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While Jarlskog-like flavor invariants are adequate for estimating CP-violation from closed
fermion loops, non-invariant structures arise from rainbow-like processes. For the CKM contributions to the quark electric dipole moments (EDMs), or the PMNS contributions to lepton EDMs, the dominant diagrams have a rainbow topology whose flavor structure does not
collapse to flavor invariants. Numerically, they are found typically much larger, and not
necessarily correlated with, Jarlskog-like invariants. The flavor structures in the quark and
lepton sectors are systematically studied, assuming different mechanisms for generating neutrino masses. In addition, the combined study of both Jarlskog-like and rainbow-like flavor
structures shed new lights on the possible correlations between quark and lepton EDMs. 1
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EDMs generated by the CKM phase

In the standard model (SM), the only source of weak CP-violation is the complex phase of the
CKM matrix. In order to measure the strength of CP-violation, one can construct a flavor
invariant (basis-independent) which is sensitive to this phase, called the Jarlskog invariant 2 . A
non-vanishing Jarlskog invariant is a necessary condition for having CP-violation. In the SM,
all CP-violating effects are proportional to this invariant. However, this invariant is adequate
for estimating CP-violation from closed fermion loops. For example, let us consider the CKMinduced lepton EDMs. Because the leptons cannot feel directly the complex phase of the CKM
matrix, we need to go through a closed quark loop. The dominant diagram is:

Figure 1 – CKM-induced lepton EDM

This EDM is tuned by the Jarlskog invariant det[Yu† Yu , Yd† Yd ] which is proportional to the
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complex phase of the CKM matrix and then there are non-invariants structures which arise

from rainbow-like processes. Indeed, the dominant diagrams for the CKM-induced quark EDMs
have a rainbow topology. For instance, for the d-quark EDM:

Figure 2 – CKM-induced d-quark EDM

This EDM is tuned by the imaginary part of the 1-1 entry of a non-invariant commutator
Im(Xdd
q ), where:
Xq = [Y†u Yu , Yu† Yu Yd† Yd Yu† Yu ],

(1)

∗ V ∗ ) as for the lepton EDMs (because we are in the
which is also proportional to Im(Vus Vcb Vub
cs
SM), but not with the same proportionality factor. It turns out to be much larger by 10 orders
of magnitude:
(2)
Im[Y†u Yu , Yu† Yu Yd† Yd Yu† Yu ]dd  det[Yu† Yu , Yd† Yd ].

In the SM, the rainbow-like flavor structures are typically much larger than the invariant determinants and they are correlated (strictly proportional). Now, let us turn on neutrino masses
(beyond the SM) and check whether this behavior is confirmed or not. As we do not know
yet the nature of the neutrino (Dirac or Majorana particle), we will consider both scenarios for
generating neutrino masses.
2
2.1

EDMs in the presence of neutrino masses
Dirac neutrino masses

The simplest way of including neutrino masses to the SM is to extend its particles content by
adding three right-handed (RH) fully neutral neutrinos (one for each generation). They belong
†
∼ (1, 1)0 . We add to the SM
to the trivial representation of the SM gauge group: N = νR
Yukawa Lagrangian an extra Yukawa interaction for the neutrinos:
I IJ J †C
+ h.c.
LY ukawa = LSM
Y ukawa − N Yν L H

(3)

We have a new neutrinos-related flavor structure Yν (3×3 matrix in flavor space). In the presence
of neutrino masses, we get an additional source of weak CP-violation coming from the complex
phase of the PMNS matrix. In complete analogy with the quark sector, we can construct new
CP-violating flavor structures which tune the PMNS-induced quark and lepton EDMs. In this
case, quark EDMs have a bubble topology whereas lepton EDMs have a rainbow topology. For
instance, the dominant diagrams for the PMNS-induced quark and lepton EDMs are shown in
Dirac and Im(XDirac )11 , where
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(5)

Dirac and they are correIn this scenario, Im(XDirac
)11 is 11 orders of magnitude larger than JCP
e
lated (strictly proportional).

Figure 3 – PMNS-induced quark (on the left) and lepton (on the right) EDMs

2.2

Majorana neutrino masses

Another way for generating neutrino masses is possible if we consider Majorana masses. In this
mechanism, there is no additional RH neutrinos, we get directly a gauge-invariant but leptonnumber violating mass term for the left-handed (LH) neutrinos. Indeed, we add to the SM
Yukawa Lagrangian the effective dimension-five Weinberg operator:
1 I
(L H)(Υν )IJ (LJ H) + h.c,
(6)
2v
which after spontaneous symmetry breaking collapses to a Majorana mass term for the LH
neutrinos:
LY ukawa = LSM
Y ukawa −

1 I
SSB v
(L H)(Υν )IJ (LJ H) −→ (Υν )IJ νLI νLJ .
(7)
2v
2
Υν (3×3 matrix in flavor space) is a new flavor structure purely of the Majorana type. In this
model, we must redefine the PMNS matrix in order to add two new CP-violating phases, called
Majorana phases,
UP M N S → UP M N S · diag(1, eiαM , eiβM ).
(8)
Let us consider the PMNS-induced quark and lepton EDMs in this scenario. The dominant
diagrams are:

Figure 4 – PMNS-induced quark (on the left) and lepton (on the right) EDMs
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The CP-violating flavor structures which tune these EDMs are JCP
and Im(XMajo
)11 ,
e
where:

1
T r[Υ†ν Υν · Ye† Ye · Υ†ν (Ye† Ye )T Υν − Υ†ν (Ye† Ye )T Υν · Ye† Ye · Υ†ν Υν ]
2i
=[Υ†ν Υν , Υ†ν (Ye† Ye )T Υν ].
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e

(9)
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We find that Im(XM
) is 4 orders of magnitude larger than JCP
but in this scenario they
e
are not correlated. In figure 5, we can see the values that can take the PMNS-induced quark and
M ajo
ajo 11
lepton EDMs (tuned respectively by JCP
and Im(XM
) ). The lightest neutrino mass mν1
e
is set to 1eV and the CP-violating phases (PMNS phase δ13 and the Majorana phases αM and
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Figure 5 – Area spanned by JCP
and Im(XM
)
e

βM ) are allowed to take on any values. The lines show the strict correlation occuring when only
one phase is non-zero. When the three phases are into action, because the flavor structures have
different dependences in these phases, the result is that the quark and lepton EDMs become
decorrelated.
3

Conclusion

In the paper 1 , we developped a systematic method to study the flavor structure behind the
quark and lepton EDMs which can be extended easily to other more complicated models (Sterile neutrinos, SUSY etc...). The rainbow-like non-invariant flavor structures are found to be
typically much larger than the Jarlskog-like flavor invariants. Interestingly, we find a different
behavior for Dirac and Majorana neutrinos. Quark and lepton EDMs are proportional in the former case whereas they are completely independent in the latter case. Indeed, quark and lepton
EDMs have different dependences on Majorana phases. Finally, by studying the flavor structures behind the quark and lepton EDMs, we get the relations shown in table 1 between EDMs
of different generations. For example, the CKM-induced quark EDMs and the PMNS-induced
Table 1: Sum rules

CKM-induced EDMs
Quarks
Leptons
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lepton EDMs are tuned by the non-invariant commutators 1 and 5 and because a commutator
is traceless, we get these sum rules.
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