of integer quan-
tum Hall systems3 were discovered. Driven by the flourishing field
of topological insulators4,5, the viewpoint of topology has recently
branched out to various classes of physical systems, ranging from
electrons in solids to photonic networks in metamaterials, ultra-cold
atoms in optical lattices, microwave resonators, electrical circuits,
and phonons in mechanical setups (see e.g. Refs. 6–11). Note
that such topological states of matter do not necessarily rely on any
quantum mechanical framework. In mathematical terms, it is not
the quantum, i.e. non-commutative, nature of the Hilbert space, but
rather the non-trivial connectivity of phase space under cyclic evo-
lution of parameters12 that indicates a topological phase.

The fingerprint of a topological insulator motif, independent of
the physical setting in which it is realized, is given by a single edge
mode response protected by topology, along with an unresponsive
bulk. While there are various promising approaches to realize them
within classical arrays, topological device design is often limited
due to insufficient edge mode density. As opposed to fermionic sys-
tems where the chemical potential is a useful parameter to access
any particular range of the band structure at low energies, bosonic
or classical degrees of freedom for a topological band structure also
pose the problem how to systematically address the spectral regime
of interest, such as the band gap domain of a topological insula-
tor. Furthermore, in an era where classical experimental setups for
topological phases still need to improve in terms of uniformity of
array elements, it is often challenging to resolve single edge mode
responses to identify the onset of a topological insulator phase.

We propose the topological semimetal paradigm in classical
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FIG. 1. Definition of the principal building blocks for the grounded
circuit Laplacian J = D�C+W (Eq. 2) of an illustrative RLC cir-
cuit with nodes {a, b, c}. W and D are diagonal matrices containing
the total conductances from each node towards the ground and to-
wards the rest of the circuit, respectively. C is the adjacency matrix
of the circuit graph, with edges weighted by their conductances.

RLC circuits, which predicts highly pronounced resonances in a
generic impedance read-out whenever there are topological bound-
ary modes that scale extensively, such as the Fermi arcs of topo-
logical semimetals13. Due to their extensive degeneracy, such topo-
logical boundary resonances (TBRs) remain robust even in the face
of significant nonuniformity of circuit elements, promising high-
precision identification in a realistic measurement. We outline a de-
tailed design of such topolectrical circuits, including a Weyl circuit
network exhibiting TBRs of Fermi arc type, where the AC driving
frequency combined with the grounding design takes over the role
of the chemical potential in a fermionic system. As an initial proof-
of-principle experimental study, we report impedance and voltage
profile measurements of the Su-Schrieffer-Heeger circuit chain. As
a theoretical byproduct in this work, we further introduce the mathe-
matical framework for characterizing topological properties of elec-
trical circuit graphs in general. While our semimetal paradigm can
be applied to any classical array setup such as mechanical systems
or optical cavities, the topolectrical circuits we introduce combine
all desired conceptual and experimental preferences to realize topo-
logical semimetal analogs in a classical model, without demanding
specialized equipment.

Any electrical circuit network can be represented by a graph
whose nodes and edges correspond to the circuit junctions and con-
necting wires/elements. The circuit behavior is fundamentally de-
scribed by Kirchhoff’s law

Ia =
X

i

Cai(Va � Vi) + waVa, (1)

where Ia and Va are the input current and electrical potential at each
node a. By current conservation, Ia equals the total current flowing
out of node a towards all other nodes i linked by nonzero conduc-
tance Cai, plus the current flowing into the ground through a route
with impedance w

�1
a . The impedance and conductances are real for
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Imaging cold atoms at the topological interface. We have next
loaded atoms into the topological edge state. For this, using
the Bragg pulses atoms are transferred to an initial state
fiðzÞ ¼ 1ffiffi

2
p faðzÞ ei2kz þ e % ije % i2kz

" #
with j¼p/2. The atomic

wavepacket is centred at z¼ 0, after which the lattice beams are
activated. As the Bragg pulse increases the kinetic energy by more
than two orders of magnitude, while the interaction energy
remains largely unaffected, it turns out (see Methods) that
interactions can be ignored for the subsequent time evolution.

Figure 4a (top) shows a series of atomic absorption images
recorded after a variable holding time in the lattice along with a
simulation (bottom). We observe that the atomic cloud remains
trapped at the expected position of the atomic edge state. On the
other hand, for a relative phase of j¼ % p/2 no such trapping in
the edge state is observed (Fig. 4b, top). This is in agreement with
expectations, as when the initially prepared atomic wavepacket is p

out of phase there is no overlap with the topological edge state.
Instead, the wavepacket is split up into two spatially diverging
paths. For larger times, the onset of an oscillation is visible, which
during the experimentally accessible interaction times near 2 ms is
only partially resolved. A fit yields a period of T¼ 3.16(32)ms, see
Methods. Such an oscillatory motion is also seen in the simulations
(Fig. 4b, bottom). From theory we expect that for j¼p/2 the
loading efficiency into the topological state is 95%, while for
j¼ % p/2 the wavepacket is mainly described by a coherent
superposition of the two eigenstates of the first doublet with n¼ 1,
which beat with an oscillation period of T¼p/o0. Our
experimental oscillation data allow us to determine the size of
the splitting o0/2pto 158(16) Hz, which is in good agreement with
the expected value of 163 Hz, and gives a direct measurement for
the size of the gap between the topologically protected edge state
and the two energetically closest other system eigenstates. The
observed lifetime near 2 ms is attributed to photon scattering from
the Raman beams, an effect also assigned to be dominantly
responsible for an observed residual expansion of the edge state
visible in Fig. 4a (top). A further contribution to the observed
residual expansion is a remaining mismatch of the initially
prepared atomic wavepacket with the topological edge state,
causing an admixture of eigenstates with larger values of n and
correspondingly increased mode volume. This effect was
accounted for in the model simulations shown in Fig. 4 (bottom),
see Methods.

Phase dependency and loading efficiency. Figure 5a shows a
series of absorption images recorded after a fixed time tint¼ 1.7
ms for different values of the relative phase between momentum
components of the initially prepared atomic wavepacket. Near a
relative phase of j¼p/2 we again observe a compact atomic
cloud, while for j¼ % p/2 the cloud is split up into two
components. A smooth variation between these extremes is
visible for intermediate phase values. The corresponding variation
of the total root mean squared (r.m.s.) width of the atomic cloud
along the z axis versus the phase j is shown in Fig. 5b.

We have next modified the overlap of the initial state and the
topological state by preparing clouds with smaller initial size and
correspondingly larger momentum spread by using different final
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Figure 3 | Spatial variation of band ordering. Relative atomic population
transferred into the upper (green circles) and lower (blue squares) band on

loading from an initial state fiðzÞ ¼ 1ffiffi
2
p faðz % z0Þ ei2kz þ e % i2kz

" #
with an

atomic cloud centred at position z0. The band populations were determined
by accelerating the lattice away from the crossing to a relative wavevector
of 0.5:k so that a mapping onto the free atomic eigenstates occurs, and
then applying time-of-flight imaging24. Each point corresponds to the
average of three corresponding data sets, and the shown error bars are the
s.d. of the mean.
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Figure 4 | Temporal evolution of atomic clouds. Series of absorption images (top) for a relative phase of the initially prepared atomic wavepacket of
(a) j¼p/2 and (b) j¼ % p/2 for different holding times in the lattice. The temporal step size between images is 0.1 ms, and the measured optical column
density is encoded in colour code. For j¼p/2 we observe a trapping of atoms in the topological edge state, while for j¼ % p/2 the cloud splits up. Each image
is the average over four realizations. The bottom plots are numerical simulations taking into account the experimental resolution of 4.8mm (see Methods).
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vibrometer (LDV). Using this tabletop setup, we validate
the in situ topological band transition in the system by
detecting the emergence of an experimentally measured
boundary mode. We further demonstrate the existence of a
topologically protected mode at the interface of two
topologically distinct granular chains. Last, we theoreti-
cally calculate the frequency of the topologically protected
mode using symmetries in its shape and show that it has an
excellent agreement with numerics and experiments.
Experiment and numerical setup.—The experimental

setup consists of a chain of short cylinders placed inside
3D-printed enclosures stacked vertically (Fig. 1). Each
enclosure along with its cylinder can be independently
rotated about its central axis to change the stacking angles
of the particles.Wemaintainperiodically varying two contact
angles α0 and α, such that the system resembles a dimer
configuration. To demonstrate the topological transition, we
fix α0 to 20° and vary only α from 5° to 40°. The chain is
composed of 27 cylinders, and all cylinders are made of
fused quartz (Young’s modulus Y ¼ 72 GPa, Poisson’s ratio
μ ¼ 0.17, and density ρ ¼ 2187 kg=m3) with identical
diameter and a length of 18 mm. A piezoactuator excites
the bottom of the chain to send a frequency sweep signal
from 3 to 30 kHz. A freeweight (25N) is placed on the top of
the chain to provide initial static compression to restrict the
system dynamics to the linear regime. We track the velocity
of each cylinder using an LDV mounted on a guide rail.
Note that we have judicially designed the enclosure to
facilitate the passage of the laser beam emanating from
the LDV in various angles (top inset in Fig. 1).
We use a discrete element method to model the system

dynamics [31]. We represent the cylinders by lumped
masses and the contacts by springs following the Hertz
contact law. The force between the ith and (iþ 1)th

cylinders can be written as Fi¼ βðαiÞ½δiþ ui− uiþ1&3=2,
where βðαiÞ is the stiffness coefficient for the contact angle
of αi; δi is the initial static compression due to the free
weight; ui and uiþ1 denote the dynamic displacements of
the ith and (iþ 1)th cylinders in the longitudinal direction,
respectively (see Supplemental Material for details [32]).
If jui− uiþ1j ≪ δi, as is the case here, we can linearize the
contact law. Hence, the contact between the ith and (iþ 1)
th cylinders can be assigned to a linear stiffness coefficient,
KðαiÞ ¼ 3

2 βðαiÞδ
1=2
i . This means that a dimer configuration

with alternating α0 and α angles can be represented by a
lumped mass model with linear stiffness coefficients Kðα0Þ
and KðαÞ, varying along the chain (bottom inset in Fig. 1).
For an infinitely long dimer chain, it is straightforward to

establish a linear dispersion relation and calculate the edges of
Bloch bands [34]. For a finite lattice, however, we expect to
observe boundary effects. To this end,weperform the relevant
eigenvalue analysis. For an N particle chain, we use
u ¼ ½u1; u2; u3;…; uN & ¼ U expðjωtÞ, where U and ω
represent amplitude of displacement vector and angular
frequency, respectively, t is the time, and j is an imaginary
unit. Thus, by neglecting dissipation in the system, we obtain
ΛU ¼ ω2mU, wherem is the particle mass and Λ is aN × N
tridiagonal matrix consisting of stiffness coefficients Kðα0Þ
and KðαÞ. This finite system also accounts for the boundary
condition of the finite system. Specifically, we fix the
boundaries by choosing stiffness values Ka ¼ 2.78 × 107

N/m and Kw ¼ 1.62 × 107 N/m at the beginning (actuator
side) and the end of the chain, respectively, to match the
experimental data [32]. Using this finite setup, we evaluate
eigenfrequencies and eigenmodes of the system in compari-
son with analytical and experimental data.
Results and discussions: Topological band transition in

infinite lattices.—We first investigate the topological char-
acteristics of the infinite dimer lattices. Figure 2 shows three
dimer configurations that represent a topological band
transition within our system. Theoretically obtained Bloch
dispersion curves are plotted below, showing acoustic
(lower) and optical (upper) branches [32]. A frequency band
gap spans from ð1=2πÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Kðα0Þ=m

p
to ð1=2πÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2KðαÞ=m

p
,

and the upper band edge of the optical band is at
ð1=2πÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½Kðα0Þ þ KðαÞ&=m

p
. We notice that if α increases,

the frequency band gap first closes at α ¼ α0 and then opens
again. In this process, Bloch eigenmodes on the edges of
the band gap are also flipped [see the change between [1, 1]
and ½1;−1& in Figs. 2(a) and 2(c)]. This indicates a typical
topological band transition in our system as a function of the
angle α. The system shifts between distinct dimer configu-
rations that cannot be transformed to each other without
closing the band gap. The mathematical quantification of
this notion can be made by calculating the so-called Zak
phase for each band; see Supplemental Material [32] for
detailed calculations.
One notices that the Zak phase of a band directly relates

to the symmetry types of Bloch eigenmodes at its lower

FIG. 1. Schematic of the experimental setup. The top inset
illustrates a cut section of the 3D-printed enclosure. The bottom
inset shows the contact angles in the dimer chain and the
representative spring-mass system.
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